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Abstract In neutrosophic statistics the indeterminate part I of an estimate is usually fixed by hand. We compute I from the
records, once the analyst’s choices (confidence level, tolerance band, coding of undecided records) are declared, and split it
into typed components with provenance: measurement imprecision, which more data do not remove; sampling, which they
do; conflict between sources; and hesitancy. We give the exact split for counts and interval data, a test of certified conflict
whose false-conflict rate is guaranteed under stated assumptions, the two readings of a hesitant set, a typed arithmetic that
keeps the labels through operations, and a table of actions for each component, together with a step-by-step reporting protocol
and a checklist. The inferential tools are classical; what is new is the labelled representation and reporting rule built on them,
which we map explicitly to its counterparts in interval statistics, imprecise probability, belief functions and hesitant sets.
A decision-oriented example shows what the labels can change: among 298 conversations whose majority safety verdict
is undecided, the current estimates suggest different follow-up priorities, additional ratings for 229 and examination of
the “unsure” answers for 60, a distinction that a single interval does not make; these priorities have not been validated as
interventions. With imprecision alone, a fixed I amounts to an interval representation. A single fused interval hull does
not retain the identities of disagreeing sources or distinguish the provenance of its width components; the labelled report
makes this information explicit. As a conditional illustration, a paired batch-means test on daily rain forecasts from five
weather models flags between-model conflict in Guayaquil in 53 % and 76 % of the 90- and 365-day windows and in no
Santiago window; its assumptions cannot be verified here, and its level was supported only in simulated designs matched
to a persistence diagnostic estimated from the same data, not at 30 days or under strong persistence. In the DICES safety
ratings, absence of certified conflict is inconclusive because power is low.
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1. Introduction

Neutrosophic statistics writes an estimate as N = d+ I , with a determinate part d and an indeterminate part I that
is a set rather than a number [1]. The idea has produced a large applied literature, from neutrosophic analysis
of variance to acceptance sampling [2, 3]. In most of it I is chosen by the analyst: an interval of plausible
values, the range of repeated readings, or a fixed I ∈ [IL, IU ] carried through the arithmetic. In an engineering
application, the joint roughness coefficient of a rock surface is written as z = (µ− σ) + 2σI with I ∈ [0, 1], so that
the indeterminate part is plus or minus one standard deviation [4]; recent neutrosophic distributions consider both
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2 WHERE DOES THE INDETERMINACY COME FROM?

estimation of interval-valued parameters from interval observations and constructions that add externally specified
imprecision [5].

Three critiques make the cost of this choice visible. Woodall et al. [6, 7] argue that neutrosophic statistics,
as practised, is interval statistics under a new name. Haq and Woodall [8] show how pairing interval end points
can give ranges that are too narrow. Haq and Shabbir [9] show that a neutrosophic random variable with a fixed
interval-valued indeterminacy is a deterministic transform of a classical one. Smarandache [10] replied that not
every indeterminacy is an interval, and that a hesitant set (a finite set of possible values) is sometimes the better
model. We accept the narrow point of the critics (a fixed I adds no inferential content) and the broad point of the
reply (indeterminacy is not one thing). The question of this paper is where the I in N = d+ I comes from, and
how much of it can be computed from the data that generate it.

Our answer is to compute I from the records and to label each part by its source. Four sources are common: (a)
measurement imprecision (records are sets: an interval reading, an “unsure” answer, a value inside a tolerance
band); (b) sampling (there are few records); (c) conflict between sources (instruments, models or raters issue
opposite verdicts); and (d) hesitancy (someone states a finite set of possible values). The computation does not
remove the analyst: the confidence level, the tolerance band, the coding of undecided answers, the choice of
sources and the reading of a hesitant set are decisions, and the results depend on them. What changes is that
they are declared and that the results are reported as functions of them.

Why the source matters. The four sources call for different actions, and a single width hides which one applies.
In the DICES safety ratings of Section 6.3, 298 conversations have an undecided majority verdict. For 229 of them
the estimated identified interval lies on one side of the majority threshold, so additional ratings may settle the
verdict; for 60 the “unsure” answers straddle the threshold, so reducing sampling uncertainty alone may not settle
it and the meaning of “unsure” deserves examination. One interval per conversation reports all 298 as “undecided”;
the labelled I suggests different follow-up priorities. These priorities come from estimates and have not been
validated as interventions. Similarly, an average of five weather models hides that one model systematically
forecasts more rain days than the others; a conflict statement keeps that model identified.

What is new and what is classical. The inferential machinery is classical: Clopper–Pearson bounds, outer
confidence intervals for interval data and partially identified parameters, the stationary block bootstrap, batch-
means t tests, Holm’s procedure and affine arithmetic. We do not claim a new statistical inference. The contribution
is a representation and a reporting rule built on these tools. Its main elements are the following.

(C1) An explicit, labelled split of the width of N into a measurement and a sampling part, with provenance, exact
for counts and for interval data (Proposition 1).

(C2) Conflict reported outside I , as a test of opposite verdicts with a stated false-conflict rate and power
(Propositions 4 and 5), including a paired version for sources observed on the same units, with its level
proved under explicit conditions and a counterexample where they fail. The guarantee is that of the theorem
under its assumptions; in our rain application those assumptions cannot be verified, so the rain results are
illustrative and conditional.

(C3) The disjunctive and conjunctive readings of a hesitant set, with conflict under the conjunctive reading
evaluated for the chosen proposition (Proposition 6).

(C4) An arithmetic that keeps the labels through operations and recomputes conflict source by source (Section 4),
continuing our earlier article [17].

(C5) Practical guidance: what to do with each component (Table 14), a step-by-step reporting protocol with a
checklist (Section 7), and the computational cost of each step.

These are supported by simulations, partly preregistered, and by three applications, whose provenance and
inferential scope are stated in Table 13. Immediate identities, the scope of the rule I2 = I , indexed hesitant
arithmetic and the full arithmetic examples are in the Supplement.
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Related work. Typed uncertainty is familiar outside neutrosophy: aleatoric and epistemic uncertainty in machine
learning [18], conflict and non-specificity in credal sets [19], ontic and epistemic readings of set-valued data
[20, 21], confidence intervals with imprecise data [22] and partial identification [23, 15, 16]. When imprecision is
the only indeterminacy, a credal (lower-probability) representation suffices: normalised neutrosophic probabilities
are exactly conjugate pairs of lower and upper probabilities, with indeterminacy equal to imprecision, and
neutrosophy adds content only with conflict or typed indeterminacy [40]. Fuzzy statistics [24, 25] and symbolic data
analysis [26, 27] are the established frameworks for imprecise and interval-valued records; Section 6.5 compares
our implementations of their standard analyses with the labelled I . Between-source differences are the object of
heterogeneity statistics in meta-analysis [13, 14]; opposite verdicts with support and refutation summing to more
than one are the mass of the empty set in the transferable belief model [28], Dempster’s conflict [29] and Belnap’s
value “both” [30]. Single-valued neutrosophic hesitant fuzzy sets [31] take T , I and F as elicited inputs; Torra [32]
showed that the envelope of a hesitant element is an intuitionistic pair. Affine arithmetic goes back to Hansen [33]
and to Comba and Stolfi [34]; see [35, 36]. Our earlier article [17] proved that a+ bI numbers and affine forms
give the same ranges under I = (1 + ε)/2 and introduced multi-source and hesitant a+ bI numbers. The present
paper continues the layered view of neutrosophic statistics [37, 38]; the conflict component is taken from [39], and
the library rnel [41] already labels the width of count-based estimates by type.

Where each source sits in the existing literature. Each of the four sources has an established treatment outside
neutrosophy, and the labelled I uses those treatments rather than replacing them. Table 1 maps each source to its
counterpart, to the tool we use for it, and to what the label adds. In short, the contribution is to organise established
outputs in one report: a source-labelled width decomposition, a separate source-specific conflict statement, and
the assumptions and actions associated with each (Table 14). This comparison concerns the summaries and
implementations used here; it does not imply that interval, belief-function or other uncertainty frameworks cannot
retain source information or report conflict separately (Dempster’s rule, for example, computes a conflict coefficient
that can be reported, and the transferable belief model keeps the unnormalised mass). Interval-valued and hyper-
interval-valued neutrosophic sets [42] generalise the representation of indeterminacy; our question is instead how
much of it can be computed from records.

Table 1. The four sources of indeterminacy: established counterparts, the tool used here, and what the label adds.

Source Established counterpart Tool used here What the label adds

Measurement
imprecision

interval-valued data [27];
partial identification [23];
credal sets [19]
(measurement-error models
address a related but different
problem)

undecided share u/n;
identified set; Wimp

the part of the width that more records of the same kind do
not remove, reported separately from sampling

Sampling confidence intervals, survey
sampling, bootstrap [50]

Clopper–Pearson
bounds; outer intervals;
block bootstrap

the part that more records remove, with its dependence
model and whether its coverage was checked

Conflict Dempster’s conflict and the
empty-set mass [29, 28];
heterogeneity in meta-analysis
[13, 14]; interval non-overlap
[12]; robust aggregation,
which can downweight
discordant sources

certified separation;
paired batch-means test
with Holm

a statement outside the width that keeps the disagreeing
sources identified, with an error rate, its conditions and its
power

Hesitancy hesitant fuzzy sets [32, 31];
epistemic and ontic set-valued
data [20]

disjunctive and
conjunctive readings
(Prop. 6)

distinguishes one holder’s uncertainty from separate
holders’ assertions, with conflict evaluated for the chosen
proposition

Roadmap and running example. Section 2 gives a short primer and the definitions; Section 3 the split,
the conflict tests and the hesitant readings; Section 4 the arithmetic; Section 5 the simulations; Section 6
the applications and a decision-impact example; Section 7 the reporting protocol; Section 8 the discussion,
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4 WHERE DOES THE INDETERMINACY COME FROM?

computational cost and limitations. A running example accompanies the definitions: two sources report [4, 6] and
[5, 7] (imprecise, compatible), or outer confidence intervals [4.0, 4.1] and [6.9, 7.0] around crisp estimates (precise,
contradictory). Both have the same hull, [4, 7]; the labels tell them apart (end of Section 3).

2. Setting and definitions

A short primer. A neutrosophic number N = d+ I has a determinate part d and an indeterminate part I , a
set of values (here an interval [0,W ], so N ∈ [d, d+W ]) [1]. A neutrosophic triple (T, I, F ) for a proposition
gives degrees of truth (support), indeterminacy and falsity (refutation); unlike a probability, T + I + F need not
equal one. In the normalised one-source construction of Definition 1, T + I + F = 1, so [T, 1− F ] is an ordered
interval of width I: in the Clopper–Pearson version an outer confidence interval for the identified set of P (A),
in the IDM version a pair of lower and upper probabilities. This interval reading does not extend unchanged to
fused triples. Under existential fusion (Definition 2) the glut is G = T + I + F − 1, the probability that at least
one source supports and at least one refutes the proposition (Belnap’s value “both” [30]); it can be positive even
when T + F ≤ 1, and when I = 0 it is positive exactly when T + F > 1. Typed (or labelled) indeterminacy means
that each part of I carries the name of its source. Table 2 is a glossary of the terms used.

Table 2. Glossary.

Term Meaning in this paper

Source an instrument, model or pool of raters that produces records about the same units
Record; support, refute,
undecided

a point, interval or finite set; it supports A if it lies in A, refutes A if it lies outside, and is undecided
otherwise

Imeas, Isamp measurement and sampling components of I (Definition 1)
Wimp, Wsamp, Wgap imprecision, sampling and plug-in spread of the width of N for interval data (Definition 4)
Glut G in Definition 2, G = T + I + F − 1, the probability of at least one supporting and one refuting verdict;

when I = 0, G > 0 is equivalent to T + F > 1
Certified conflict two sources’ confidence sets are disjoint; its false-conflict rate is bounded under stated assumptions

(Proposition 4)
Flagged conflict conflict found by a test whose assumptions are not verified for the data (used in the rain application)
Hesitant set; disjunctive,
conjunctive reading

a finite set of possible values; held by one holder, or one value per holder (Definition 5)

Labelled (typed) arithmetic operations that keep the type of each indeterminacy symbol (Section 4)
Refined range; affine
envelope

the reported range of a computed result; the enclosure that carries the typed decomposition

A source k = 1, . . . ,K (an instrument, a forecast model, a pool of raters) produces records about a unit. A
record is a set: a point, an interval or a finite set of values. For a proposition A (“rain on day t”, “θ ≤ c”), a record
supports A if it lies inside A, refutes A if it lies inside not-A, and is undecided otherwise. Source k yields counts
ak (support), rk (refute) and uk (undecided), nk = ak + rk + uk.

Definition 1 (One-source triple)
With CPγ(x, n) the one-sided lower Clopper–Pearson bound at confidence 1− γ [43], the confidence version is

T = CPα/2(a, n), F = CPα/2(r, n), I = 1− T − F, Imeas =
u

n
, Isamp =

(︂a

n
− T

)︂
+
(︂ r

n
− F

)︂
.

The IDM version with prior strength s > 0 [11] is T = a/(n+ s), F = r/(n+ s), Imeas = u/(n+ s) and Isamp =
s/(n+ s).

Definition 2 (Unit level: existential fusion)
Each source issues one categorical verdict, support with probability Tk, refute with probability Fk and neither
otherwise, independently of the others. The fused triple is T = 1−

∏︁
k(1− Tk), F = 1−

∏︁
k(1− Fk), I =∏︁

k(1− Tk − Fk) and G = T + I + F − 1.
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G is the glut, the mass of Belnap’s value “both”. The construction is the unnormalised conjunctive rule of
the transferable belief model [28]; G = P (some source supports and some source refutes), it is non-decreasing in
every Tk and Fk, and it equals Dempster’s conflict [29] (Supplement, Proposition S1). Its reading as a neutrosophic
triple is from [39]. If two sources each report a 70 % forecast and their verdicts are drawn independently, G = 0.42
although the sources agree [44]; we therefore apply Definition 2 only to verdicts actually issued, and make claims
that the sources contradict each other at the parameter level.

Definition 3 (Parameter level: certified conflict)
For a parameter θ, source k reports a confidence set [Lk, Uk] for its target θk (for a chance, [Tk, 1− Fk]). The
sources are in certified conflict when two of the sets are disjoint; the certified gap is max(0,maxk Lk −mink Uk).

Definition 4 (Interval data and the neutrosophic number)
Source k has interval records [ℓki, υki], i = 1, . . . , nk, identified interval for the mean [E ℓ,E υ], estimate
[ℓ̄k, ῡk] and outer confidence interval Lk = ℓ̄k − t sℓ/

√
nk, Uk = ῡk + t sυ/

√
nk, t the Student quantile at

1− α/(2K) (the Bonferroni version of [15, 16]). The reported number is N = d+ I with d = mink Lk, I ∈
[0,WH ], WH = maxk Uk −mink Lk, and WH = Wsamp +Wgap +Wimp, where, with HM = [mink ℓ̄k,maxk ῡk],
Wsamp = WH − |HM |, Wgap = max(0,maxk ℓ̄k −mink ῡk) (plug-in gap: descriptive, it absorbs sampling noise)
and Wimp = |HM | −Wgap.

Definition 5 (Hesitant set)
A hesitant set h = {v1, . . . , vm} of possible values of θ is read disjunctively when one holder states that θ is one of
them, and conjunctively when holder j asserts θ = vj [20]. Disjunctively, Nh(A) = 1[h ⊆ A], Πh(A) = 1[h ∩A ̸=
∅] and the triple is (Nh,Πh −Nh, 1−Πh). Conjunctively, the holders are dogmatic sources and Definition 2
applies.

What is computed and what is chosen. The decomposition is computed from the records once the analyst has
fixed the proposition and its threshold, the tolerance band that maps a record to support, refutation or undecided
(δ in Section 6.1), the coding of undecided answers, the sources, the confidence level α (or the IDM strength
s), the dependence model and, for hesitant sets, the reading. Two objects are reported: the width of N , split
into measurement imprecision, sampling and (with several sources) a plug-in spread; and, separately, a conflict
statement. Conflict is not a component of the width; it is a relation between sources. We call a conflict certified
only when the conditions of Proposition 4 or 5 are argued to hold for the data; when they cannot be verified, as in
the rain application, we say that the test flags a conflict.

3. Results

Proposition 1 (Labelled split)
(a) Counts. In Definition 1, T + I + F = 1, I = Imeas + Isamp and both parts are non-negative. For the IDM,
Isamp = s/(n+ s) → 0. For Clopper–Pearson, 0 ≤ Isamp ≤ 2/(n+ 1) +

√︁
2(1− α/2)/α /

√
n+ 2 for every

outcome, so Isamp → 0 deterministically. For i.i.d. records with probabilities (pa, pr, pu), Imeas → pu almost surely
in both versions. (b) Interval data. In Definition 4 the three components are non-negative and add up to WH ; with
one source Wgap = 0 and Wimp = ῡ − ℓ̄. The certified gap never exceeds Wgap.

Proof
(a) The sums hold by construction, and CPγ(x, n) ≤ x/n gives Isamp ≥ 0. For x ≥ 1, CPγ(x, n) is the γ quantile of
Beta(x, n− x+ 1), with mean x/(n+ 1) and standard deviation at most 1/(2

√
n+ 2); by Cantelli’s inequality the

γ quantile is at least mean minus σ
√︁

(1− γ)/γ, so 0 ≤ x/n− CPγ(x, n) ≤ 1/(n+ 1) +
√︁

(1− γ)/γ /(2
√
n+ 2);

for x = 0 the difference is 0. The strong law gives u/n → pu. (b) [ℓ̄k, ῡk] ⊆ [Lk, Uk] gives WH ≥ |HM |;
max ℓ̄−min ῡ ≤ max ῡ −min ℓ̄; and maxL−minU ≤ max ℓ̄−min ῡ.

Proposition 2 (Coverage)
If the records are i.i.d. with probabilities (pa, pr, pu), the Clopper–Pearson triple satisfies P (T ≤ pa, F ≤ pr) ≥
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6 WHERE DOES THE INDETERMINACY COME FROM?

1− α, so [T, 1− F ] contains the identified set [pa, pa + pu] of P (A) with probability at least 1− α. For the IDM
triple with 0 < pa < 1, P (T ≤ pa) → 1/2; if pa ∈ {0, 1}, P (T ≤ pa) = 1 for every n.

Proof
a ∼ Bin(n, pa), each Clopper–Pearson margin is exact at α/2, and the union bound gives 1− α. For the IDM,
a/(n+ s)− pa = (a/n− pa)− s a/(n(n+ s)), the second term is O(1/n) and

√
n(a/n− pa) is asymptotically

normal with mean zero. If pa = 0 then T = 0; if pa = 1 then T = n/(n+ s) < 1.

The IDM is a model of prior ignorance, not a confidence procedure; Proposition 2 says only that its bounds
should not be read as confidence bounds.

Proposition 3 (Masking)
(a) Imprecision. For dogmatic interval sources, “θ ≤ c” is a glut exactly for c ∈ [mink Uk,maxk Lk). Replacing
any [Lk, Uk] by a set that contains it can only shrink this set; in Definition 2, moving mass from Tk or Fk to the
undecided part cannot increase G. (b) Sampling. Fewer records do not give nested intervals, so (a) does not apply.
If the targets share a point, the probability that a sub-sample shows a certified conflict is at most the false-conflict
probability of Proposition 4.

Proof
(a) Source k supports “θ ≤ c” iff Uk ≤ c and refutes it iff Lk > c; decreasing an Lk or increasing a Uk shrinks
[minU,maxL); the last statement is the monotonicity of G. (b) The sub-sample is itself a sample to which
Proposition 4 applies.

With K = 2 sources whose records support or refute with probability 1/2 each, the first 40 of 400 records
showed a certified conflict that the full sample did not have in 13 of 20 000 replicates, all accounted for by the
exact false-conflict probability at n = 40 (6.5× 10−4, expected 13.1).

Proposition 4 (False-conflict control, conditional on simultaneous coverage)
Suppose the targets of all sources share a common point θ∗ and the confidence sets cover their targets
simultaneously with probability at least 1− α. Then the probability of a certified conflict is at most α. If two
targets are disjoint and every set shrinks to its target, certified conflict occurs with probability tending to one.

Proof
With probability at least 1− α every set contains its target and hence θ∗, and then the certified gap is zero. In the
second part the gap between shrinking sets converges to the positive gap between the targets.

Simultaneous coverage holds exactly for Clopper–Pearson sets at level α/K with independent records
(Bonferroni) and asymptotically for Definition 4. When it fails, Proposition 4 gives no guarantee: the false-conflict
rate may still be small (if the limits of different sources fail together) or may not. Section 5 shows that the seasonally
adjusted block-bootstrap limits used in earlier versions of this work do not reach simultaneous coverage in finite
windows with persistence; for that reason the conflict claims of Section 6.1 use the paired test below, whose level
does not rest on the coverage of all limits (for those data it rests instead on assumptions that cannot be verified;
Section 6.1).

What certified conflict is. Definition 3 tests the hypothesis that the sources’ targets share a point (for partially
identified targets, that their identified sets overlap) against the alternative that two of them are separated, which is
what “the sources issue opposite verdicts” means. It is the multi-source version of confidence-interval non-overlap,
which is conservative as a test of difference [12]. A test of equality (analysis of variance, Cochran’s Q and I2

[13, 14]) answers whether the sources differ; certified conflict answers the narrower question whether their sets
of plausible values are disjoint, which with identified sets of positive width is not the same question. Its price is
power: in the preregistered simulations the false-conflict rate never exceeded 0.002 in the i.i.d. designs, while the
power at n = 100 per source and a gap of 0.2 was 0.32–0.40 and below 0.02 at n = 20; for two pools of 36 raters
with majority proportions 0.40 vs 0.60, 0.35 vs 0.65 and 0.30 vs 0.70 it is 0.04, 0.19 and 0.50 (exact, Section 6.3).
Absence of certified conflict is weak evidence of agreement unless the power is reported.
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Paired sources. When the sources are observed on the same units (the five rain models forecast the same days),
conflict between two of them can be tested on paired daily data. For an ordered pair (j, k) let Sjt and Rkt indicate
that source j supports and source k refutes on day t, and

Djk = pa,j − (1− pr,k) =
1

n

∑︂
t

E [Sjt +Rkt − 1],

the distance by which the lower end of j’s identified set exceeds the upper end of k’s, over the n days used. Its
estimate is the mean of the single daily series dt = Sjt +Rkt − 1, whose variance uses the covariance between the
two sources.

Proposition 5 (Paired certified conflict)
Let m ≥ 0 be a margin and γ ∈ (0, 1/2). (a) What conflict requires. There is a threshold c with pa,j > c+m/2
and 1− pr,k < c−m/2 if and only if Djk > m. Moreover Djk +Dkj = −(pu,j + pu,k) ≤ 0, so at most one
direction of a pair can be in conflict. (b) Fixed threshold. If c is fixed in advance and π+

j , π−
k are valid p-values for

“pa,j ≤ c+m/2” and “1− pr,k ≥ c−m/2”, then max(π+
j , π

−
k ) is a valid p-value for “not (j above and k below)”

(intersection–union test). (c) Paired versus non-overlap. If (p̂a,j , p̂r,k) is normal with standard deviations σa, σr and
any correlation ρ, the non-overlap rule and the paired rule “D̂jk > z1−γ sd(D̂jk)” both have level γ at Djk ≤ 0,
and the paired rule rejects whenever the non-overlap rule does. (d) Batch means. Drop the first n− b⌊n/b⌋ days
and split the remaining ones into b consecutive batches of equal length; let d̄1, . . . , d̄b be the batch means, D̂jk

their average (the mean of dt over the kept days), sb their standard deviation and tjk = (D̂jk −m)
√
b/sb; the

target is Djk over the kept days. Under Djk ≤ m, P (tjk > tb−1,1−γ) ≤ γ in each of the two cases: (d1) the d̄i are
independent normal with a common variance and arbitrary means whose average is Djk; (d2) they are independent
normal with a common mean µ ≤ m and arbitrary variances, and 2γ ≤ 0.083 [76, 73]. When the means and the
variances both differ, no such bound holds (Remark 1). (e) Holm across pairs. If every ordered pair has a p-value
valid under its own null at levels up to α/m0, where m0 is the number of true nulls, Holm’s procedure [64] over
the K(K − 1) ordered pairs declares a false conflict with probability at most α, whatever the dependence between
the p-values. By (a) at most one direction of each pair is in conflict at m = 0, so m0 ≥ K(K − 1)/2 and validity is
needed only up to 2α/(K(K − 1)) (0.005 for K = 5), within the range of (d2).

Proof
(a) If Djk > m, take c = (pa,j + 1− pr,k)/2; then pa,j − c = c− (1− pr,k) = Djk/2 > m/2. The converse adds
the two inequalities; the identity follows from pa + pr + pu = 1. (b) The null is the union of the two component
nulls; under either one the corresponding component, hence the maximum, is valid [69]. (c) sd(D̂jk) = (σ2

a + σ2
r +

2ρσaσr)
1/2 ≤ σa + σr. (d1) With equal batch lengths D̂jk = ¯̄d. Write d̄i = µi + σεi; ¯̄d and the residuals d̄i − ¯̄d are

independent, (b− 1)s2b/σ
2 is noncentral chi-square with noncentrality

∑︁
i(µi − µ̄)2/σ2, stochastically no smaller

than the central one, and P ( ¯̄d−m > c sb/
√
b | sb) decreases in sb for c > 0 and increases in µ̄ ≤ m; at µ̄ = m and

equal µi it is exactly γ. (d2) At µ = m the t statistic is symmetric about zero, so the one-sided level is half the
two-sided one, which the cited theorem bounds for two-sided levels up to 0.083; a common shift of all batch means
leaves sb unchanged and lowers tjk pointwise, so µ < m gives a smaller rejection probability. (e) A false rejection
requires some true null to have p ≤ α/m0 at Holm’s first step involving a true null, so the union bound over the m0

true nulls gives α with marginal validity at level α/m0.

Remark 1 (Both heterogeneities at once). Take b = 10 independent normal batch means with means
(−0.9, 0.1, . . . , 0.1) (average 0, the null value), standard deviation 1 for the first and τ → 0 for the others, and the
one-sided level γ = 0.0025 = 0.05/20 of the first Holm step. Then t = Z/|Z − 1| with Z standard normal, and the
test rejects iff Z ∈ (c/(1 + c), c/(c− 1)), c = t9,0.9975 = 3.69: probability 0.131 (Monte Carlo, 1 000 000 draws:
0.131), more than fifty times the nominal level. With a common variance and the same means the rate is 0.0019;
with a common mean and the same variances it is 6.0e-06; for standard-deviation ratios 1, 2, 4, 10 and 100 between
the first batch and the rest it is 0.0017, 0.0033, 0.0083, 0.0451, 0.1297 (code/counterexample v06.py).
Seasonal data can have both kinds of heterogeneity, so the level of the batch-means rule in the application is not
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guaranteed by (d); simulation in designs with seasonality in both the mean and the variance of dt gives it only
limited support (Section 5).

Three further points fix the implementation. The reference distribution is always Student’s t with b− 1 degrees
of freedom; no normal approximation is used in the test, but the normality of the batch means is itself an
approximation that improves with the batch length (3 days at W = 30, 9 at W = 90, 36 at W = 365 with b = 10),
which is one reason we draw no conclusion from 30-day windows. A pair whose b batch means are all equal
(sb = 0) gets p = 1 and is never certified. For dependent series the batch means are only asymptotically independent
and normal (batch length growing, b fixed [71, 72]). Holm and Bonferroni reject some pair in exactly the same
windows; the gain over separate intervals comes from pairing, not from Holm. A max-type step-down [70] would
use the dependence between pairs, but our resampling-based versions did not keep their level (Section 5).

Proposition 6 (The two readings of a hesitant set)
(a) For every event A, the disjunctive triple of h and the triple of its hull [minh,maxh] satisfy Th ≥ Thull,
Fh ≥ Fhull and Ih ≤ Ihull, with equality for all half-lines; the inequality is strict exactly when A meets the hull
but not h, or when h ⊆ A but the hull is not contained in A. (b) The conjunctive glut equals the disjunctive
indeterminacy: Gconj(A) = Idisj(A) = Πh(A)−Nh(A), and the conjunctive triple has T + F = 1 +G.

Proof
(a) h ⊆ hull; for a half-line (−∞, c], h ⊆ A iff maxh ≤ c iff the hull is inside, and h meets A iff minh ≤ c. (b)
Conjunctively T = Πh(A), F = 1−Nh(A) and I = 0.

Smarandache’s temperature example [10, §2.12] illustrates (a): with t = 10 + I , I ∈ {5, 30, 35}, the event
“18 ≤ t ≤ 38” gets (T, I, F ) = (0, 0, 1) from the hesitant set and (0, 1, 0) from the hull [15, 45]. Part (b) states
the exchange of indeterminacy for glut between the epistemic and ontic readings of set-valued data [20, 21]: when
the elements come from different holders, the indeterminacy of the set reappears as conflict.

Worked example (same hull, different content). Two sources report [4, 6] and [5, 7] (imprecise, compatible),
or outer confidence intervals [4.0, 4.1] and [6.9, 7.0] around crisp estimates (precise, contradictory). Both hulls give
N = 4 + I , I ∈ [0, 3]. The labelled width is Wimp = 3 in the first case and Wgap = 2.9, Wsamp = 0.1 in the second
(certified gap 2.8); for “θ ≤ 5.5” the first case gives (T, I, F ) = (0, 1, 0) and the second (1, 0, 1) with G = 1. A
forest plot would also show the difference; what the labelled number adds is the explicit split, the label and a rule
for the conflict claim.

4. Arithmetic of labelled neutrosophic numbers

If X and Y carry labelled indeterminacy, what is the labelled indeterminacy of X + Y , XY or X/Y ? We ask
that the result enclose every value the inputs admit, that the same quantity used twice take the same value while
independent quantities do not cancel, and that the labels keep their reading as far as possible. Interval arithmetic
already propagates uncertain coefficients through applied models, for example input–output models solved by
interval Gauss–Seidel iteration [45]; what we add is that each part of the width keeps its type.

Definition 6 (Labelled neutrosophic number of one source)
N = d+

∑︁
k wkIk, Ik ∈ [0, 1], where each symbol k has a type τ(k) ∈ {meas, samp,mix} and a name (the

quantity it belongs to). Symbols with different names vary independently; the same symbol in two numbers is
the same unknown. The typed widths are wτ (N) =

∑︁
τ(k)=τ |wk|.

Without the types, Definition 6 is the multi-source number a+
∑︁

i biIi of [17, Definition 1], which writes
Smarandache’s refined indeterminacies [46, pp. 98–99] with one symbol per source; we attach a type and a
name to every symbol. Through Ik = (1 + εk)/2, N becomes an affine form c+

∑︁
k rkεk, rk = wk/2 [34, 35];

sums and scalar multiples are exact on the range and the typed widths obey the triangle inequality (Supplement,
Lemma S2). A source with outer interval [L,U ] around [ℓ̄, ῡ] enters as c = (ℓ̄+ ῡ)/2, rmeas = (ῡ − ℓ̄)/2 and
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rsamp = max(ℓ̄− L,U − ῡ). The type mix is never an input; it is created by nonlinear operations. A confidence
interval is propagated as if its end points were hard bounds: if each input interval covers with probability 1− αi,
the computed range covers with probability at least 1−

∑︁
i αi, whatever the operation.

Write X = x0 +
∑︁

i xiεi and Y = y0 +
∑︁

j yjεj . Then XY = x0y0 +
∑︁

k(y0xk + x0yk) εk +Q with Q =∑︁
i,j xiyjεiεj .

Definition 7 (Typed remainder)
Group the terms of Q by the pair of types of their symbols: (meas, meas) gives type meas, (samp, samp) gives
samp, every other pair gives mix. For a group g, with diagonal terms (ε2i ∈ [0, 1]) and off-diagonal pairs,

ℓg =
∑︂
i∈g

min(0, xiyi)−
∑︂

i<j∈g

|xiyj + xjyi|, ug =
∑︂
i∈g

max(0, xiyi) +
∑︂

i<j∈g

|xiyj + xjyi|,

and Qg is replaced by (ℓg + ug)/2 + εg(ug − ℓg)/2 with a fresh symbol εg of type g. For a square, Q ∈ [0, R2] with
R = Rmeas +Rsamp +Rmix, split as R2

meas (meas), R2
samp (samp) and the rest (mix). For f convex or concave on

the range [a, b] of X (the reciprocal when 0 /∈ [a, b]; powers), f(X) is replaced by its Chebyshev line plus an error
symbol of radius δ [35], split into the error on the measurement-only range (meas), on the sampling-only range
(samp, capped so the parts add up to δ) and the rest (mix). Division is X · (1/Y ).

Proposition 7 (Enclosure and vanishing of the sampling-dependent remainders)
(a) For every admissible value of the input symbols, the true value of XY , X2, Xn and X/Y lies in the range of the
computed number. (b) A mix group of a product contains only terms in which one factor is attached to a sampling
(or mix) symbol. (c) For a finite sequence of these operations on inputs whose ranges stay in a fixed bounded set,
with every reciprocal applied to a number whose range stays in (−∞,−m] ∪ [m,∞) for a fixed m > 0, if all input
sampling widths tend to zero with the other coefficients fixed, then wsamp + wmix of the result tends to zero.

Proof
(a) Q =

∑︁
g Qg and each Qg ∈ [ℓg, ug] because ε2i ∈ [0, 1] and |εiεj | ≤ 1; for a square, 0 ≤ (

∑︁
i xiεi)

2 ≤ R2; for
the Chebyshev step |f(x)− αx− ζ| ≤ δ on [a, b]; composition preserves enclosure. (b) By Definition 7. (c) By
induction: linear sampling and mix coefficients are bounded combinations of input sampling coefficients; for a
reciprocal on [a, b] ⊆ [m,M ] the minimax error is Lipschitz in the end points with a constant depending on m and
M , so its sampling and mix parts are at most a constant times Rsamp +Rmix.

The conditions in (c) are needed: for Yn with range [1/(2n), 3/(2n)], a pure sampling width 1/n → 0, the range
of 1/Yn has width 4n/3 → ∞ (Supplement, Section S3, which also shows that the measurement label of a nonlinear
result depends on the linearisation point and is therefore a convention).

Remark 2 (Which labels are identified and which are conventions). Conditional on fully specified input affine
forms, including the identities and types of shared symbols, sums, differences and scalar multiples have
algebraically determined typed coefficients: each coefficient of the result is a fixed linear combination of input
coefficients of the same type. This is conditional algebraic determination, not statistical identification of the input
labels from the data. Products, powers and reciprocals additionally require declared rules for allocating cross
terms xiyjεiεj of different types and the parts of a Chebyshev error, which depend on the linearisation point;
these allocations are conventions. The excess of the affine envelope over the refined range is left unattributed, as
explained below. Proposition 7 establishes enclosure, and vanishing sampling and mix widths, for the allocation
of Definition 7 under its boundedness and separation-from-zero conditions; it does not establish invariance under
arbitrary reallocations (representing the range of X2, X = εmeas, by 1/2 + εmix/2 encloses it but leaves a positive
mix width without any sampling). Reports should give the refined range as the result and the typed decomposition
as that of the chosen affine envelope.

Two objects, not one. The labelled affine form and interval arithmetic are both enclosures, so their intersection
is also one. We report two objects and keep them apart: (1) the refined range, the intersection of the two
enclosures, which is the reported range of the result; and (2) the typed decomposition of the labelled affine envelope,
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wmeas + wsamp + wmix, which adds up to the width of the affine envelope and not to the width of the refined range.
For XY in Table 3 the refined range is [2, 3.64] (width 1.64) while the decomposition 1.23 + 0.48 + 0.05 adds up
to the envelope width 1.76. We do not rescale the labels to the refined width, because no attribution rule for the
excess of the envelope over the intersection follows from the construction. The interval comparator uses dedicated
powers: the interval square of x ∈ [−1, 1] is [0, 1], while the product x · x of two independent occurrences is [−1, 1];
the dependency problem of interval arithmetic is shown by z(1− z), where each occurrence of z is treated as
independent.

Table 3. Worked examples (selection; the full table with X + Y , X − Y , X2 and X3 is Table S1). X = 2 + 0.4IXmeas +

0.2IXsamp, X ′ an independent replicate, Y = 1 + 0.3IYmeas + 0.1IYsamp, z = Imeas, x = −1 + 2Imeas. Interval = interval
arithmetic with every occurrence independent and dedicated powers (∗: the product x · x gives [−1, 1]); one I = every
quantity written with the same symbol I and reduced with I2 = I and Smarandache’s division rule [1, pp. 35–38]. (1)
refined range = intersection of the interval enclosure and the labelled affine envelope (reported range). (2) the labelled affine
envelope and its typed decomposition; “sum” = wmeas + wsamp + wmix = width of the envelope, not of (1). True ranges on
a grid of 41 values per symbol.

(1) refined (2) labelled affine envelope

Expression True range Interval One I range range wmeas wsamp wmix sum

X −X [0, 0] [−0.6, 0.6] [0, 0] [0, 0] [0, 0] 0 0 0 0
X −X′ [−0.6, 0.6] [−0.6, 0.6] [0, 0] [−0.6, 0.6] [−0.6, 0.6] 0.8 0.4 0 1.2
XY [2, 3.64] [2, 3.64] [2, 3.64] [2, 3.64] [1.88, 3.64] 1.23 0.48 0.05 1.76
X/Y [1.4286, 2.6] [1.4286, 2.6] [1.8571, 2] [1.4286, 2.6] [1.2877, 2.6] 0.907 0.3439 0.0614 1.3123
z(1− z) [0, 0.25] [0, 1] [0, 0] [0, 0.25] [0, 0.25] 0.25 0 0 0.25
x2 [0, 1] [0, 1]∗ [1, 1] [0, 1] [0, 1] 1 0 0 1

Where a quantity appears twice (X −X , z(1− z)), the affine form is exact and interval arithmetic is not; where
each input appears once and the function is monotone (XY , X/Y ), interval arithmetic is exact and the affine
envelope is wider, the known trade-off [35]; the refined range is exact in every row of Tables 3 and S1. The
one-I column cancels X −X correctly, but a single shared symbol makes independent quantities move together
(X −X ′ = 0) and the reduction misses interior extremes (z(1− z), x2): I2 = I is the exact arithmetic of a two-
valued indeterminacy I ∈ {0, 1}, not of an interval (Supplement, Proposition S4). In a random check of 20 000
expressions no computed range missed a sampled value (Supplement, Section S3). Hesitant sets are handled by
indexing their values, so that the same index used twice is the same value (Supplement, Section S4).

4.1. Conflict: operate per source, then decompose

Conflict is a relation between sources, so it is not carried as a width: the operation is applied to each source and
Definitions 3–4 are applied to the results. Let Sk ⊆ Rp be the set of input vectors that source k admits, g the
operation and Ek ⊇ g(Sk) the computed enclosure.

Proposition 8 (Conflict under operations)
(a) If the Sk have a common point, the outputs are not in certified conflict. (b) If p = 1 and g is continuous and
injective on the union of the pairwise disjoint intervals Sk, the exact outputs are pairwise disjoint; an affine map
aθ + b, a ̸= 0, multiplies the certified gap by |a|; the gap of the enclosures never exceeds that of the exact outputs,
so a certified conflict after an operation is not an artefact of the arithmetic, although loose enclosures can hide one.
(c) A non-injective map can remove a certified conflict. (d) If the Sk meet coordinate by coordinate but not jointly,
an operation can create one.

Proof
(a) If θ∗ ∈

⋂︁
k Sk then g(θ∗) ∈

⋂︁
k Ek. (b) Continuous images of intervals are intervals, injectivity keeps them

disjoint, and Ek ⊇ g(Sk) moves lower ends down and upper ends up. (c), (d) Sources [−2.0,−1.9] and [1.9, 2.0]
are in certified conflict but θ2 gives the same interval for both; if source 1 has X ∈ [0, 1], Y = X and source 2
has X ∈ [0, 0.5], Y = X + 0.5, the X and Y intervals overlap but X − Y is 0 for one and −0.5 for the other
(Supplement, Section S6).
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If the input sets cover their target vectors simultaneously with probability at least 1− α and the targets share a
point, the probability of a certified conflict after any operation is at most α.

5. Simulations

Preregistered i.i.d. part. The design, success criteria and seeds of studies S1–S4 (Table 4) were frozen in the
project repository before any run (git commit c424482; the time stamp is that of a private repository, not of a
third-party registry).

Table 4. Preregistered simulation, i.i.d. records (α = 0.05). CP = Clopper–Pearson.

Study Design Criterion Result

S1.1 one source, 3 scenarios × 6 sizes, 2000 reps CP joint coverage ≥ 0.935 min 0.9515
S1.2 same Isamp decreasing, < 0.05 at n = 3000 pass
S1.3 same |Imeas − pu| < 0.01 for n ≥ 1000 max 0.0006
S1.4 IDM, s = 2, n = 3000 report only coverage 0.166, 0.213, 0.034
S2.1 K ∈ {2, 3, 5}, no true conflict (45 cells) false-conflict rate ≤ 0.065 max 0.002
S2.2 true gap 0.2 power ≥ 0.80 at n = 500 0.999, 1.000, 1.000
S2.3 gap masked by imprecision rate ≤ 0.065 max 0.0005
S2.4 unit level, categorical verdicts MC G = closed form within 3 MC SE
S3.1 interval data, no bias false certified gap ≤ 0.07 max 0.005
S3.2 same Wsamp decreasing in n pass
S3.4 bias 1.5, rounding w power ≥ 0.80 (w ≤ 0.5); ≤ 0.07 (w = 2) 1.000; 0.000
S4 10 000 hesitant sets and events 0 violations of Prop. 6 0; strict in 19.9 %

Figure 1. Simulation S1. (a) Mean sampling component (solid) and measurement component (dashed) for three scenarios;
(b) joint coverage of the identified bounds, Clopper–Pearson versus IDM (pu = 0.2).

Dependent sources: the generator. To check the rules of Section 6.1 we simulate K = 5 sources Xkt =
zt + (A+ ck) sin(2πt/365) + bk + sk(t) ekt, with a common AR(1) weather state zt (coefficient ϕz), errors ekt that
are AR(1) with their own coefficient ϕe and independent across sources, and sk(t) = sde(1 + vk cos(2πt/365));
a source supports “rain” when Xkt ≥ δ and refutes it when Xkt < −δ. Each replicate generates three years, fits
the seasonal mean as in the application and analyses one window of W ∈ {30, 90, 365} days; the true Djk of
every window is computed in closed form, so each rejected pair is classified as a true or a false conflict. Four
studies use this family: a dependence study with ϕe = ϕz/2 (v0.4, not preregistered; Table S4), a preregistered
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study of the paired tests (v0.5, PREREG v05.md), a study of simultaneous coverage (v0.5, not preregistered) and
a preregistered study with own persistence and seasonal heterogeneity (v0.6, PREREG v06.md, frozen before any
run, with one amendment after a 100-replicate smoke test and before the full run).

Paired tests (preregistered, v0.5). With the error persistence tied to the common state (ϕe = ϕz/2),
identical, highly correlated, compatible-but-different, non-seasonal, Markov and fixed-threshold null designs, the
preregistered block-bootstrap paired test failed its size criterion (familywise false-conflict rate up to 0.155), while
the batch-means version BM-10 (amendment, before any real-data run) kept it (largest rate 0.051 against a limit of
0.064; Table S5). With the exact v0.6 batch construction the largest rates over the same null designs were 0.031,
0.048 and 0.047 at W = 30, 90, 365 (2000 new replicates per design, not preregistered; Table S6). Its mean power
over 30 alternative designs was 0.434, against 0.178 for the seasonally adjusted bootstrap rule.

Simultaneous coverage. In the same family, the empirical simultaneous coverage of all 2K = 10 seasonally
adjusted bootstrap limits (nominal 0.95) was 0.231, 0.425, 0.643 at W = 30, 90, 365 with ϕz = 0.95, and at least
0.667, 0.843 and 0.881 for ϕz ≤ 0.5 (Table S7). Under persistence one window sees few independent weather
episodes, and no resampling of the window’s own days can show how much its frequencies would change in
another window. The sampling components computed with these limits are therefore potentially underestimated,
and their nominal coverage is not validated in these scenarios. In those designs the conflict rules still kept their
false-conflict rates because the limits of different sources failed together, in the same direction, when the shared
state moved them.

Own persistence and seasonal heterogeneity (preregistered, v0.6). That last observation depends on the errors
of different sources moving together. We therefore preregistered 81 designs (1000 replicates each; bootstrap
B = 999) in which each source’s errors have their own persistence ϕe ∈ {0.3, 0.5, 0.8, 0.95}, with ϕz ∈ {0, 0.5}
and sde ∈ {0.6, 1.5}, so that the limits of different sources need not fail together; and designs with seasonality
in both the mean and the variance of the paired series (c = (0.6,−0.6, 0, 0, 0), v = (v,−v, 0, 0, 0), v ∈ {0, 0.7};
over a full 365-day window every Djk is exactly zero, and over the 360 days kept by BM-10 it is close to zero,
while the batch means differ through the year in mean and variance). To place the data among the designs we use
one persistence diagnostic, computed identically on simulated and real series: the lag-1 autocorrelation of each
source’s support indicator minus the mean indicator of all sources, averaged over sources. It is 0.18 in Guayaquil
(stationary-bootstrap 95 % interval 0.13–0.20, 30-day blocks) and 0.04 in Santiago (-0.03–0.08) at δ = 0.5, 0.10–
0.29 in the designs with ϕe ≤ 0.5 and 0.26–0.61 with ϕe ≥ 0.8. Santiago’s value lies below every simulated design.
Table 5 gives the results.

Four results matter for the application. First, in the 4 null designs per window length whose diagnostic lies
inside the 95 % interval of the Guayaquil value, BM-10’s largest false-conflict rates were 0.069, 0.053 and 0.053 at
W = 30, 90, 365, against the limit 0.05 + 2× 0.0069 = 0.0638 (Monte Carlo SE about 0.007): it kept its level at 90
and 365 days and not at 30 days. Over all designs with ϕe ≤ 0.5 (diagnostic up to 0.29) the largest rates were 0.064
at 90 days, a borderline failure in a design with diagnostic 0.29, and 0.058 at 365 days; the smallest diagnostic
of a design in which BM-10 failed was 0.26 at 90 days and 0.30 at 365 days, but the diagnostic does not order
failure exactly. Second, the reading rule as first frozen allowed a conditional claim only if BM-10 failed solely in
designs with ϕe = 0.95. It also failed with ϕe = 0.8 (up to 0.164 at 90 days and 0.066 at 365 days), so under that
rule no window length would admit a conflict claim. Amendment A1, made after the smoke test had shown failures
at ϕe ≥ 0.8 (simulated output only, before any v0.6 real-data run, but after the v0.5 real-data results were known),
replaced it with the rule that the designs whose diagnostic brackets the data decide. The rain results below rest on
that amended rule and are conditional and partly post hoc; the support they receive from simulation is limited to
the few designs per window length whose diagnostic falls in an interval estimated from the same data. Third, with
seasonality in both the mean and the variance of the paired series, BM-10 stayed far below the level (largest rate
0.021). These designs did not reproduce the data’s heterogeneity, however: in Guayaquil 40 % of the (pair, 365-day
window) combinations have a batch in which dt is constant (a dry spell), against 0–6 % in these designs. A further
check, not preregistered, with a dry season (identical models, or models 1 and 2 with opposite seasonal offsets in
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Table 5. Own-persistence and seasonal-heterogeneity designs (preregistered, v0.6): largest familywise false-conflict rate over
the designs in each row (limit 0.0638), K = 5, α = 0.05, 1000 replicates per design. Lag-1 diag. = range of the persistence
diagnostic (data: 0.18 Guayaquil, 0.04 Santiago). V04 = seasonally adjusted bootstrap rule; CP = nominal Clopper–Pearson;
BM-b = paired batch-means test with b equal batches and Holm; BM-10s = seasonally centred variant; cov. V04 = smallest
simultaneous coverage of the V04 limits. All designs per row and per window length are in Table S8.

Design W lag-1 diag. V04 CP BM-10 BM-5 BM-20 BM-10s cov. V04

own persistence ϕe ≤ 0.5 30 0.10–0.29 0.088 0.022 0.112 0.087 0.277 0.115 0.59
90 0.10–0.29 0.027 0.031 0.064 0.062 0.106 0.061 0.74

365 0.10–0.29 0.012 0.025 0.058 0.055 0.053 0.077 0.86

own persistence ϕe ≥ 0.8 30 0.26–0.61 0.869 0.783 0.820 0.524 0.923 0.826 0.02
90 0.26–0.61 0.672 0.873 0.646 0.245 0.884 0.665 0.10

365 0.26–0.61 0.325 0.915 0.218 0.078 0.437 0.296 0.35

own persistence, δ = 0.5 ϕe = 0.95 30 0.61–0.61 0.500 0.453 0.464 0.201 0.664 0.479 0.08
90 0.61–0.61 0.210 0.411 0.186 0.058 0.419 0.204 0.21

365 0.61–0.61 0.007 0.126 0.005 0.002 0.019 0.008 0.46

seasonal mean and variance ϕe = 0.5 30 0.24–0.29 0.006 0.002 0.014 0.020 0.046 0.013 0.45
90 0.23–0.29 0.001 0.000 0.021 0.024 0.028 0.020 0.65

365 0.23–0.29 0.000 0.001 0.016 0.019 0.016 0.048 0.82

mean and variance; diagnostic 0.10–0.20), produced such batches in at least 98 % of the combinations, and BM-
10’s largest false-conflict rate was 0.015 (code/sim v06 extra.py). Fourth, under strong own persistence
(ϕe ≥ 0.8) every rule failed: the largest rates were 0.820, 0.646 and 0.218 for BM-10 and 0.869, 0.672 and 0.325
for the bootstrap rule at W = 30, 90, 365. When each source’s errors persist for weeks, a window’s frequencies of
identical sources differ by more than any within-window variance estimate shows, and no rule built on the window
alone can tell this from conflict. The bootstrap rule’s false-conflict rates were small with weak own persistence
(at most 0.027 and 0.012 at 90 and 365 days) even though its simultaneous coverage was only 0.739–0.888 and
0.860–0.919; its control in these designs is empirical and not explained by Proposition 4. The seasonally centred
variant BM-10s exceeded the limit at 365 days (0.077) and is not used. BM-5 was the most robust version (largest
rate 0.078 at 365 days under strong own persistence) but flags about half as many Guayaquil windows as BM-10
on the same days (26 % against 53 % at 90 days, 32 % against 76 % at 365 days; Section 6.1). With one biased
source (b1 = 0.5, ϕe = 0.5) BM-10 had power 0.11–0.46 and 0.41–0.98 at 90 and 365 days, against 0.07–0.12 and
0.25–0.73 for the bootstrap rule.

Number of batches on common days (not preregistered, v0.6.1). In the v0.6 construction the versions with
b = 5, 10 and 20 dropped the earliest n mod b days of a window, so they analysed slightly different periods
(at 365 days b = 5 used all 365 days and b = 10, 20 the last 360; at 90 days b = 20 used the last 80). We
therefore re-ran the batch-means rules on a common set of days: the days kept by the primary rule (b = 10: 30,
90 and 360 days for W = 30, 90, 365), with every b ∈ {5, 10, 15, 20} that divides that length (b = 20 only at 365
days; paired conflict.common days). In the 63 null designs of Table 5 (1000 new replicates each, seed
20261023, code/sim v061 common.py; Table S9), among the 4 designs per window length whose diagnostic
lies in the Guayaquil interval the largest false-conflict rates were 0.053, 0.059 and 0.060 for b = 5, 10, 15 at 90 days
and 0.058, 0.054, 0.048 and 0.051 for b = 5, 10, 15, 20 at 365 days (limit 0.0638), and 0.080, 0.068 and 0.079 at 30
days, above the limit. Under strong own persistence every version failed, more so with more batches (at 365 days,
from 0.096 with b = 5 to 0.460 with b = 20). This support rests on four designs per window length.

6. Applications

The three applications are methodological demonstrations, not empirical validations of the method: they show what
the labelled I reports on real data and what it changes, and the provenance and inferential scope of each result are
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summarised in Table 13. In each application the components are illustrated on data whose generating process is
unknown; the exact derivation is that of Proposition 1.

6.1. Rain forecasts from five models

Data and provenance. Daily precipitation for 1 January 2023 to 31 December 2025 was downloaded on 10
October 2026 from the Open-Meteo Historical Forecast API [48, 77] for Guayaquil (requested point −2.19,
−79.89) and Santiago de Chile (−33.45, −70.66), variable precipitation sum (mm), timezone=auto
(America/Guayaquil; America/Santiago, with daylight saving time), so that a day is a local calendar day as
aggregated by Open-Meteo. The model identifiers are gem seamless, gfs seamless, icon seamless,
jma seamless and ukmo seamless, the five that met the preregistered 90 % completeness rule (four others
were dropped); each response is answered at the model’s nearest grid point, whose coordinates differ by model
(Table S2). The Historical Forecast API builds a continuous series by concatenating the first hours of successive
model runs [77]. The series are therefore short-range forecasts concatenated across runs, not forecasts at a fixed
lead time. The Previous Runs API provides fixed-lead forecasts, but a common record for all five selected models
does not cover the full 2023–2025 period. The series also concatenate the operational model versions in use at each
date; we did not adjust for version changes during 2023–2025, which Open-Meteo itself warns about. ERA5 [49]
came from the Open-Meteo archive API with the same settings. We use the 1094 days on which all five models
and ERA5 are present. The stored JSON responses, their SHA-256 hashes and the reconstructed request URLs are
in the code archive (code/openmeteo metadata v06.py).

Estimand. The proposition is “precipitation ≥ 1mm on day t”. A model supports it when its forecast is at least
1 + δ mm, refutes it below 1− δ mm and is undecided in between; we report δ ∈ {0, 0.1, 0.25, 0.5, 0.75}. For a
window of W days (W = 30, 90, 365, ends every 30 days) the target of model k is the expected window frequency
of each verdict; its identified set for “rain” is [pa,k, 1− pr,k]. Windows overlap, so the shares below are descriptive
summaries over windows, not independent replicates.

Test used for the conflict claims. Conflict claims are made with the paired test of Proposition 5: for each of the
20 ordered pairs, the one-sided batch-means t test of Djk ≤ 0 with b = 10 equal batches of the raw daily series dt
(the five earliest days of a 365-day window are dropped, so the target is the frequency over its last 360 days; 30-
and 90-day windows are used whole), p = 1 when the batch means are all equal, and Holm across the pairs. This
rule was preregistered as an amendment in v0.5, where the preregistered decision rule had kept the bootstrap rule
as primary because the paired rule did not dominate it in power; we use it here because the bootstrap limits fail
simultaneous coverage, so Proposition 4 does not cover them. This change of primary rule is a deviation from the
v0.5 decision rule, made after seeing the coverage results, and is declared as such.

What the theorem guarantees and what these data allow. Proposition 5(d)–(e) guarantees the false-conflict
rate only when the batch means are independent and normal with a common variance or with a common mean. For
these data neither assumption can be verified: the batch means come from serially dependent daily series, and the
batches differ in both mean and variance, the case of Remark 1 in which no bound holds. The level of the test on
these data therefore rests on simulation alone, and that support is limited: the test kept its level in the 4 simulated
designs per window length whose persistence diagnostic lies in the 95 % interval estimated from the same data
(Guayaquil 0.18, interval 0.13–0.20), not at 30 days, and not under strong own persistence (ϕe ≥ 0.8), where
every rule failed (Section 5). Whether the models’ own errors are in fact as weakly persistent as the diagnostic
indicates cannot be checked with three years of data. We therefore do not call the rain results certified conflict
with a guaranteed false-conflict rate. We report the windows flagged by the paired batch-means test, at 90 and
365 days only (amended reading rule of PREREG v06.md), as illustrative evidence conditional on the persistence
diagnostic.
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Descriptive rule. The seasonally adjusted stationary block bootstrap of the earlier versions is reported as
descriptive. In a window of n days let Yt ∈ {0, 1}2K collect the support and refutation indicators, θ̂ their window
means, Ĉt the two-harmonic seasonal mean of Yt fitted on the three years and clipped to [0, 1], and Zt = Yt − Ĉt;
the stationary bootstrap [50, 51, 52] resamples the same days for all models [53], θ∗b = θ̂ + n−1

∑︁
t(Zib(t) − Z̄),

the block length is the largest Politis–White value [54, 55] over the 2K residual series, ĉ is the 1− α quantile of
maxj:sj>0(θ

∗
b,j − θ̂j)/sj , and the limits are Tk = max(0, p̂a,k − ĉ sa,k), Fk = max(0, p̂r,k − ĉ sr,k) (B = 2000; a

constant coordinate gets the limit θ̂j). Its sampling components Isamp and its shares of disjoint limits are given for
comparison; as shown in Section 5, its limits undercover and its sampling components may be underestimated. We
did not use a seasonal block bootstrap that resamples corresponding calendar periods across years [74]; with only
three annual cycles available, the coverage of that alternative was not evaluated or established in this study.

Results. Table 6 and Figure 2 give the results at δ = 0.5. In Guayaquil the measurement component is about
0.095 at every W . The paired test flags between-model conflict in 53 % of the 90-day and 76 % of the 365-day
windows (30 days: 22 %, no claim). The share falls with the tolerance, from 29 % at δ = 0.75 to 85 % at δ = 0 at
W = 90 and from 64 % at δ = 0.75 to 96 % at δ = 0 at W = 365 (Table 7), and it depends strongly on the number
of batches. On the same days (Table 8), b = 5 and b = 15 give 26 % and 71 % at 90 days, and b = 5, 15 and 20 give
32 %, 92 % and 100 % at 365 days, against 53 % and 76 % with b = 10: the share rises with b, over 32 %–100 % at
365 days (28 %–100 % in v0.6, where b = 5 also used the five earliest days). All four versions kept their level in the
simulated designs matched to the diagnostic (Section 5), so the simulation does not say which b to prefer; b = 10
was fixed in advance. In Santiago, b = 5 flags 2 of the 25 365-day windows (8 %; 4 % in v0.6, on 365 days) and the
other b none. With a margin m = 0.05 (the identified sets must be separated by five percentage points) the shares
are 26 % and 48 %. The pairs flagged at 365 days are mostly JMA against the others: JMA > GFS (16); JMA >
ICON (13); JMA > GEM (5) of 25 windows. JMA forecasts the most rainy days in every 365-day window. The
data are in the both-heterogeneities case of Remark 1: in 40 % of the (pair, 365-day window) combinations some
batch has a constant dt, and where all batches vary, the largest within-batch standard deviation is a median 3.6
times the smallest; the dry-season designs of Section 5, which reproduce this feature, kept BM-10’s level. No pair
had all batch means equal with a positive estimate (zero-variance pairs occurred in 300 of 950 window–tolerance
cells, always with D̂jk ≤ 0). The descriptive bootstrap rule gives similar shares (59 % and 72 % at 90 and 365 days)
and the v0.5 batch construction gives 80 % at 365 days.

Table 6. Rain-day frequency, five models, δ = 0.5mm: labelled components (means over windows) and share of windows
with between-model conflict. Flagged = paired batch-means test (b = 10, Holm over 20 ordered pairs), conditional and
illustrative: its level for these data is supported only in simulated designs matched to a persistence diagnostic estimated from
the same data (Section 6.1); ‡ 30-day windows: the test did not keep its level in simulation, no claim. Descriptive: SB-seas
= seasonally adjusted block bootstrap, whose limits undercover (its Isamp may be underestimated); CP = nominal Clopper–
Pearson (assumes independent days). Plug-in disjoint = estimated identified sets disjoint (no error control). 36, 34 and 25
windows for W = 30, 90, 365.

Isamp (descriptive) flagged descriptive plug-in

Location W Imeas CP SB-seas paired BM-10, cond. SB-seas CP disjoint

Guayaquil 30 0.095 0.306 0.251 0.22‡ 0.39 0.08 1.00
Guayaquil 90 0.094 0.194 0.210 0.53 0.59 0.59 1.00
Guayaquil 365 0.097 0.130 0.177 0.76 0.72 0.88 1.00
Santiago 30 0.030 0.266 0.178 0.00‡ 0.00 0.00 0.67
Santiago 90 0.031 0.152 0.143 0.00 0.00 0.00 0.82
Santiago 365 0.029 0.079 0.088 0.00 0.00 0.00 1.00

Santiago. At δ = 0.5 the paired test (b = 10) flags no Santiago window at 90 or 365 days, and few at small
tolerances (6 % and 20 % of the 90- and 365-day windows at δ = 0). The models do not agree exactly: the estimated
identified sets are disjoint in 67 %, 82 %, 100 % of the 30-, 90- and 365-day windows, but the largest estimated
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Figure 2. (a) Guayaquil, 90-day windows, δ = 0.5mm: sampling component (seasonally adjusted bootstrap; may be
underestimated), measurement component and plug-in gap; ticks mark windows flagged by the paired test. (b) Share of
windows flagged by the paired batch-means test (conditional, illustrative) as a function of the tolerance δ; (c) the same for
the descriptive bootstrap rule. Solid and dashed lines Guayaquil (dashed: 30-day windows, no claim), dotted lines Santiago.

Table 7. Share of windows flagged by the paired batch-means test (b = 10; conditional, Section 6.1) as a function of the
tolerance δ; in parentheses, the descriptive bootstrap rule.

Location W δ = 0 0.1 0.25 0.5 0.75

Guayaquil 90 0.85 (0.85) 0.71 (0.79) 0.65 (0.74) 0.53 (0.59) 0.29 (0.32)
Guayaquil 365 0.96 (1.00) 0.96 (1.00) 0.92 (0.92) 0.76 (0.72) 0.64 (0.52)
Santiago 90 0.06 (0.00) 0.03 (0.00) 0.03 (0.00) 0.00 (0.00) 0.00 (0.00)
Santiago 365 0.20 (0.00) 0.04 (0.00) 0.04 (0.00) 0.00 (0.00) 0.00 (0.00)

Table 8. Sensitivity to the number of batches b, all on the same days (those kept by the primary rule b = 10; b only among the
divisors of that length), δ = 0.5: share of windows flagged by the paired batch-means test (Holm over 20 ordered pairs;
conditional, Section 6.1). ‡ 30-day windows: no claim. All tolerances: Table S10; level of each version in simulation:
Table S9.

Location W days kept b = 5 b = 10 (primary) b = 15 b = 20

Guayaquil 30‡ 30 0.19 0.22 0.25 –
90 90 0.26 0.53 0.71 –

365 360 0.32 0.76 0.92 1.00
Santiago 30‡ 30 0.00 0.00 0.00 –

90 90 0.00 0.00 0.00 –
365 360 0.08 0.00 0.00 0.00

separation maxjk D̂jk averages 0.024 and 0.014 at 90 and 365 days (at 365 days, about five rain days a year),
and the batch-means test that two models’ midpoints differ, whatever their side, succeeds in 0 % and 12 % of the
windows. The Santiago models differ by small amounts that neither rule resolves as opposite verdicts. This absence
of flagged conflict is inconclusive as evidence of agreement: power against substantively relevant separations was
not estimated for Santiago, and its persistence diagnostic lies below every simulated design; the small observed
separations are descriptive and do not substitute for a power assessment.

Comparison with ERA5 (descriptive). A fixed-threshold test (Proposition 5(b)) needs c fixed in advance. The
ERA5 rain-day frequency of the three years (c = 0.635 in Guayaquil, 0.111 in Santiago) is estimated from the same
days and ERA5 is itself a model, so we use it only descriptively and draw no test conclusion from it; an externally
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fixed threshold, for example a climatology from an earlier period, would be needed for a confirmatory version.
Descriptively, most models lie below the ERA5 frequency in both cities, and in Guayaquil the flagged conflict is
between models that lie below it by different amounts. On single days, glut days (some model forecasts rain and
another a dry day, δ = 0.5) were 37.7 % of the days in Guayaquil and 7.4 % in Santiago, and the majority verdict
disagreed with ERA5 on 32.6 % of decided glut days against 22.3 % of unanimous days in Guayaquil (difference
0.103, stationary-bootstrap 95 % interval [0.036, 0.162]) and on 30.1 % against 2.2 % in Santiago (interval [0.180,
0.376]). This is consistent with the spread–skill relation of ensemble forecasting [56], but it concerns concatenated
short-range series checked against a reanalysis, not forecast skill at a stated lead time against observed rain.

6.2. Rock joint roughness: dispersion and heterogeneity

Chen, Ye and Du [4] report, for 24 orientations and 10 sample lengths of a rock joint, the mean µ and standard
deviation σ of the joint roughness coefficient (JRC) over profiles, and write each cell as z = (µ− σ) + 2σI . We
transcribed their Table 1 and reproduced their neutrosophic average for L = 10 cm (6.9427 + 4.3055 I). Their 2σ
describes the variability of the JRC across profiles, the engineering quantity they study. Read as uncertainty about
the cell’s mean JRC, the computed sampling component is 2tσ/

√
n; the number of profiles n per cell is not reported,

so all results below are conditional on an assumed n. The computed width is 1.24 times the hand-chosen one at
n = 5, 0.72 at n = 10 and 0.28 at n = 50.

Treat the 24 orientations as sources for the JRC at length L. They are different populations by design (anisotropy
is the object of [4]), so a certified gap between them is heterogeneity beyond dispersion, not contradictory evidence
about one quantity. The hand intervals [µ− σ, µ+ σ] all share a point at L = 10 cm; the orientation means would
be separated by the Bonferroni rule of Definition 3 once n reaches 15 profiles per cell at 10 cm, 9 to 12 at 20–
90 cm and 7 at 100 cm, if those were the sample sizes (Figure 3; conditional on the assumed n and on independent
profiles). A one-way analysis of variance from the published summaries detects that the orientations differ with
2 to 5 profiles per cell; the difference between the two thresholds reflects the conservativeness of the Bonferroni
separation rule over 24 groups. A direction-free neutrosophic number for a given length thus mixes anisotropy with
dispersion.

Figure 3. Rock joint roughness [4]: nominal separation gap between the 24 orientations as a function of the assumed number
of profiles per cell, for three sample lengths, under independent normal profile measurements; a conditional sensitivity
calculation.

6.3. Raters with undecided answers: DICES-990

The DICES-990 dataset [57] has 72 103 ratings of 990 conversations by 172 raters from India and the United States
(29 to 45 raters per item and locale, median 36), each answering whether a conversation is unsafe with Yes, No
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or Unsure. The proposition is “most raters of a pool would rate this conversation unsafe”; an Unsure answer is an
undecided record and the two locales are the sources.

Definition 8 (Majority-verdict conflict)
Two pools are in majority-verdict conflict when one pool’s confidence set for the proportion of Yes lies above 1/2
and the other pool’s set lies below 1/2 (each at level α/K).

Pooling the raters, we used the Clopper–Pearson construction under a working i.i.d. categorical model for the
item’s ratings. The majority verdict was decided at the stated nominal level for 692 conversations (56 unsafe
and 636 safe) and undecided for 298. Among the undecided conversations, the estimated identified interval lay
strictly on one side of 1/2 for 229, straddled 1/2 for 60, and touched the boundary for 9. These are descriptive
classifications of estimated intervals; their implications for follow-up are discussed in Section 6.4. The mean
sampling component per pool was 0.305 with all raters and 0.40 and 0.55 with 20 and 10 raters per pool, while the
Unsure share was 0.052.

No conversation showed majority-verdict conflict between the locales, nor between men and women, nor for the
harmful-content question. Under the weaker Definition 3 the confidence sets of the two locales are separated for
4 conversations (largest gap 0.027); with 990 items and no multiplicity correction this does not by itself establish
locale disagreements. The absence of majority-verdict conflict is inconclusive: with 36 raters per pool and no
Unsure answers (the best case), the exact power of interval separation is 0.04, 0.19 and 0.50 for majority proportions
0.40 vs 0.60, 0.35 vs 0.65 and 0.30 vs 0.70, and that of Definition 8 is 0.01, 0.055 and 0.22; Definition 8 reaches
power 0.8 against 0.30 vs 0.70 only with 72 raters per pool, and against 0.35 vs 0.65 with 133. The design has low
power even for differences of 0.4 in proportion. Here majority-verdict conflict denotes opposite majority judgments
in locale-specific rater populations; it does not imply contradictory estimates of a single common population
parameter.

6.4. Decision impact: what the labels change

The labelled split changes an applied conclusion when the same width calls for different actions depending on its
source. The three applications give one case each; all three use only results already reported above.

DICES: more raters or a closer look at “unsure”. With one interval per conversation (the hull of its identified
set and sampling error), all 298 conversations without a decided majority verdict receive the same report,
“undecided”. Among them, the estimated identified interval lies strictly on one side of 1/2 for 229, straddles
1/2 for 60, and touches the boundary for 9. These descriptive categories suggest different follow-up priorities:
additional ratings for the first group, and examination of the meaning and coding of “unsure” for the second.
Measurement imprecision need not be zero in the first group. Because the classification uses estimated rather than
known population identified sets, it does not establish that additional ratings will resolve the first group or cannot
help the second. The 60 cases are 20.1 % of the undecided items; this is a descriptive share, not an estimate of
wasted annotation effort or achievable savings.

Rain: averaging or investigating. A forecaster who averages the five models obtains one rain-day frequency
per window. In Guayaquil the flagged conflicts at 365 days are mostly JMA against the other models, and JMA
forecasts the most rain days in every 365-day window. The labelled report therefore says not to average without
first examining why JMA forecasts more rain days than the others; an average would place the combined forecast
between incompatible verdicts. Because these flags are conditional (Section 6.1), the action is “investigate before
combining”, not “discard JMA”.

Rock roughness: dispersion or uncertainty. The hand-chosen width 2σ of [4] is the variability of the roughness
across profiles, a property of the rock. Read as uncertainty about the mean roughness of a cell, the computed
sampling width is 1.24, 0.72 and 0.28 times the hand-chosen one at 5, 10 and 50 profiles per cell. A design
decision that needs the mean (for example, a shear-strength estimate from the mean JRC) should use the computed
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sampling width, which shrinks with more profiles; one that needs the spread of the surface should use 2σ, which
does not. Pooling the orientations into one direction-free number mixes the anisotropy with both.

6.5. Comparison with implementations of fuzzy and symbolic statistics

This comparison was not preregistered. We implemented ourselves, from the cited formulas, the standard
analysis of each framework, and the codings of undecided records are our choices; the results describe these
implementations, not every analysis possible within each framework. We chose, for each framework, a standard
illustrative analysis relevant to the question at hand (the fuzzy confidence interval and fuzzy mean of [25],
the functional test of equal fuzzy means of [60, 61], the descriptive statistics and centre-and-range regression
of symbolic data analysis), because these are common first choices in each framework; they are illustrative
implementations, not definitive benchmarks, and stronger variants exist.

Implementations. (F) Fuzzy statistics with fuzzy data [25]: each record is a fuzzy number, the estimate is the
fuzzy mean, and the cut of the fuzzy confidence interval at level λ is the union of the classical intervals over
the crisp samples in the λ-cut of the fuzzy sample; a rain forecast in the tolerance band becomes the triangular
number (0,m, 1), m = (x− 0.5)/1.0, a DICES Unsure becomes (0, 0.5, 1); at the 0-cut the interval is an exact
Clopper–Pearson interval, and at λ > 0 the fractional counts make it a numerical extension without a coverage
guarantee. Disagreement is read as c = 1− hgt(

⋂︁
k C̃k) [58]. (G) Fuzzy random variables [24] as functional data:

equality of fuzzy means tested with the Dθ metric (θ = 1/3) [59] by bootstrap [60, 61]; for rain, days resampled
jointly, independently or in stationary blocks; for DICES, a permutation test between the two pools of each item
with 99 999 random permutations and p = (1 + b)/(B + 1) [62]. (S) Symbolic data analysis [26, 27]: a day is
the interval of the five forecasts, a JRC cell is [µ− σ, µ+ σ]; descriptive statistics follow [65] and regression the
centre-and-range method [66, 67]. (IDM) Walley’s model with s = 2, with disjoint intervals read as conflict (not a
test).

Table 9. What our implementations of the rival analyses report on the same data, and what the labelled I reports.

Analysis Observed on our data

Labelled I (this paper) measurement and sampling parts of the width, additive and labelled; a plug-in spread; a
conflict statement outside I with a stated error rate and power. Does not test whether sources
differ, model interval data, or grade disagreement

Fuzzy CI [25] support of the fuzzy estimate has width Imeas; the 0-cut of the fuzzy CI at level α/K has
width Imeas + Isamp (every window); the parts are one fuzzy shape, not labelled; c = 1 at the
0-cut coincides with nominal certified conflict by construction; graded c has no error control

Functional fuzzy
ANOVA [60, 61]

tests whether sources differ; much more power than certified conflict; empirical size 0.042–
0.060 in our null designs

Symbolic data analysis
[27]

describes and regresses interval data; no sampling control in its descriptive core

IDM [11] additive split u/(n+ s), s/(n+ s); disjointness is not a test

Rain. Two identities hold in every window up to rounding (largest difference 1e-16): the support of Viertl’s fuzzy
estimate has width Imeas, and the 0-cut of the fuzzy confidence interval at level α/K has width Imeas + Isamp of
the nominal Clopper–Pearson triple. The graded c > 0 flags 79 % of the Guayaquil 90-day windows without error
control. The functional analysis of variance rejects equal means in 91 % (Guayaquil) and 35 % (Santiago) of the 90-
day windows with block resampling, and in 100 % of the Santiago 365-day windows. In a known-truth simulation
(2000 replicates per design) with identical sources the largest rates over 12 null designs were 0.000 for certified
conflict, 0.003 for c > 0 and 0.547 for IDM disjointness; with sources that differ but have overlapping identified
sets, the ANOVA rejected in 29.8 % of replicates (correctly, for its question) and certified conflict in 0.0 %; with
contradictory sources (gap 0.2), the ANOVA rejected in 99.9 % and certified conflict in 31.2 %.
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Rock roughness and DICES. Symbolic data analysis decomposes the dispersion across orientations that the
hand-chosen 2σ hides: the within-interval share of the symbolic variance falls from 0.50 at 10 cm to 0.26 at
100 cm, and its centre-and-range regression over the 240 cells gives µ = 11.26− 0.94 lnL (R2 = 0.28) and
2σ = 6.38− 0.97 lnL (R2 = 0.70), a model of the scale effect that the labelled analysis does not attempt. In
DICES, the fuzzy permutation test gives p < 0.05 for 219 conversations against 49.5 expected if no conversation
differed. The main multiplicity correction is Holm’s [64], valid under any dependence between the per-item
p-values (each of which is a valid permutation p-value for its own item): 1 conversation survives it (adjusted
p = 0.0297). This rests on 2 exceedances in 99 999 random permutations: the upper 95 % Clopper–Pearson limit
for that item’s exact permutation p-value is 7.2e-05, whose Holm adjustment would be 0.072, so the single family-
wise rejection is fragile to Monte Carlo error. Benjamini–Hochberg [63] retains 4, but its false-discovery-rate
guarantee needs independence or positive regression dependence, which is doubtful here because the same raters
rate many items; we report it as exploratory. Benjamini–Yekutieli [75], valid under any dependence, retains 0
(smallest adjusted p 0.167). Table 10 lists the four conversations selected by the exploratory BH procedure. In all
four the US pool rates the conversation mostly safe while the Indian pool is split or leans unsafe; none has opposite
certified majorities. The fuzzy test thus detects at most one difference between locales with family-wise control,
and that one is fragile; it shows no contradiction between majority verdicts.

Table 10. DICES-990, overall safety rating: the four conversations with BH-adjusted p ≤ 0.05 in the functional fuzzy
permutation test between rater locales. n = raters per pool; raw p = (1 +#{permutation statistics ≥ observed})/(1 +
99 999); Holm (main conclusion), Benjamini–Hochberg (exploratory) and Benjamini–Yekutieli adjusted over 990 items
(results/dices multiplicity v06.csv).

Item ID nIN nUS raw p Holm (main) BH (exploratory) BY

332 32 40 3× 10−5 0.030 0.022 0.167
970 38 37 6× 10−5 0.059 0.022 0.167
602 39 34 8× 10−5 0.079 0.022 0.167
624 33 41 9× 10−5 0.089 0.022 0.167

Where the rivals do better. The functional ANOVA is the right tool, with much higher power, when the
question is whether sources differ. Symbolic regression models interval data: adding the range of the five log-
forecasts to their centre raises R2 for ERA5 log-precipitation from 0.471 to 0.484 in Guayaquil (p = 1× 10−7;
serial dependence makes this p optimistic) but not in Santiago. Viertl’s fuzzy confidence interval holds the same
information as our two count components plus a graded shape, and comes with fuzzy tests [68]. What the labelled
I adds is the explicit, additive split with labels and provenance, a separate conflict statement with a stated error
rate, and a rule for what to do with each part (Table 14).

Trade-offs: when to choose which. Data. The labelled I needs records that can be classified as support,
refutation or undecided, or interval records, and several sources for a conflict statement; fuzzy statistics needs
a membership function for each record, which is an additional modelling choice (our triangular codings), and
symbolic analysis needs interval or distributional records. Sample size. A conflict statement needs more data than a
test of difference: on the same simulated data the functional ANOVA detected differences that certified conflict did
not, and for a gap of 0.2 certified conflict had power 0.32–0.40 with 100 records per source and above 0.99 with 500
(Sections 3 and 5). Computation. The count-based summaries and paired-window calculations had low runtimes in
the reported benchmarks (Section 8); the estimated DICES permutation-test total was about four minutes. Complete
simulation runs were not benchmarked. Expertise. The labelled report uses only standard confidence bounds and
tests, but it requires the analyst to declare the coding, the tolerance and the sources. We would choose the functional
ANOVA when the question is whether sources differ, symbolic regression when the object is to model interval-
valued data, Viertl’s fuzzy interval when a graded summary is wanted, and the labelled I when the question is
which components of uncertainty additional data may reduce and whether sources issue opposite verdicts.
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7. A reporting protocol

The steps below turn the results into a workflow; Table 11 is the corresponding checklist of what a report must
declare.

1. State the proposition and the sources. Fix the proposition A (with its threshold) and decide what a source is.
Sources should be alternative measurements of the same quantity; if they are different populations by design
(orientations of a rock joint, locales of raters), a separation between them is heterogeneity, not contradictory
evidence (Section 6.2).

2. Code the records. Fix the tolerance band that maps a record to support, refutation or undecided, and the
coding of “unsure” answers. If the choice is not dictated by the measurement process, report the results over
a grid of tolerances (as Table 7 does).

3. Choose the confidence level and the dependence model. Use Clopper–Pearson bounds (Definition 1) under
an i.i.d. categorical sampling model, or outer intervals (Definition 4), at level α/K for K sources. For serially
dependent records, use a block method and report it as descriptive unless its coverage has been checked for
data of that kind. Choose α for the decision at stake, not by convention; when many items are analysed,
state whether the error rate is controlled per item, family-wise (Bonferroni or Holm over items) or as a false
discovery rate, as in the DICES analyses (Sections 6.3 and 6.5). The tolerance band should come from the
measurement process (for example, the resolution of the instrument or a minimal relevant difference); if it
does not, report a grid.

4. Compute and report the split. Report Imeas and Isamp (or Wimp, Wsamp and the plug-in spread) next to N .
Choose the follow-up action by comparing the identified set and its uncertainty with the decision threshold,
rather than by selecting the largest width component alone. If the estimated identified set lies on one side of
the threshold but the outer confidence interval crosses it, additional records may resolve the decision; if the
population identified set straddles the threshold, reducing sampling uncertainty alone cannot do so. Because
that population set is unknown, report the uncertainty of this classification and the assumptions used for
sample-size planning.

5. Test for conflict, and report its conditions and power. Use interval separation (Proposition 4) when valid
simultaneous coverage is available; independence between sources is not required. For sources observed
on the same units, the paired batch-means test with Holm (Proposition 5) may improve power by using their
covariance; apply it as a guaranteed test only when its batch assumptions are justified. Check its assumptions;
if they cannot be verified, say “flagged”, not “certified”, and give the simulation support. Report the power
against a relevant alternative before reading the absence of conflict as agreement.

6. Read hesitant sets. Determine whether the alternatives describe one holder’s uncertainty or separate holders’
assertions; use the disjunctive reading in the first case and the conjunctive reading in the second. Under the
conjunctive reading, report conflict about the chosen proposition only when some holders support it and
others refute it (Proposition 6).

7. Propagate. When the result enters further computation, use the labelled arithmetic (Section 4), report the
refined range as the result, treat the typed widths of nonlinear results as conventions (Remark 2), and
recompute conflict source by source.

8. Act. Use Table 14 to turn each component into an action.

In decision-tree form: if a conflict is certified (or flagged), do not combine the sources before explaining the
disagreement; otherwise, if the power to detect a relevant conflict is low, report the absence as inconclusive; then,
if the estimated identified set lies on one side of the decision threshold while the confidence set crosses it, collect
more records, and if the identified set straddles the threshold, examine the measurement or the question.

8. Discussion

Does a computed I answer the critique? Partly. The measurement and sampling components are interval
and imprecise-probability statistics; computing them answers the charge that I is fixed by hand, once the
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Table 11. Checklist for a labelled report.

Item What to report

Proposition and threshold A, its threshold and why
Sources what a source is; whether the sources measure the same quantity
Coding tolerance band; coding of undecided answers; sensitivity grid if not fixed by the measurement
Confidence level α and the multiplicity adjustment across sources
Dependence model sampling model (e.g. i.i.d. categorical records), or the block method and whether its coverage

was checked
Components Imeas and Isamp (or Wimp, Wsamp, plug-in spread) with N
Conflict test used; its assumptions and whether they were verified (“certified” or “flagged”); disagreeing

sources; power against a stated alternative
Hesitant sets reading (one holder or several)
Propagated results refined range; typed widths as conventions for nonlinear operations
Status provenance (frozen, amended, exploratory) and inferential scope (proved, conditional,

descriptive) (Table 13)
Code where the code and the data are

analyst’s choices are declared, and it answers [9] in the sense that a computed I shrinks with data in a way
that carries information. It does not give neutrosophic statistics inferential content beyond interval statistics for
these components; with imprecision alone a credal set suffices [40]. Certified conflict is also classical in its
inferential content: a test of separation, here a paired batch-means test with Holm’s procedure. The contribution
is a representation and a reporting rule: the source-labelled report retains the identities of disagreeing sources
alongside the triple and accompanies each inferential conflict statement with its test, assumptions, error control
and power. A fused triple alone does not identify the disagreeing sources. Dempster–Shafer theory represents the
same situation through the mass of the empty set [28]; neutrosophic triples represent it directly. For hesitant sets,
the disjunctive reading represents one holder’s uncertainty, which never carries more indeterminacy than its hull;
under the conjunctive reading, conflict about a chosen proposition occurs only when some holders support it and
others refute it.

Which neutrosophic form separates imprecision from contradiction. The limitation pointed out by the critics
belongs to the form N = d+ I with a fixed I: combining sources into one such number takes the hull of their sets,
and the hull cannot tell imprecise, compatible sources from precise, contradictory ones (the running example gives
4 + I , I ∈ [0, 3], in both cases). The neutrosophic triple can: because T + F may exceed one, the contradictory case
is the glut (1, 0, 1) for “θ ≤ 5.5”, while the imprecise case is (0, 1, 0); a probability or an interval cannot represent
the first. The triple alone, however, says that some sources disagree, not which ones, with what error rate or with
what power. Table 12 summarises the three forms; its second case uses point estimates 4.05 and 6.95 with the stated
symmetric outer intervals, and is schematic: error control requires simultaneous coverage at the declared level, and
power is not determined by the interval end points alone.

Table 12. Which form separates imprecision from contradiction (running example of Section 3).

Form Imprecise vs contradictory
sources

What is reported

N = d+ I, fixed or hull I not separated one interval, 4 + I, I ∈ [0, 3], in both cases; equivalent to
retaining a single interval hull

Triple (T, I, F ) with glut separated (0, 1, 0) against (1, 0, 1); the disagreeing sources, the error rate
and the power are not reported

Labelled I and conflict statement
(this paper)

separated Wimp = 3 against Wgap = 2.9, Wsamp = 0.1; a conflict
statement that names the two sources, with the certified gap
(2.8), the test, its conditions, its false-conflict rate and its power

Which procedure supports which conclusion. Two things must be kept apart. Proposition 5 guarantees the
false-conflict rate of the paired batch-means test under its stated assumptions, and that guarantee is general. Its
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application to the rain data is not covered by it: the assumptions cannot be verified there, and the form the data take
is the one of Remark 1, where no bound holds. The rain conflict results are therefore illustrative and conditional:
the test’s level for data like these was supported only in a few simulated designs whose persistence matches a
diagnostic estimated from the same data, at 90 and 365 days, not at 30 days and not under strong own persistence,
under a reading rule amended after a simulation smoke test; and the shares change markedly with the number of
batches. Santiago’s absence of flagged conflict rests on the same test and on the direct diagnosis of small, same-
side differences (Santiago’s persistence diagnostic lies below every simulated design, so the test’s power there is
not bracketed by the simulation). The bootstrap limits, their sampling components and their shares are descriptive:
their simultaneous coverage was below nominal in every dependent design we ran, so their sampling components
are potentially underestimated and Proposition 4 does not apply to them. The ERA5 comparison is descriptive. The
DICES conclusion rests on Holm’s procedure, and its one rejection is fragile to Monte Carlo error. Table 13 gives
the status of every result.

Table 13. Provenance, inferential scope and outcome of each result, reported separately. Provenance: frozen before the
relevant run, amended after pilot results, or exploratory (not preregistered). Scope: proved under stated assumptions,
conditionally supported, or descriptive (no error control claimed). “Inconclusive” describes an outcome, not provenance.
Preregistering a simulation does not establish a theorem’s assumptions for an empirical application.

Result Provenance Inferential scope Outcome

Propositions 1–6, 7, 8 – proved under stated
conditions

–

Simulations S1–S4 (Table 4) frozen (commit
c424482)

simulation evidence all criteria met

Paired-test designs v0.5 and v0.6 frozen; BM-10 rule
added as an
amendment before
real-data runs

simulation evidence level kept at 90/365 days in matched
designs; failed at 30 days and under
strong own persistence

Reading rule for the rain claims amended after a
smoke test (A1)

– under the first frozen rule no claim
would have been made

Dependence (v0.4), coverage, extra
and common-day studies

exploratory simulation evidence reported in Section 5

Rain: flagged conflict, 90 and 365
days

applied with the
amended rule

conditional (assumptions
not verifiable; diagnostic
from the same data)

53 % and 76 % of Guayaquil windows;
none in Santiago

Rain: 30-day windows – no claim –
Rain: bootstrap components; ERA5
comparison

descriptive analyses descriptive limits undercover; threshold from the
same data

Rock roughness exploratory conditional (assumed
profiles per cell)

separation from 7–15 profiles

DICES: split of the 298 undecided
verdicts

exploratory descriptive 229 / 60 / 9

DICES: majority-verdict conflict exploratory valid under the binomial
model

none found; inconclusive (low power)

DICES: fuzzy test, Holm exploratory FWER control
conditional on valid
item-level permutation
p-values; BH
exploratory

one fragile rejection

Comparison with rival
implementations

exploratory descriptive Section 6.5

Computational times exploratory descriptive (one
machine)

Section 8

When the labels help and when they add little. The labels add little when there is one source and no undecided
records: then Imeas = 0, Isamp is the width of an ordinary confidence interval, and the labelled number is that
interval written differently. They also add little when the decision does not depend on why the uncertainty is there,
for example when only the total width is compared with a tolerance. They help when the width calls for different
actions depending on its source (more records against a better instrument, as in DICES), when several sources may
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issue opposite verdicts that an average or a hull would hide (as in the rain data), and when a computed quantity is
propagated and the analyst needs to know which part of its width more data would remove.

Computational cost and computational choices. All times are medians on one laptop (Intel Core,
Python 3.14, NumPy 2.4), of five runs for the count and paired calculations and three runs for the bootstrap
(code/timing v07.py; the permutation test is timed by code/timing v07 dices.py). For synthetic
count arrays with 1980 cells, the number of DICES item–pool cells, the Clopper–Pearson calculation took 3 ms,
and for 198 000 synthetic cells 0.32 s. The paired batch-means test with Holm over 20 ordered pairs took about 0.1–
0.2 ms per window; multiplying the 365-day benchmark by the 95 windows of one city and tolerance gives a rough
estimate of 0.01 s, which was not timed directly. The descriptive block bootstrap with B = 2000 takes 0.01 s, 0.05 s
and 0.15 s for windows of 90, 365 and 1094 days, linear in B (0.011 s with B = 500 to 0.097 s with B = 4000 at 365
days) and roughly linear in the window length. Complete simulation runs were not benchmarked. For the functional
fuzzy permutation test with 99 999 permutations, the median runtime across the first five DICES items was 0.23 s,
corresponding to an extrapolated total of about four minutes for 990 items. The method is therefore feasible on
a laptop for data of the size used here; for much larger numbers of windows or designs the simulations should
be run in parallel, which is straightforward because replicates are independent. As for computational choices,
in the last 365-day Guayaquil window at δ = 0.5 the mean sampling component, averaged over models and ten
seeds, was 0.1486–0.1488 for B from 500 to 4000 (standard deviation over seeds 0.0016–0.0039). This is a Monte
Carlo stability check for that summary and window, not a validation of coverage or of all interval endpoints. The
summary was more sensitive to the block length: 0.149 with the data-driven Politis–White length (31 days) and
0.126, 0.141, 0.148 and 0.144 with fixed mean block lengths of 5, 10, 20 and 40 days. The 5- and 10-day blocks
produced smaller estimated sampling components than the data-driven length in this window; the relationship was
not monotone across all tested block lengths, and the estimates remain descriptive.

Table 14. What each component means for the analyst; actions are prompts to be read together with the position of the
identified set relative to the decision threshold (Section 7, step 4).

Component Reduced by Action

Measurement
imprecision

better instruments, finer
records, narrower
tolerance

do not collect more of the same records; report Imeas as the part
that more data will not remove

Sampling more records compute the sample size at which the decision would be made;
report Isamp with its dependence model and whether its coverage
was checked

Conflict (certified) nothing within one source do not hide the discrepancy in a single average; investigate its
origin and justify any combination; report the disagreeing sources
and the conditions of the test

Conflict (not certified) more records, if power is
low

report the power before reading the absence as agreement

Hesitancy, one holder elicitation treat as imprecision; check whether the event is non-convex
(Proposition 6(a))

Hesitancy, several
holders

nothing within the panel
evaluate conflict for the chosen proposition (Proposition 6(b))

Limitations. Certified conflict is conservative and has low power at moderate sample sizes. The paired rule’s
level is proved for independent normal batch means with a common variance, or with a common mean; with both
heterogeneities no bound holds (Remark 1). In the rain application these assumptions cannot be verified, so its level
there rests on simulation alone, in a few designs whose persistence matches a diagnostic estimated from the same
data, which include seasonal heterogeneity in mean and variance and, in a non-preregistered check, dry spells; we
therefore present the rain results as illustrative and conditional, not as conflict with a guaranteed false-conflict rate.
The reading rule that allows the conditional claim was amended after a simulation smoke test; under the rule as
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first frozen no conflict would have been claimed. The rule failed at 30 days and under stronger own persistence,
where every rule we tried failed, and our persistence diagnostic is estimated from three years and does not order
failure exactly; if the models’ own errors are more persistent than it shows, the flagged shares may contain false
conflicts. The shares depend on the tolerance and strongly on the number of batches, both fixed in advance (at 365
days, on the same days, 32 %–100 % with 5 to 20 batches; all versions kept their level in the designs matched to the
diagnostic, so the simulation does not single out a b). The sampling components of the rain application come from
bootstrap limits that undercover and may be underestimated; we have no validated alternative for them. The rain
series are concatenated short-range forecasts over model version changes, compared with a reanalysis. The number
of JRC profiles is unknown, and the DICES Unsure category is derived from several sub-questions. The arithmetic
uses floating point without directed rounding, and the labels of a nonlinear result are a convention.

Failure modes: when the decomposition can mislead. (i) Wrong sources. If the sources are different
populations by design, a separation between them is heterogeneity, not conflict (rock roughness). (ii) Dependence.
Under unmodelled serial or cluster dependence the sampling component can be underestimated, particularly when
dependence is positive, and nominal conflict tests may exceed their stated error rate; under strong own persistence
every rule we tried failed. Raters who rate many items induce dependence across items; a hierarchical or mixed-
effects model of items and raters would be the natural next step for rater data, and we have not fitted one. (iii)
Coding. The split moves with the tolerance and the coding of undecided answers; when these are not fixed by
the measurement process, a single choice can make imprecision look like sampling or conflict. (iv) Low power.
With few records per source the absence of conflict is not agreement. (v) Nonlinear propagation. The typed
widths of nonlinear results are conventions, and reciprocals near zero make every width explode. (vi) Unverifiable
time-series assumptions. We did not perform independent-period calibration, fixed-lead reanalysis, model-version
adjustment or seasonal robustness analysis in this revision. These analyses would require additional provenance
information, a different forecast sample (a common fixed-lead record for all five selected models does not cover the
full 2023–2025 period) or smaller subsets of the available record, and a subset already examined would not become
a held-out validation. Robustness across these dimensions therefore remains unassessed, and the rain results remain
conditional and descriptive. The approach is not suited to questions about whether sources differ at all (use a test
of equality), to modelling interval-valued data (use symbolic regression), or to data whose records cannot be coded
as support, refutation or undecided without arbitrary thresholds.

9. Conclusion

The I of a neutrosophic number can be computed from the records once the analyst’s choices are declared, and
split, with labels, into what more data will remove (sampling) and what they will not (measurement imprecision
and one-holder hesitancy). Conflict between sources is reported separately, with its conditions and power, and
it is recomputed after every operation; whether those conditions hold has to be argued in each application. The
inferential tools are classical; the contribution is a reporting rule that keeps provenance, maps each source to
its established counterpart, and comes with a protocol, a checklist and an action for each component, with low
computational cost for the count-based summaries. The labels matter when the same width calls for different
actions: in the DICES ratings they suggest different follow-up priorities for the undecided verdicts, additional
ratings for 229 and examination of “unsure” for 60 (priorities not validated as interventions), and the absence
of conflict between locales cannot be read as agreement because power is low; in the rain data they keep a
disagreeing model identified instead of averaging it away, as illustrative evidence conditional on the models’ own-
error persistence being as weak as a diagnostic estimated from the same data indicates, while in Santiago the
models differ slightly on the same side; in the rock-roughness data they distinguish dispersion from uncertainty
about the mean. They add little with one source and no undecided records. The applied results are demonstrations,
not validations; their provenance and scope are stated in Table 13.
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