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Abstract One of the most extensively studied topics in chemical graph theory is graph energy. In this paper, we examine
the non-commuting graph associated with the dihedral groups of order 2n, for n > 3. We determine the spectral radius and
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matrices of this graph. Our results show that all the obtained energies are strongly hypoenergetic. Moreover, it is shown that,
in all cases, each energy is exactly equal to twice its corresponding spectral radius.
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1. Introduction

The energy of a graph in chemistry is utilized to estimate molecules’ total m-electron energy. Chemical graph
theory is a subfield of mathematical chemistry that employs graph theory to mathematically represent chemical
substances, as indicated by [21]. The molecules are represented as graphs, with carbon atoms showing as vertices
and hydrogen bonds connecting them showing as edges. We direct the reader to [12] for supplementary material
and foundational ideas about graph energies. Diverse graph energies find applications in crystallography [23],
macromolecular theory [15], protein sequencing [22], biology [7], air travel issues [10], and spacecraft design
[16].

The non-commuting graph on a finite group G is defined by Abdollahi in 2006 [1], denoted by I', where the
vertex set comprises non-central members of G and two distinct vertices are considered neighboring whenever they
do not commute in G. Graphs I' have been discussed by many authors, for instance, investigating the isomorphic
properties of I'; of the respective groups. The isomorphism of two non-commuting graphs implies the groups
are also isomorphic, as well [5]. More specifically, if I'¢ for a group G is always isomorphic to I' for A,,, then
G= A, 2]

The association between I' and the adjacency matrix implies I' has eigenvalues based on the corresponding
matrix. The sum of the absolute values of its eigenvalues is the energy of I';. Gutman [8] introduced this definition
in 1978. In addition, the energy value is never an odd integer [4, 13].
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In this research, for n greater than or equal to 3, the dihedral group of order 2n is the vertex set of I'¢. It is denoted
by Ds,, = <t,u 0 =u? =e,utu = t‘1> [3]. The further discussion, we denote I'p, as the non-commuting
graph of Da,,. Since the center of Da,, is {e} when n is odd, then "5, has 2n — 1 vertices. Meanwhile, for even n,
the center of Do, is {e, t%} which means I'p,, has 2n — 2 vertices. Moreover, the centralizer of this Chp,, (ti) =
{t’ : 1 < j < n} and for t'u is either Cp,, (t'u) = {e, t'u}, if nis odd or Cp,, (t'u) = {e,t, t'u,t3 T}, if nis
even.

The energy of I' for Dy, has been studied by several authors, which involves degree-based matrices, including
Wiener-Hosoya matrix [18], closeness matrix [19], and Seidel Laplacian matrix [20]. Gutman et al. introduced the
Randic (R) matrix of a graph [9]. In addition, the definition of the sum-connectivity (SC) matrix can be seen in
[24] and the product of Randic and sum-connectivity (R.S) matrix definition [14]. Then this research is focused on
the energy of ' for Ds,,, n > 3, based on R, SC, and RS-matrices.

2. Preliminaries

In this section, we begin with the common definition of the corresponding matrices. The definition is based on the
degree of vertex vy, in Day,, or simply denoted by d.,.

2.1. Adjacency Criteria of I'p,,

Recall that Dy, = (t,u:t" = u® = e,utu =t""') is the dihedral group of order 2n, consisting of the set of
rotations {e, ¢,¢%,...,t" "'} and reflections {u, tu,t?u,...,t"'u}. LetT'p,, denote the non-commuting graph of
D,,. The vertex set is defined by V (I'p,, ) = Dap\Z(Day,), where Z(Da,,) denotes the center of the group. Two
distinct vertices x,y € V (I'p,,,) are said to be adjacent if and only if zy # yx inT'p,, .

The adjacency relations in I'p,, follow directly from the algebraic structure of the dihedral group. For any two
rotations ¢* and t7, we have t't/ = t/t, and hence no two rotations are adjacent in I'p, . On the other hand, for a
rotation ' and a reflection t/u, we obtain ¢’ (t/u) # (t/u) t'. Therefore, every non-central rotation is adjacent to
every reflectionin I'p,, .

The adjacency between reflections depends on the parity of n. If n is odd, the centralizer of a reflection element
t'u in Dsy,, is given by { e, t"u}, which implies that no two distinct reflections commute. Hence, every pair of
distinct reflections is adjacent. In contrast, if n is even, the centralizer of t'w is {e, ¢2, ¢'u,t% Tu}. This shows that
t'u commutes with ¢2 *¥u, and therefore these two vertices are not adjacent in I'p,,,, while all other distinct pairs
of reflections remain adjacent.

2.2. Graph Matrices
Definition 2.1. [9] The Randic matrix of I'p,,, is given by R(I'p,,) = (rpq) Where

’Up d’l!q

1 .
o) g for adjacent v, and v,
pg = .
, otherwise.

Definition 2.2. [24] The SC-matrix of I'p,, is given by SC(T'p,,, ) = (scpq) Where

1 f :
e or adjacent v, and v
> p q
SCpq = dopHidug .
0, otherwise.

Definition 2.3. [14] The RS-matrix of I'p,, is RS(I'p,,, ) = (rpq) Where

1 .
m, for ad]acent ’Up and Uq
TSpqg = vp Va1 TP Tug .
0, otherwise.
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2 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

In addition, the characteristic polynomial of I'p, can be determined by formulating the determinant of
R(I'p,,) — alzn—1 for odd n (or R(I'p,,) — alz,—o for even n) and is denoted by Pr(r,, )(c). The solutions
of Pr(rp, )(a) =0 gives the eigenvalues of R(I'p,,), we write o, for i =1,2,...,2n — 1 and n is odd (or

i=1,2,...,2n — 2 for even n). The spectrum of I'p, is Spec(I'p,,) = {a'fl,o/;z, e agf{ff }, with respective

multiplicities k;, for ¢ = 1,2, ..., 2n — 1. The Randic spectral radius of I'p, , is

pr(L'D,, ) = maz{lal| : a € Specp(I'p,, )}

The Randic energy of I'p,, is

Er(Tp,,) =Y lol.
1=1

The above notations also apply to the sum-connectivity and product of Randic and sum-connectivity matrices.
Furthermore, I'p, can be stated as strongly hypoenergetic graph [12] whenever the energy meets the
requirements as follows:

2(n—1), foroddn
E('p,,) < { 2n —3,  whenn is even.

To construct the matrix, we need the information from the following theorem.
Theorem 2.4
[11]InTp,,,

1. dys = n, and

> den — 2(n—1), foroddn
CUtw ) 2(n—2),  whennis even

‘We now supply some previous results in support of the theorems derived in Section 3. Obtaining the graph energy
requires formulating the characteristic formula of I'p, .. An n X n matrix J,, is defined as a matrix with exactly all
entries 1. Here are two essential results that assist in determining the characteristic formula of I'p, .

Lemma 2.5
[17] For real values a, b, ¢ and d, and an (ny 4+ ng) X (n1 + ng) matrix

o adp, —aly, CJny xns
M= < dJpyxny bJn, —bl,, |’

the characteristic polynomial of M can be expressed as

| (a+a)l,, —ady, —cJny xns
Prfe) = ‘ ddmxns (@4 D)y — b,

=(a+a)" a4+ ((a—(ng —1)a) (a— (nyg —1)b) — ninacd),

where 1 < ni,ne < nandni + ng = n.
Theorem 2.6

[6]If P = ] is the partition into A, B, C, D, hence

B
D

Qe

A B

0 D—cap|=AllD—CATIB],

m-|
where P and A are square matrices and A is non-singular.
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3. Main Results

This part delineates the energy of I'p, for n > 3 utilizing the relevant matrices, including Randic, sum-
connectivity, and the product of Randic and sum-connectivity matrices. We know that if n = 1 and n = 2, then
D, is abelian, consequently, strictly it is for n > 3.

Theorem 3.1
For real numbers r, s and a (2n — 2) x (2n — 2) matrix

On—2 SJ(n—Q)X% SJ(n—2)><%
M = SJ%X(n,Q) ’I“(J—I)% T(J—I)% N
5J%><(n—2) ’I"(J*I)% ’I"(J*I)%

subsequently the characteristic formula of M can be expressed as
., | en=6 n_1, o 2
Py(e)=(a) = (a+2r)2" " (= (n—2)ra —n(n - 2)s?).
Proof
For the real numbers 7, s, suppose now M as a square matrix of size 2n — 2. The characteristic formula of M is
formulated by Py () = |ala,—2 — M| as follows

alp—2 —$J(n-2)x2 —5J(n—2)x2
PM(a) = —SJ%X(H,Q) (Oé + ’I“)I% — TJ% —T(J -1 n
*Sng(n—Q) 77’(:]7[)% (a+7‘)I% 77’:]%

Step 1: We perform the following row operation on the matrix. Foreach 1 <14 < 7, replace the row R;,—24 2 4; with
anew row defined by subtracting row R,,_2;. In other words, R;, 24z +; by Rn—2+%+i =Rp-24n4i — Rn—244.
Thus,

aly o _SJ(n—Q)X% _SJ(n—Z)Xg
Py(a)=| =sJoym-2 (a+r)e—rJa —r(J—1I)z
02 x(n-2) —aly aly
Step 2: For each 1 <i < Z replace the column C),_5; with a new column obtained by adding the column
Cn,QJr%Jri, that is, C;z—2+i =Cp—24it+ Cn72+%+i» then
aly_o —2sJ(n—2)x2 —5J(n—2)x 2 M, M; M;s
Py(a)=| =sJoxm-2) (a+2r)e —2rJs —r(J—1I)z |=| My Ms M;
O%X(n72) 0% Oé_[% M7 Mg Mg

After performing steps 1 and 2, the matrix can be transformed into a block triangular form, where the lower-left

. My My L, [ M3\ ., -
block become zero. Using Theorem 2.6 with A = < M, M. ), B= M, ), C=(M; Ms),D=M,,

then the determinant reduces to the product of determinants of the diagonal blocks, that is, Py; = |A| |D|. The
determinant |A| is evaluated via Lemma 2.5 by setting ny =n—2,np =4 and a =0, b =2r, c =2s, d = s,
leading to

Al =(a+a)" Ha+b)"2"! ((a — (n1 — 1) a) (@ — (ny — 1) b) — nynycd)
—(a+0)"" 2" (a 4 2r)3 1 ((a —(n—2-1)0) (a - (g - 1) 2r) —(n— 2)%252)
()" 3 (o + 21")%_1 (a2 —(n—2)ra —n(n — 2)52) .

We have the form of D as a diagonal matrix, its determinant equals the product of its diagonal entries, and hence

n

D] = (@)%
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4 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

Therefore,

: (o + 27“)%71 (a2 —(n—2)raa —n(n — 2)32) .

3.1. Randic Energy

This part determines the Randic energy of I'p,,, for n > 3.

Theorem 3.2
InT'p,,, the characteristic formula for R(I'p,, ) is

+3), foroddn

a2 (a + n%) (a—1) («
PR(FD'zn)(a) = 3n—6 2(1 1)571 ( 1
a7 (a+-15)° (a—1)(a+3), forevenn.

Proof

1. Taking n be odd number, then using Theorem 2.4 (1), we have d;; = n and d;i,, = 2n — 2, for 1 <4 < n.The
set of rotations is Hy = {t,¢%,...,¢t"~'} and reflections Hy = {u, tu,t?u, ... ,t"'u}. Since the centralizer
of ¢* consists of elements {e, (R ,t”fl}, the vertex corresponding to ¢/, where 1 < i < n — 1, does not
share edges with all vertices in H;. However, it maintains adjacency with every vertex in Hs. Given that the
centralizer of t*u in Da,, is {e, tiu}, one can conclude that for all 1 <4 < n, the vertex corresponding to tiy
is connected to all other vertices in H; U Hy. Now using Definition 2.1, then the Randic matrix of I'p,,, of

size 2n — 1,
t et u "y
t 0 1
2n(n—1) 2n(n—1)
o1 o ... 0 L . i
R(FDzn) _ ) ) v/ 2n(n—1) Qngnfl)
v v/ 2n(n—1) T v 2n(n—1) 0 e 2(n—1)
n-1 1 1 1 ' '
¢ v 2n(n—1) o \/Qn(nfl) 2(n—1) U 0

Now R(T'p,, ) can be segmented into four block matrices as outlined below:

1
B 0n—1 4/72n(n_1)1](n—1)><n
R(FDzn) - 1 J L 1 (J I ) .
/72’”(”71) nx(n—1) 2(n—1)\Yn n

Then the following determinant is the characteristic polynomial of R(I'p,,) is Pgrr,, )(a)=
|als,—1 — R(T'p,, )| as follows.

1
al, 1 /721“”_1) J(nflixn .
\/ﬁ‘]nx(n—l) (a+ mﬂn — mr]n)

Prerp, y(a) = ‘ 1

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Using Lemma 2.5 and taking a = 0, b = ﬁ ¢c=d=——,ny =n—1and ny = n, we derive the

n—1)’ 2n(n—1)
following expression.

Prrp, (@) =(a+a)" " Ha+ )" ((a = (n1 — 1) a) (@ — (nz — 1) b) — nynacd)

1

—(a+ 0" <a + 2(”1))”_1 ((a —(n=1-1)0) (a —(n—1) 2(nll)> _

w (e ggty) (1))
o (o gt ) @ (and).

and the the proof has been finalized.

. Let n is even. Then following Theorem 2.4 (1), we derive dyi = n and dyi,, =2n — 4, for all 1 <i < n.
Define Hy = {t,¢2,...,t2 =1 t2 T " '} and Hy = {u, tu,t?u,...,t" 'u}. From the structure of the
centralizer of ¢t* in Ds,,, it follows that vertices in H; are adjacent exclusively to vertices in H,. Moreover,
because the centralizer of tu is {e, ¢, t'u, t2 * u}, the vertices t'u and ¢2 **u are non-adjacent in the graph

I'p,, . Hence, following Definition 2.1, matrix R(I'p,, ) of size (2n — 2) is

t -t u oo trly tsu
t 0 0 — e 1 1
e v 2n(n—2) e \/Qn(n72) \/271,(n72)
T N S S S
. ) Vv 2n(n—2) \/2ngn72) \/2n(n72)
U 7%27’,(7%2) - 7\/m 0 S 3(n=2) 0
R(Tp,,)= : : f ' :
z-1 1 1 1 1
B2 \/2n(n—2) o \/271(7172) 2(n—2) 0 2(n—2)
5 I R S— 1
tru v 2n(n—2) o \V2n(n—2) . e 2(n—2) 0
oy \ L0 !

\/2n(n—2) \/Zn(n—2) 2(n—2)

Consequently, R(T'p,, ) can be represented in block matrix form as

071—2

1 1 1

R(p,)=| Zmo/sx0-2 w13 sy (T — Dz
1 1

o e wmaU Dy (-

Stat., Optim. Inf. Comput.

2(n—2)

2(n—2)

m]{n—Q)XE \/mj(n_mxf
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6 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

. . _ 1 _ 1 . .
Substituting s = T and r = 303y INtO Theorem 3.1 yields

Prrp, (@) a7 (a+2r)27" (& = (n—2)ra — n(n —2)s?)

3n—6

- 1 N\, 1 1 ’
= <0¢+2-2(n_2)> ! —(n—2)72(n_2)a—n(n—2) <2n(n—2)>

The following result yields the spectrum and spectral radius of I'p,, , corresponding to the Randic matrix.

Theorem 3.3
In T'p,, , the Randic spectral radius for I'p,, is pr(I'p,,) = 1.

Proof

1. Suppose n is odd. According to Theorem 3.2 (1), Pr(r,,, () has four eigenvalues, with multiplicity (n — 2),
a1 =0, a9 = —m of multiplicity (n — 1) and are a single a3 = 1 and ay = % Hence, R-spectrum for

st {0072 (1) (%))

It is possible to infer that, pr(T'p,, ) = 1.
2. The information from Theorem 3.2 (2) for even n states that R(I'p,, ) has four eigenvalues oy =0 of
multiplicity 2%-5, ay = — -1 of multiplicity (% — 1), and a single a3 = 1 and ay = —2. So that we can

2
provide
1 z-1
D RNl (N R (R
Spec(rD%)—{(l) 0 (-3) (-55) }

Thus, the maximum of the absolute eigenvalues of R(I'p,, ) is pr(I'p,,) = 1.

FD2n is

O

Considering the result in the preceding theorem, we are now able to have a result on the Randic energy of I'p,,, .

Theorem 3.4
InT"p,, , the Randic energy for I'p,, is Er(I'p,,) = 2.

Proof
By observing that spectrum in the proof of Theorem 3.3, the direct computation gives
Er(Tp,,) = 2. O

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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3.2. Sum-Connectivity Energy

This section presents the sum-connectivity energy of I'p, . Firstly, we show the characteristic polynomial of I'p,,,
corresponding to the sum-connectivity matrix.

Theorem 3.5
In I'p,, , the characteristic formula of sum-connectivity matrix of I'p,,, is

n—1
1. for odd n, Psc(FDQn)(a) — an—Q (Oé + ﬁ) (042 _ \/7?0[ _ né::;)) ,

; 3n=2) 1 LR n—2 n(n—2)
2. forniseven, Psor,, (@) =a = (a+ =] o — Y2 - Bh2) )

Proof

1. Let n is odd. By applying the same vertex partition into elements of type ¢ and ‘v as used in the proof of
Theorem 3.2 (part 1), and accordance with Theorem 2.4 (1) and Definition 2.2, it follows that the matrix
SC(T'p,, ) is of order 2n — 1 as follows:

t U u I
1 1
¢ O 0 3n—2 V33n—2
tn—1 6 0 L !
SC(Tp,,) = 1 : 3n—2 Sp—2
u 3n—2 3n—2 0 T 2/n—1
1 1 1 1
" u 3n—2 32 2vn-1 0
1
_ On—1 @J(n—l)xn
Va3 Inx(n-1) zm(‘] D
Now we can get
1
P ( ) al, 1 _\/ﬁl](n—l)xn
SC(T'p,y )\&) = 1 1 1
"2 ~ Bz Inxn-1) (0‘ + wm) In = 57m=Jn
Substituting a = 0, b= ~—A—, c=d = ——~—, ny =n — 1 and ny = n, into Lemma 2.5, we derive the

desired expression for

Psc(rp, y(@) =(a+a)"Ha+b)""" ((a = (nm1 — 1) a) (@ — (nz — 1) b) — ningcd)

—(a 4 0)n 11 <a + N%yll ((a —(n—1-1)0) <a C(n—1) “11> _

|
eezm) (e 5) %
o) (oY)

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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8 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

2. For even n, by employing the vertex partition into elements of type ¢’ and t*u, as established in the proof of
Theorem 3.2 (part 2), and in conjunction with Theorem 2.4 (2) and Definition 2.2, it follows that SC(T'p,, )
is a matrix of order 2n — 2, as shown below:

t I u ooty t3u "y
1 1 1 1
t 0 e 0 3n—4 U 3n—4 3n—4 3n—4
—1 i 1 1 1 1
t" 0 0 3n—4 3n—4 3n—4 3n—4
U 1 1 0 1 0 1
3n—4 3n—4 2v/n—2 2v/n—2
SC(FDzn) .
n_q 1 1 1 1
t2n u 3n—4 371L—4 2v/n—2 (1) 2v/m—2 (1)
t2u 3n—4 3n—4 0 2v/n—2 O 2v/n—2
tn 1 1 1 1 0 1 0
3n—4 3n—4 2v/n—2 2v/n—2
In other words,
0 L 7 n 17 .
n—2 \/3711774 (n—2)x% \/7 (n—2)x%
SC(Tp,,) = \/ijx(n 2) 3 ?72(J—I)% 2\/7(J I)%
\/Sn—4J§X(n*2) 2v/n—2 (J - I)% 2\/ (‘] I)%
In accordance with Theorem 3.1 with s = \/371L;—4 and r = 2\/%, immediately we can provide

Psc(rp, (@)
3n—6

=a z (a+2r) g1 (
1

i) (e ()
<>< 1 >31<a2_m n(n—2)).

= 2 —
“ RV 2 3n— 4
O
To find the energy, we first need to determine the spectrum and spectral radius as follows.
Theorem 3.6
InI'p,, , the SC-spectral radius for I' p,, is
1vn-1+ \/% , foroddn
psc(Ip,,) =
lvn—2+ \/7” 2)( 20 ) foreven n.
Proof
1. According to Theorem 3.5 (1) where n is odd, SC(T'p,, ) has four eigenvalues, oy = 0, ap = —2\/% of

multiplicity (n — 2), (n — 1) respectively, and a3 4 = (\/n — 144/ W) Hence, SC-spectrum

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. U. ROMDHINI, A. NAWAWI AND F. AL-SHARQI 9

for I'p,,, is

1
Spec(T'p,,) = (i (m S RRY(CERTTE 2)>) o,

({ (=) ()

Consequently, the maximum of the absolute eigenvalues for I'p, , is

pse(Tp,.) = ( — \/ 19n - 2)> .

2. Based on Theorem 3.5 (2) for even n, SC(I'p,,) has four eigenvalues, a; =

oy = —\/nlj of multiplicity (§ — 1), and az 4 = 3 (\/ 2+ 1/(”2375194”4) Thus, SC—spectrum for

FD2" 18
Spec(T'p,,) = (4 <\/7+ \/(n — ?2)7)1(1_92 - 4))) 7 (O)L’;G,

() (=)

We then obtain SC-spectral radius of I'p,,_,

3n—6
2

b}

> =

psc(Tp,,) =

<m+\/("‘§;(1_9§‘4>>.

Theorem 3.7
InI'p,, , the sum-connectivity energy for I'p, , is

vn—1+ % , foroddn
Esc(I'p,,) = 1
L{/n—2+ \/@ , when n is even.

N

]

Proof

1. Using Spec(I'p,,, ) from Theorem 3.6 (1) for odd n, we then obtain the sum-connectivity energy of I'p,,

(n—2)(19n — 4)
()

Bse(Tpy,) =(n - 2)[0] + (n - 1)‘ 2F‘

1 (n—1)(19n — 2)
=3 (\/n—l—i—\/ )

3n — 2

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

2. For the even n, we know SC—spectrum of I'p, = from Theorem 3.6 (2). Therefore, SC—energy of I'p, is

given below
_ [(3n—6 n 1 1 (n—2)(19n —4)
ESC(FDgn)—< 5 >0|+(2 1)’ m‘J’ 4<mi\/ 3n — 4

1 (n—2)(19n — 4)
_2<m+\/ )

3n—4

3.3. Product of Randic and Sum-Connectivity Energy

In this part, we show the energy of I'p,  associated with RS-matrix. First, we need to formulate the characteristic
polynomial I'p,  as shown as follows.

Theorem 3.8
InI'p,, , the characteristic formula of RS-matrix of I'p,, is

1. for n is odd,

P _ n—2 +
R (rp,,) (@) = (a in—1

2. for n is even,

g
P (a):aw a—i-; a? — ! o — ! :
RS(T'D,,) An—2)/n—-2 2vn—2  2(3n—4)
Proof

1. Suppose n is odd. By applying the same vertex partition into elements of type t* and tu as used in the
proof of Theorem 3.2 (part 1), and in view of Theorem 2.4 (1) together with Definition 2.3, it follows that
RS(T'p,, ) is a matrix of size 2n — 1,

¢ . gt u . " lu
t 0 e 0 —_—1t | =t
V2n(n—1)(3n—2) Vv 2n(n—1)(3n—2)
t’n/._l (‘) .. .. 6 W . .: m
— 4/ 2n(n— n— 4/ <«n(n— n—
RS(FD%,) = u 1 1 0 1
Vv 2n(n—1)(3n—2) o V2n(n—1)(3n—2) e 4(n—1)vn—1
Y W S ! i . 0
\/2n(n—1)(3n—2) V/2n(n—1)(3n—2) 4(n—1)v/n—1
( 0pn—1 /771 (n—1)(3n—2 (n 1)xn )
= 1 .
2n(n—1)(3n—2) Jnx(n—l) 4(n— 1)\/7(J )

Our analysis leads us to the characteristic formula of RS(I'p,, ) as follows:

. @ ol BV G
o) =
RS(I'p,,,) _%Jnx(n_l) ( 4 1 I, — 1 T,
2n(n—1)(3n—2) 4(n—1)y/n—1 4(n—1)v/n—1
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1

By applying Lemma 2.5 with a =0, b= = e where n; =n — 1 and

1 c—=
4(n—1)y/n—1> ~
no = n, we obtain the desired result:

Prs(rp,,)(®)

— (a+ 01 <a+w>nl <(a—(n—1—1)0) (a—(n—l) W) -

1
)
s (‘” 4(n - 11 e 1>n (“2 - 4\/%“ 2<3n1— 2>> '

. By adopting the vertex partition into elements of type ¢’ and t*u, as developed in the proof of Theorem 3.2

(part 2), and using Theorem 2.4 (2) and Definition 2.3 for even n, matrix RS(I'p,, ) of size 2n — 2 is as
given below:

t =t u t2 1y t5u "y
t 0 0 1 1 1 1
2n(n—2)(3n—4) \/271,(71—2)(371,—4) \/277,()1,—2)(377,—4) \/271(71,—2)(311,—4)
t"'_l 0 0 % 1 1 1
2n(n—2)(3n—4) \/Zn(71—2)(3n—4) \/Qn(n—2)(3n—4) \/271(n—2)(3n—/1)
1 1 1 1
“ V2n(n—2)(3n—4) Van(n—2)(3n—1) 0 1(n—2)vn—2 0 in—2)vn2
nly 1 1 1 ‘ 1 )
2 \/271(n—2)(3n—4) \/Zn(n—Q)(Sn—4) 4(n—2)vn—2 0 4(n—2)vn—2 0
z 1 1 1 S S
tru V/2n(n—2)(3n—4) V/2n(n—2)(3n—4) 0 (n—=2)v/n—2 0 4(n—-2)v/n—2
n-1 1 1 1 | 1 )
" V/2n(n—2)(3n—4) V/2n(n—2)(3n—4) 4(n—2)vn—2 0 4(n—2)vn—2 0

In other words,

1 1
) On—2 2n(n=2)(3n—1) Jin-2)x3 «/Zn(n721)(3n74) Tin-2)x3
RS(Ip,,) = W"%x(nﬁ) WU* )3 WU*U%
2n(n—2)(3n—4) Ty x(n-2) 4(n—2)y/n—2 (J—1D)y 4(n—2)yv/n—2 (J—D)g
According to Theorem 3.1 where s = L and r = L

o= o) v immediately we can provide

3n—6

PRs(FD2n)(OZ) =(a) 7 (a+ 27“)%71 (a2 —(n—2)ra —n(n — 2)52)

2 (n— SR a—n(n— ! 2
"= 2)<4(n_2)W_2> ( 2)<\/2n(n2)(3n4)>

3(n—2)
= 2

(o) (e o)
O
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By considering the previous theorem, we present the spectrum and spectral radius of I'p,  based on R.S-matrix.

Theorem 3.9
InT'p,, , then the spectral radius for I'p,,, corresponding to RS-matrix is

1 1 [ 35n—34 :

3 ( ~— + (nfl)(3n72)) , when n is odd
[ 35n—68 :

(\/7% + (n—2)(3n—4)> , when n is even.

prs(T'p,,) =

o=

Proof

1. Let us prove the first case by Theorem 3.8 (1) where n is odd. RS(I'p,, ) has four eigenvalues, oy = 0 of
multiplicity (n — 2) and as = —m of multiplicity (n — 1). The last two eigenvalues are g4 =
1 1 35n—34

5 ( — + (nfl)(3n72))' Hence, the spectrum for I'; is

st {4 (G ) 0

<é<\/% <nf5$<5§i2>>>1’<wm>n_l}‘

Consequently, the maximum of the absolute eigenvalues for I'p, = is the spectral radius.
2. Using Theorem 3.8 (2) when n is even, RS(I'p,,) has four eigenvalues, aq = 0 of multiplicity -5,

g = —72(7%5 ~— of multiplicity (3 — 1), and az 4 = § ( -+ (nfi?(§2§4))- Then the spectrum for

FD2” is

swetton={ (i (e 0™

() (s e ama) |

We then complete the proof.

Theorem 3.10
InTp,,, then RS-energy for I'p,  is

n—34
(v + /55ty ) foroddn

1 35n—68
(\/m + (n—2)(3n—4)) ,  forevenn.

Ers(Tp,,) =

e i o

Proof

1. Using Spec(I'p,, ) given in Theorem 3.9 (1) for odd value n, we get RS-energy of I'p,, ,

Ers(Tp,,) = (n = 2)[0] + (n —1) ’W ' ’é <\/n1T1 * (n 3517;(;54— 2))‘

-3 (% Vi 3517;@5{ 2>> |
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2. When n is even number, we know the spectrum of I'p, from Theorem 3.9 (2). Therefore, RS-energy of
I'p,,, is given below

n 1 1 1 35n — 63
)|0|+ (E *1) '2(n—2)\/m‘+‘8 (mi (n—2)(3n—4))‘

Ers(Tp,,) = (
_1
4

B ( 1 35n — 68 )
Vn—2 (n—2)3n—4) /)"

4. Discussions

Now we are ready to give the conclusion regarding the obtained energies in Theorems 3.4, 3.7, and 3.10.

Corollary 4.1
I'p,, associated with the Randic, sum-connectivity, and product of Randic and sum-connectivity matrices is
strongly hypoenergetic.

Corollary 4.2
The Randic energy for I'p,,, is always an even integer.

Corollary 4.3
The sum-connectivity and product of Randic and sum-connectivity energies for I'p,  are never an odd integer.

The facts of Corollary 4.2 and 4.3 correspond to the well-known facts from [4] and [13].

Corollary 4.4
Esc(T'p,,) > Er(I'p,,) and Esc(I'p,,) > Ers(T'p,,)-

In this research, the sum-connectivity energy of I'p,, , where n > 3 is always greater than the Randic and product
of Randic and sum-connectivity energies. Corollary 4.4 shows that Es¢ is consistently larger than Er and ERrg.

This is mainly due to the differences in their matrix elements. The SC matrix uses ﬁ, while the Randic matrix

ﬁ For high-degree vertices, the product d,, - d,, grows faster than the sum d,, + d,, resulting in smaller
entries in the R-matrix.

As a result, the SC matrix has larger edge weights, leading to larger eigenvalues and higher energy. Meanwhile
the product of Randic and sum-connectivity matrix further reduces weights, making Erg the smallest. This
indicates that Eg¢ is more sensitive to high-degree vertices in the graph.

Moreover, the correlation between the energy and its spectral radius is stated in the following corollary.

Corollary4.5 1. Eg(Tp,,) =2 pr(Tp,,)-
2. Esc(I'p,,) =2 psc(I'p,,)-
3. Ers(T'p,,) =2 prs(T'p,,)-

For odd n, the spectrum consists of four types of eigenvalues: n — 2 zeros, one eigenvalue a + /b, one eigenvalue
a — /b, and n — 1 repeated eigenvalues —%a. The energy is given by the sum of absolute values:

uses

+’a+\/5‘+‘a—\/l;).

n—1

E—(n—l)‘—

Since ’—%a‘ = —2_|a|, the first term simplify to 2|a|. Assuming a + vb >0 and a — vb < 0, we obtain

|a+\/5|:a+\/5and|a—\/5|z—(a—\/B)Z\/E—a.Thus,
E=2a+a+Vo+vVb—a=2(a+Vb).
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14 RANDIC, SUM-CONNECTIVITY, AND THEIR PRODUCT ENERGIES...

This shows that E = 2p, where p = a + /b is the spectral radius.
For even n, the spectrum consists of four types of eigenvalues: 3"2—_6 zeros, one eigenvalue a + v/b, one

eigenvalue a — /b, and 5 — 1 repeated eigenvalues —ﬁa. The energy is given by the sum of absolute values:

E:(n_l)\_ 4
2 n—2
4

Since |—-25a| = ~%5]al, the first term simplify to (% — 1) —%5|a| = 2|a|. Assuming a + vb > 0and a — vb < 0,
we have ‘a—f—\/ﬂ :a+\/5and‘a—\/5’ = —(a — vb) = Vb — a. Thus,

+’a+\/5‘+‘a—\/5‘.

E=2a+a+Vb+vVb—a=2a+Vb),

which again shows that F = 2p, where p = a + V/b.

5. Conclusions

In this paper, we investigated the non-commuting graph of the dihedral group by analyzing the spectrum, spectral
radius, and energy associated with the Randic, sum-connectivity, and product of Randic and sum-connectivity
matrices. Explicit expressions for these spectral quantities were obtained, revealing that the corresponding energies
are strongly hypoenergetic and never attain odd integer values. Moreover, it was shown that, in all cases, each of
these energies is exactly equal to twice its corresponding spectral radius. The approach developed in this work may
be extended to other non-abelian groups, such as symmetric, alternating, and dicyclic groups, to provide deeper
insight into the interplay between algebraic structures and spectral graph invariants. However, such extensions
may present additional challenges, including the construction of the non-commuting graphs, the formulation of
the associated matrices, and the increased complexity of solving the characteristic polynomials to determine their
spectrum and energy.
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