
STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. x, Month 202x, pp 0–15.
Published online in International Academic Press (www.IAPress.org)

Randic, Sum-Connectivity, and Their Product Energies of Non-Commuting
Graph of Dihedral Groups

Mamika ujianita Romdhini 1,*, Athirah Nawawi 2, Faisal Al-Sharqi 3,4

1Department of Mathematics, Faculty of Mathematics and Natural Sciences, University of Mataram, Mataram 83125, Indonesia
2Department of Mathematics and Statistics, Faculty of Science, Universiti Putra Malaysia, 43400 Serdang, Selangor, Malaysia

3Department of Mathematics, Faculty of Education for Pure Sciences, University Of Anbar, Ramadi, Anbar, Iraq
4Department of Mathematics, College of Education, Al-Ayen Iraqi University, An Nasiriyah, Iraq

Abstract One of the most extensively studied topics in chemical graph theory is graph energy. In this paper, we examine
the non-commuting graph associated with the dihedral groups of order 2n, for n ≥ 3. We determine the spectral radius and
the corresponding energies arising from the Randic, sum-connectivity, and the product of the Randic and sum-connectivity
matrices of this graph. Our results show that all the obtained energies are strongly hypoenergetic. Moreover, it is shown that,
in all cases, each energy is exactly equal to twice its corresponding spectral radius.
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1. Introduction

The energy of a graph in chemistry is utilized to estimate molecules’ total π-electron energy. Chemical graph
theory is a subfield of mathematical chemistry that employs graph theory to mathematically represent chemical
substances, as indicated by [21]. The molecules are represented as graphs, with carbon atoms showing as vertices
and hydrogen bonds connecting them showing as edges. We direct the reader to [12] for supplementary material
and foundational ideas about graph energies. Diverse graph energies find applications in crystallography [23],
macromolecular theory [15], protein sequencing [22], biology [7], air travel issues [10], and spacecraft design
[16].

The non-commuting graph on a finite group G is defined by Abdollahi in 2006 [1], denoted by ΓG, where the
vertex set comprises non-central members of G and two distinct vertices are considered neighboring whenever they
do not commute in G. Graphs ΓG have been discussed by many authors, for instance, investigating the isomorphic
properties of ΓG of the respective groups. The isomorphism of two non-commuting graphs implies the groups
are also isomorphic, as well [5]. More specifically, if ΓG for a group G is always isomorphic to ΓG for An, then
G ∼= An [2].

The association between ΓG and the adjacency matrix implies ΓG has eigenvalues based on the corresponding
matrix. The sum of the absolute values of its eigenvalues is the energy of ΓG. Gutman [8] introduced this definition
in 1978. In addition, the energy value is never an odd integer [4, 13].
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In this research, for n greater than or equal to 3, the dihedral group of order 2n is the vertex set of ΓG. It is denoted
by D2n =

⟨︁
t, u : tn = u2 = e, utu = t−1

⟩︁
[3]. The further discussion, we denote ΓD2n as the non-commuting

graph of D2n. Since the center of D2n is {e} when n is odd, then ΓD2n
has 2n− 1 vertices. Meanwhile, for even n,

the center of D2n is
{︁
e, t

n
2

}︁
which means ΓD2n

has 2n− 2 vertices. Moreover, the centralizer of ti is CD2n
(ti) =

{tj : 1 ≤ j ≤ n} and for tiu is either CD2n
(tiu) = {e, tiu}, if n is odd or CD2n

(tiu) =
{︁
e, t

n
2 , tiu, t

n
2 +iu

}︁
, if n is

even.
The energy of ΓG for D2n has been studied by several authors, which involves degree-based matrices, including

Wiener-Hosoya matrix [18], closeness matrix [19], and Seidel Laplacian matrix [20]. Gutman et al. introduced the
Randic (R) matrix of a graph [9]. In addition, the definition of the sum-connectivity (SC) matrix can be seen in
[24] and the product of Randic and sum-connectivity (RS) matrix definition [14]. Then this research is focused on
the energy of ΓG for D2n, n ≥ 3, based on R, SC, and RS-matrices.

2. Preliminaries

In this section, we begin with the common definition of the corresponding matrices. The definition is based on the
degree of vertex vp in D2n, or simply denoted by dvp .

2.1. Adjacency Criteria of ΓD2n

Recall that D2n =
⟨︁
t, u : tn = u2 = e, utu = t−1

⟩︁
is the dihedral group of order 2n, consisting of the set of

rotations
{︁
e, t, t2, . . . , tn−1

}︁
and reflections

{︁
u, tu, t2u, . . . , tn−1u

}︁
. Let ΓD2n

denote the non-commuting graph of
D2n. The vertex set is defined by V (ΓD2n) = D2n\Z(D2n), where Z(D2n) denotes the center of the group. Two
distinct vertices x, y ∈ V (ΓD2n

) are said to be adjacent if and only if xy ̸= yx in ΓD2n
.

The adjacency relations in ΓD2n
follow directly from the algebraic structure of the dihedral group. For any two

rotations ti and tj , we have titj = tjti, and hence no two rotations are adjacent in ΓD2n . On the other hand, for a
rotation ti and a reflection tju, we obtain ti

(︁
tju
)︁
̸=
(︁
tju
)︁
ti. Therefore, every non-central rotation is adjacent to

every reflection in ΓD2n
.

The adjacency between reflections depends on the parity of n. If n is odd, the centralizer of a reflection element
tiu in D2n is given by

{︁
e, tiu

}︁
, which implies that no two distinct reflections commute. Hence, every pair of

distinct reflections is adjacent. In contrast, if n is even, the centralizer of tiu is
{︁
e, t

n
2 , tiu, t

n
2 +iu

}︁
. This shows that

tiu commutes with t
n
2 +iu, and therefore these two vertices are not adjacent in ΓD2n

, while all other distinct pairs
of reflections remain adjacent.

2.2. Graph Matrices

Definition 2.1. [9] The Randic matrix of ΓD2n is given by R(ΓD2n) = (rpq) where

rpq =

{︄
1√

dvpdvq

, for adjacent vp and vq

0, otherwise.

Definition 2.2. [24] The SC-matrix of ΓD2n
is given by SC(ΓD2n

) = (scpq) where

scpq =

{︄
1√

dvp+dvq

, for adjacent vp and vq

0, otherwise.

Definition 2.3. [14] The RS-matrix of ΓD2n
is RS(ΓD2n

) = (rpq) where

rspq =

{︄
1√

d2
vp

dvq+dvpd
2
vq

, for adjacent vp and vq

0, otherwise.
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In addition, the characteristic polynomial of ΓD2n
can be determined by formulating the determinant of

R(ΓD2n)− αI2n−1 for odd n (or R(ΓD2n)− αI2n−2 for even n) and is denoted by PR(ΓD2n
)(α). The solutions

of PR(ΓD2n
)(α) = 0 gives the eigenvalues of R(ΓD2n

), we write αi, for i = 1, 2, ..., 2n− 1 and n is odd (or

i = 1, 2, ..., 2n− 2 for even n). The spectrum of ΓD2n
is Spec(ΓD2n

) =
{︂
αk1
1 , αk2

2 , ..., α
k2n−1

2n−1

}︂
, with respective

multiplicities ki, for i = 1, 2, ..., 2n− 1. The Randic spectral radius of ΓD2n
is

ρR(ΓD2n) = max{|α| : α ∈ SpecD(ΓD2n)}.

The Randic energy of ΓD2n
is

ER(ΓD2n
) =

n∑︂
i=1

|αi| .

The above notations also apply to the sum-connectivity and product of Randic and sum-connectivity matrices.
Furthermore, ΓD2n can be stated as strongly hypoenergetic graph [12] whenever the energy meets the

requirements as follows:

E(ΓD2n) <

{︃
2(n− 1), for odd n
2n− 3, when n is even.

To construct the matrix, we need the information from the following theorem.

Theorem 2.4
[11] In ΓD2n

,

1. dti = n, and

2. dtiu =

{︃
2(n− 1), for odd n
2(n− 2), when n is even

We now supply some previous results in support of the theorems derived in Section 3. Obtaining the graph energy
requires formulating the characteristic formula of ΓD2n . An n× n matrix Jn is defined as a matrix with exactly all
entries 1. Here are two essential results that assist in determining the characteristic formula of ΓD2n

.

Lemma 2.5
[17] For real values a, b, c and d, and an (n1 + n2)× (n1 + n2) matrix

M =

(︃
aJn1

− aIn1
cJn1×n2

dJn2×n1
bJn2

− bIn2

)︃
,

the characteristic polynomial of M can be expressed as

PM (α) =

⃓⃓⃓⃓
(α+ a)In1

− aJn1
−cJn1×n2

−dJn2×n1
(α+ b)In2

− bJn2

⃓⃓⃓⃓
=(α+ a)n1−1(α+ b)n2−1 ((α− (n1 − 1) a) (α− (n2 − 1) b)− n1n2cd) ,

where 1 ≤ n1, n2 ≤ n and n1 + n2 = n.

Theorem 2.6

[6] If P =

[︃
A B
C D

]︃
is the partition into A,B,C,D, hence

|P | =
⃓⃓⃓⃓
A B
0 D − CA−1B

⃓⃓⃓⃓
= |A|

⃓⃓
D − CA−1B

⃓⃓
,

where P and A are square matrices and A is non-singular.
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3. Main Results

This part delineates the energy of ΓD2n
for n ≥ 3 utilizing the relevant matrices, including Randic, sum-

connectivity, and the product of Randic and sum-connectivity matrices. We know that if n = 1 and n = 2, then
D2n is abelian, consequently, strictly it is for n ≥ 3.

Theorem 3.1
For real numbers r, s and a (2n− 2)× (2n− 2) matrix

M =

⎛⎝ 0n−2 sJ(n−2)×n
2

sJ(n−2)×n
2

sJn
2 ×(n−2) r(J − I)n

2
r(J − I)n

2

sJn
2 ×(n−2) r(J − I)n

2
r(J − I)n

2

⎞⎠ ,

subsequently the characteristic formula of M can be expressed as

PM (α) = (α)
3n−6

2 (α+ 2r)
n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁
.

Proof
For the real numbers r, s, suppose now M as a square matrix of size 2n− 2. The characteristic formula of M is
formulated by PM (α) = |αI2n−2 −M | as follows

PM (α) =

⃓⃓⃓⃓
⃓⃓ αIn−2 −sJ(n−2)×n

2
−sJ(n−2)×n

2

−sJn
2 ×(n−2) (α+ r)In

2
− rJn

2
−r(J − I)n

2

−sJn
2 ×(n−2) −r(J − I)n

2
(α+ r)In

2
− rJn

2

⃓⃓⃓⃓
⃓⃓ .

Step 1: We perform the following row operation on the matrix. For each 1 ≤ i ≤ n
2 , replace the row Rn−2+n

2 +i with
a new row defined by subtracting row Rn−2+i. In other words, Rn−2+n

2 +i by R
′

n−2+n
2 +i = Rn−2+n

2 +i −Rn−2+i.
Thus,

PM (α) =

⃓⃓⃓⃓
⃓⃓ αIn−2 −sJ(n−2)×n

2
−sJ(n−2)×n

2

−sJn
2 ×(n−2) (α+ r)In

2
− rJn

2
−r(J − I)n

2

0n
2 ×(n−2) −αIn

2
αIn

2

⃓⃓⃓⃓
⃓⃓ .

Step 2: For each 1 ≤ i ≤ n
2 , replace the column Cn−2+i with a new column obtained by adding the column

Cn−2+n
2 +i, that is, C

′

n−2+i = Cn−2+i + Cn−2+n
2 +i, then

PM (α) =

⃓⃓⃓⃓
⃓⃓ αIn−2 −2sJ(n−2)×n

2
−sJ(n−2)×n

2

−sJn
2 ×(n−2) (α+ 2r)In

2
− 2rJn

2
−r(J − I)n

2

0n
2 ×(n−2) 0n

2
αIn

2

⃓⃓⃓⃓
⃓⃓ =

⃓⃓⃓⃓
⃓⃓ M1 M2 M3

M4 M5 M6

M7 M8 M9

⃓⃓⃓⃓
⃓⃓ .

After performing steps 1 and 2, the matrix can be transformed into a block triangular form, where the lower-left

block become zero. Using Theorem 2.6 with A =

(︃
M1 M2

M4 M5

)︃
, B =

(︃
M3
M6

)︃
, C =

(︁
M7 M8

)︁
, D = M9,

then the determinant reduces to the product of determinants of the diagonal blocks, that is, PM = |A| |D|. The
determinant |A| is evaluated via Lemma 2.5 by setting n1 = n− 2, n2 = n

2 and a = 0, b = 2r, c = 2s, d = s,
leading to

|A| =(α+ a)n1−1(α+ b)n2−1 ((α− (n1 − 1) a) (α− (n2 − 1) b)− n1n2cd)

=(α+ 0)n−2−1(α+ 2r)
n
2 −1

(︂
(α− (n− 2− 1) 0)

(︂
α−

(︂n
2
− 1
)︂
2r
)︂
− (n− 2)

n

2
2s2
)︂

=(α)
n−3

(α+ 2r)
n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁
.

We have the form of D as a diagonal matrix, its determinant equals the product of its diagonal entries, and hence

|D| = (α)
n
2 .
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Therefore,

PM (α) = (α)
3n−6

2 (α+ 2r)
n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁
.

3.1. Randic Energy

This part determines the Randic energy of ΓD2n
for n ≥ 3.

Theorem 3.2
In ΓD2n , the characteristic formula for R(ΓD2n) is

PR(ΓD2n
)(α) =

⎧⎨⎩ αn−2
(︂
α+ 1

2(n−1)

)︂n−1

(α− 1)
(︁
α+ 1

2

)︁
, for odd n

α
3n−6

2

(︁
α+ 1

n−2

)︁n
2 −1

(α− 1)
(︁
α+ 1

2

)︁
, for even n.

Proof

1. Taking n be odd number, then using Theorem 2.4 (1), we have dti = n and dtiu = 2n− 2, for 1 ≤ i ≤ n. The
set of rotations is H1 =

{︁
t, t2, . . . , tn−1

}︁
and reflections H2 =

{︁
u, tu, t2u, . . . , tn−1u

}︁
. Since the centralizer

of ti consists of elements
{︁
e, t, t2, . . . , tn−1

}︁
, the vertex corresponding to ti, where 1 ≤ i ≤ n− 1, does not

share edges with all vertices in H1. However, it maintains adjacency with every vertex in H2. Given that the
centralizer of tiu in D2n is {e, tiu}, one can conclude that for all 1 ≤ i ≤ n, the vertex corresponding to tiu
is connected to all other vertices in H1 ∪H2. Now using Definition 2.1, then the Randic matrix of ΓD2n of
size 2n− 1,

R(ΓD2n
) =

t . . . tn−1 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
2n(n−1)

. . . 1√
2n(n−1)

...
...

. . .
...

...
. . .

...
tn−1 0 . . . 0 1√

2n(n−1)
. . . 1√

2n(n−1)

u 1√
2n(n−1)

. . . 1√
2n(n−1)

0 . . . 1
2(n−1)

...
...

. . .
...

...
. . .

...
tn−1u 1√

2n(n−1)
. . . 1√

2n(n−1)

1
2(n−1) . . . 0

.

Now R(ΓD2n
) can be segmented into four block matrices as outlined below:

R(ΓD2n
) =

(︄
0n−1

1√
2n(n−1)

J(n−1)×n

1√
2n(n−1)

Jn×(n−1)
1

2(n−1) (Jn − In)

)︄
.

Then the following determinant is the characteristic polynomial of R(ΓD2n
) is PR(ΓD2n

)(α) =
|αI2n−1 −R(ΓD2n

)| as follows.

PR(ΓD2n
)(α) =

⃓⃓⃓⃓
⃓ αIn−1 − 1√

2n(n−1)
J(n−1)×n

− 1√
2n(n−1)

Jn×(n−1) (α+ 1
2(n−1) )In − 1

2(n−1)Jn)

⃓⃓⃓⃓
⃓ .
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Using Lemma 2.5 and taking a = 0, b = 1
2(n−1) , c = d = 1√

2n(n−1)
, n1 = n− 1 and n2 = n, we derive the

following expression.

PR(ΓD2n
)(α) =(α+ a)n1−1(α+ b)n2−1 ((α− (n1 − 1) a) (α− (n2 − 1) b)− n1n2cd)

=(α+ 0)n−1−1

(︃
α+

1

2(n− 1)

)︃n−1(︃
(α− (n− 1− 1) 0)

(︃
α− (n− 1)

1

2(n− 1)

)︃
−

(n− 1)n

(︄
1√︁

2n(n− 1)

)︄2
⎞⎠

=αn−2

(︃
α+

1

2(n− 1)

)︃n−1(︃
α

(︃
α− 1

2

)︃
− 1

2

)︃
=αn−2

(︃
α+

1

2(n− 1)

)︃n−1

(α− 1)

(︃
α+

1

2

)︃
,

and the the proof has been finalized.
2. Let n is even. Then following Theorem 2.4 (1), we derive dti = n and dtiu = 2n− 4, for all 1 ≤ i ≤ n.

Define H1 =
{︁
t, t2, . . . , t

n
2 −1, t

n
2 +1, . . . , tn−1

}︁
and H2 =

{︁
u, tu, t2u, . . . , tn−1u

}︁
. From the structure of the

centralizer of ti in D2n, it follows that vertices in H1 are adjacent exclusively to vertices in H2. Moreover,
because the centralizer of tiu is

{︁
e, t

n
2 , tiu, t

n
2 +iu

}︁
, the vertices tiu and t

n
2 +iu are non-adjacent in the graph

ΓD2n
. Hence, following Definition 2.1, matrix R(ΓD2n

) of size (2n− 2) is

R(ΓD2n
) =

t . . . tn−1 u . . . t
n
2 −1u t

n
2 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
2n(n−2)

. . . 1√
2n(n−2)

1√
2n(n−2)

. . . 1√
2n(n−2)

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1 0 . . . 0 1√
2n(n−2)

. . . 1√
2n(n−2)

1√
2n(n−2)

. . . 1√
2n(n−2)

u 1√
2n(n−2)

. . . 1√
2n(n−2)

0 . . . 1
2(n−2) 0 . . . 1

2(n−2)

...
...

. . .
...

...
. . .

...
...

. . .
...

t
n
2 −1u 1√

2n(n−2)
. . . 1√

2n(n−2)

1
2(n−2) . . . 0 1

2(n−2) . . . 0

t
n
2 u 1√

2n(n−2)
. . . 1√

2n(n−2)
0 . . . 1

2(n−2) 0 . . . 1
2(n−2)

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1u 1√
2n(n−2)

. . . 1√
2n(n−2)

1
2(n−2) . . . 0 1

2(n−2) . . . 0

.

Consequently, R(ΓD2n
) can be represented in block matrix form as

R(ΓD2n
) =

⎛⎜⎜⎝
0n−2

1√
2n(n−2)

J(n−2)×n
2

1√
2n(n−2)

J(n−2)×n
2

1√
2n(n−2)

Jn
2 ×(n−2)

1
2(n−2) (J − I)n

2

1
2(n−2) (J − I)n

2

1√
2n(n−2)

Jn
2 ×(n−2)

1
2(n−2) (J − I)n

2

1
2(n−2) (J − I)n

2

⎞⎟⎟⎠ .
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Substituting s = 1√
2n(n−2)

and r = 1
2(n−2) into Theorem 3.1 yields

PR(ΓD2n
)(α) =α

3n−6
2 (α+ 2r)

n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁

=α
3n−6

2

(︃
α+ 2 · 1

2(n− 2)

)︃n
2 −1

⎛⎝α2 − (n− 2)
1

2(n− 2)
α− n(n− 2)

(︄
1√︁

2n(n− 2)

)︄2
⎞⎠

=α
3n−6

2

(︃
α+

1

n− 2

)︃n
2 −1(︃

α2 − 1

2
α− 1

2

)︃
=α

3n−6
2

(︃
α+

1

n− 2

)︃n
2 −1

(α− 1)

(︃
α+

1

2

)︃
.

The following result yields the spectrum and spectral radius of ΓD2n , corresponding to the Randic matrix.

Theorem 3.3
In ΓD2n , the Randic spectral radius for ΓD2n is ρR(ΓD2n) = 1.

Proof

1. Suppose n is odd. According to Theorem 3.2 (1), PR(ΓD2n
(α) has four eigenvalues, with multiplicity (n− 2),

α1 = 0, α2 = − 1
2(n−1) of multiplicity (n− 1) and are a single α3 = 1 and α4 = 1

2 . Hence, R-spectrum for
ΓD2n

is

Spec(ΓD2n
) =

{︄
(1)1, (0)n−2,

(︃
−1

2

)︃1

,

(︃
− 1

2(n− 1)

)︃n−1
}︄
.

It is possible to infer that, ρR(ΓD2n) = 1.
2. The information from Theorem 3.2 (2) for even n states that R(ΓD2n

) has four eigenvalues α1 = 0 of
multiplicity 3n−6

2 , α2 = − 1
n−2 of multiplicity (n2 − 1), and a single α3 = 1 and α4 = − 1

2 . So that we can
provide

Spec(ΓD2n) =

{︄
(1)1, (0)

3n−6
2 ,

(︃
−1

2

)︃1

,

(︃
− 1

n− 2

)︃n
2 −1
}︄
.

Thus, the maximum of the absolute eigenvalues of R(ΓD2n
) is ρR(ΓD2n

) = 1.

Considering the result in the preceding theorem, we are now able to have a result on the Randic energy of ΓD2n .

Theorem 3.4
InΓD2n , the Randic energy for ΓD2n is ER(ΓD2n) = 2.

Proof
By observing that spectrum in the proof of Theorem 3.3, the direct computation gives
ER(ΓD2n) = 2.
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3.2. Sum-Connectivity Energy

This section presents the sum-connectivity energy of ΓD2n
. Firstly, we show the characteristic polynomial of ΓD2n

corresponding to the sum-connectivity matrix.

Theorem 3.5
In ΓD2n , the characteristic formula of sum-connectivity matrix of ΓD2n is

1. for odd n, PSC(ΓD2n
)(α) = αn−2

(︂
α+ 1

2
√
n−1

)︂n−1 (︂
α2 −

√
n−1
2 α− n(n−1)

3n−2

)︂
,

2. for n is even, PSC(ΓD2n
)(α) = α

3(n−2)
2

(︂
α+ 1√

n−2

)︂n
2 −1 (︂

α2 −
√
n−2
2 α− n(n−2)

3n−4

)︂
.

Proof

1. Let n is odd. By applying the same vertex partition into elements of type ti and tiu as used in the proof of
Theorem 3.2 (part 1), and accordance with Theorem 2.4 (1) and Definition 2.2, it follows that the matrix
SC(ΓD2n) is of order 2n− 1 as follows:

SC(ΓD2n
) =

t . . . tn−1 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
3n−2

. . . 1√
3n−2

...
...

. . .
...

...
. . .

...
tn−1 0 . . . 0 1√

3n−2
. . . 1√

3n−2

u 1√
3n−2

. . . 1√
3n−2

0 . . . 1
2
√
n−1

...
...

. . .
...

...
. . .

...
tn−1u 1√

3n−2
. . . 1√

3n−2
1

2
√
n−1

. . . 0

=

(︄
0n−1

1√
3n−2

J(n−1)×n
1√

3n−2
Jn×(n−1)

1
2
√
n−1

(J − I)n

)︄
.

Now we can get

PSC(ΓD2n
)(α) =

⃓⃓⃓⃓
⃓ αIn−1 − 1√

3n−2
J(n−1)×n

− 1√
3n−2

Jn×(n−1)

(︂
α+ 1

2
√
n−1

)︂
In − 1

2
√
n−1

Jn

⃓⃓⃓⃓
⃓ .

Substituting a = 0, b = 1
2
√
n−1

, c = d = 1√
3n−2

, n1 = n− 1 and n2 = n, into Lemma 2.5, we derive the
desired expression for

PSC(ΓD2n
)(α) =(α+ a)n1−1(α+ b)n2−1 ((α− (n1 − 1) a) (α− (n2 − 1) b)− n1n2cd)

=(α+ 0)n−1−1

(︃
α+

1

2
√
n− 1

)︃n−1(︃
(α− (n− 1− 1) 0)

(︃
α− (n− 1)

1

2
√
n− 1

)︃
−

(n− 1)n

(︃
1√

3n− 2

)︃2
)︄

=αn−2

(︃
α+

1

2
√
n− 1

)︃n−1(︃
α

(︃
α−

√
n− 1

2

)︃
− n(n− 1)

3n− 2

)︃
=αn−2

(︃
α+

1

2
√
n− 1

)︃n−1(︃
α2 −

√
n− 1

2
α− n(n− 1)

3n− 2

)︃
.
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2. For even n, by employing the vertex partition into elements of type ti and tiu, as established in the proof of
Theorem 3.2 (part 2), and in conjunction with Theorem 2.4 (2) and Definition 2.2, it follows that SC(ΓD2n)
is a matrix of order 2n− 2, as shown below:

SC(ΓD2n
) =

t . . . tn−1 u . . . t
n
2 −1u t

n
2 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
3n−4

. . . 1√
3n−4

1√
3n−4

. . . 1√
3n−4

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1 0 . . . 0 1√
3n−4

. . . 1√
3n−4

1√
3n−4

. . . 1√
3n−4

u 1√
3n−4

. . . 1√
3n−4

0 . . . 1
2
√
n−2

0 . . . 1
2
√
n−2

...
...

. . .
...

...
. . .

...
...

. . .
...

t
n
2 −1u 1√

3n−4
. . . 1√

3n−4
1

2
√
n−2

. . . 0 1
2
√
n−2

. . . 0

t
n
2 u 1√

3n−4
. . . 1√

3n−4
0 . . . 1

2
√
n−2

0 . . . 1
2
√
n−2

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1u 1√
3n−4

. . . 1√
3n−4

1
2
√
n−2

. . . 0 1
2
√
n−2

. . . 0

.

In other words,

SC(ΓD2n
) =

⎛⎜⎝ 0n−2
1√

3n−4
J(n−2)×n

2

1√
3n−4

J(n−2)×n
2

1√
3n−4

Jn
2 ×(n−2)

1
2
√
n−2

(J − I)n
2

1
2
√
n−2

(J − I)n
2

1√
3n−4

Jn
2 ×(n−2)

1
2
√
n−2

(J − I)n
2

1
2
√
n−2

(J − I)n
2

⎞⎟⎠ .

In accordance with Theorem 3.1 with s = 1√
3n−4

and r = 1
2
√
n−2

, immediately we can provide

PSC(ΓD2n
)(α)

= α
3n−6

2 (α+ 2r)
n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁

= α
3n−6

2

(︃
α+ 2

(︃
1

2
√
n− 2

)︃)︃n
2 −1

(︄
α2 − (n− 2)

(︃
1

2
√
n− 2

)︃
α− n(n− 2)

(︃
1√

3n− 4

)︃2
)︄

= α
3(n−2)

2

(︃
α+

1√
n− 2

)︃n
2 −1(︃

α2 −
√
n− 2

2
α− n(n− 2)

3n− 4

)︃
.

To find the energy, we first need to determine the spectrum and spectral radius as follows.

Theorem 3.6
In ΓD2n

, the SC-spectral radius for ΓD2n
is

ρSC(ΓD2n) =

⎧⎪⎪⎨⎪⎪⎩
1
4

(︃√
n− 1 +

√︂
(n−1)(19n−2)

3n−2

)︃
, for odd n

1
4

(︃√
n− 2 +

√︂
(n−2)(19n−4)

3n−4

)︃
, for even n.

Proof

1. According to Theorem 3.5 (1) where n is odd, SC(ΓD2n
) has four eigenvalues, α1 = 0, α2 = − 1

2
√
n−1

of

multiplicity (n− 2), (n− 1) respectively, and α3,4 = 1
4

(︃√
n− 1±

√︂
(n−1)(19n−2)

3n−2

)︃
. Hence, SC-spectrum
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for ΓD2n
is

Spec(ΓD2n
) =

⎧⎨⎩
(︄
1

4

(︄
√
n− 1 +

√︃
(n− 1)(19n− 2)

3n− 2

)︄)︄1

, (0)n−2,

(︄
1

4

(︄
√
n− 1−

√︃
(n− 1)(19n− 2)

3n− 2

)︄)︄1

,

(︃
− 1

2
√
n− 1

)︃n−1
⎫⎬⎭ .

Consequently, the maximum of the absolute eigenvalues for ΓD2n
is

ρSC(ΓD2n) =
1

4

(︄
√
n− 1 +

√︃
(n− 1)(19n− 2)

3n− 2

)︄
.

2. Based on Theorem 3.5 (2) for even n, SC(ΓD2n
) has four eigenvalues, α1 = 0 of multiplicity 3n−6

2 ,

α2 = − 1√
n−2

of multiplicity (n2 − 1), and α3,4 = 1
4

(︃√
n− 2±

√︂
(n−2)(19n−4)

3n−4

)︃
. Thus, SC−spectrum for

ΓD2n
is

Spec(ΓD2n) =

⎧⎨⎩
(︄
1

4

(︄
√
n− 2 +

√︃
(n− 2)(19n− 4)

3n− 4

)︄)︄1

, (0)
3n−6

2 ,

(︃
− 1√

n− 2

)︃n
2 −1

,

(︄
1

4

(︄
√
n− 2−

√︃
(n− 2)(19n− 4)

3n− 4

)︄)︄1
⎫⎬⎭ .

We then obtain SC-spectral radius of ΓD2n
,

ρSC(ΓD2n
) =

1

4

(︄
√
n− 2 +

√︃
(n− 2)(19n− 4)

3n− 4

)︄
.

Theorem 3.7
In ΓD2n

, the sum-connectivity energy for ΓD2n
is

ESC(ΓD2n) =

⎧⎪⎪⎨⎪⎪⎩
1
2

(︃√
n− 1 +

√︂
(n−1)(19n−2)

3n−2

)︃
, for odd n

1
2

(︃√
n− 2 +

√︂
(n−2)(19n−4)

3n−4

)︃
, when n is even.

Proof

1. Using Spec(ΓD2n
) from Theorem 3.6 (1) for odd n, we then obtain the sum-connectivity energy of ΓD2n

,

ESC(ΓD2n
) =(n− 2)|0|+ (n− 1)

⃓⃓⃓⃓
− 1

2
√
n− 1

⃓⃓⃓⃓
+

⃓⃓⃓⃓
⃓14
(︄
√
n− 2±

√︃
(n− 2)(19n− 4)

3n− 4

)︄⃓⃓⃓⃓
⃓

=
1

2

(︄
√
n− 1 +

√︃
(n− 1)(19n− 2)

3n− 2

)︄
.
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2. For the even n, we know SC−spectrum of ΓD2n
from Theorem 3.6 (2). Therefore, SC−energy of ΓD2n

is
given below

ESC(ΓD2n
) =

(︃
3n− 6

2

)︃
|0|+

(︂n
2
− 1
)︂ ⃓⃓⃓⃓

− 1√
n− 2

⃓⃓⃓⃓
+

⃓⃓⃓⃓
⃓14
(︄
√
n− 2±

√︃
(n− 2)(19n− 4)

3n− 4

)︄⃓⃓⃓⃓
⃓

=
1

2

(︄
√
n− 2 +

√︃
(n− 2)(19n− 4)

3n− 4

)︄
.

3.3. Product of Randic and Sum-Connectivity Energy

In this part, we show the energy of ΓD2n
associated with RS-matrix. First, we need to formulate the characteristic

polynomial ΓD2n
as shown as follows.

Theorem 3.8
In ΓD2n

, the characteristic formula of RS-matrix of ΓD2n
is

1. for n is odd,

PRS(ΓD2n
)(α) = αn−2

(︃
α+

1

4(n− 1)
√
n− 1

)︃n−1(︃
α2 − 1

4
√
n− 1

α+
1

2(3n− 2)

)︃
,

2. for n is even,

PRS(ΓD2n
)(α) = α

3(n−2)
2

(︃
α+

1

4(n− 2)
√
n− 2

)︃n
2 −1(︃

α2 − 1

2
√
n− 2

α− 1

2(3n− 4)

)︃
.

Proof

1. Suppose n is odd. By applying the same vertex partition into elements of type ti and tiu as used in the
proof of Theorem 3.2 (part 1), and in view of Theorem 2.4 (1) together with Definition 2.3, it follows that
RS(ΓD2n

) is a matrix of size 2n− 1,

RS(ΓD2n
) =

t . . . tn−1 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
2n(n−1)(3n−2)

. . . 1√
2n(n−1)(3n−2)

...
...

. . .
...

...
. . .

...
tn−1 0 . . . 0 1√

2n(n−1)(3n−2)
. . . 1√

2n(n−1)(3n−2)

u 1√
2n(n−1)(3n−2)

. . . 1√
2n(n−1)(3n−2)

0 . . . 1
4(n−1)

√
n−1

...
...

. . .
...

...
. . .

...
tn−1u 1√

2n(n−1)(3n−2)
. . . 1√

2n(n−1)(3n−2)

1
4(n−1)

√
n−1

. . . 0

=

(︄
0n−1

1√
2n(n−1)(3n−2)

J(n−1)×n

1√
2n(n−1)(3n−2)

Jn×(n−1)
1

4(n−1)
√
n−1

(J − I)n

)︄
.

Our analysis leads us to the characteristic formula of RS(ΓD2n) as follows:

PRS(ΓD2n
)(α) =

⃓⃓⃓⃓
⃓⃓ αIn−1 − 1√

2n(n−1)(3n−2)
J(n−1)×n

− 1√
2n(n−1)(3n−2)

Jn×(n−1)

(︂
α+ 1

4(n−1)
√
n−1

)︂
In − 1

4(n−1)
√
n−1

Jn

⃓⃓⃓⃓
⃓⃓ .
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By applying Lemma 2.5 with a = 0, b = 1
4(n−1)

√
n−1

, c = d = 1√
2n(n−1)(3n−2)

, where n1 = n− 1 and

n2 = n, we obtain the desired result:

PRS(ΓD2n
)(α)

= (α+ 0)n−1−1

(︃
α+

1

4(n− 1)
√
n− 1

)︃n−1(︃
(α− (n− 1− 1) 0)

(︃
α− (n− 1)

1

4(n− 1)
√
n− 1

)︃
−

(n− 1)n

(︄
1√︁

2n(n− 1)(3n− 2)

)︄2
⎞⎠

= αn−2

(︃
α+

1

4(n− 1)
√
n− 1

)︃n−1(︃
α

(︃
α− 1

4
√
n− 1

)︃
− (n− 1)n

(︃
1

2n(n− 1)(3n− 2)

)︃)︃
= αn−2

(︃
α+

1

4(n− 1)
√
n− 1

)︃n−1(︃
α2 − 1

4
√
n− 1

α+
1

2(3n− 2)

)︃
.

2. By adopting the vertex partition into elements of type ti and tiu, as developed in the proof of Theorem 3.2
(part 2), and using Theorem 2.4 (2) and Definition 2.3 for even n, matrix RS(ΓD2n

) of size 2n− 2 is as
given below:

t . . . tn−1 u . . . t
n
2 −1u t

n
2 u . . . tn−1u⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

t 0 . . . 0 1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1 0 . . . 0 1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

u 1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

0 . . . 1
4(n−2)

√
n−2

0 . . . 1
4(n−2)

√
n−2

...
...

. . .
...

...
. . .

...
...

. . .
...

t
n
2 −1u 1√

2n(n−2)(3n−4)
. . . 1√

2n(n−2)(3n−4)

1
4(n−2)

√
n−2

. . . 0 1
4(n−2)

√
n−2

. . . 0

t
n
2 u 1√

2n(n−2)(3n−4)
. . . 1√

2n(n−2)(3n−4)
0 . . . 1

4(n−2)
√
n−2

0 . . . 1
4(n−2)

√
n−2

...
...

. . .
...

...
. . .

...
...

. . .
...

tn−1u 1√
2n(n−2)(3n−4)

. . . 1√
2n(n−2)(3n−4)

1
4(n−2)

√
n−2

. . . 0 1
4(n−2)

√
n−2

. . . 0

.

In other words,

RS(ΓD2n
) =

⎛⎜⎜⎝
0n−2

1√
2n(n−2)(3n−4)

J(n−2)×n
2

1√
2n(n−2)(3n−4)

J(n−2)×n
2

1√
2n(n−2)(3n−4)

Jn
2 ×(n−2)

1
4(n−2)

√
n−2

(J − I)n
2

1
4(n−2)

√
n−2

(J − I)n
2

1√
2n(n−2)(3n−4)

Jn
2 ×(n−2)

1
4(n−2)

√
n−2

(J − I)n
2

1
4(n−2)

√
n−2

(J − I)n
2

⎞⎟⎟⎠ .

According to Theorem 3.1 where s = 1√
2n(n−2)(3n−4)

and r = 1
4(n−2)

√
n−2

, immediately we can provide

PRS(ΓD2n
)(α) = (α)

3n−6
2 (α+ 2r)

n
2 −1 (︁

α2 − (n− 2)rα− n(n− 2)s2
)︁

=(α)
3n−6

2

(︃
α+ 2

1

4(n− 2)
√
n− 2

)︃n
2 −1

⎛⎝α2 − (n− 2)

(︃
1

4(n− 2)
√
n− 2

)︃
α− n(n− 2)

(︄
1√︁

2n(n− 2)(3n− 4)

)︄2
⎞⎠

=α
3(n−2)

2

(︃
α+

1

2(n− 2)
√
n− 2

)︃n
2 −1(︃

α2 − 1

4
√
n− 2

α− 1

2(3n− 4)

)︃
.
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By considering the previous theorem, we present the spectrum and spectral radius of ΓD2n
based on RS-matrix.

Theorem 3.9
In ΓD2n

, then the spectral radius for ΓD2n
corresponding to RS-matrix is

ρRS(ΓD2n
) =

⎧⎨⎩
1
8

(︂
1√
n−1

+
√︂

35n−34
(n−1)(3n−2)

)︂
, when n is odd

1
8

(︂
1√
n−2

+
√︂

35n−68
(n−2)(3n−4)

)︂
, when n is even.

Proof

1. Let us prove the first case by Theorem 3.8 (1) where n is odd. RS(ΓD2n
) has four eigenvalues, α1 = 0 of

multiplicity (n− 2) and α2 = − 1
4(n−1)

√
n−1

of multiplicity (n− 1). The last two eigenvalues are α3,4 =

1
8

(︂
1√
n−1

±
√︂

35n−34
(n−1)(3n−2)

)︂
. Hence, the spectrum for ΓG is

Spec(ΓD2n) =

{︄(︃
1

8

(︃
1√
n− 1

+

√︃
35n− 34

(n− 1)(3n− 2)

)︃)︃1

, (0)n−2,

(︃
1

8

(︃
1√
n− 1

−
√︃

35n− 34

(n− 1)(3n− 2)

)︃)︃1

,

(︃
− 1

4(n− 1)
√
n− 1

)︃n−1
}︄
.

Consequently, the maximum of the absolute eigenvalues for ΓD2n
is the spectral radius.

2. Using Theorem 3.8 (2) when n is even, RS(ΓD2n
) has four eigenvalues, α1 = 0 of multiplicity 3n−6

2 ,

α2 = − 1
2(n−2)

√
n−2

of multiplicity (n2 − 1), and α3,4 = 1
8

(︂
1√
n−2

±
√︂

35n−68
(n−2)(3n−4)

)︂
. Then the spectrum for

ΓD2n
is

Spec(ΓD2n) =

{︄(︃
1

8

(︃
1√
n− 2

+

√︃
35n− 68

(n− 2)(3n− 4)

)︃)︃1

, (0)
3n−6

2 ,

(︃
− 1

2(n− 2)
√
n− 2

)︃n
2 −1

,

(︃
1

8

(︃
1√
n− 2

−
√︃

35n− 68

(n− 2)(3n− 4)

)︃)︃1
}︄
.

We then complete the proof.

Theorem 3.10
In ΓD2n

, then RS-energy for ΓD2n
is

ERS(ΓD2n
) =

⎧⎨⎩
1
4

(︂
1√
n−1

+
√︂

35n−34
(n−1)(3n−2)

)︂
, for odd n

1
4

(︂
1√
n−2

+
√︂

35n−68
(n−2)(3n−4)

)︂
, for even n.

Proof

1. Using Spec(ΓD2n
) given in Theorem 3.9 (1) for odd value n, we get RS-energy of ΓD2n

,

ERS(ΓD2n
) = (n− 2)|0|+ (n− 1)

⃓⃓⃓⃓
− 1

4(n− 1)
√
n− 1

⃓⃓⃓⃓
+

⃓⃓⃓⃓
1

8

(︃
1√
n− 1

±
√︃

35n− 34

(n− 1)(3n− 2)

)︃⃓⃓⃓⃓
=

1

4

(︃
1√
n− 1

+

√︃
35n− 34

(n− 1)(3n− 2)

)︃
.
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2. When n is even number, we know the spectrum of ΓD2n
from Theorem 3.9 (2). Therefore, RS-energy of

ΓD2n
is given below

ERS(ΓD2n
) =

(︂
3n− 6

2

)︂
|0|+

(︂
n

2
− 1
)︂ ⃓⃓⃓⃓

− 1

2(n− 2)
√
n− 2

⃓⃓⃓⃓
+

⃓⃓⃓⃓
1

8

(︃
1√

n− 2
±
√︃

35n− 68

(n− 2)(3n− 4)

)︃⃓⃓⃓⃓
=

1

4

(︃
1√

n− 2
+

√︃
35n− 68

(n− 2)(3n− 4)

)︃
.

4. Discussions

Now we are ready to give the conclusion regarding the obtained energies in Theorems 3.4, 3.7, and 3.10.

Corollary 4.1
ΓD2n

associated with the Randic, sum-connectivity, and product of Randic and sum-connectivity matrices is
strongly hypoenergetic.

Corollary 4.2
The Randic energy for ΓD2n

is always an even integer.

Corollary 4.3
The sum-connectivity and product of Randic and sum-connectivity energies for ΓD2n

are never an odd integer.

The facts of Corollary 4.2 and 4.3 correspond to the well-known facts from [4] and [13].

Corollary 4.4
ESC(ΓD2n) > ER(ΓD2n) and ESC(ΓD2n) > ERS(ΓD2n).

In this research, the sum-connectivity energy of ΓD2n
, where n ≥ 3 is always greater than the Randic and product

of Randic and sum-connectivity energies. Corollary 4.4 shows that ESC is consistently larger than ER and ERS .
This is mainly due to the differences in their matrix elements. The SC matrix uses 1√

du+dv
, while the Randic matrix

uses 1√
du·dv

. For high-degree vertices, the product du · dv grows faster than the sum du + dv, resulting in smaller
entries in the R-matrix.

As a result, the SC matrix has larger edge weights, leading to larger eigenvalues and higher energy. Meanwhile
the product of Randic and sum-connectivity matrix further reduces weights, making ERS the smallest. This
indicates that ESC is more sensitive to high-degree vertices in the graph.

Moreover, the correlation between the energy and its spectral radius is stated in the following corollary.

Corollary 4.5 1. ER(ΓD2n
) = 2 · ρR(ΓD2n

).
2. ESC(ΓD2n) = 2 · ρSC(ΓD2n).
3. ERS(ΓD2n

) = 2 · ρRS(ΓD2n
).

For odd n, the spectrum consists of four types of eigenvalues: n− 2 zeros, one eigenvalue a+
√
b, one eigenvalue

a−
√
b, and n− 1 repeated eigenvalues − 2

n−1a. The energy is given by the sum of absolute values:

E = (n− 1)

⃓⃓⃓⃓
− 2√

n− 1
a

⃓⃓⃓⃓
+
⃓⃓⃓
a+

√
b
⃓⃓⃓
+
⃓⃓⃓
a−

√
b
⃓⃓⃓
.

Since
⃓⃓
− 2

n−1a
⃓⃓
= 2

n−1 |a|, the first term simplify to 2|a|. Assuming a+
√
b ≥ 0 and a−

√
b ≤ 0, we obtain⃓⃓

a+
√
b
⃓⃓
= a+

√
b and

⃓⃓
a−

√
b
⃓⃓
= −(a−

√
b) =

√
b− a. Thus,

E = 2a+ a+
√
b+

√
b− a = 2(a+

√
b).
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This shows that E = 2ρ, where ρ = a+
√
b is the spectral radius.

For even n, the spectrum consists of four types of eigenvalues: 3n−6
2 zeros, one eigenvalue a+

√
b, one

eigenvalue a−
√
b, and n

2 − 1 repeated eigenvalues − 4
n−2a. The energy is given by the sum of absolute values:

E =
(︂n
2
− 1
)︂ ⃓⃓⃓⃓

− 4

n− 2
a

⃓⃓⃓⃓
+
⃓⃓⃓
a+

√
b
⃓⃓⃓
+
⃓⃓⃓
a−

√
b
⃓⃓⃓
.

Since
⃓⃓
− 4

n−2a
⃓⃓
= 4

n−2 |a|, the first term simplify to
(︁
n
2 − 1

)︁
4

n−2 |a| = 2|a|. Assuming a+
√
b ≥ 0 and a−

√
b ≤ 0,

we have
⃓⃓
a+

√
b
⃓⃓
= a+

√
b and

⃓⃓
a−

√
b
⃓⃓
= −(a−

√
b) =

√
b− a. Thus,

E = 2a+ a+
√
b+

√
b− a = 2(a+

√
b),

which again shows that E = 2ρ, where ρ = a+
√
b.

5. Conclusions

In this paper, we investigated the non-commuting graph of the dihedral group by analyzing the spectrum, spectral
radius, and energy associated with the Randic, sum-connectivity, and product of Randic and sum-connectivity
matrices. Explicit expressions for these spectral quantities were obtained, revealing that the corresponding energies
are strongly hypoenergetic and never attain odd integer values. Moreover, it was shown that, in all cases, each of
these energies is exactly equal to twice its corresponding spectral radius. The approach developed in this work may
be extended to other non-abelian groups, such as symmetric, alternating, and dicyclic groups, to provide deeper
insight into the interplay between algebraic structures and spectral graph invariants. However, such extensions
may present additional challenges, including the construction of the non-commuting graphs, the formulation of
the associated matrices, and the increased complexity of solving the characteristic polynomials to determine their
spectrum and energy.
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