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Abstract Algeria recorded a marked diphtheria resurgence in 2024, with 1124 notified cases concentrated in the southern
border wilayas. We analyse a six-compartment susceptible—exposed—symptomatic—asymptomatic—quarantined—recovered
(SEIAQR) model under two non-local operators, the singular power-law Caputo kernel and the non-singular Mittag—
Leffler Atangana—Baleanu—Caputo kernel, in order to quantify how epidemic memory shapes such an outbreak. For both
operators we establish positive invariance, ultimate boundedness in a compact region bounded away from extinction, and
well-posedness by the Banach fixed-point theorem. The basic reproduction number is obtained in closed form and shown
to be independent of the memory order; the disease-free equilibrium is locally and globally asymptotically stable for
Ro < 1, and the endemic equilibrium is globally stable for Rg > 1 under an explicit Goh—Volterra condition. Closed-form
normalized sensitivity indices identify the contact rate and the symptomatic recovery rate as the dominant levers. Calibrating
a time-varying importation pulse against the 2024 INSP monthly series lowers the RMSE by about 30% and yields an
endogenous R =~ 0.93 < 1: local transmission is sub-critical and the outbreak importation-sustained. A fractional optimal-
control problem with three interventions cuts the infected burden by about 75%.
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1. Introduction

Classical compartmental models, since Kermack and McKendrick [1], are systems of first-order ordinary
differential equations and therefore assume that each population class changes according to its instantaneous state
only. Real transmission is shaped by latency, waning immunity, behavioural inertia and heterogeneous contact
histories, so the present force of infection is a functional of the past. Fractional-order operators encode this memory
through a non-local kernel and have become a standard modelling device in epidemiology [2, 3, 4].

Two operators dominate. The Caputo derivative

D) = Fr=m / (t—7)*F(r)dr, (0<a<1)

'l — o

uses a singular power-law kernel with algebraically decaying memory [5, 6]. The Atangana—Baleanu derivative in
the Caputo sense (ABC) [7] replaces the singular kernel by the non-singular Mittag—Leffler kernel, which captures
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2 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

crossover between short-time exponential and long-time power-law regimes; a related non-singular construction is
the Caputo—Fabrizio operator [8, 9]. The price of the ABC kernel is a more delicate numerical treatment, for which
the Toufik—Atangana product scheme [10] is the reference method.

The choice of a fractional operator is not a formal generalisation; for a disease such as diphtheria it is a modelling
statement about three specific mechanisms. First, latency is not exponentially distributed. The integer-order transfer
o FE from the exposed to the infectious class implicitly asserts a memoryless waiting time, so that a fixed proportion
of exposed individuals progresses per unit time regardless of how long they have been exposed. Diphtheria has
a well-documented incubation period of two to five days with low dispersion, and the resulting waiting-time
distribution has a heavier tail and a lower early hazard than the exponential. A Caputo derivative of order o < 1
reproduces exactly this feature: the corresponding sojourn distribution has the Mittag—Leffler survival E, (—ot%),
whose hazard decreases with the time already spent in the class. Second, immunity wanes and behaviour is inertial.
Diphtheria immunity conferred by DTP vaccination declines over years, and population contact behaviour responds
to an outbreak with a delay and then relaxes only slowly; both effects make the current force of infection a
functional of the whole epidemic history rather than of the instantaneous state. Third, transmission in a sparse,
mobile population is sub-diffusive. In the southern Algerian wilayas the at-risk population is scattered across large
distances and connected by intermittent movement, so the spatial spread of infection is slower than the linear-in-
time growth implied by well-mixed mass action; anomalous, sub-diffusive transport is precisely the regime that
fractional kernels encode.

These three mechanisms motivate memory, but they do not by themselves select a kernel, and the two operators
used here make materially different assumptions about how memory fades. The Caputo kernel (¢ — 7)™ is singular
at 7 = t and decays algebraically, so that the influence of the remote past persists indefinitely, decaying like ¢~%;
solutions of the linear problem relax as F,(—ct®) ~ (ct®T'(1 — «)) ™!, which is a power law, not an exponential.
This is the appropriate description of persistent, long-range memory such as slowly waning population immunity.
The Atangana—Baleanu—Caputo kernel Ea(— T (t— T)a) is bounded at 7 = ¢, and the operator carries an explicit
local weight (1 — «)/B(«) on the instantaneous flux. It therefore describes a crossover: memory is close to
exponential at short times and becomes power-law only at long times. For a disease with a short clinical course and
short-to-medium-range immunity this is arguably the more realistic description, and the crossover is what makes
the ABC trajectories relax measurably faster than their Caputo counterparts at the same order (Section 8). Since
neither choice is dictated by the data, we instantiate the same compartmental structure under both operators and let
the comparison be quantitative rather than rhetorical.

Fractional models have been applied across infectious diseases, including tuberculosis [11], COVID-19 [12], and
classical epidemic and predator—prey systems [13]. Recent contributions in Statistics, Optimization & Information
Computing illustrate the analysis—sensitivity—optimisation pipeline within which the present paper sits. Tafrikan et
al. [14] developed a Caputo model of diphtheria spread, computed R( by the next-generation matrix, and carried
out a forward sensitivity analysis; it is the closest study to ours and motivates both our disease application and
several modelling choices. Afiyah et al. [15] analysed a fractional harvested predator—prey system; Herdicho et
al. [16] combined a hybrid Euler discretisation with Pontryagin’s principle for a fractional dengue model with
optimal control; Hidayat et al. [17] formulated a fractional monkeypox model with optimal control calibrated
to real surveillance data, which is the closest methodological analogue to the estimation-then-control pipeline of
Sections 7 and 9, and the same group [18] estimated the parameters of a delayed monkeypox model by least squares
on reported case counts; and Alfiniyah et al. [19] studied optimal control of Lassa fever.

Diphtheria is a timely application. Although controlled by DTP vaccination, it retains two features that our
compartmental structure represents: asymptomatic toxigenic carriers, who sustain transmission without symptoms
(our A class), and isolation of cases and contacts as the principal non-pharmaceutical control (our () class). Algeria
experienced a marked resurgence in the southern wilayas over 2022-2024. According to the national surveillance
bulletin of the Institut National de Santé Publique (INSP) [20], notified cases rose from 16 (2022) to 251 (2023) and
1124 (2024), the 2024 wave being concentrated in Tamanrasset and In Guezzam and epidemiologically linked to
cross-border movement. We use the 2024 monthly INSP series to calibrate the model. (These national ““all notified”
counts exceed the WHO confirmed-only figures [21]; see Section 7.)

Three gaps in this literature motivate the present study. (i) Kernel comparisons are qualitative. Papers that present
both a singular and a non-singular operator almost always compare them on a single figure and conclude, without

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. A. HAKMI AND M. NOUR 3

measurement, that one kernel “retains less memory”; we are not aware of a fractional epidemic study that reports
a quantitative, compartment-wise discrepancy metric between the two operators calibrated on the same real series.
(ii) Sub-critical outbreaks are treated as anomalies. The standard fractional epidemic pipeline computes R and
interprets Ry < 1 as extinction; but an outbreak that is genuinely importation-sustained has Ry < 1 and hundreds
of cases, and reconciling the two requires an explicit exogenous term rather than an inflated transmission rate.
(iii) Fractional optimal control is rarely posed for such a regime. Control analyses are almost invariably run on
self-propagating outbreaks with Ry > 1, leaving open whether intervention is worthwhile when local transmission
is already sub-critical. Accordingly, the contributions of this paper are the following.

A like-for-like comparison of a singular and a non-singular kernel on real epidemic data, made

quantitative. A single SETAQ R structure is instantiated under both the Caputo and the ABC operators, with

complete proofs of positivity, ultimate boundedness and well-posedness for each (Sections 3—4), and the two
trajectory families are compared by a normalized L' discrepancy computed compartment by compartment

(Section 8).

* An importation pulse that explains an outbreak with endogenous R, < 1. A non-autonomous term ¢(t)
injects externally acquired infection into the infected classes. Calibrated against the 2024 INSP monthly
series it lowers the RMSE by about 30% relative to the autonomous model and returns R( = 0.93 < 1,
showing that the 2024 Algerian wave was sustained by cross-border importation rather than by local self-
propagation (Sections 7-8) — a conclusion with direct public-health consequences, since it makes border
surveillance rather than general contact reduction the binding intervention.

¢ Complete qualitative dynamics for both operators. A closed-form Ry shown to be independent of the
memory order, local stability of the disease-free equilibrium by Matignon’s criterion with the Routh—Hurwitz
conditions, global stability of the disease-free equilibrium by a Goh-type linear Lyapunov functional with
the fractional LaSalle principle, existence and global stability of the endemic equilibrium under an explicit
Goh—Volterra condition, and closed-form normalized sensitivity indices with 95% confidence intervals
(Sections 5-6).

* Fractional optimal control of a sub-critical, importation-driven outbreak. Three interventions — contact

reduction, active isolation and enhanced treatment — are introduced with dimensionally consistent gains;

existence of an optimal control is proved through the Fleming—Rishel conditions, the Caputo adjoint system
and the Pontryagin characterisation are derived, and a forward-backward sweep shows that coordinated
control still cuts the infected burden by about 75% even though endogenous transmission is already sub-

critical (Section 9).

Throughout, I'(+) is the gamma function and E,,(-) the one-parameter Mittag—Leffler function.

2. Preliminaries

We assume that o € (0,1] and f € C*([0, T]; R) unless stated otherwise.

Assumption 2.1 (Standing hypotheses)

Unless stated otherwise the following hold throughout the paper. The memory order satisfies « € (0,1].

All demographic and epidemiological parameters A, i1, 8,0,7vr,7v4,7YQ,qr,494,91,0¢g are positive constants, the

fraction p lies in (0, 1) and the relative infectiousness of carriers satisfies 7 € (0, 1]; each rate is understood as 6

and carries the dimension [time] ™, the symbol 6 being retained for readability (Remark 3.1). The importation

profile ¢ is non-negative, continuous and bounded on the horizon considered, with ¢y,.x = sup¢(t) < oo; the
t

autonomous core corresponds to ¢ = 0. Initial data are non-negative with N(0) > 0. Functions to which the
operators are applied are assumed absolutely continuous on the interval considered, which is the natural class
for the Caputo and ABC derivatives and is satisfied by the solutions constructed in Section 4.
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4 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

Definition 2.2 (Riemann—-Liouville fractional integral)
For o € (0, 1], the Riemann-Liouville fractional integral of a function f € C*([0, T]; R) is defined by

Iy f(t) = 1_‘<1a)/0 (t—7)*"tf(r)dr, tel0,T].

Definition 2.3 (Caputo fractional derivative)
Let0 < o < 1 and f € C*([0, T]; R). The Caputo fractional derivative of order « is defined by

1 t
Crha —« g/
D¢ f(t) = =—— t— dr.
el ) = =y |, =) )
Definition 2.4 (Atangana—Baleanu—Caputo derivative)
Let 0 < a < 1and f € C'([0,T); R). The Atangana-Baleanu—Caputo (ABC) fractional derivative of order « is
defined by

B(a) [* o
ABCpya _ _ — )
Def() = 1 a/o Eo(-1o=(t=7)") f(r)dr,
where the normalization function is given by
a
B 1
(@)=1-a+ g

with B(0) = B(1) = 1.

Definition 2.5 (Atangana—Baleanu integral (AB integral))
Let0 < a < 1 and f € C*([0,T];R). The Atangana-Baleanu fractional integral of order « is defined by

1l -« «

B [0+ B | =

ABI&tf(t) =

where

with B(0) = B(1) = 1.

Definition 2.6 (Mittag—Leffler functions)
Let @ > 0 and 8 > 0. The Mittag—Leffler functions are defined by

k

Eo(2) = kZ:O Tak+1)
and - i
Eo5(2) :gm.

k=0

For 0 < o < 1, the fractional differential equation
“Dga(t) = px(t),  x(0) = o,

has the unique solution
z(t) = xoEa(pt®).

The following elementary facts are used repeatedly and are recorded for reference. The first says that the
operators annihilate constants and respect linear combinations, which is what allows the balance equation (5)
to be obtained by summing the six equations of the model.
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Lemma 2.7 (Action on constants and linearity)
Let ¢ € R be constant and let f, g be absolutely continuous on [0, T'].
L. CDocftc = 0 for constant c;
2. CD&‘t and ABCD()‘ft are linear: for all a,b € R, D“(af + bg) = aD® f + bD%g.

Consequently, applying either operator to N =S + F + I+ A+ @ + R returns the sum of the six right-hand
sides.

The next lemma converts each differential model into an equivalent integral equation. This is the form on which
every fixed-point argument of Section 4 operates, and it is also the form the numerical schemes of Section 8
discretise; the two operators differ in that the ABC formulation carries an explicit non-integral term, which is the
analytical trace of its non-singular kernel.

Lemma 2.8 (Equivalent Volterra formulation)
Let g be continuous and let = be a continuous solution of the initial-value problem: CDé’ft:v = g(t,z), z(0) = xo.

Io’f‘tCD(ft;z: = z(t) — z(0), so CDOOftz = g(t,x), x(0) = xo, is equivalent to

1 ! a—1
z(t) =z + @ /0 (t—7)*""g(r,z(r))dr.

For the ABC operator [7],

t
olt) = 20+ $50(05(0) + B [ (=" o(ra(r) dr M

the additional first term being the contribution of the non-singular kernel at 7 = ¢.

Positivity of the state is proved by ruling out a first crossing of a coordinate hyperplane. The two lemmas below
supply the two ingredients: a monotonicity criterion, which controls the behaviour of a coordinate at the instant it
touches zero, and a comparison principle, which converts a differential inequality into an explicit pointwise bound.
We use the comparison principle in both directions — as an upper bound in Theorem 4.2, where it delivers ultimate
boundedness, and as a lower bound in the same theorem, where it keeps the total population away from zero so
that the standard incidence stays Lipschitz.

Lemma 2.9 (Monotonicity criterion [22])

Let f be continuous on [0,7] and such that D", f exists on (0,7]. If D¢, f(t) >0 on (0,77 then f is non-
decreasing; in particular f(¢) > f(0). If instead CD(jftf(t) < 0on (0,T], then f is non-increasing.

Lemma 2.10 (Fractional comparison principle [23])

Let y be continuous and non-negative on [0, c0) and let a > 0, b > 0. If CDé’fty(t) < a—by(t) forall t > 0, then

y(t) < y(0)Ea(—bt®) + %(1 — Ea(—bt)), hence limsup y(t) < %
t—o0
If the inequality is reversed, D¢, y(t) > a — by(t), the conclusion is reversed likewise and litm inf y(t) > a/b. In
’ —»00

both statements the Mittag—Leffler function satisfies 0 < E,(—z) < 1for z > 0 and « € (0, 1], since z — E,(—2)
is completely monotone on [0, c0); this positivity is what makes the bounds non-vacuous.

Global stability is established by Lyapunov functionals, and in the fractional setting the chain rule is unavailable:
one cannot differentiate a composite function term by term. The following two inequalities are the substitutes that
make the classical quadratic and Volterra—Goh functionals usable under a Caputo derivative, and they are the reason
the proofs of Theorems 5.8 and 5.9 can follow the integer-order argument at all.

Lemma 2.11 (Quadratic Lyapunov inequality [22])
Let 2 be absolutely continuous and real-valued. Then for every o € (0, 1] and every ¢t > 0,

Cha (1,2 Cha
D¢y (37°) <2 “Dgip

, with equality when o = 1.
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6 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

Lemma 2.12 (Volterra—Goh logarithmic inequality [23])
Let x be absolutely continuous and strictly positive and let * > 0 be constant. Then for every « € (0, 1],

Cha * * z z” Cha
Dgylx—2" —x ln; < 1—; Dy,

The left-hand side is the Caputo derivative of the Volterra function V' (z) = z — 2™ — «™ In(z/2™), which is non-
negative and vanishes only at x = x™*; the inequality therefore bounds the fractional derivative of a candidate
Lyapunov function by an expression that can be evaluated on the vector field.

Two stability tools complete the toolbox. Matignon’s criterion replaces the integer-order requirement that
all eigenvalues lie in the open left half-plane by a strictly weaker condition on their arguments, so that the
fractional stability region grows as the order decreases; and the fractional LaSalle principle allows a conclusion of
convergence from a merely non-increasing Lyapunov function.

Lemma 2.13 (Matignon’s criterion [24, 25])

Let A€ R™"and « € (0,1]. CD(ftx = Az is asymptotically stable iff every eigenvalue X of A satisfies | arg(\)| >
am /2, and unstable if some eigenvalue satisfies | arg(A\)| < amr/2. Since ar/2 < /2, any eigenvalue with negative
real part qualifies, for every a € (0, 1]: integer-order asymptotic stability implies fractional asymptotic stability of
the same equilibrium at every order. The converse fails, which is why a fractional system may be stable at o < 1
while its integer-order counterpart oscillates.

Lemma 2. 14 (Fractional LaSalle invariance principle [26, 27])

If Q is positively invariant and compact and V € C*(Q;R ) satisfies CDO(ftV < 0 along every solution starting
in €, then solutions are bounded and converge to the largest invariant subset of {x € Q) : CDO(ftV(x) = 0}. The
compactness and invariance of (2 are essential hypotheses and are supplied in our setting by Theorems 4.1 and 4.2,
which is why the global stability results of Section 5 are stated on () and not on all of Ri.

3. Fractional Model Formulation

The population N =S+ E+ 1+ A+ @ + R is split into susceptible S, exposed F, symptomatic infectious I,
asymptomatic (carrier) infectious A, quarantined () and recovered R. Recruitment is A and the standard-incidence

force of infection is
s = 200+ 74(0)
N(t) ’
with transmission rate § and asymptomatic infectiousness 7 € (0, 1]. Exposed individuals progress at rate o; a
fraction p become symptomatic and 1 — p asymptomatic carriers. Symptomatic and asymptomatic individuals are

quarantined at rates gy, ga, recover at rates ys,va (and vg), and die from disease at rates dr,dq; p is natural
mortality. The Caputo model of order o € (0, 1] is

2

“DgS = A —\S — S, (3a)
“D§E = \S — (0 + p)E + (t), (3b)
D& = opE — (v + 61 +qr + p)l, (3c)
“DgyA=0(1=p)E = (va+qa + p)A, (3d)
D@ = arl + qaA — (g + dg + 1)@, (3e)
DR =il +vaA+7qQ — R, (3

with non-negative initial data. The ABC model replaces CDocft by 48 CDocf

. We abbreviate the exit rates
ki=o0+4p kr=v+0+aq+m ka=ya+aqa+p ko =g+t )
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The term «(¢) > 0 is a bounded, time-varying importation rate: it injects externally acquired (cross-border)
exposed carriers into the local population and is the mechanism by which the 2024 southern outbreak was seeded
(Section 7). We use the Gaussian pulse ¢(t) = o exp(—(t — to)?/ 2<2) centred on the surge; the amplitude and
width are written ¢y and ¢ to avoid collision with the compartment A and the control weights w; of Section 9.
The qualitative analysis of Sections 4—6 concerns the autonomous core ¢ = 0: the equilibria, R and the stability
results are those of the unforced system, and R is the threshold of endogenous (local) transmission. Since ¢ is a
bounded non-negative forcing, positivity (Theorem 4.1) is preserved and boundedness holds with A replaced by
A + sup ¢(t); ¢ does not create a new equilibrium but drives a transient superimposed on the autonomous dynamics.

t

Remark 3.1 (Dimensional consistency)
The operator carries dimension [time]~“; each rate is understood as ¢ with units [time] ™, the symbol 6 retained
for readability. At o = 1 the classical integer-order S EI AQ R model is recovered.

pt01

I
N

el

Futéq

YA

o

—p)

Figure 1. Transfer diagram of the fractional SEIAQ R diphtheria model (3). The A class represents asymptomatic toxigenic
carriers and @ the isolation of cases and contacts.

Summing (3a)—(3f),
DN = A — uN — 6,1 —6Q < A — uN. (5)

4. Qualitative Analysis

4.1. Positivity and boundedness

Theorem 4.1 (Positive invariance)
]Ri is positively invariant for (3), under Assumption 2.1: if all six initial values are non-negative, then all six
components of the solution remain non-negative for as long as the solution exists.

Proof

Biologically the statement is the requirement that no compartment can be driven to a negative size; mathematically
it says that the vector field never points out of the orthant. We argue by contradiction on the first instant at which a
component would leave it.
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8 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

Suppose the conclusion fails and set ¢; :=inf{¢ > 0: minz;(t) <0}, where = = (S,E,I,A,Q,R). By
J

continuity of the solution, ¢; > 0 is well defined, all components are non-negative on [0,¢1], and at least one
component vanishes at ¢;.

We first examine the vector field on each coordinate face. Evaluating each equation of (3) where its own state
variable vanishes, and using that all other components are non-negative on [0, t1] together with the positivity of the
parameters, gives

“D§S|g_y =N >0, “D§E|,_, = AS+u(t) >0, “Dgyl|,_, = opE >0,

“Dg4 Al ,_,=0o(1—p)E>0, CD(fth|Q:O =@l +qaA >0, °D§R|._ =yl +71A+7Q > 0.

Every inflow term is a non-negative combination of the remaining coordinates, and every outflow term is
proportional to the vanishing coordinate itself and therefore disappears on the face. Thus the field is inward-
pointing, or at worst tangential, on each face.

This sign information alone does not yet exclude a crossing, because it holds only at the instant of contact.
To convert it into a pointwise bound we observe that on [0,¢;] every equation of (3) has the form CD(i‘t:zzj =
(non-negative inflow) — c;x;, where c; > 0 collects the exit rates of compartment j (cs = A + p, bounded on
[0,t1]; cg = k15 c1 = ki3 ca = ka; co = kg; cr = p). Discarding the non-negative inflow gives the differential
inequality CD(ftxj > —c;xj on [0,;], and the reversed form of Lemma 2.10 with a = 0, b = ¢; yields

I‘j(t) Z I’](O) Ea(fcjta) Z O7 t e [O,tl],

the last inequality because E,(—z) > 0 for z > 0 and « € (0, 1] by complete monotonicity. Hence no component
can become negative at ¢, and moreover any component with z;(0) > 0 remains strictly positive. This contradicts
the definition of ¢; unless t; = oo, which is the assertion. O

Positivity alone leaves open whether the population can grow without bound or, at the opposite extreme, collapse
to zero and make the standard incidence (I + nA)S/N singular. The next result excludes both, and it produces
the compact region on which every subsequent argument — the Lipschitz estimate, the fixed-point theorems, the
LaSalle principle and the compactness argument of Theorem 9.2 — is carried out.

Theorem 4.2 (Ultimate boundedness and the invariant region)
Letcs :== p+ 67 + ¢ and

A
Npin 1= min{N(O), —} >0, Npax :=
Cs

A + lmax
0 .

Then the region ) := {a; S Ri : Npin < N < Nmax} is compact, positively invariant and globally attracting for
(3). In particular the total population is bounded away from zero uniformly in time.

Proof

Summing the six equations of (3) and using the linearity of the operator (Lemma 2.7), the internal transfer terms
cancel in pairs — each individual leaving one compartment enters another — and only recruitment, importation,
natural mortality and disease-induced mortality survive, which is (5): CD&N =A+u(t) — pN — 11 — 0oQ. This
single scalar equation gives both bounds.

For the upper bound, we discard the two disease-death terms, which are non-negative on R by Theorem 4.1,
and bound the importation by its supremum: CDo‘ftN < (A + tmax) — #N. Lemma 2.10 with a = A + ¢ and
b=p gives N(t) < N(0)Eqo(—ut™) + Npax(1 — Eo(—pt™)), a convex combination of N(0) and Ny,x; hence
N(t) < max{N(0), Nmax} for all ¢t and limsup N (¢) < Nyax.

t—o0
For the lower bound — the point at which the standard incidence needs protection — we discard instead the non-
negative importation and bound the disease-death terms by 671 + 5@ < (67 + d¢) N, which is legitimate because
I,QQ < Non Ri. This gives CDO(ftN > A — ¢s N, and the reversed form of Lemma 2.10 witha = A > Oand b = ¢;
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gives

A A
N(t) = N(0)Ea(—est®) + = (1= Ea(—cst”)) > min{N(O), ;} = Nunin > 0,

5 s
again because the right-hand side is a convex combination of N (0) and A/cs. It is the strict positivity of recruitment
that makes this bound uniform in ¢; the weaker estimate N(t) > N(0)E,(—cst®) decays to zero and would not

suffice.

Combining the two bounds with Theorem 4.1, € is closed and bounded in R®, hence compact, and no trajectory
starting in €2 can leave it; trajectories starting outside enter it asymptotically. O

4.2. Existence and uniqueness

Write (3) as CDO‘ftsc = F(x). Well-posedness is established by writing the model as a fixed-point problem for the
Volterra operator of Lemma 2.8 and showing that this operator contracts. The only obstacle is the incidence term,
which is the sole nonlinearity; the following lemma shows that it is Lipschitz on € precisely because Theorem 4.2
keeps N away from zero.

Lemma 4.3 (Lipschitz continuity of the vector field)
F is Lipschitz on Q: | F(z) — F(y)|| < L ||z — y||, with finite L depending only on the parameters and on Ny,
forall z,y € Q.

Proof
All terms of F except the incidence are linear in the state with constant coefficients and are therefore Lipschitz
with constant equal to the largest coefficient. It remains to treat ®(x) := (I +nA)S/N.

The quantity to control is a product of two factors, (I +nA) and S/N, each bounded on 2: the first by
max{1,n} Nmax and the second by 1. Applying the elementary identity |ab — a'V’| < |a||b — V| + |V||a — &| with
a=I+nAandb=S/N,

s 9 S’
(@) B(y)] < BT+ Al| 5 = 5|+ By | (1= 1) +n(A = 4.

The second term is bounded by S max{1,n} ||& — y|| at once, since S’/N’ < 1. For the first,

s 9

N N’

_ )N’(S — 8~ S§'(N - N

o A7/
It LI5=S81_IN N|§1+\/6

- N N Nuin

e —yll,

where we used S’ < N’ and, in the last step, that N — N’ is the sum of the six coordinate differences. This is
where the lower bound N > Np,;, > 0 of Theorem 4.2 is indispensable: without it the quotient is unbounded and
the incidence is not Lipschitz. Collecting the two estimates and taking L to be the maximum absolute row sum
of the Jacobian of F over the compact set () — a finite quantity, since the Jacobian is continuous on 2 and {2 is
compact — proves the claim. O

Theorem 4.4 (Existence/uniqueness — Caputo)
For x( € Q there is a unique continuous solution in {2 for all ¢ > 0.

Proof
By Lemma 2.8 the initial-value problem is equivalent to the fixed-point equation = 7 x on the complete metric
space C([0, T']; Q) with the supremum norm, where 7 z(t) := xo + Iy, F (x)(t). That 7 maps this space into itself
follows from Theorems 4.1 and 4.2, which state that €2 is invariant.

The contraction estimate is a direct computation from the definition of the Riemann-Liouville integral and the
Lipschitz bound of Lemma 4.3: for ¢ € [0, 7],

1 K a—1 L ||SE - y“oo K a—1
ITalt) = To)] < 55 / (t =7 | F () = Fly(r)dr < e / (t — 1) ar,
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[e3

< L
oo = m [z =yl
Choosing 7' = T; so small that L77*/T'(a+ 1) < 1 makes 7 a contraction, and Banach’s fixed-point theorem
supplies a unique solution on [0, T;]. Because L depends only on the parameters and on €, and because the solution
at time 7} again lies in €2, the same argument applies on [T7, 277 ] with the same step length, and induction extends
the solution to [0, 0o) in steps of fixed size. The a priori bound of Theorem 4.2 excludes blow-up, so the continuation
is global. O

and evaluating the last integral as ¢*/a and using oI'(a) = I'(ae + 1) gives || Tx — Tyl

Theorem 4.5 (Existence/uniqueness — ABC)
Let L be the Lipschitz constant of Lemma 4.3. If

-« ol
<B(04) * B(a)I'(a + 1)) L<1, (6)

the ABC model has a unique continuous solution on [0, 7"] with values in §2.

Proof

The argument is that of Theorem 4.4 applied to the Volterra formulation (1), but the operator now has
two parts. Writing Tapc for the right-hand side of (1) and estimating the two parts separately, the non-
integral term contributes a factor (1 — a))L/B(a) and the integral term contributes, exactly as above, a factor
aLT/(B(a)T'(a + 1)); hence

11—« o™
I Tac® — Tapcy|l o, < < +

L _
B D) Ll vl
and (6) makes 74 p¢c a contraction. ]

Remark 4.6 (On the ABC condition)

The two conditions are not of the same nature, and the difference deserves to be stated plainly. In the Caputo
case the contraction factor LT%/I'(av+ 1) can always be made smaller than one by shrinking 7', so well-
posedness is unconditional and global. In the ABC case the first term of (6) does not vanish with 7": the condition
(1 — @)L/B(«) < 1 must hold on its own, and it is a genuine restriction relating the memory order to the Lipschitz
constant of the vector field. It is satisfied in all our simulations, where o > 0.80 makes (1 — «)/B(«a) < 0.2, but it
is a structural feature of the Atangana—Baleanu fixed-point argument rather than an artefact of our estimates, and it
becomes binding as @ — 0. This is one respect in which the two operators are not interchangeable, and we record
it rather than claim a uniform theory.

5. Equilibria, R, and Stability

5.1. Egquilibria and R,

The disease-free equilibrium is Ey = (A/p,0,0,0,0,0), Ng = A/u. On the infected subsystem (E, I, A, Q) the
new-infection and transition Jacobians at Ey (using So/Ny = 1) are

0 B8 Bn O k1 0 0 0
o0 0 o0 B —op k0 0
F= 0o 0 0 O V= —o(l—p) 0 ka 0] )
00 0 O 0 —q1 —qa kg
Theorem 5.1 (Basic reproduction number)
By the next-generation method [28, 29],
Bo P nl —p)

Ro=p(FV™1) = ®)

c+pvtortatp yatqatp
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Proof
Solving Ve = e; gives cg = 1/k1, ¢; = op/(k1kr), ca = o(1 —p)/(kika). As F has a single non-zero row
(07 Bv Bna O)’ P(Fvil) = Bcl + 5770A, ie. (8). O

Remark 5.2 (Order-independence)
Ey and Ry do not depend on «; the memory order reshapes the transient (peak height/timing, tail), not the Ry = 1
threshold, consistent with [13, 14].

Theorem 5.3 (Endemic equilibrium)
A unique endemic E* € int(Q) exists iff Rg > 1.

Proof
With A" = B(I° +nA") /N,
= A *_NS* gk _ opE* gx _ o(1-p)E" gx _ qil*+qaA”
S =3 B =g I = R AT = SR, @ = e ©)

Then I* + nA* = ®E* with ® = k1 Ro/8, so A* = A*RyS*/N*, forcing S*/N* = 1/Ry. The map h(\*) =
S*/N* is strictly decreasing from 1; h(A*) = 1/R, has a unique positive root iff Ry > 1. O

5.2. Local stability

Local stability is decided by the linearisation at the equilibrium, but the fractional setting changes the criterion:
what matters is not the sign of the real part of the eigenvalues but the size of their arguments (Lemma 2.13). Since
the fractional stability sector {|arg A\| > an/2} contains the open left half-plane for every « € (0, 1] and grows as
« decreases, stability inherited from the integer-order model is automatic, while instability requires an argument.

Theorem 5.4 (DFE, local)
Ej is locally asymptotically stable for all « € (0,1] if R < 1, and unstable for all « € (0,1] if Ry > 1.

Proof

The Jacobian at Ej is block triangular, because at the disease-free state the uninfected variables .S and R do not feed
back into the infected subsystem. The uninfected block contributes the double eigenvalue —u, whose argument is
|arg(—p)| = 7 > an/2 for every a € (0, 1]; this block therefore never obstructs stability, and the question reduces
to the infected block, which is exactly the next-generation matrix difference F' — V' of (7).

Stability when Ry < 1. By the theorem of van den Driessche and Watmough [28], the spectral abscissa of ' — V/
is negative precisely when p(FV ') = Ry < 1; so all eigenvalues of the infected block have negative real part and
hence argument exceeding /2 > an/2. Matignon’s criterion applies to every eigenvalue of the full Jacobian, and
Ey is locally asymptotically stable. This conclusion holds uniformly in the memory order: reducing « enlarges the
stability sector and can only help.

Instability when Ry > 1. Here the fractional criterion is genuinely more demanding than the integer-order one,
and merely exhibiting an eigenvalue with positive real part is not sufficient: instability requires an eigenvalue
with | arg \| < an/2, a sector that shrinks to the positive real axis as « — 0. The matrix F' — V is essentially non-
negative — all its off-diagonal entries are transmission or progression rates, hence non-negative — so it is a Metzler
matrix, and by the Perron—Frobenius theory for such matrices its spectral abscissa s(F — V) is itself an eigenvalue
and is real. When Ry > 1 the same theorem of [28] gives s(F'— V) > 0, so F — V possesses a real positive
eigenvalue, whose argument is 0 < aw /2 for every a € (0, 1]. Matignon’s criterion therefore declares E unstable
at every order, and the threshold Ry = 1 is genuinely order-independent, in agreement with Remark 5.2. O

Corollary 5.5 (Routh—Hurwitz)

Reducing on (E,I,A) (the Q-eigenvalue —kg decouples), P(A) = \° + a1 A? + a\ +az with a; = k; +
kr+ka >0, as =kikr + kika + krka — Bop — Bon(1 — p), a3 = kikrka(1 — Ro). The three Routh-Hurwitz
conditions a; > 0, ag > 0, ajas > as hold if and only if Ry < 1.
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12 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

Proof

The expression for ag follows from expanding P(A) = (A + k1)(A + kr)(A + ka) — Bop(A+ ka) — Bon(l —
p)(A+ k1) at A = 0 and substituting k1 kkaRo = Bo (pkA +n(l - p)kj); positivity of a; is immediate from the
positivity of the exit rates.

The equivalence is then obtained without further computation. The condition as > 0 is by inspection equivalent
to Rg < 1. If Ry < 1, the proof of Theorem 5.4 shows that all three roots of P have negative real part; since the
Routh—Hurwitz conditions are necessary and sufficient for a real cubic to be Hurwitz, the remaining inequality
ajas > ag holds automatically — it need not be, and cannot usefully be, verified by hand. Conversely, if the three
conditions hold then P is Hurwitz, so as = P(0) > 0 and Ry < 1. For o < 1 the conditions remain sufficient for
fractional stability by Lemma 2.13, though no longer necessary. O

Theorem 5.6 (EE, local)

If Ry > 1 and all eigenvalues A1, ..., \¢ of J(E*) satisfy |arg();)| > am/2, then E* is locally asymptotically
stable; in particular integer-order stability implies fractional stability for all o € (0,1] (since an/2 < 7/2).
Here E* is the unique endemic equilibrium of Theorem 5.3 in int 2, and the second assertion is the inclusion
{Re A < 0} C {|arg \| > am/2}, so that a Hurwitz J(E™) certifies stability at every memory order.

Proof

Setting & =  — E™ and expanding the vector field to first order gives CD&{ = J(E*)& + o(||€]|); the linearisation
is legitimate because F is continuously differentiable on a neighbourhood of £E* in int €2, where N > Ny, > 0 by
Theorem 4.2. Lemma 2.13 applied to the linear part gives asymptotic stability of the origin for £ under the stated
argument condition, and the fractional linearisation theorem transfers this to local asymptotic stability of E* for
the nonlinear system. The final claim is the inclusion of the left half-plane in the sector {|arg A| > aw/2}, valid
for all & € (0, 1].

Remark 5.7 (Numerical verification at the calibrated baseline)
The hypothesis of Theorem 5.6 is a condition on the spectrum of a 6 x 6 matrix and is checked numerically.
At the illustrative baseline of Table 5, for which Ry = 1.5594 > 1, solving (9) gives \* = 7.43 x 10~ and
E* = (1.9140 x 10%, 23.64, 16.24, 6.07, 7.61, 1.0653 x 10%) with N* = 2.9847 x 10%. The eigenvalues of .J(E*)
are

—12.2895, —6.8516, —5.0631, —0.0131, —0.0093 £ 0.14981,

so that maXRe)\ = —0.0093 < 0 and m1n|arg)\ | =1.6331 = 0.5198 7. Since an/2 < 7/2 = 1.5708 < 1.6331,

the Matlgnon condition is satisfied w1th a margin for every « € (0,1]: the endemic equilibrium is locally
asymptotically stable at every memory order at this baseline. The two slow complex eigenvalues, whose modulus
is small relative to the epidemiological rates, are the demographic pair and explain the long, weakly oscillatory
approach to the endemic level visible in Figure 5.

5.3. Global stability

Theorem 5.8 (DFE, global)
If Ry <1, Ey is globally asymptotically stable in €2.

Proo

Takefweights wg =1, wy = B/k;, wa=p0n/ka and L =wgE +w;l +wasA>0. Using S/N <1 and
linearity, CDOCftE < (wrop+wao(l —p) —k1)E =k (Ro— 1)E < 0. By Lemma 2.14, trajectories converge to
{CDocftﬁ = 0}; for Rg < 1 this forces E=0,then I =A=Q =R =0, S=A/pu, i.e. {Ey}. The case Ry =1
follows from CDOOth =A—uN. O

Theorem 5.9 (EE, global, conditional)

Let Ry > 1. Under the Goh-Volterra sign condition (1— 1) (1 — 2%/ /’\;f ~) <0 on int(Q), E* is globally

asymptotically stable in int(£2). The result is therefore conditional: it asserts global asymptotic stability on the set
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where the sign condition is satisfied, and it is not claimed unconditionally for standard incidence. The unconditional
statement at Ry > 1 is the local one, Theorem 5.6, which requires no sign condition.

Proof

X
Use W = Z cx (X —X*"—X"In X*> > 0, vanishing only at £*. By Lemma 2.12,
X€e{S,E,I,A}

X*
“DEW < Zcx <1 — X) D3 X.

Substituting the field, using the equilibrium identities and the weights cs = cg = 1, ¢; = 85" /(N"kr), ca =
BnS* /(N*k,), the linear terms cancel and

CDOtW< IU(S S*) +/\*S*Zguk +A*S*( %)(I_ASE‘(/A;,?*)7
k

with g(u) =1 —u+Inu <0 and H uy, = 1. The first term is < 0 and the last is < 0 under the stated condition;
k
hence CDOCftW < 0 and, by Lemma 2.14, E* is globally asymptotically stable. O

Remark 5.10 (Status of the sign condition, and its numerical verification)

The sign condition is automatic for mass-action incidence. For standard incidence it is usually justified by the
regime 67,90 < p, and we record honestly that this justification is not available at our own baseline: with
w=1/76.4 and §; = 0.10, dg = 0.05 one has d;/u ~ 7.6 and dg/p ~ 3.8, so the disease-induced mortalities
dominate rather than are dominated by the natural one. Appealing to that regime would therefore be incorrect
here, and we verify the condition directly instead.

Evaluating the product (1 — 5*/S) (1 — (AS/A*S*)/(E/E*)) along the trajectory generated from the baseline
of Table 5 (Rg = 1.5594 > 1, a = 0.90, horizon T’ = 8 years, 1988 sample points after the initial seeding transient),
the condition is satisfied at 98.0% of the sampled times. The residual violations are confined to a short window
early in the epidemic growth phase, where F is still far from E* and the product attains a maximum of 1.4 x 10™};
once the trajectory has entered the neighbourhood of the endemic equilibrium (¢ > 4 years) the maximum violation
falls to 6.3 x 10°, i.e. to numerical noise. The Lyapunov functional of Theorem 5.9 is therefore non-increasing
along the calibrated trajectory outside a transient of measure 2%, and the endemic equilibrium is approached
monotonically thereafter. We regard this as numerical evidence for, not a proof of, global asymptotic stability, and
we retain Theorem 5.6 as the operative unconditional statement.

6. Sensitivity Analysis

ORy 6 1-—
The normalized forward sensitivity index [30] is TZ;O = 0 . Writing B = u so Rg 50

89 Ro k[ kA kl
Proposition 6.1

2 . 2
TRO =1, TRO _ ﬁ ’r;zo _ W(l—P)/kA, TRO _ P(l/klgn/kA)’ ’rfo _ _M[# + P/k1+71(1_P)/kA], ’rﬁo —
Z; p/B]’w TRO _ 21; p/kr TRO _ Z; p/k1 TRo _ _;C% 77(1—11;)/’%’ TZIZAO _ Z,: n(1 g)/’m

Proof
TFO =1 by linearity; YX° from 9,[0/(0 + )] = p/(o + p)?; the rest from 9, B, 0,B, dokr, Ooka and the
quotient rule. Each was checked against central finite differences. O

The signs are epidemiologically coherent: 3, p and 7 raise Ry; all removal channels lower it. The dominant
levers are the contact rate (T;20 = +1) and the symptomatic recovery/treatment rate (TZ}IO ~ —0.55), followed by

case isolation (TZ;U ~ —0.28), mirroring the diphtheria sensitivity structure reported by Tafrikan et al. [14].
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Table 1. Normalized sensitivity indices of R at the illustrative diphtheria-informed baseline of Table 5 (Rg = 1.56). Cls are
2.5-97.5 percentiles under Latin-hypercube sampling within +£10% of baseline (N = 2 x 10%).

Parameter TZ;O 95% CI Effect on Ry

B +1.0000 [+1.000,+1.000] increases (strongest +)
P +0.4754  [+0.393,+0.552] increases

n +0.1574  [+0.111,40.212] increases

o +0.0022  [+0.002,+0.003] increases (negligible)
L —0.0043 [—0.005,—0.004] decreases (negligible)
Or —0.0138 [-0.016,—0.012] decreases

qa —0.0224 [-0.032,—0.015] decreases

va —0.1347 [—0.181,—0.095] decreases

qr —0.2757 [-0.312,—-0.242] decreases

VI —0.5513 [-0.594, —0.506] decreases (strongest —)

Sensitivity of R (diphtheria baseline)

1 —_— e
o - +0.475

n- +0.157

o

e

61

ga

Ya

qi

Yi

-0.75 —Ol.50 —Ol.25 O.E)O 0.l25 0.l50 0.l75 1.l00

Normalized sensitivity index Y3°

Figure 2. Tornado plot of the normalized sensitivity indices of Rq at the diphtheria baseline. Positive (blue) bars increase
Ro; negative (red) bars decrease it. The contact rate 8 and the symptomatic recovery rate «; dominate.

7. Nonlinear Least-Squares Parameter Estimation

7.1. Formulation and data
Let © collect the unknown parameters and {(¢;,v;)};—, the observed case counts. With §; = 4(¢;; ) the model
t;
incidence (g; = / op E dt), calibration is
t

=1

®* =argmin J(©), J(®) = (yi — i)’ (10)
BcA :

over the admissible box .4, solved by the Levenberg—Marquardt update
Ot =W — (I Ik + (:Dy) 1 Jgr,

with residual » = (y; — §;);, Jacobian J; and damping (. Fit quality is RMSE = /J/n;
the covariance Cov = s*(J7J)~!, s = J*/(n — dim @), gives standard errors.
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The data are the Algeria diphtheria series of the INSP monthly epidemiological bulletin (Relevé Epidémiologique
Mensuel) [20], which counts all notified mandatorily-declared cases. We emphasise a source caveat: these national
“all notified” totals (16, 251, 1124 for 2022-2024) substantially exceed the WHO confirmed-only figures (4, 174,
125) [21], because the two use different case definitions; we adopt the national series as the more complete and
higher-resolution record. The 2024 monthly breakdown (Table 2), digitised from the bulletin’s monthly figure
consistent with its published anchors (January—August mean = 40, October peak 284, December 145, annual total
1124), gives a twelve-point outbreak curve: a low late-winter/summer baseline followed by a sharp September—
October surge and decline.

Three aspects of this data choice require justification.

(i) Why the “all notified” series rather than the WHO confirmed-only figures. The discrepancy between the two
series is not noise but a difference of case definition, and for the transmission process it is the broader definition
that is the relevant observable. Diphtheria is managed clinically: in the southern border wilayas a case is notified,
isolated and treated with antitoxin on the strength of the pharyngeal presentation and an epidemiological link,
because delaying intervention until toxigenicity has been confirmed by culture or PCR is not clinically acceptable.
Laboratory confirmation is centralised, so specimens travel long distances and results return after the public-
health decision has been taken, if at all; a substantial fraction of genuinely infectious cases therefore never enters
the confirmed-only count. Fitting a transmission model to the confirmed series would consequently attribute the
observed epidemic to a much smaller infectious pool and would underestimate the velocity of transmission. The
direction of the bias in the opposite series is also worth stating plainly: the “all notified” count includes clinically
compatible cases that were not toxigenic, so it over-counts, and our estimate of R is in that sense conservative
with respect to the central claim of this section — if the true infectious series is smaller than the notified one,
the endogenous R can only be smaller than the 0.93 we report, and the conclusion that local transmission is
sub-critical is reinforced rather than weakened.

(ii) Digitisation of the monthly series. Table 2 was obtained from the bar chart of the INSP monthly bulletin
by raster extraction with WEBPLOTDIGITIZER, calibrating on the plotted axis grid and cross-checking every
recovered value against the anchors published in the text of the same bulletin (January—August mean, October
peak, December value, annual total). We state the resulting accuracy anchor by anchor rather than as a single
figure, because the tall surge bars and the low baseline bars are not read from the chart with the same precision.
The annual total of the digitised series reproduces the published 1124 exactly, so no systematic offset is present;
the October peak (284) and the December value (145) reproduce their published counterparts to within +£2%; and
the eight low-baseline months agree with the published January—August mean to within three cases per month, the
digitised mean being 42.5 against a published ~ 40. The dominant residual uncertainty is therefore confined to the
low-baseline months, where a single-case error is a larger relative error, and it remains an order of magnitude below
the notification noise inherent in the surveillance process itself. It does not affect any conclusion drawn from the
fit, since the September—October surge — the part of the series that carries the importation signal — is read with
the highest absolute precision.

(iii) The effective at-risk population. Two distinct values appear in this paper and we distinguish them explicitly
here, since the submitted version did not. The illustrative baseline of Table 5, used for the sensitivity indices
and the memory-effect simulations, takes Neg = 3.0 X 10%; the calibration of this section takes Nog = 3.0 x 10°,
the order of magnitude of the combined resident population of the affected communes and their catchment.
Setting either value rather than the national population of approximately 4.5 x 107 is a modelling decision, not
an approximation. The 2024 wave was not a national epidemic: it was concentrated in Bordj Badji Mokhtar,
In Guezzam and Tamanrasset, communities separated from the rest of the country by hundreds of kilometres of
desert and connected instead to the trans-Saharan corridor. A standard-incidence model divides by N, so using the
national denominator would dilute the force of infection by three orders of magnitude and force the estimator to
compensate with a physically meaningless transmission rate, while destroying any correspondence between 3 and
a per-contact hazard. Both values are fixed rather than fitted, precisely so that the scale choice is transparent and
cannot absorb misfit elsewhere in the model.
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Table 2. Monthly notified diphtheria cases, Algeria 2024 (INSP-REM [20]; digitised from the bulletin’s monthly figure).

Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Cases 28 42 66 58 38 34 33 41 170 284 185 145

7.2. Calibration protocol and the role of importation

An autonomous single-wave model cannot reproduce the flat January—August baseline followed by the sharp
September—October surge, because the surge is exogenous: the INSP bulletin attributes it to cross-border
importation into Tamanrasset and In Guezzam. We therefore calibrate the importation-augmented model (3), fixing
the clinical and demographic parameters at diphtheria-informed effective monthly values, fixing the pulse centre
and width (to, w) at the observed surge timing, and estimating the transmission rate 3, the importation amplitude ¢
and the initial seed E by (10); the effective at-risk population is set, not fitted, at Nog = 3.0 x 10° (Section 7(iii)),
with the pulse fixed at tp = 8.2 months and ¢ = 1.4 months. For each fixed o € {0.80,...,1.00} we re-estimate
and compare against the autonomous fit of Table 3.

Table 3. Calibration of the importation-augmented model against the 2024 monthly Algeria series. The importation term
reduces the RMSE by about 30% relative to the autonomous fit (which gives RMSE =2 53.5 for all «). The estimated
endogenous R =~ 0.93 < 1: local transmission is sub-critical and the outbreak is importation-sustained.

a 6 io Fy Ro RMSE (cases/month)

0.80 3.73 514 221 0.962 38.08
0.85 3.68 529 245 0.949 37.53
0.90 3.63 54.1 26.8 0.938 37.03
0.95 3.59 552 29.1 0.928 36.60
097 3.58 55.5 30.0 0.924 36.46
1.00 3.56 56.0 31.3 0.919 36.28

Two findings follow. First, the exogenous importation term is the decisive modelling ingredient: it lowers the
RMSE from ~ 53.5 (autonomous, flat in «; Figure 4) to 36-38, because it supplies the surge that endogenous
dynamics cannot generate. Second, once importation carries the surge, the fitted endogenous reproduction number
is Ro =~ 0.93 < 1: local transmission is sub-critical, so the outbreak is sustained by continued importation rather
than by self-propagation — a public-health-relevant conclusion consistent with Algeria’s high DTP coverage, and
coherent with the theory, since Ry < 1 makes the disease-free state globally attracting (Theorem 5.8) and the
outbreak a decaying transient. The RMSE now varies by 5% across « and decreases weakly toward o = 1: the
fast October—December decline is best matched by short-memory (near-exponential) relaxation, consistent with
the short clinical course of diphtheria. We report this honestly rather than force a sub-unit optimum.

7.3. Sensitivity of the endogenous R to the importation pulse

The centre ¢y and the width ¢ of the pulse are fixed a priori from the observed surge timing rather than
estimated, so the estimate of the endogenous R inherits whatever error that choice carries. We therefore repeat the
calibration on a grid, re-estimating (3, ¢, Ey) independently at each node of ¢y, € {7.6,7.9,8.2,8.5, 8.8} months
and ¢ € {1.0,1.2,1.4,1.6, 1.8} months — a window of +0.6 months on the centre and a near-doubling of the width.
Table 4 reports the resulting 7/2\0 and RMSE at o = 0.90.

Three conclusions follow, and we state the third although it is not flattering to our own choice of (¢, <).

First, 7/27) is far more sensitive to the pulse centre than to its width: displacing ¢y by £0.6 months moves 7/27)
by about 17%, whereas nearly doubling ¢ at fixed ¢y moves it by under 1.5%. The mechanism is transparent:
the centre determines how much of the observed September—October rise is attributed to importation rather than
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Table 4. Sensitivity of the estimated endogenous R (upper block) and of the RMSE in cases per month (lower block) to the
centre tg and the width ¢ of the importation pulse, at & = 0.90. The reported configuration (g, s) = (8.2,1.4) is shown in
bold.

¢ (months)
to (months) 1.0 1.2 1.4 1.6 1.8

Estimated endogenous R

7.6 1.006 1.001 0.997 0.996 0.996
7.9 0.979 0973 0.970 0.968 0.969
8.2 0.948 0.941 0.938 0.936 0.938
8.5 0.911 0.903 0.899 0.899 0.902
8.8 0.860 0.850 0.846 0.849 0.857
RMSE (cases/month)

7.6 42.05 42.75 4377 4493 46.08
7.9 37.15 38.69 40.45 42.23 43.88
8.2 31.80 34.42 37.03 39.45 41.61
8.5 27.44 30.98 34.24 37.12 39.63
8.8 26.47 29.80 32.99 35.88 38.42

to local transmission, while the width mainly redistributes the same imported burden in time, the amplitude ¢
compensating.

Second, the qualitative conclusion of this paper is robust on the grid. The estimate exceeds unity at only two of the
twenty-five nodes, (7.6,1.0) and (7.6, 1.2), and then only marginally, at 1.006 and 1.001; both are among the worst
fits in the table, with an RMSE about five cases per month above the reported configuration. Restricting attention
to the ten nodes that fit at least as well as the reported configuration (RMSE < 37.03) gives 7/2\0 € [0.846,0.948],
uniformly and comfortably sub-critical. The sub-criticality of local transmission is therefore not an artefact of the
pulse placement.

Third, the reported configuration is not the RMSE-optimal one: a later and narrower pulse, (¢,s) = (8.8,1.0),
fits appreciably better, with RMSE 26.47 against 37.03. We retain (8.2, 1.4) because it was fixed a priori from the
epidemiological account of the surge in the INSP bulletin rather than tuned to the residual, and because tuning it
would convert a fixed covariate into a fitted one and inflate the effective number of parameters against twelve data
points. We observe, however, that every better-fitting configuration yields a lower 7/€\0 than the one we report: the
value 0.938 sits at the conservative end of the plausible range, and optimising the pulse would strengthen rather
than weaken the conclusion that the outbreak was importation-sustained.

8. Numerical Simulations and Comparative Discussion

8.1. Discretisation schemes

Caputo - fractional Adams-Bashforth-Moulton [31, 32, 33]. On ¢, = nh, for CDéftx = g(t,x),

Ty = 20+ 1ay gm0 binr19(ti 25); bjntr = B [(n+ 1= )* — (n = )], (an

Zn41 = 20 + iray {g(tmh 1) + o Gmt19(t, ffj)}a (12)
a1 =0 = (n—a)(n+ 1) gjpi = (0= + 2+ (n—5) M =20 —j+ 1) A< <n),
p41n+1 = 1.
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ABC - Toufik—Atangana [10]. For (1),

n

h%g(tj,z;) — h¥g(tj—1,25-1) —
Tot1 = 20 + By (e, Tn) + Bl Z[ rer S — et l)zin}a (13)
=0

where,

=1 . . .
Ein=0+1-j)"Mn—-j+2+a)=(n—j)%"n—7j+2+2a),

2, =m+1—) T = (=) (n—j+1+a)

The explicit weight (1 — «)/B(«) on the current flux is absent from the Caputo scheme.

8.2. Results and discussion

Figure 3 shows the importation-augmented model against the 2024 monthly Algeria series: with the fitted pulse
t(t) (dashed) carrying the autumn surge, the model now tracks both the baseline and the September—October peak,
and the RMSE falls by about 30%. Figure 4 contrasts the autonomous and importation-augmented RMSE across
«: importation, not the memory order, is the decisive ingredient.

Importation-augmented calibration, Algeria diphtheria 2024

=@— Model + importation, a=0.90 (Ro = 0.94) ~
I INSP reported cases /’ 50
250 {1 == importation «(t) /

Diphtheria cases / month
importation rate «(t)

\'b(\ QQ/O

NS N > X
R R
Month (2024)

Figure 3. Importation-augmented calibration versus INSP monthly diphtheria cases, Algeria 2024. Bars: reported cases; solid
line: model monthly incidence; dashed line (right axis): the fitted importation pulse ¢(¢) driving the September—October
surge.

While « is not identifiable from this fiz, it strongly governs the dynamics. Using the illustrative diphtheria-
informed baseline of Table 5 (chosen with Ry = 1.56 to exhibit a clear wave), Figure 5 shows the symptomatic
wave for six orders: as « decreases from 1 the peak is lower and earlier (from I, =~ 787 neart ~ 5.1 at o = 1 to
Imax &~ 670 near ¢t = 4.6 at o = 0.80), while the endemic tail is higher, since stronger memory sustains low-level
transmission longer. Figure 6 gives the infected-class portrait at o« = 0.90 and Figure 7 the corresponding ABC
portrait, while Figure 8 compares the two operators at fixed 3: the non-singular ABC kernel, carrying the explicit
term (1 — «)/B(«), retains less long-range memory than the Caputo kernel, the two coinciding at o = 1. This
statement was left qualitative in the submitted version; we now make it quantitative.

Three comparative points close the discussion. (i) Extinction threshold: by Remark 5.2 the Ry = 1 boundary is
a-independent; reducing 3 or raising -y, g; below threshold drives extinction for every order, but more slowly for
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Importation term lowers RMSE by ~ 30\%

50 1

40 A

!

30 1

20 A

RMSE (cases/month)

10 A
autonomous model

—&— with importation (t)

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000
Fractional order a

Figure 4. RMSE versus memory order (zero-based axis): the autonomous model (dashed, flat at ~ 53.5) versus the
importation-augmented model (solid, 36—-38). Importation is the decisive ingredient; the residual oo dependence is weak.

Table 5. Illustrative diphtheria-informed baseline (effective annual rates) used for the sensitivity indices (Table 1) and the
memory-effect simulations of Figures 5-8. The Section 7 calibration uses the analogous effective monthly rates. The lower

block lists the optimal-control parameters of Section 9; g2 and g3 are the maximal incremental isolation and treatment rates
max

of (15) and carry the dimension [month] ™%, while A1, A2, w; and u; - are dimensionless weights and bounds.

Symbol  Value Symbol Value
Neg 3.0x10%  ~; 4.0

I 1/76.4 YA 6.0

A /j,Neﬂr YQ 5.0

3 11.5 ar 2.0

n 0.5 qa 1.0

o 6.0 o1 0.10
D 0.7 e 0.05
Optimal-control parameters (Section 9), effective monthly rates
02 = 03 1.50 w1 40.0
A1 1.0 W9 = W3 56.25
Aqy 0.6 u* 0.80
0, 0 ug™ = uz™  1.00
T 12 months  E(0) 20

smaller « because F,,(—ct®) decays algebraically. (ii) Control implications: the sensitivity ranking (Table 1) with
Ro =~ 1.1 implies that a modest reduction in transmission — of order 10% — combined with sustained isolation
and vaccination suffices to push R below 1, consistent with the containment of the 2024 outbreak following the
southern vaccination campaigns. Figure 9 illustrates these scenarios: a 30% contact reduction or a doubling of
the isolation rate lowers and delays the wave, and their combination drives it below the endemic threshold. (iii)
Data regime: making importation explicit both improves the fit and yields the key epidemiological finding (local
Ro < 1); the residual weakness of the « estimate reflects the short clinical course of diphtheria rather than a model
artefact.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



20 FRACTIONAL SEIAQR DYNAMICS, SENSITIVITY AND LEAST-SQUARES ESTIMATION

Memory order a: peak height, timing, and tail (diphtheria baseline)

8001 — 4=080 — a=0.95
— a=0.85 - a=0.97
7001 — g=0.90 @=1.00
= 600 1
%]
>
2
+ 500
L
= 400 -
9
©
€ 300 1
]
a
€ 200
>
(2]
100 A
o4 —
0 1 2 3 4 5 6 7 8
Time t (years)
Figure 5. Symptomatic infectious I(t) for o € {0.80,...,1.00} at the illustrative baseline. Lower order lowers and advances

the peak and raises the tail.

Infected-class trajectories, a = 0.90 (Caputo)

16000
-—EE -—1 —A —Q —R
14000 A
12000 A
10000 A

8000 -

6000 -

4000 -

Population (infected classes)

2000 ~

0 1 2 3 4 5 6 7 8
Time t (years)

Figure 6. Infected-class trajectories (E, I, A, Q, R) at a = 0.90 (illustrative baseline).

8.3. Quantitative comparison of the two kernels

Visual inspection of two nearly superposed curves is not evidence, and a claim that one kernel “retains
less memory” should be measured rather than asserted. We therefore report, for each compartment X €
{S,E, I, A,Q, R}, the normalized L' relative discrepancy between the two operator trajectories generated from
identical parameters and identical initial data,

T
/ | X Gaputo (1) — Xanc(t)| dt
Ap(X) == x 100%. (14

T
/ XCaputo(t) dt
0
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ABC operator (Toufik--Atangana), infected classes, a = 0.90

— E | -_— A — Q — R
14000 A

12000 A

10000 A

8000 -

6000 -

4000

Population (infected classes)

2000 -

Time t (years)

Figure 7. Infected-class trajectories under the ABC operator, integrated with the Toufik—Atangana scheme (13), a = 0.90.
Compare with the Caputo portrait of Figure 6.

Caputo vs. Atangana--Baleanu--Caputo, a = 1.00, fitted 3 =11.46

800 A
= Caputo (power-law kernel)

7004 == ABC (Mittag-Leffler kernel)

600 -
500 -
400 -
300 -

200 A

Symptomatic infectious /(t)

100 ~

2022 2023 2024 2025 2026 2027 2028
Year

Figure 8. Caputo versus Atangana—Baleanu—Caputo at fixed (: the non-singular kernel relaxes marginally faster. At « = 1.00
the two operators coincide, as they must; the comparison at o < 1, where they do not, is quantified in Section 8.3.

The normalisation makes the measure dimensionless and comparable across compartments of very different size,
so that the small relative displacement of the large susceptible pool is not confounded with the large relative
displacement of the small infected classes.

Table 6 reports (14) at the illustrative baseline of Table 5 over the horizon T' = 8 years, from the common initial
datum S(0) = Neg — 5, E(0) =5, I(0) = A(0) = Q(0) = R(0) = 0 used throughout Figures 5-10, computed
with the Adams—Bashforth-Moulton scheme (11)—(12) for the Caputo model and the Toufik—Atangana scheme
(13) for the ABC model on a common grid; step halving from h = 4 x 1072 to h = 10~ changes every entry by
less than 0.02 percentage points.

Three readings follow. First, the row a = 1 vanishes identically to machine accuracy, which is the expected
consistency check: at unit order both kernels degenerate to the classical derivative, and its recovery by two
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Intervention scenarios (a = 0.90)

- Baseline (Ro =1.56)
Contact —30\%

= |solation x2

= Combined

700 ~

600 -

500 A

400 A

300 ~

200 A

Symptomatic infectious /(t)

100 A

0 1 2 3 4 5 6 7 8
Time t (years)

Figure 9. Symptomatic wave I(¢) under intervention scenarios (o = 0.90): baseline, a 30% contact reduction, a doubling of
case isolation ¢y, and the two combined.

Table 6. Normalized L! discrepancy (14) between the Caputo and ABC trajectories, in per cent, at the baseline of Table 5
over T' = 8 years. The last two columns give the symptomatic peak Imax under each operator.

oY Api(S) Ap(E) Ap(I) Api(A) AL(Q) Ap(R) IS [ABC

max max

0.80 7.38 45.17 44.10 44.24 43.03 25.67  670.2 581.1
0.90 3.96 26.69 26.09 26.18 25.49 13.36  726.4 668.9
0.95 2.01 14.07 13.80 13.85 13.52 6.72 756.3  723.5
1.00 0.00 0.00 0.00 0.00 0.00 0.00 787.4 T87.4

independent quadratures validates the implementation. Second, the discrepancy is not modest away from o = 1,
and it is monotone in the memory strength: at o = 0.95 the infected classes already differ by roughly 14% in the
L' sense, at o = 0.90 by roughly 26%, and at a = 0.80 by roughly 44%. The dual-operator presentation therefore
carries genuine information rather than duplicating a single computation, and the modest visual separation of
Figures 6-8 is an artefact of plotting curves of very different magnitude on a common axis. Third, the susceptible
and recovered classes move much less than the infected ones (4.0% and 13.4% against 25-27% at « = 0.90),
because they are integrals of the infected classes over the whole history and therefore average out the kernel-
dependent redistribution in time.

The mechanism behind the sign of the difference is the following. The non-singular Mittag—Leffler kernel is
bounded at 7 = ¢ and places an explicit weight (1 — «))/B(«) on the instantaneous flux, so that the ABC dynamics
behaves like an exponentially relaxing system at short lags; this weakens the reinforcement of the epidemic by its
own recent history, lowers the symptomatic peak by 7.9% at o = 0.90 (668.9 against 726.4) and brings the post-
peak decline forward. The discrepancy measured by (14) is therefore concentrated in the epidemic wave itself, in
its height and its timing, rather than in a persistent difference between the tails: by the end of the horizon the two
trajectories have very nearly converged, the symptomatic class standing at 109.2 under the Caputo operator against
110.9 under the ABC operator, both descending towards the same endemic level I* = 16.2 fixed by the order-
independent R of Remark 5.2. This is the expected structure: the two kernels differ most where the dynamics is
fastest and the memory weighting matters most, and agree once the trajectory relaxes towards an equilibrium that
neither kernel can move.
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Caputo vs. ABC at @ =0.90: A1(/) =26.1%

7004 — Caputo (power-law kernel)
ABC (Mittag--Leffler kernel)

600 -
500 A
400 A
300 A

200 A

Symptomatic infectious /(t)

100 4 =

0 1 2 3 4 5 6 7 8
Time t (years)

Figure 10. Symptomatic infectious I(¢) under the Caputo and ABC operators at o = 0.90 and identical parameters. The
shaded area is the numerator of (14): the ABC wave peaks lower and earlier and remains below the Caputo wave thereafter.

Remark 8.1 (Numerical caveat for the ABC scheme)

One implementation detail must be reported, because it is the numerical counterpart of the contraction condition
of Theorem 4.5. The Toufik—Atangana scheme (13) evaluates the non-singular local term at ¢,,, so its update
map has Jacobian ((1 — «)/B(«)) 0F/9 in that term alone. At the baseline of Table 5 the infected block of
OF /0x has an eigenvalue close to —13, so (1 — «)L/B(«) = 1.4 at a = 0.90: the same quantity that Theorem 4.5
requires to be below unity exceeds it, and the explicit update develops a period-two oscillation that no reduction
of the step size removes. We therefore solve the local term implicitly at each step, by a Newton iteration on
Zni1 — K, — (1 - a)/B(a))F(x,41) = 0 with K, the explicit product-quadrature part, which is the faithful
discretisation of the Atangana—Baleanu integral equation (1) and is unconditionally stable here. All ABC results
reported in this paper, including Table 6 and Figures 7 and 10, use this implicit variant. The episode is a concrete
illustration of Remark 4.6: the condition (1 — ) L/B(«) < 1 is not a technical artefact of the existence proof but
a genuine restriction that also governs the numerics.

9. Fractional Optimal Control

The sensitivity ranking of Section 6 identifies the contact rate 3, the symptomatic recovery rate +; and the
isolation rate ¢; as the highest-leverage parameters. We therefore introduce three time-dependent controls acting
on exactly these mechanisms: w4 (¢) (contact reduction), us(t) (active screening and enhanced case isolation) and
us(t) (enhanced clinical treatment).

The three controls are dimensionless effort levels, u;(t) € [0,1]. Contact reduction acts multiplicatively on the
transmission rate, 5 — (1 — u1(t)), and is therefore automatically dimensionally neutral. Isolation and treatment,
by contrast, act additively on rates that carry the fractional dimension [time]~® (Remark 3.1), so they must be
scaled by maximal incremental rates:

q — qr + o2ux(t), 1 — 1+ o3us(t),
(15)

[e3

02,03 >0, [02] = [03] = [time] 7,

where g is the largest additional isolation rate achievable by a full screening effort and p3 the largest additional
recovery rate achievable by full treatment coverage. With this scaling every term of the controlled system has the
dimension [persons] - [time]~* demanded by the left-hand fractional operator, and the three cost weights w1, we, w3
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of (19) become mutually comparable. Writing the controlled exit rate k} := -y + osus + 5 + qr + 02u2 + p, the
controlled Caputo system reads

I+nA
DES = A —B(1 —ui (1)) J;V” S — s,
I+nA
D, E = B(1 —ui(t)) N” S =k E+up(t),
DI =opE — ki I+(t), (16)

CDOCftA =0(1—p)E —kaA,
“D§Q = (a1 + 02ua(t)) I + g A — kQ,
“D¢R = (71 + 03us(t))I +vaA +70Q — pR,

with the same non-negative initial data as (3) and with k1, k4, kg as in (4). Three points deserve emphasis.

(i) The force of infection is the standard incidence of the uncontrolled model. The controlled incidence is
obtained from (2) by the single substitution 5 — (1 — u); no fractional weight is attached to it. A form such
as B(1 —u1)T(a) " (I +nA)*S would be dimensionally inadmissible, since (I +nA)* has units [persons]®, and
would also destroy the mass-balance structure on which Theorems 4.1-4.2 rest: the loss term of S and the gain
term of E must be the same expression, so that summing the six equations returns (5).

(ii) Placement of the importation term. Cross-border importation introduces individuals who have already
acquired infection abroad; it therefore enters the infected compartments directly and never the susceptible class.
We allow the imported burden to be split between latent and already-symptomatic arrivals,

te(t) = (1= 0.)u(t), tr(t) = 0.(t), 6. €[0,1),

(t —tg)?
262

a7
u(t) = 1o eXp(— >, [t] = [persons] - [time] ™%,
so that . + ¢; = ¢ and the total imported burden is conserved whatever the split. The baseline 6, = 0 recovers the
uncontrolled system (3), in which all importation is latent; this is the epidemiologically conservative choice for
diphtheria, whose incubation period is short relative to the monthly observation step, and it is the value used in the
Section 7 calibration. Because ¢ g and ¢; are non-negative, bounded and state-independent, they preserve positivity
(Theorem 4.1), enter the ultimate bound of Theorem 4.2 only through ¢y,.«, leave Ry and the equilibria of the
autonomous core untouched, and — a point used in Theorem 9.4 — contribute nothing to the adjoint system, since
Ote/0z; = 0.

(iii) Consistency of the exit rates. Under control, the removal rate of I increases by exactly the amount transferred
to @ and R: the term —(pous + p3u3)l removed from CDOCftI reappears as +gousl in CD&Q and +p3usl in
CDocftR. Summing (16) therefore returns CDé’th = A+ (t) — uN — 671 — doQ independently of u: the controls
redistribute individuals but neither create nor destroy them.

The admissible control set is the closed, bounded, convex set

U= {u = (ur, uz,uz) € (L2(0,7))% 1 0 < ui(t) < ul™* < lae. on[0,T], i = 1,2,3}. (18)
The restriction u]*** < 1 is not cosmetic: it guarantees (1 — uq) > 0, hence the non-negativity of the incidence

and the positive invariance of R} for every admissible control. We minimize the infected burden at quadratic
control cost,

T
J(u) = / L(@(t), w(t)dt, Le,u) = AT+ AsA + L (wre? + waed + wsedd), (19)

0
with Ay, A > 0 weighting symptomatic and asymptomatic prevalence and w; > 0 the intervention costs. Because
the three u; are dimensionless by (15), the w; share a common unit and the trade-offs between the three

interventions are meaningful.
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Existence of a minimiser is not automatic: the state system is nonlinear in x, the admissible set is infinite-
dimensional, and minimising sequences of controls converge only weakly. The classical device, due to Fleming
and Rishel, is to compensate the weak convergence of the controls by the strong (uniform) convergence of the
corresponding states, which in the fractional setting follows from an a-Holder estimate on the Riemann-Liouville
integral. We record the hypotheses first.

Assumption 9.1 (Hypotheses for the control problem)

Throughout this section: Assumption 2.1 holds; the horizon 7' < oo is fixed; the gains g2, 93 and the weights
Ay, As, w1, we, w3 are positive constants; and the initial datum «x( lies in the compact region €2 of Theorem 4.2,
which is positively invariant for (16) for every u € U, since the controls neither change the sign structure of the
field on the coordinate faces nor alter the balance equation.

Theorem 9.2 (Existence of an optimal control)
There exists u* € U with:
J(u*) = gggj(u)
Proof
We verify the four Fleming—Rishel conditions [34] in the fractional form of Kamocki [35], and then carry out
explicitly the compactness argument they support.

Step 1: the admissible pair set is non-empty. Fix u € U and write (16) as CDOCftw = F(t,x,u(t)). The map
x — F(t,x,u) is Lipschitz on  uniformly in ¢ and u: every term is linear except the incidence, and the incidence
was shown Lipschitz in Lemma 4.3, whose proof applies verbatim after replacing 8 by 8(1 — u1) < 3; the control-
dependent removal terms contribute at most g2 + 3 to the Lipschitz constant. The map ¢ — F (¢, x, u(t)) is
measurable and bounded, so F' is of Carathéodory type, and the equivalent Volterra formulation

x(t) =0+ ()" /0 (t —s)* 1 F(s,2(s),u(s))ds

has, by the Banach fixed-point argument of Theorem 4.4, a unique solution on [0, 7] remaining in 2. Hence the set
of admissible pairs is non-empty and J is finite on /.

Step 2: U is convex and weak-+ compact. Convexity is immediate: if w, v € ¢ and k € [0, 1] then xku; + (1 — K)v;
again takes values in the convex interval [0, u™**]. U is a bounded subset of (L°°(0,T))* closed under weak-x
convergence, because pointwise a.e. bounds are preserved in the limit; by Banach—Alaoglu it is weak-* sequentially
compact. Equivalently, { is convex, closed and bounded in (L?(0,T))?, hence weakly sequentially compact there
— the form used in Step 5.

Step 3: linear growth of the vector field. We exhibit the bound explicitly rather than assert it. On Q2 we have
0<S,E,I,A,Q,R<N < Npax and N > Ny,;, > 0. Since S/N < 1land u; <1,

I+nA

0<B(1—u) S < B(I +nA) < Bmax{1,n} |z,

so the incidence, the only nonlinear term, is dominated by a linear function of the state. Every remaining term of
F is either constant (A, ¢,) or a product of a state variable with a rate affine in . Collecting terms,

IF(t, 2wl < (A + tmax) + Cr (1 + [lull ) ll2ll;
Cp = Bmax{l,n} + 0 4+ qa +va + v + max{ki, kr + 02 + 03, ka, kg, 1},
which is the required linear bound; in particular || F'||; < Mp := (A + tmax) + 2CF Nmax uniformly on  x U. We
also record the structural fact, used in Step 5, that F is affine in u for fixed x: F (t,x,u) = Fy(t, ) + 23: u;Gi ()
with -

(I+nA)S

v (1,=1,0,0,0,0)", Ga = 021(0,0,-1,0,1,0)", G5 = 031(0,0,~1,0,0,1)",

Gi=8
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each Lipschitz and bounded on (2.

Step 4: convexity and coercivity of the running cost. The integrand L of (19) is, for fixed x, a quadratic form in u
with Hessian diag(wy, we, w3) positive definite; it is therefore strictly convex in w and continuous in (&, u). Since
A1l + AA >0on ]Ri,

L(z,u) > %miinwi lulls = e Jul|g - co, 1 = %miinwi >0,c=0 0=2>1,

the Fleming—Rishel coercivity condition with an explicit constant. L is bounded below by 0, so J* := igf J>0is

finite.
Step 5: passage to the limit. Let (u™) C U be a minimising sequence, J(u") — J*, with states " valued in €.
By Step 3, ||F(-,x",u")||; < M uniformly in n, so for 0 < ¢; < t, < T the Volterra representation gives

Jo (1) =20}l < g5 [ (0 =977 = o= as+ [t - ras

M 2M
T T(a i 1) (15— 15 +2(02 —11)*] < (o :1)
using t§ > t{. The family (") is thus uniformly bounded and uniformly «-Holder, hence equicontinuous; by
Arzela—Ascoli a subsequence (not relabelled) converges uniformly on [0, T to some * € C([0,T]; 2). By Step 2
a further subsequence satisfies u" — u* weakly in (L?(0, 7)) with u* € .
It remains to check that a* is the state generated by u*. Fix t € [0, 7] and set K;(s) = (t — s)*~! € L'(0,1).
The autonomous part passes to the limit by uniform convergence and the Lipschitz continuity of Fj on 2. For the
control-dependent part we split

(t2 - tl)a7

t t t
/ Ky (u}Gi(x"™) — ufGi(x*))ds = / Kyul (Gi(=") — Gi(a:*))ds—i—/ Ky (u —uj)Gi(x*)ds .
0 0 0
(a) (®)

Term (a) is bounded by u;"** || K¢|[,. Lip(G;) || — x*||,, — 0; term (b) tends to O because K,G;(z*) is
integrable and u — u] converges weakly to zero. Passing to the limit in the Volterra equation yields x*(¢) =

t
xo+(a)™? / (t —s)* ' F(s,x*, u*)ds for every t, so (x*,u*) is admissible.
0

T T T
1
Finally / (A" + A A™)dt — / (A1 1" + Az A™)dt by uniform convergence, while u — 3 / E wiu?dt
0 0 0 ;

is convex and strongly continuous on (L?(0,7))%, hence weakly lower semicontinuous. Therefore J(u*) <
liminf J(u™) = J* = iBf J, and since u* € U the inequality is an equality. O
Remark 9.3

Strict convexity of L in w gives uniqueness of the optimal control for 7" small enough, by the standard argument
that the state-to-control map is Lipschitz with constant O(T®); for the twelve-month horizon used in Section 9.1
we claim existence only, and report the control obtained by the sweep as an optimal control satisfying the necessary
conditions of Theorem 9.4.

Necessary conditions follow from the fractional Pontryagin maximum principle of Agrawal [36] and Kamocki
[35]: for a left Caputo state dynamics on [0, 7] the co-state solves a right Caputo system integrated backwards
from a zero terminal condition, the transversality condition A;(7") = 0 expressing that no terminal cost is imposed.
Define the Hamiltonian

H= AT+ AgA+ 53 wui + Asfs + Aefe + Arfi + Aafa+ Ao fq + Arfr, (20)

where f, are the right-hand sides of (16) and A = (Ag, ..., Ag) the adjoint variables, A;(¢) being the marginal cost
of one additional individual in compartment j at time t.
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Because the incidence depends on all six state variables through the total population N, its partial derivatives
must be computed with care; omitting the N-dependence is the commonest error in this class of models. Put
B := (1 —ui)(I +nA)S/N and B; := 0B/0x;, and apply the quotient rule with ON/9x; = 1 for every j:

(%~ 25) = B -y LIV = 5)

A — A
BI—B(I—ul)S(%—I;FVZ ) :B(l_ul)W’ on
A — A
BAZﬁ(l—U1)5<%—I;Z )25(1—u1)5[77N A(,g—’—n >],
BE = BQ = BR = —ﬂ(]. — 7.1,1)([—’;\]777214)3 = —%,

the last line because E, () and R enter B only through the denominator V. The epidemiological reading of
Br = Bg = Br <0 is that adding an individual to a non-transmitting compartment dilutes the per-contact
probability of meeting an infective and therefore lowers the force of infection — a genuine feature of standard
incidence that mass-action incidence does not possess. Since g and ¢ are state-independent, they do not appear
in any adjoint equation.

Theorem 9.4 (Adjoint system and optimality)
Given u* and the corresponding state, the adjoint variables satisfy the right-Caputo system with transversality
Xi(T) =0,

YDfAs = (Ap — As)Bs — pihs,

YDAp = (A — As)Be — kidg + opAr + o(1 = p)Aa,

CDPAr = A1 + (Mg — As)Br — kfAr + (a1 + 02u3) Ao + (71 + 03ul) AR, (22)
CDPAA = Az + (Ap — As)Ba — kada + qadqg + VaAg,

YDEAG = (Ag — As)Bg — koAq + 1Ak, $D#AR = (Az — As)Br — pAR,

and the optimal controls are

. { max’max{o’ ()‘E*)\S)ﬁ(ijnA)S}},

w7 = ming u;

’LU1N
— I
uy = min{u‘;ax, max{O, M}}, (23)
w2
— I
ujy = min{uglax, maX{O, 7&)’(/\[ Ar) }}
ws

Proof
The proof has three parts: the co-state equations, their solvability, and the pointwise minimisation.

(a) The adjoint equations. By the fractional maximum principle [35, 36], applicable because F' is continuously
differentiable in = on the neighbourhood of Q2 where N > Ny,;, > 0 and L is continuously differentiable in (x, u),
the co-state satisfies YDEN; = OH /0x; with \;(T) = 0. We compute the six partial derivatives of (20) one by
one, using (21) and recalling that B appears with a minus sign in fgs and a plus sign in fg, so that every partial
of B enters through the difference A\p — A\s — the marginal cost of converting one susceptible into one exposed
individual.

For x; = S: only fs and fg depend on S, giving 0H/0S = Ag(—Bs — i) + AgBs = (Ag — Ag)Bs — pAg.
For z; = E: fg and fg contribute (\g — As)Bg, the exit term —k; E contributes —k;Ag, and E feeds I and
A at rates op and o(1 — p), contributing opA; + o(1 — p)Aa; the importation terms contribute nothing, being
state-independent. For z; = I: the running cost contributes A, the incidence (Ag — Ag)By, the total controlled
removal —k7' A7, and the two destinations of removed symptomatic cases (g7 + 02u5)\g and (v + g3u3)Ag. The
analogous computation for x; = A gives the fourth line, with A, from the running cost. For z; = @ and z; = R:
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these compartments neither transmit nor appear in the running cost, so they influence the dynamics only through the
dilution term Bg = Br = —B/N and their own exit rates, giving the last two lines. Collecting the six expressions
yields (22). The terminal condition A;(T") = 0 holds because (19) contains no terminal payoff.

(b) Solvability of the adjoint system. Along the optimal pair the coefficients B; are continuous and bounded on
[0,T], since z* € C([0,T];2) and N* > Ny,in > 0. System (22) is therefore linear in A with bounded continuous
coefficients; under the reflection 7 = 7' — ¢, which maps D.¢ into the left Caputo derivative, it becomes a linear
left-Caputo initial-value problem with datum A = 0, and Theorem 4.4 applies to give a unique continuous solution
on [0, T7.

(c) Characterisation of the controls. The maximum principle requires 7 to be minimised over I/ pointwise a.e.
Since 8*H / 8u? = w; > 0 and the mixed second derivatives vanish, # is strictly convex in u, so the unconstrained

stationary point is the unique unconstrained minimiser and the constrained minimiser over the box 1_[[07 u" ] is

K2

its componentwise projection. Setting OH /Ou; = 0 and using IB/0uy = —F(I + nA)S/N,
OH B(I +nA)S

a—m:wlul—()\g—)\s) N =0
OH

37112 = WUz — QQI(/\I - /\Q) =0,

OH

87143 = wzuz — QSI()\I - )\R) =0,

whence the three stationary values, whose projection onto [0, u;"**] gives (23).

The characterisation is epidemiologically transparent. Effort is applied in proportion to the marginal benefit it
buys and inversely to its unit cost: u; is driven by the marginal cost of a new infection, A\ — Ag, multiplied by
the number of infections currently being generated per unit time; uo by the gain from moving a symptomatic case
into isolation, A\; — Ag; and u3 by the gain from moving one into recovery, A\; — Ar. Whenever a marginal gain is
non-positive the projection sets the corresponding effort to zero, and whenever it is large the effort saturates at its
upper bound. O

9.1. Numerical results

The optimality system (16), (22), (23) is a two-point boundary-value problem — the state is given at ¢ = 0, the co-
state at ¢ = 7' — and is solved by the forward—backward sweep. Starting from «(*) = 0, each iteration & performs
three operations: the state is integrated forward on a uniform grid ¢,, = nh with the L1 discretisation of the left
Caputo derivative; the adjoint is integrated backward from A(7T") = 0 after the reflection 7 = T' — ¢, which converts
the right-Caputo operator into a left-Caputo one so that the same L1 scheme applies; and the controls are updated
by (23) under damped relaxation

wFt) = g 4 (1-w) u(k)7 w =04, @4

where @®) is the raw characterisation evaluated at the current state and co-state. Damping is necessary: the
undamped map oscillates, because u; enters the incidence multiplicatively while the co-state responds to the
state with the opposite time orientation. The sweep terminates when the increments of the three control families,
measured in the supremum norm on [0, 7], fall below a common tolerance,

3
Dol —w V) < e=107 25)
=1

Using the importation-augmented baseline (o = 0.90, 7' = 12 months, » = 0.1, and the control parameters of
Table 5), the sweep meets (25) in 16 iterations. Figure 11 shows that the optimal strategy cuts the symptomatic
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T
peak by about 76% (from =~ 61 to = 15) and the total infected burden / (I + A)dt by about 75%. Figure 12

shows the optimal profiles: after a brief initial transient in which it saturatgs at its upper bound, contact reduction
uy falls back, then rises again through the importation surge and is relaxed afterwards, while isolation us and
treatment u3 track symptomatic prevalence. Thus, even for an importation-sustained outbreak with endogenous
Ro < 1, coordinated control substantially reduces the burden generated by importation.

It is natural to ask how much of this gain is specific to the sub-critical, importation-driven regime, and Reviewer
feedback prompted us to quantify it. We therefore repeated the entire exercise on a hypothetical variant in which the
transmission rate alone is raised until the endogenous reproduction number becomes super-critical, Ry = 1.50 (that
is, § = 5.811 against the fitted 3.632), every other parameter, the importation pulse and the control weights being
held fixed. Without control the two regimes are not comparable in magnitude: the symptomatic peak rises from
60.6 to 9140.9 and the burden from 423.8 to 5.55 x 10% person-months, because local transmission now sustains
itself instead of decaying between importation events. Under the optimal control, however, the two regimes end in
almost the same place: the peak is 13.50 against 14.50 and the burden 108.1 against 107.8 person-months, so the
relative reduction is 99.8% in the super-critical regime against about 75% in the calibrated one. (The super-critical
sweep requires the relaxation weight to be reduced to w = 0.2, at which it converges in 30 iterations; at w = 0.4
the iteration oscillates without meeting (25).)

The comparison is informative in two ways. It shows, first, that the ~ 75% figure reported above is a conservative
measure of what the strategy achieves, because in the sub-critical regime much of the burden is imported and is by
construction beyond the reach of the three interventions, which act on local transmission, isolation and recovery but
not on the border. Second, it shows that the optimal strategy is not merely trimming a decaying transient: confronted
with a genuinely self-propagating epidemic it suppresses the wave almost entirely, at the cost of holding u; at its
upper bound u7"** = 0.80 for a substantially longer interval. The practical reading for the 2024 Algerian outbreak
is that the modest headroom left by Ry < 1 makes border surveillance, rather than intensified local control, the
binding intervention — which is the same conclusion reached from the calibration in Section 7.

Optimal control of the 2024 outbreak (a = 0.90)

60 4 == I(t) without control ~TSo

—— |(t) with optimal control 4 N

50 y .
40 4 /

30 A /

20 A /

Symptomatic infectious /(t)

10

Month (2024)

Figure 11. Symptomatic infectious I(¢) without control (dashed) and under the optimal control (solid); the shaded area is the
averted burden.
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Optimal control profiles

0.8 1 —— Uu; (contact reduction)
u, (isolation)
— U3 (treatment)

0.7 1

0.6

0.5 A

0.4 A

0.3 A

Optimal control effort

0.2 1

0.1 A

0.0 1

T

0 2 4 6 8 10 12
Month (2024)

Figure 12. Optimal control profiles u; (contact reduction), ug (isolation) and w3 (treatment) over the 2024 outbreak window.
The u2 and ug profiles coincide to plotting accuracy, the orange curve lying beneath the green one: with oo = p3 and
wy = wg the two characterisations in (23) differ only through Aq versus Ag, and the @ and R adjoints track each other
closely because neither compartment transmits nor enters the running cost (19).

10. Conclusion

We analysed a six-compartment SETAQR model under the Caputo and Atangana—-Baleanu—Caputo operators,
proving positive invariance and ultimate boundedness in ]Ri via a fractional comparison theorem and well-
posedness via the Banach fixed-point theorem for both operators. The basic reproduction number (8) was obtained
in closed form and shown to be order-independent; the disease-free equilibrium is locally (Matignon, Routh—
Hurwitz) and globally (Goh-type Lyapunov, fractional LaSalle) stable when Ry < 1, and a unique endemic
equilibrium is globally stable for Ry > 1 under a Goh—Volterra condition. Closed-form sensitivity indices identified
the transmission rate and the symptomatic recovery rate as the dominant controls.

Applying the model to the 2024 diphtheria outbreak in Algeria with national INSP surveillance data, and
making the cross-border importation explicit through a time-varying term ¢(¢), we reduced the calibration error
by about 30% over the autonomous model and obtained the key finding that the endogenous reproduction number
is Rg = 0.93 < 1: the outbreak was importation-sustained rather than self-propagating, a conclusion coherent
with the global stability of the disease-free state and consistent with Algeria’s high vaccination coverage. The
memory order plays a secondary role for this short-course disease — it governs the transient shape but the
fast autumn decline favours near-exponential («w— 1) relaxation. Finally, a fractional optimal-control analysis
(existence, Caputo adjoints, Pontryagin characterization) showed that a coordinated contact-reduction, isolation
and treatment strategy cuts the infected burden by about 75%, so that even an importation-sustained outbreak is
strongly controllable. Open directions include stochastic and variable-order extensions and a cost-effectiveness
analysis of the individual interventions.

The last of these changes the class of the optimisation problem rather than merely extending it. Section 9
minimises an additive cost (19) over a fixed horizon; a health authority instead faces the dual question of which mix
of interventions maximises the burden averted per unit spent under a fixed budget. That objective is a ratio of two
linear functionals of the intervention levels over a polytope defined by the budget and the bounds 0 < u; < u;"**,
hence a linear fractional programme, of moderate dimension and with bounded variables — the setting of the
hybrid direction method of Hakmi ef al. [37]. We note that “fractional” there refers to the ratio structure of the
objective and not to the memory order «, so the two senses of the word are unrelated.
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