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Abstract This paper introduces a new multi-parametric complex integral technique designed to generalize and extend the
traditional Laplace operator. By incorporating four independent complex-valued parameter functions and accommodating
arbitrary positive bases, the proposed technique provides a versatile mathematical framework that unifies several well-
known single-parameter techniques, including the Laplace, Aboodh, and Elzaki transforms as special boundary cases. We
establish the basic operational calculus of the transform, rigorously deriving differential theorems for the ordinary and the
partial derivatives for an arbitrary order. Furthermore, we calculate the utility and algebraic flexibility of this approach
by obtaining exact analytical solutions for key higher-order ordinary differential equations (ODEs) and partial differential
equations (PDEs), such as wave, telegraph, and Klein—Gordon boundary value problems in mathematical physics.
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1. Introduction

The Laplace transform is the building block of this EM approach. Subsequent to the ease of EMG algebra and
arithmetic manipulation and elementary properties, the new integral transform (EMG) approach was developed
by Emad A. Kuffi, Mohamed A. Labeeb, and Gharib M. Gharib. for its application in some real problems in hard
solution differential operator equations by direct methods.

Fourier, Laplace, Elzaki ,Aboodh , Kamal, AL-Zughair, mayan transform and Mahgoub transforms in general
are important and effective tools for solving differential equations [1, 5, 6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].

A new function transforms for high request we think for functions in the set defined through [18, 19, 20, 21, 22,
23, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37].

Formulation of General Derivative Theorems: We derive exact theorems for applying the EMG operator to
ordinary and partial derivatives of arbitrary orders, establishing the transform’s operational calculus.

A new technique is established for function of exponential order.

We take function in the set B given by:

B = {x(7) : there exist H,ly,ly >, |z(r) < He"I"l|if 7€ (—1)! x Ry, i =1,2}. (D)
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For a specific function in the family, the constant H is a finite number, and 71, no may be finite or infinite.
EM transform given by the operator E/(.) in terms of the integral equation:

~ bt | " (9@) " fly(a)r] dr

ig(@) Ing(a)

_ B [T T ) g,
n(e) /r_o ! i

where, p(a),g(a), ¢(a),n(a) are functions of complex parameter s and o = a; + iag and « € C, f(«) and

n(a) #0,9(a) > 0,g(a) #1,and § f}ggi) <0.Also,7>0,n1 < <ngandi? = —1.
Equivalently:
Elz(7)] = F(a)
iq(cv) )
_ Bl [ “nla d
e [ st M a(e)
ig(a)
where, the kernel of a new integral technique (EMG) is g Eg; [9()] n(e)
F(«) is its transform,
The invers EMG transform is
L o) iq(@)
_ ma '
o) = 57 | Pl ) dr
Elz(7)] = F(a)
. jq(a) .
6(32 7o) @) "5 k=0,1,2,--
t

Thae standard Laplace transform for
x(T) :/ e Tx(r) dr
=0
and the
The new integral transform (EMG) is a highly generalized, multi-parametric complex integral transform. This a
new transform that introduces four independent, complex-valued parameter function S («), 7 («), ¢(«) and g (@)
be a function, and « be a complex.

1.1. The comparison between the transformations as Aboodh, Elzaki and Kamal transforms and others
[20, 25, 15].

The table shows some integral transform types and their definition.
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A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

Table 1. Integral Transforms and their definition

Name of Integral Transform

Definition of Integral Transform

Laplace transform

Fourier transform

Sumudu transform
77 transform
Shehu transform
Jafari transform
ARA transform
ZMA transform
Emad-Fatih transform
Khalouta transform
KAJ transform
Rishi transform
SEA transform

Mayan transform

General Polynomial transform

NO transform
MAHA transform
Elzaki transform
Natural transform
a-Laplace transform
Aboodh transform
Mohand transform
Pourreza transform
Kamal transform

Sawi transform

L{f(t)} = fo et dt = F(s)

F{f(w)} = f f_oo f t)e—iwt dt

S{f)} = ;7 fst)e tdt = = f0°° ft)e s dt = F(s)

H{f(t)} = sfo e stdt = Z(v,s)

S{ft)} = fo Ye st/v dt = F(s,v), s,0>0

T{f(t) fo Je~4)t dt = T(s), P(s) # 0, q(s) >0
Gm{f(?) —Sfo tmle st f(t)dt = G(m,s), s >0

A{f(T ffo fot)e™ts dz = zpr4(s,0)

EF{f(1)) = 5° f(t)e="tdt = T(s)

KH{f(t) —Sfo (yut)e™tdt = K(s,v, 1), (s,7,1) >0

Sn{f(t)} = —fo (t/s)e tdt = K(s), m € Z

R{f(t) }=—f0 ~W/9)t gt = T(v,s), v,s >0

He{f(t)} = ffo e~ /) dt = Z(s,v), S(s/v) <0

MA{f(t) Zﬁfo eV tf(t)dt, o, BE L, vEC

L)} = f £ (1) dt =

NO{f(t)

Mf)] =

E{h(t)

F(p(s))

( ) fo e " f(st)dt, B €L, u,v,8>0

LfhO} = [
Afhit }—ffo
m{h(t)} = R(s)
HI(0)} =5 [ h
K{h(t)} = G(s) =
Sa{h(t)} = 5 J;°

—32f0

Jet/* dt
e *dt
Ye~todt, a € Ry
—st dt

e st dt
e dt
f0°° h(t)e™"/* dt

h(t)e=t/s dt

(uv) ﬁf f(t/we " dt, u,v >0, B e

—Sfo
n{h(t)} = R(s,u) = sfo
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1.2. Relation to Existing Transforms for some integral transformations

By choices of four functions (8 («),7n(a),q(«), g («)) that reduce the new Complex Integral transform (EMG)
to the Laplace, Elzaki, Aboodh and Kamal transforms as table above.:

1. Reduction to the standard Laplace transform from the general definition of the new integral transform (EMG):

B () /°° _ dale)
X(a)=—= lg ()] " x(7)dr
n(e) J-—o
Since iq(c) ig(a)lng(a)
[g (a)]i ) T =g @) T
So,
o0 iq(a)lng(a)
X (o) = B(a)/ e~ @ Tx(r)dr
n (OZ) =0
If we put the parameter variable o = s and choose the four parameter functions as

B (s)
n(s)

Substitute in the EMG transform to get the Laplace transform

B(s) =n/(s) sothat 2 = 1,n(s) = 1,9 (s) = e, (s) = —is.

2. Reduction to the Elzaki transform from the general definition of the new integral transform (EMG):

B(a) /"O _ da(e)
X (o) =——= [g ()] " "z (r)dr
77(0‘) 7=0
Since ia() iq(e)ing(a)
ig(er ig(a)ing(a
l[g ()] @ T —e” )
So,

If we put the parameter variable & = v and choose the four parameter functions as
i
B)=vn(v)=19()=eqv)=_.
Substitute in the EMG transform to get the Elzaki transform
o0
X(v):v/ e” vz (r)dr
7=0

3. Reduction to the Aboodh transform from the general definition of the new integral transform (EMG):

50 [ g -
X (o) = —= g (a)]” 7@ "z (1)dr
i) S, T
Since ia(a) iq(a)ing(a)
[g(a)]” @ = @ T
So,

Stat., Optim. Inf. Comput. Vol. x, Month 202x



4 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

If we put the parameter variable o = s and choose the four parameter functions as

6(3) - ?77(5) = 139(8) :eaQ(S) = —is.

Substitute in the EMG transform to get the Aboodh transform

4. Reduction to the Kamal transform from the general definition of the new integral transform (EMG):

B(a) /"O _ da(e)
X (o) = —— l9 ()] " " (r)dr
n (Oé) 7=0
Since ig(a) ig(a)ing(a)
[g (a)]i ) T = @) |
So,

X (a) = 583/:;6— NS (7) dr

If we put the parameter variable o = v and choose the four parameter functions as

Bw)=1Ln)=1,9)=eq(v)=1v.

Substitute in the EMG transform to get the Kamal transform

Theorem 1.1. Existence and Convergence of a new complex integral technique (EMG)
Assume that x (1) € B is a piecewise condition function of an exponential order, and for a specific function in
the family, the constant H is greater than zero and a finite number if

[x(7)] < Hell forallr > 0.

Then E |z (1)) = F («) exists for all complex values of « that satisfy the relation Re[iggzg | > d, where

B(a),g(a),q(a),n(a) are functions of complex parameters and o = oy + i where o € C, a1, ag € R, 1y <
a < ng, where the limits ny, ns are finite real numbers or infinite.

8 () and n(a) # 0, g(a) > 0,g(a) # 17andlm(z((z))) <0

. Also, 7 > 0.

Proof
To analyze convergence for the existence theorem of the EMG technique, we can determine the definition for the
new integral transform (EMG)in the form:

Sy [ Cigla)

Pl o @ 2 () dr

- /7_0[“ N 1@ a(ryd
Bla) [ e by [* -

-2 1@ g dr 4 Bl 1@ e e b o,
n(a)/o [g ()] " (r)d +n(a)/b [g(a)] 7 (7)dr,b > 0
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From the property that the function is piecewise continuous, then 5 EZ)) fob [g ()] n () x(1)dr < co. and
ORI PR 1C}
A a (@) 2 (r)dr a o (@) |2 (1) dr
e [t 7@ amar| <8 [T g (@) 1@ o)
. _ ()
< 2 [ @y 1@ g (0)"ar
n(a) Jy
s =y 5]
a (e L1(@) ,
) a
After the simple simplification using the improper integral, we get
By (5, 5(a) H g >}[Z:((§))d]b
P a (@) 2 (r)ydr| = 222 9\
s, el T smar| = S0 (@

iq ()

n ()

The denominator must be greater than zero, then — d > 0, the condition satisfied.

2. Methodology

2.1. EMG Technique of Elementary Functions

Let x(7) be an arbitrary function, we presuppose that the base case (2) occurs. The sufficiency sufficient cases
for EMG procedure are that x(7) for ¢ greater than or equals zero be piecewise continuous and of extraordinary
request, at least EMG transform could possibly occur explaining the step-by-step procedure for applying the EMG
transform to ODEs and PDEs using the new integral transform and the improper integral for getting the exact
solution and used the partial fractions, we show in the following sections.

Here is a comprehensive test suite designed to validate the implementation and accuracy of the EMG transform
across various classes of ordinary and partial differential equations. Each test case includes the problem definition,
initial and boundary conditions, the target algebraic equation in the EMG domain, and the verified analytical
solution for direct validation.

In the subsequent section we evaluate EMG technique of elementary functions

(1) Let (z7) = k, where k be a constant, so via the definition we get:

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Elk] =X (o)
. RACN
— 2 [ kg 1 e
Ba) [~ _g(a)
A o (@) gr
kn(a) - lg(a)] MY d
Cig(e) 77
_ B |lgl) 1@
n(@) | _ig(a), (@)
() 0
__—ikB(a)
q(a)lng (o)
(2) If (z7) = 7, then:
@ [~ _g(a)
<l = X (o) = 2% r la(a (@) gr
[=X() = 58 [ rlg) 1@
ple)
Integration by parts, we get E[r] = — n(e) 5-
L g (@)
1 ()
Also:
B (@)
21
i) E[r?] = RPTEIR GO
q(a
[@lng (a) ]
6; 2L
) B[] = —— 1
(L g (a)]
(iii) Largely, let n be a positive constant, so
) () 20
ny _ n(a)
E[m" = T
L g (@)
7 (o
(3) If z (1) = €7, where a is a constant, so
. ()
Bl = X (o) = 2 [T or (g oy (@) Tar
n(e) Ji=o
ig (o) 77
B [ @) 7@
-G L e

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Integration by parts, we get

Similarly,

Similarly,

Similarly,

(4) If z(7) = sin(aT), where a is a constant, so

Stat., Optim. Inf. Comput. Vol. x, Month 202x



A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

Efsin (ar) | = F (a) = o {7 — 77}
7ﬁ(a)iq(a)n o iafiq(a)n o) +ia
1 i@ @ty gt
. (o) ng (o 2 —a
(Fegmater) -
And after simple simplifications, we obtain:
B
E [sin (ar) ] = n(@)

(5) Let z(7) = cos(ar), if a is positive integer, so

Elcos(at)] =F (a)

1 aT —iaT
= 5 {6 +e }

_ﬁ(a)lq(a)n o) +ia iq(a)n o) —ia
1) T e @) et i gyt (o) —idl
’ Mn ! 2 a
ColCIR
And after simple simplifications, we obtain:
Bl et
Ecos (at)] = n(a)[n(s)lg( )]
() ng (« 2—a
ok
(6) If (1) = sinh(a7), where a is a constant, so
E[sinh (a7)] = F ()
1
— 5 {ea‘r 7670'7}
_B(a)iq(a)n o a—iq(a)n a)+a
1] @l @M@ e i i (@) tal
’ () ng (« : a
(gt )+
And after simple simplifications, we obtain:
- Blaly,
E [sinh (at) ] = o n(e) —
<77(a)lng(a)> + a?

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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(7) If z(7) = cosh(ar), where « is any constant, so

Ecosh(ar)] =F (a)

1 at —ar
= 5 {8 +e }

— a+i al )n a)—a
K el L ing (@) a+i L g (@) )
2 q (o
<77(alng > +a?
And after simple simplifications, we obtain
i ing (o))
E [sinh (aT) ] :(a) 5
(Wlng(a)) + a?
Theorem 2.1. Ler X (s) is the EMG technique of E[x(t)] = X (s) so
, / p (o) q(s)
(i) Bz’ (7)) n(a)x(O)—i-z s )lng( 5) X (s). 2
) Bl ()] = =40 0) = i ng (@) 2 0) — (L ing ) ) X (3
P _Bla) (@) al@), o o p@)(ala), N\
@ 2" 0] =G 0~ Ty @l 2 (i ng (@) ) 20) +
q(@)
(177( )lng (@) | =(s)
v @ ()] = B(a)xm —p(a)zq<a)n o))z’ A zq( )n e! 2 ©)
T N R TO LT o (e @ )
Bo) (;4(a) () !
7@ <zn(a)lng(a)> x(0) + zn(a)lng(a) X (). 1
v (™ (7 zq(a)n « " oz—ﬂ imn « m_as —
W ELm ) (n(a)lz( )) X n<a><n<a>”§>> )
Bla) (als), N Bl fale), N )y
2 (@) T (e ) o 0= S0
where, m = 1,2,3
Proof
(i) From the definition, we obtain
sa) iq(a)
' (T LAY} z (T @ (@) gr
@) =28 [ o) ) 1)
Using the integrating by parts
8(a) zq(a)T ) _iQ(a)T
=2 g @) 0 du=ig(s) ) fg @) 1)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

v=xz(7) dv=21'(1)dr
we get:

5() [ -3
2 (1)) = 2% " (r a (s) gr

Bl () =28 [ 2 ) 16

(i1) Also, via the definition we obtain:

Ba) [ _a(s)
IH T)| = @ x” T o (S) T

Bl () =28 [ 2t () 10

2
)] = =28 0) - i LB g @) ) - (Limg(e) ) x (0
Similarly, the proof of (iii) and (iv).
(v) Proved via mathematical indication.

3. The Inverse of EMG Transform theory

Clarification of the Inverse EMG Transform Path the inverse EMG transform is fundamentally a complex line
integral (contour integral) evaluated along c specific path in the complex « - plane.
Specification of the Integration Path (The Generalized Bromwich Contour)
Thus, the inverse EMG transform is formulated as a complex contour integral in the « plane
) CoRs

s =B X @) = 5 [ 39X (@ @) da

where c is the generalized Bromwich contour in the complex « —plane.
If E[x (7)] = X («) is the EM technique, so z (1) = E~[X ()] is said to be an inverse of EMG technique.

In the next section, we introduce the inverse of EMG transform of elementary functions and we proved in section
2.1 and it rely entirely on partial fraction decomposition, integration by parts and taking the inverse:

-1 —i8 (a)
D L 07 Ing(a)

(2) E—l _ 77(5) =T

3) B! ;7(8) 7| =7, where m > 0 integer number.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Ing(a) —a
4 E~" |- n(@) nla) 5 = €797 , where a is a constant number.
1 g (@) ]~ a2
L (o)
5) E7t |- ( )n(a) 5 = sin (at)
L g (a)] — a
: [gfa))l g<(>)] :
a)..q(s
6) E7! _n(a) [Zn(s)lng ] = cos (at)
a(e) ng (a : —a?
I [n(a)l g9(@)] |
- 5(a) . -
7) B |- )”(O‘) . = sinh (a)
qgla 2
)
P Y o
®) B! _n(a)[ n(a)l (o) = cosh (at)
Mn « i a?
| g (@) +

4. Problems of EMG technique of ordinary differential operator equations

EMG transform can be used as a successful technique, as stated in this article’s presentation.

For examining, under introductory conditions, the fundamental characteristics of a direct framework represented
by the operator differential equations.

The accompanying models represent the utilization of the EMG technique in taking care of certain underlying
worth issue depicted via operator equations.

Assume that the ordinary differential equation

) 3)

Where initial condition
2(0) = k )

With b, k are any numbers and f (¢) is an outside input work with the aim that its EMG technique occur.
Take EMG technique for both sides’ equation (3), we obtain:

E[f;}%—E[b:c}—E[f(T)], T>0
So,
—ﬂ(a)x iq(a)n « «a a)=F(a
S0 (0)+ i ng (0) X() + X () = F(a)
q(a) _ @) o
X (o) [zn(a)lng(a) +b —kn a) + F(a)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



12 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

B(a)
_ n(a) F(e)
re= iQ(a)lng (a) +b ’ iQ(a)lng(a) +0b
n (@) n (@)

The inverse EMG technique prompts the arrangement. The second request ordinary differential equation has the
form:

A2z dx
— +2p— =f t 5
dt72+pd7-+qx (1),t>0 &)
The initial cases are
dx

With 3, q, a, k are any numbers.
Using EMG transform to equation (5) gives:

R EAC) ng (a ’ a —iQ(a) ng (« 6(a)m —ﬂ(a)x'
Lﬂa)l 9 )} Xl =i M @) T O~ @ ©
#2028 (0) 4 L0 (@) X (@)] + X (@) = Ple)

K[y @]+ 28 [i1 g @] + 0

=F(a)+2aﬁﬁ(a) MEAGI PR C))
n n «

After computations, we obtain:

@), B
. 1@ )
M « 2— iq(s)n s) | —
[n(a) “} 25[77(5)[9”] L
8@ 4+ 20
) nga) (k 4 2ap)
@, Ve, 1
Lv() ”] 25{ <a>lg”] ’
) Fla)

Take the inverse of EMG technique to above equation gets the arrangement.

Example 4.1. solve using EMG transform
y (1) +2(r) =, y(0)=1

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Solution
take EMG technique to above equation gets:

B (a)
—M Z,q(oz) ng (o « a :—7m
(e O @y Mo Y @A) = @
B(a)
7@ i@n lo' lo' o :f&
ey ()Y Y ) = e @
_Ble) B ()
Vo) 1) TR
lq () lng(a)]2[iq @) Ing () + 2] iq(a) Ing () +2
n (@) n (@)
_B(e)
Using partial fraction for the first term | 77(02) ], we find:
[a(@)ing (@) |17 C5ing (@) +2
—1 D LB F |
o) Ino(a2: L g o Cla(s)ing (@) als)ing(s)  ale), '
[q (e0) Ing( )][n(a)lg()+2] n(s)lg()+2
Then,
—1 = Dl Sing (@)] + Bla(e)ing ()i Fing (@) +2) + Fla(a) tng ()]
After colmputatioils, we have: .
D:f? E = Zin(a), and F:Z.
So,
B Bl B 8 ()
77((04)) _ 2n(e) : )477 (@) . : )477(a)
a) lng(a 2iq0z ng (a [q(a)lng(a)]2 ﬂn «Q iqoz ng (a
(0 Ing() "l Shing () +2 L ling (o) i1 Eing (0) +2
So,
 Bla) B B (o) B(a)
2n (o) 4n (o) 4n (a) n (@)
Y(a) = 5 — + +
@) inglo) 2y, T gty T ey,
” a)l g (@) n(a)l g(a) +2 n(a)l g (o) +2
Take the inverse of EMG, we have:
y(T):lT**Jrg@*QT

ii) solve using Laplace transform

y(r)+2y(r) =1,y (0) =1

Solution: take Laplace technique to above equation gets:

SY(5)71+2Y(5):§2.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



14 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

1 s2+1
241
Y = =
() s2(s+1)

Using the partial fraction, and the simple simplifications, we get

Example 4.2. solve:
49z = cos(21), z(0) =1, z2(=)=-1.

Solution
By taking EMG transform for the sides to this equation gives:

2 iq(a) Ing (o) Bla)
e, TP @), ) o ) e pl) | a@™ Y
@ | 2@ He 0 - B 0 oz = -2 10, 0] s
2 iq(a)lng () ﬂ
e, g, 8@ ) p) | @™ g
2@) |- D%ty (@) | +0) = 2By @) 2 4 200 21 o (C”r—‘ﬂ
n ()
So,
B a4, B 4@, )
2o () n)" " ) n(@)™ Y
@, Ty [, T e, T e, 9
e —o [t | —o (S | —a|Hine@] o
9(), B
i g () 52
Using partial fraction for the third term U (C;) n(@) 5
2(2) <>] —4]["(0‘)1 M 9
n () n ()
We get:
Mn a q(a)n a Q(a)n a
nmyg() :Dnmyg()+E_anyg()+G
Mn @ 2— Mn a 2— q(s)n s 2— Mn a 2— |
aymate) | [ Lmg@ | o [ Lo |~ [Lmg(e | o

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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After computations, we obtain:

1 1
D:_g, EZO, F:gandGZOThen,

Ing () 5((3) —i

o _
[ g o ]2 1)1y @) Ly Ly (o) r [ Mg o) ]2 =

S0,

S~—
= |2
L

i

{%zng@r—g_ g )| N L?(z)lng(a)r—‘l] _ [W‘)zng(a)r_g] |

Take the inverse of EMG, we have:
4 1
z(r) = %sin (31) + £ oS (31) + 5005(27),

When z (g) ,=—1.
After computations, we obtain:

4 4 1
z(r) = gsin (31) + - oS (31) + 5005(27).

Example 4.3. solve using EMG-transform

¢ 186 +25¢ = 150, $(0) = ¢ =0.

Solution
take EMG technique to above equation gets:

a(a) VR 1C) B(a) B(a) -
- [n(a)mgw} o (a) L0 ol
q ()

+ 8in (@)

Ing (s) F (o) + 25¢ = fm ,

—150ip (s)
q ()

q(a)ing (o) [— [Wlng () } Si;]] EZ; Ing (o) + 25]

H(a) =

Using partial fraction, we get:
~150i8 (at)
q(a)Ing (o) [~ {zgz;lng (@) } 282‘2 EZ; Ing () + 25]
D N Eq(a)lng (o) + F
q(a)ing (a) - {q () ? (o)

mlng () ] 82'77 @ Ing () + 25]

)
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After computations, we obtain:

D = -6, E:iQandF: bl
[n(a)] (a)
Then,
g, B B
- 8@ @™ e )
q(a)lng(a) T q(a) ? .q(a) ’
z—(a) Ing (o) + 4 } +9] {277 @ Ing (o) +4| +9

Take the inverse of EMG, we have:

h(T) = —6 — 6e *"cos (37) — 8¢ *sin (37) .

Example 4.4. A new Integral Transform (EMG) in a physical problem (Radioactive decay).
Consider the ordinary differential equation (ODE) of the homogeneous first order [18].

ﬂ = —kH (7).
dr
This equation forms the essential formula that defines the decay process. So, the decay constant k represents a
steady rate of decay, which the function H(T) represents the number of remaining atoms that have not decayed in
a time interval T.

By the EMG integral transform denoted as E{.}, one may derive as follows:

E{H' ()} + k{H (r)} = 0, There, —%H (0) +i EEZ; Ing (a)H(a) +kH (a) =0
With initial condition H (0) = H,.
So,
q (@) _ Bl
H (a)i 77(O[)lng(oz) +k] = n(a)H(O)
Then: HoB ()
H(a) = 07\ ,
= @i Ling () +K

Now, applying inverse A new integral transform EMG) on both sides, we have:
H (7’) = Hoe_kT

The exact classical law of exponential nuclear decay.

5. Definition and Derivations EMG Technique of Partial Derivatives

To obtain the partial derivatives of EMG technique, we follow the following:

E [W(m)} = F (z,0)

or
= §(a) g (o) of
= LA/ PYON (@) —(z,7)dT
|2y 07 0,y
B, - ' @ <. -
= lim P (a (a) x,T 1Y 00 (@ @ o (s) x,7)dr
Jim | (28] 1@ )| +iLSng @) 58 [ g 16 emar |
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Using the property the improper integral in the first partial derivative, we get

Of| _ _Ble) (ale)
E [87’} =0 f(x,0)+ 1n(a)lng () F (z,a). @)
by assuming that f is a piecewise continues and is of exponential order.
iq (@)
0 w B T (o) O 0 ;00 B 0

0. | 01| = % B gt 1@ S ryar = 2, B aptenyir = L Fe0)

B3| = goFa) ®
Also, we can prove

0? d?

B|§Een| = fFa) ©)

To find F |:gj_‘£($,7'):| ,

of

Let 5, = r, then
T
By applying equation (2), we get:

B| 54| =B | 5| = =28 (00) 414 ing @) E {r (0.}

az—fa:T z—anQ xa—iq(a)n QMX —Mgaz
B[S h )] = | X%y @] Fixe)iD0ng (@) 2t .0 - L9 o) o)

we can easily extend this result to the n th incomplete subsidiary.

5.1. Results and discussions

Here, in this section, we will describe a few significant uses of applications as example 1 in the first order partial
differential equations and examples 1-3 are the second-order partial differential equations, such as the wave, the
telegraph, the Klein-Gordon, because they are of utmost significance in physical, electrical, and engineering reality.

Example 5.1. The solution of the first order PDE:

2y =22+ + 2, 2 (z,0) = 6737 (1)

and z is limited by x > 0, T > 0.
By taking EMG transform for the sides of equation (11), we get:

dZ (z,a) 2[p(Oé) q(a)

dzx n(a) (a)

dZ (z,a) _3z,0 () q(s) _

0 2[6e3 (m) —I—Zn(s)lng () Z ()] — Z (z,0) =0,

dZ (z,«) q(a) _ MG*&T

In [QZn(a) Ing(a)+1] Z(z,a) = 1277(04) ,
This is ” LOD]%”S 5 (@)

T)=— iqan «Q an T)=— 7@6_?@.

p(a) = ~RiH g (o) +1] and Q (v) = 120
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So,
@ «
I —[QiMlng(a)+l] dz —[QiL)lng(a)+1] x
p(z) = el P@dz —¢° " n(a) —e n(a) .
Therefore
1
Z (z, p(x)Q (x)dr,
(@) =~ [ p@)Q@
[2i ——Ing(a)+1] [2iwln9(a)+1] x 3 (a)
Z(z,a)=¢e (@) ./e (@) (—12) e dx
n(a)
B(a) o
[2¢ ( )lng(a)+1] x (_12) n (a) [ qu( )lng(a)—4] x
Z(.’IJ,OK)ZB ( ) q(a) e 77(04) —|—C ,
—2[i Ing (o) +2
i ing () +2
B (a) «a
6( n (a) [2i&lng(a)+1] z
7 (z,a) = 05 e84 e M)
i Ing (s) + 2
iy ing (5) + 2
Since Z is limited, C must be zero. Taking the inverse EMG technique, we get:
2 (@, 7) = 6e e 2T = e 2T,
Example 5.2. Solve the Homogeneous Wave Equation:
Uy = gy, v (x,0) =sin(rx), v,(x,00=0, 2>0,2>0 (12)

Using the EMG technique for the sides of the above equation (12) and utilizing occur, we obtain:

_Mn o 2 $Oé—iq(a)n anx —B(a)vm — AV (.5
[n<a>l a )} Vi) =y (@) ey 0 T gy O = AV )

av" (z,a) + nglng () ] v(z,s) = —ig EZ; Ing (o) 58[)) sin(mx),

DV (z,a) + [ZEZ;lng () ] v(z,s)= _i4q77(?0)4) Ing (o) i((z; sin(rx),
So,

ng
V(.a) 41 (a) n(
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G. M. GHARIB, M. ALSAOUDIL, E. A. KUFFI, M. A. LABEEB 19

Z(X. T:l = 66_2T_3X

o6
- 5 5
o 4
x
L]
3
2

Presently, we take EMG technique to track down the specific arrangement of case (6) in the form:

v (z,2) = cos (2mz) .sin (wx) .

Example 5.3. Solve the Telegraph Equation:

Ou_ o ou
922 ot ot Y

Subject to initial cases

u(z,0) = e*

ug (2.0) = —2¢€*
Solution: by Applying EMG transform we have:

Stat., Optim. Inf. Comput. Vol. x, Month 202x



20 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

3D Surface Plot of v(x, 2) = cos(2nz)sin(mx)

",zoz—M a : za—iq(a)n aﬂ(a)u —B()uz
0" )~ | H g @) | U i) =i ng (@) 20,0 = L (0)
+ [_]La; (z,O)+igEZ;lng(a)]U(z,a)+U(x,s)
2
U" (z,a) + [%lny (a) | U(z,a)— 2i%lng (@) 5Ez;u(z 0)
q(a) Bla) . Bla), oo o8 .
+zn(a)lng(a)n(a)e +77 a)( 26)+277 a)( ) —U(z,a)
gl Bl
S 1@ o) :
| Mn o} - iq(a)n a) —
Do+ [Hfagims o) | ~2idEna e 1
_q(a) p(@)
U @™ ) :
(1)? + [g(—z;l g(v)] —ZZqEZ;lng(a) -1

So,
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p(a)
Ul(z,s) = e n(e) e
1 Ing (o) +2
n (@) (@)
Take inverse of EMG technique we obtain:
u(z,7) = e e ="
2r

14 -

u(z, 1)

Example 5.4. Solve the Klein-Gordon Equation:

Vrr = Ugg + Uz + 20 —oo <z <00

With conditions:

u(x,0) =e", ut (x,0) = 0.
We applying EMG technique, we get:

t>0

21

Stat., Optim. Inf. Comput. Vol. x, Month 202x



22 A NEW COMPLEX INTEGRAL TECHNIQUE FOR SOLVING THE DIFFERENTIAL EQUATIONS

2
_[géz)) " (U)} V(z,0) _igEZ;lng (a) 2EZ)U($’O) - /787((33’07' (2,0) = 0" (z,0) + V' (x,8) + 2V (2, )
2
_ [ggz; Ing (Oé):| Vi(z,a) — Z;]}EZ))lng (s) iij)) g vel (z,0) + v’ (,0) + 2V (z,0)
T e
Viz,a) = e = L o
o D2+D+2+{q(a)ln (a)] {q(a)ln (a)] 14
n (@) g 7 () g

By taking the inverse of EMG technique, we get:

v (z,7) = e®cosh (27) .

v(z, 7) = e* cosh(27)

v(x, 7)

6. Conclusion and Future work

In the current paper, a novel approach i.e. ’EMG transform” has been used to study the solution of LODE’s
and LPDE’s. Additionally, its applicability demonstrated using some partial differential operator equations (wave,
heat, Laplace and others), we check the particular solutions of these operator equations. We observe that this
approach is more general than the majority of the transforms obtained by Laplace transform, and that is because
of the functions of parameter «, we observed that this method is simplified from another methods as a domain
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decomposition method and This transform is a highly generalized, multi-parameter integral transform. While
classical transforms like Laplace, Aboodh, or Elzaki are simpler to compute for standard problems and it offers
distinct mathematical and practical advantages in specific scenarios. In the future work, we will design solutions
for the fractional linear and nonlinear ODEs and linear and nonlinear PDEs in the EMG technique and try to solve
numeric solution as homotopy permutation method.
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