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Abstract Accurate modeling and prediction of atmospheric pressure are essential for climate monitoring, weather
forecasting, and environmental sustainability planning. Motivated by the importance of analyzing atmospheric-pressure
variability in Riyadh, Saudi Arabia, this paper develops a comprehensive statistical framework for upper and lower current
records under the Log-Logistic distribution. New closed-form probability density and cumulative distribution functions
are derived using recently established general current-record formulas. Joint and conditional density functions, moments,
Shannon entropy, and extropy are also obtained. Maximum likelihood and Bayesian methods are proposed to estimate
the unknown parameters, while Bayesian posterior predictive procedures are developed to predict future current records.
Since the resulting likelihood equations have no closed-form solutions, numerical optimization and Markov Chain Monte
Carlo algorithms are employed for estimation and prediction. A Monte Carlo simulation study demonstrates that estimation
accuracy improves as the number of current records increases, with the Bayesian approach providing slightly more stable
estimates. The proposed methodology is applied to daily atmospheric-pressure observations from Riyadh, where the Log-
Logistic distribution provides an excellent fit and yields reliable predictions of future pressure extremes. The proposed
framework offers an effective statistical tool for modeling and predicting sequential atmospheric-pressure extremes and may
support meteorological monitoring and environmental risk assessment.
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1. Introduction

Climate change has become one of the most important environmental challenges facing countries worldwide.
Changes in temperature, precipitation, wind patterns, humidity, and atmospheric pressure can influence natural
ecosystems, water resources, agricultural productivity, human health, and the frequency of extreme weather events.

Atmospheric pressure is a fundamental meteorological variable that plays a key role in the movement of
air masses, wind circulation, cloud formation, rainfall, and the development of different weather conditions.
Variations in atmospheric pressure also influence aviation, transportation, agriculture, air quality, and public health.
Consequently, accurate monitoring and statistical analysis of atmospheric-pressure measurements provide valuable
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insights into short-term weather variability, long-term regional climate changes, and unusual environmental
conditions [15].

The study of atmospheric pressure is particularly relevant in Saudi Arabia because of the Kingdom’s arid climate,
large desert areas, high temperatures, limited rainfall, and frequent dust and sand storms. Variations in pressure
may contribute to changes in wind speed, visibility, and weather stability, making pressure monitoring important
for environmental management and operational planning.

Saudi Arabia has shown increasing interest in climate monitoring and environmental sustainability through
Saudi Vision 2030 and the Saudi Green Initiative. These programs emphasize environmental protection, emission
reduction, sustainable resource management, and the development of reliable systems for observing climate-related
indicators [12, 16]. Statistical modeling of atmospheric variables can support these national objectives by providing
useful information for forecasting, risk assessment, and evidence-based environmental planning.

Motivated by the importance of atmospheric monitoring, this paper analyzes atmospheric-pressure
measurements recorded in Riyadh, Saudi Arabia. The study develops estimation and Bayesian prediction
procedures for upper and lower current records under the Log-Logistic distribution. The proposed methods are
evaluated through Monte Carlo simulation and then applied to real atmospheric-pressure data.

The Log-Logistic distribution is a flexible two-parameter continuous distribution defined on the positive real
line. It is characterized by a positive scale parameter « > 0 and a positive shape parameter 8 > 0. Its cumulative
distribution function is

1 zP
F(z; = = 0 1
while its probability density function is
o) alpf-1
flesa,py = D@/ BalaTT 2)
all+(z/a)f]”  (af +aP)
The corresponding survival function is
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The Log-Logistic distribution is suitable for positive and skewed environmental data because it has simple
closed-form expressions for its distribution, density, survival, and quantile functions. The parameter o controls
the scale of the distribution, whereas § determines its shape and tail behavior. These properties make it a useful
model for atmospheric-pressure observations.

The concept of current records arises from the statistical analysis of sequential extreme observations. Houchens
[13] established important distributional properties of current records and provided a foundation for inference based
on this type of data. Barakat et al. [10, 11] studied current records, record ranges, and exact prediction intervals,
while Raqab [17, 19, 18] developed several inequalities and distribution-free prediction procedures. More recently,
Aldallal and co-authors proposed estimation, Bayesian inference, and prediction methods for current records under
different probability distributions and illustrated their applications to real data [2, 5, 1, 4, 6, 3, 7, 9]. A broader
review of the classical and recent developments in current-record theory is presented by Aldallal and Barakat [8].

1.1. Current records and their interpretation

For clarity, it is useful to distinguish current records from the usual record values. In a sequence of observations
X4, Xo,..., an ordinary upper record value is observed whenever a new observation exceeds all previously
observed values, whereas an ordinary lower record value occurs whenever a new observation is smaller than all
previous observations. Thus, the ordinary upper and lower record sequences contain only the observations at which
new extremes are established.

Current records, in contrast, describe the pair of extreme values that are currently in force whenever either a new
upper or a new lower record occurs. Consequently, when a new lower record is observed, the current lower record
is updated while the current upper record remains equal to its most recently established value. Similarly, when a
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2 STATISTICAL ANALYSIS OF SAUDI ARABIAS ENVIRONMENTAL INDICATOR...

new upper record occurs, the upper current record is updated while the lower current record remains unchanged.
Therefore, current records retain information about the simultaneous evolution of the upper and lower extremes of
the observed process.

For example, consider the sequence

10, 8, 7, 9, 12, 11, 6.

Starting from the first observation, the successive pairs of upper and lower current records are
(10,10), (10,8), (10,7), (12,7), (12,6).

The observation 9 does not generate a new current-record pair because it is neither larger than the current upper
record 10 nor smaller than the current lower record 7. Likewise, the observation 11 does not establish a new record
after the upper record has become 12. This simple example illustrates how current records preserve the currently
active upper and lower extremes rather than considering the two ordinary record sequences separately.

Since the Log-Logistic distribution considered in this paper is absolutely continuous, ties occur with probability
zero theoretically. In an empirical dataset, if equal observations occur because of measurement rounding, an
observation equal to the existing maximum or minimum is not treated as a new record; the corresponding current
record simply remains unchanged.

2. PDF and CDF of current records

In this section, explicit probability density functions (PDFs) and cumulative distribution functions (CDFs) are
derived for the upper and lower current records associated with the Log-Logistic distribution. By substituting the
Log-Logistic distribution and density functions into the general current-record formulas established by [1], closed-
form expressions for the proposed current-record distributions are obtained. These results provide the theoretical
foundation for the estimation, simulation, and Bayesian prediction procedures developed in the subsequent
sections.

Theorem 1
From the new current records formulas founded by [1] and using equations (1), (2), and (3), we get the PDF and
CDF of Log-Logistic upper and lower current records as follows

FLz;T(x) =1+ %G (p, log(1 + (x/a)_ﬁ)) -G (p,210g(1 + (:c/a)_’B)) , )
_ 2PB(x/e) ! _
fre () = WG (p,log(1+ (z/a)™7)), %)
Fyr (x) = G (p, 2log(1 + (z/a)”)) — H(QWG (p,log(1+ (z/a)?)), (6)
PB(x/a)’ 1
o () = POV hog(1 + (/0)?)) ™

=T A1+ (z/a)P)?

Figures 1-3 illustrate the probability density functions (PDFs) and cumulative distribution functions (CDFs)
of the proposed upper and lower current-record distributions for different values of the record number p under
several combinations of the Log-Logistic parameters («, ). It is evident that all CDFs are monotone increasing
and converge to one as x increases, confirming the validity of the newly derived distributions.

For the lower current records, the CDFs become steeper as the record number p increases, indicating that
successive lower current records become increasingly concentrated. The corresponding PDFs exhibit unimodal
shapes, with their modes shifting slightly toward larger values of = while becoming more peaked, reflecting a
gradual reduction in variability.
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Figure 1. PDF and CDF of upper and lower current records for & = 1 and B=2.
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Figure 2. PDF and CDF of upper and lower current records for @ = 1.5 and 3 = 3.
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4 STATISTICAL ANALYSIS OF SAUDI ARABIAS ENVIRONMENTAL INDICATOR...

A similar pattern is observed for the upper current records. As the record number p increases, the upper current-
record CDFs shift to the right, implying that larger values are required before higher-order upper records are
observed. Likewise, the corresponding PDFs remain positively skewed, with their modes moving toward larger
values of z, illustrating the increasing magnitude of successive upper current records.

Comparing Figures 1-3 also demonstrates the influence of the Log-Logistic parameters. Increasing the scale
parameter « shifts both the upper and lower current-record distributions toward larger values of z, while increasing
the shape parameter 8 produces steeper cumulative distribution functions and more concentrated probability
density functions. Consequently, larger values of § reduce the dispersion of both upper and lower current records
while preserving their general probabilistic characteristics. Overall, the figures demonstrate the flexibility of the
proposed current-record distributions and confirm that they exhibit the expected behavior under different parameter
settings. The derived distribution functions also permit direct evaluation of probabilities associated with upper
and lower current-record levels. For example, for a specified pressure threshold z, the probabilities P(U?. < )
and P(L?. < ) are obtained directly from the corresponding CDFs. Hence, exceedance or non-exceedance
probabilities for current-record pressure levels can be evaluated without requiring an additional probability model.
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Figure 3. PDF and CDF of upper and lower current records for & = 2 and B=5.

3. Joint and conditional density functions

The joint density of the lower current records is obtained by substituting the Log-Logistic PDF (2) and CDF
(1) into the general current-record formula given by [13]

fre nz (bpslg) = F(lj;(lg);fng ol (H(lp) _ H(lq))Q—p—l'

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. M. BARBARY, R. A. ALDALLAL 5

Thus,
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Similarly, the conditional density of the lower current records is obtained from

fuz, ol = ey ()~ 16)

which becomes

—p—1
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Substituting the Log-Logistic PDF and survival function yields
q—p—1
B2aBuf~1yf1 oP +uP
for v (up, ug) = L— log 4 , Ug > Up. (10)
0z, (U o) (aP +ug)(aﬁ —I—ug)Q(q—p— 1)! ab —l—ug ! b
Likewise, the conditional density is
fug) ( 7-p~1
a 72 (Ugluy) = = R(uy) — R(u ) .
fUC-T\UC-T( q| P) F(up)(q—p—l)' ( q) ( P)
which becomes
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ﬁ(aﬂ + uﬁ)uﬁfl aP + uP
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4. Moments, Entropy and Extropy

The moments, entropy, and extropy of the proposed Log-Logistic current-record distributions provide useful
measures for describing their location, variability, uncertainty, and information content. Since the probability
density functions of the upper and lower current records have been obtained explicitly in Section 2, these quantities
can be derived directly from their corresponding density functions.

In the context of atmospheric-pressure current records, Shannon entropy provides a measure of the uncertainty
associated with the possible values of future or sequential record pressures. A relatively high entropy corresponds
to a more dispersed current-record distribution and therefore greater uncertainty in the pressure level at which
a subsequent record may occur, whereas lower entropy indicates a more concentrated and predictable record
distribution. Extropy provides a complementary measure of this uncertainty by emphasizing the concentration
of the probability density and can therefore help characterize differences in the dispersion of record-pressure
distributions. These measures should be interpreted statistically rather than as direct indicators of particular weather
conditions. In particular, a higher entropy does not by itself imply severe weather or long-term climate change in
Riyadh; it indicates greater uncertainty or variability in the modeled atmospheric-pressure current-record process.
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The r** raw moment of the lower current record is obtained from
S, = B(LE) =2 [ 4" @)Glp, ~ log F(a) d
°r 0
Substituting the Log-Logistic density and distribution functions yields
o prth-l a\?
5T, = 21’3@5/ G(p, log <1 + (7) )) dx.
L 0 (aﬁ -+ x/B)2 xT
Similarly, the r** raw moment of the upper current record is
¢ grtA-l x\P
T = 21750/3/ G<p, log (1 + (7) >> dx.
UET 0 (O[ﬂ + l'ﬂ)z o
The Shannon entropy [20] of the lower current records is
HLE) =~ [ fup @)log fus ()
0
which becomes
o0 ﬂ_l a [5
H(LL) = —plog2 - 28’ | G p1og (14 (2)
(1) = —plog2=2p0” | G ptow (14 (5
BabB-1 a\P
Likewise, the entropy of the upper current records is
oo B—1 T B
H(UE) = —plog2 - 28’ | G(p1og (14 (%)
(Ug) = —plog Ba /0 @ 1ol \Plos (1 (5

« log [% G<p, log <1 n (i)ﬁ»} dz.

Finally, the extropy of the lower and upper current records established by [14] is given, respectively, by

s == [ 1 @

oo 26—2 8
— _o2p—1g2 2[3/ x 21 1 (Q)
Ba ; 7(a5+mﬁ)4G p,log ( 1+ - dz,

0 2B8—2 B
Py — 9213228 T a2 z
J(UR) = —220- 152 /O T <p,1og <1+(a> >>dm.

5. Estimation using the new PDFs

12)

13)

(14)

as)

16)

a7

In this section, the unknown parameters « and 3 of the Log-Logistic distribution are estimated directly from
the newly derived current-record density functions. Unlike classical inference based on complete random samples,
the proposed approach utilizes only the observed upper or lower current records. Consequently, the likelihood
functions are constructed from the gamma-based current-record probability density functions derived in Section 2.
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5.1. Maximum likelihood estimation

Suppose that UL, U2, .
function is

P 5ip.B,B-1 .
Lus (.8 =[] %G(i,log <1 + (Z)ﬁ» . (18)

i1 (0F +u

.., U% denote the observed upper current records. Using Equation (7), the likelihood

Therefore, the corresponding log-likelihood function is

p

by (a,B) = Z lz’logQ—i—logﬁ—i—Bloga + (B —1)logu;
i=1

— 2log(a”® +ul) +log G(T3) |, (19)

where T; = log (1+ (%)”). Similarly, let L%, L2

cr? cr)

..., L be the observed lower-current records. Using

Equation (5), the likelihood function is

P o B—1 B
2Ball , <a>
Ly (a :”716? i,og [ 14+ — . 20
L&,,( ﬁ) P (aﬁ Jrlf)Q < g ( li ( )
Hence,

Uy (o, B) = Z [ilogZJrlogBJrﬁlogaJr (8 —1)logl;

i=1

—2log(a” +17) +10g G(S)) |, @1

B
where S; = log (1 + (%)

The maximum likelihood estimates of oz and 3 are obtained by maximizing the corresponding log-likelihood
functions. Differentiating the upper log-likelihood with respect to the unknown parameters yields

Olye Olye
et Rl
while the likelihood equations for the lower current records are
Ol Olpy
da 9B

Since these equations contain nonlinear terms involving the regularized incomplete gamma function, explicit
solutions do not exist. Therefore, the maximum likelihood estimates are obtained numerically using iterative
optimization algorithms such as the Newton—Raphson method or quasi-Newton optimization.

5.2. BE under new PDF

For Bayesian estimation, we assume that « and 3 are independent gamma random variables with prior
densities

m(a) a®1 exp(—bia), a >0, m(8) x pr2—1 exp(—baf3), 5> 0.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Thus, the joint prior density is

m(a, B) ox a® 712 exp(—bra — byf3).
Using the upper current-record likelihood (18), the posterior density is

T(Uizr(aa ﬁ ‘ ll) X LU:;’.(Oé,ﬂ)Tr(Oé, ﬁ) (22)

Similarly, using the lower current-record likelihood (20), the posterior density is

ﬂLf.T(aaB | 1) X LL?T(OQB)TF(O[,B). (23)

Under the squared error loss function, the Bayes estimators are the posterior means:

apf = E(a | w),50F = E(B | u), apf =E(a|).02F = E(B|1). 24)
Since these posterior expectations cannot be obtained in closed form, Markov Chain Monte Carlo methods may
be used to approximate them. If (a(*), ")), t = 1,..., T, are posterior samples after burn-in, then
1 1
~BE _ (t) ABE _ - (t)
e eyt

The corresponding credible intervals are obtained from the empirical posterior quantiles.

6. Simulation

To evaluate the finite-sample performance of the proposed estimation procedures, a Monte Carlo simulation
study was conducted. Following the structure of the simulation study in the related current-record paper, 1000
random samples of size 100 were generated from the Log-Logistic distribution for selected values of the parameters
« and f. For each generated sample, the corresponding upper and lower current records were extracted. The
unknown parameters were then estimated using maximum-likelihood and Bayesian methods based on the newly
derived current-record density functions.

The likelihood functions used in the simulation were derived from the proposed gamma-based PDFs for
the upper and lower current records. Since the likelihood equations involve the regularized incomplete gamma
function and do not admit closed-form solutions, the maximum likelihood estimates were obtained numerically
using constrained optimization techniques. For Bayesian estimation, independent Gamma prior distributions were
assumed for the unknown parameters, and posterior samples were generated using the Metropolis—Hastings
algorithm. Under the squared-error loss function, the Bayesian estimates were computed as the posterior means.

To assess the performance of the proposed estimators, the mean estimate, standard deviation (SD), root mean
square error (RMSE), and mean absolute deviation (MAD) were calculated over the 1000 simulation replications.
In addition, 95% confidence intervals for the maximum likelihood estimators and 95% credible intervals for the
Bayesian estimators were constructed using the empirical quantiles of the simulated estimates. The simulation
results are presented in Tables 1-3, in which the performance of the maximum-likelihood and Bayesian methods
is compared for both upper and lower current records under different parameter settings. In Tables 1-3, e denotes
the number of Monte Carlo replications, out of the 1000 generated samples, that resulted in the corresponding
current-record number p.
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Table 1. Simulation results for the Log-Logistic current-record model when o = 1 and 8 = 2.

\ MLE \ BE

P Parameter | Mean SD RMSE MAD 95% CI | Mean SD RMSE MAD 95% BCI
ay,, 3.1251 3.8851 4.2347 2.5032 [0.2467,0.5668] | 1.3688 0.5850 0.6635 0.5647 [0.6351,0.7853]
4(e =10) Bu 1.8836 0.8680 0.8266 0.7831 [0.6515, 1.1265] 1.3759 04666 0.7636  0.6241 [0.7575, 1.0331]
€= ar, 2.0062 24318 2.5038 1.4983  [0.2780, 0.4937] 1.0893 0.5413 0.5181 0.4518 [0.4686, 0.6577]
BL s 1.5281 0.8040 0.8930 0.8555 [0.7236,0.9073] | 1.3806 0.4266 0.7385 0.6324 [0.8921, 1.0681]
ay,, 1.7359  2.0940 2.1947 1.1524 [0.1952,0.6211] | 1.1709 0.6242 0.6396 0.4726  [0.3008, 0.7055]
5 (e = 40) Uer 1.7250 0.6962 0.7404 0.6579 [0.7235, 1.0757] 1.4897 0.4006 0.6456 0.5332 [0.8051, 1.1515]
€= ar, 1.2659 1.5010 1.5058 0.8574 [0.0683, 0.3933] 1.0302 0.5053 0.4998 0.4183 [0.2163, 0.6253]
BL s 1.9505 0.6878 0.6809 0.6173  [0.8354,1.2759] | 1.6740 0.3776 0.4953 0.3519 [0.9180, 1.3826]
ay,, 1.4611 1.1964 1.2734 0.8395 [0.1073,0.6316] | 1.1274 0.5454 0.5559 0.4452 [0.2295, 0.7329]
6 (c = 64) Bu s 1.8698 0.5665 0.5770 0.5119 [0.7614, 1.4307] 1.6478 0.3263 0.4785 0.3759 [0.9017, 1.4022]
€= ar, 1.0938 0.8240 0.8229 0.6441 [0.1364, 0.4618] 1.1005 0.5093 0.5152  0.4341 [0.2930, 0.7325]
BL s 1.9763 0.5541 05502 0.4919 [0.8265,1.5200] | 1.7514 0.3311 0.4119 0.3174 [0.8509, 1.5230]
ay,, 1.4180 1.1161 1.1879  0.7292  [0.2201,0.6957] | 1.1133  0.5339 0.5438 0.4137 [0.2723,0.7418]
7 (e = 132) Uer 2.0403 0.5272 0.5268 0.4778 [0.8180, 1.5803] 1.7953 0.3244 0.3826  0.2950 [0.8112, 1.5527]
- L, 1.2530 1.0551 1.0811 0.7115 [0.2246, 0.5622] 1.1887 0.5651 0.5937 0.4436 [0.3985,0.7710]
BL s 2.0835 0.5232 05278 0.4833 [0.9981, 1.5677] | 1.8819 0.2961 0.3178 0.2477 [1.1085, 1.6301]
ay,, 1.1175 0.8687 0.8731 0.5106 [0.0931, 0.6097] | 0.9407 0.4638 0.4657 0.3474 [0.1893,0.6410]
8 (e = 123) U 2.1416 04937 0.5116 0.4505 [0.9355, 1.7982] 1.9280 0.3224 0.3291  0.2480 [0.8923, 1.7971]
T ar, 1.1133  0.8186 0.8231 0.5031 [0.1065,0.5966] | 1.1613 0.4978 0.5214 0.3914 [0.1550,0.7773]
BLén 2.2054 0.4570 0.4993 0.4441 [1.1179,1.9114] 1.9879 0.2810 0.2801 0.2235 [1.1772, 1.8385]
ay,, 1.0661  0.6535 0.6549 0.4340 [0.1387,0.6713] | 09195 0.4055 0.4123 0.3282 [0.1812,0.6520]
9 (e = 169) U 22210 04041 04595 0.4053 [1.1969,1.8937] | 2.0079 0.2685 0.2679 0.2232  [1.2263, 1.8293]
- ar, 1.1306  0.6498 0.6609 0.4290 [0.2000, 0.7372] | 1.2426  0.4956 0.5505 0.4018 [0.3162,0.9125]
BLé 2.3703 03141 0.4850 0.4336 [1.3886,2.1174] | 2.1430 0.1940 0.2406 0.2070  [1.4052, 2.0296]
au,, 1.0599 0.6279 0.6286 0.4130 [0.1526,0.6543] | 09162 04115 0.4187 0.3210 [0.1718,0.6244]
10 (e = 151) Bu 2.3441 0.3552  0.4937 0.4504 [1.2305,2.1230] | 2.1283 0.2435 0.2745 0.2403  [1.1426, 2.0064]
- ar, 1.2840 0.7819 0.8294 0.5249 [0.3202,0.8272] | 1.3487 0.5790 0.6743 0.4885 [0.4161, 0.9750]
BL s 2.3697 0.3447 0.5047 0.4639 [1.2896,2.1651] | 2.1781 0.2204 0.2828 0.2537 [1.3597, 2.0666]
au,, 0.8843 0.3972 0.4121 0.3044 [0.2167,0.6701] | 0.7838 0.2946 0.3645 0.2985 [0.2528,0.6164]
11 (e = 120) Bu 24460 0.2986 0.5360 0.5104 [1.3269,2.4643] | 2.2212 0.2104 03047 0.2827 [1.3460, 2.1699]
- ar, 1.2828 0.8157 0.8601 0.4454 [0.3378,0.8940] | 1.3797 0.5528 0.6687 0.4637 [0.4579, 1.0718]
BL s 24903 0.2500 0.5499 0.5265 [1.5406,2.6000] | 2.2817 0.1619 0.3246 0.3071  [1.5829, 2.2559]
au,, 0.7979 0.2844 0.3473 0.3001 [0.3371,0.5993] | 0.7277 0.2395 0.3616 0.3253  [0.3503, 0.5596]
12 (e = 73) Bu s 24866 0.2118 0.5301 0.5011 [1.7518,2.4377] | 2.2958 0.1561 0.3340 0.3145 [1.6971,2.2141]
- ar, 1.3544 0.5514 0.6523 0.4546 [0.4074,1.0174] | 1.4749 04779 0.6714 0.5367 [0.5061, 1.2006]
BL s 24766 0.2495 0.5371 0.5116  [1.4830,2.4747]) | 2.2940 0.1748 0.3414 0.3223  [1.5284,2.2477]
au,, 0.7644 0.2091 0.3138 0.2714 [0.3872,0.6506] | 0.7051 0.1803 0.3448 0.3152 [0.3703, 0.6076]
13 (e = 57) Bu s 2.5160 0.2120 0.5572 0.5402 [1.5018,2.6000] | 2.3435 0.1638 0.3799 0.3658 [1.5352,2.3487]
- ar, 1.4755 04533 0.6542 05089 [0.5707,1.1321] | 1.6040 0.4281 0.7382 0.6232  [0.7223, 1.3035]
BL s 2.5360 0.1577 0.5583  0.5457 [1.7241,2.6000] | 2.3663 0.1254 0.3869 0.3764 [1.7147,2.3200]
au,, 0.6221 0.1733 0.4146 0.3869 [0.2939,0.5056] | 0.5732 0.1581 0.4543 0.4290 [0.2626,0.4717]
14 (e = 32) Bu s 2.5795 0.1025 0.5883  0.5795 [2.0227,2.6000] | 2.4025 0.0852 0.4112 0.4025 [2.0207,2.3927]
- ar,, 1.5007 0.4705 0.6820 0.5570 [0.6786, 1.2012] | 1.6117 0.4338 0.7459 0.6326 [0.8336, 1.3129]
BL 2.5594  0.1757 0.5855 0.5827 [1.6271,2.6000] | 2.4123 0.1266 0.4307 0.4251 [1.7946, 2.4156]
au,, 0.6884 0.2494 0.3935 0.3688 [0.3705,0.5326] | 0.6348 0.2271 0.4257 0.3922  [0.3329, 0.4937]
15 (e = 14) BU 2.6000 0.0000 0.6000 0.6000 [2.6000,2.6000] | 2.4422 0.0304 0.4432 0.4422 [2.3654,2.4233]
- ar,, 1.9490 0.6980 1.1632 0.9700 [0.8534, 1.3944] | 2.0678 0.6315 1.2290 1.0678 [1.0621, 1.5700]
BL s 2.5995 0.0020 0.5995 0.5995 [2.5927,2.6000] | 2.4391 0.0446 0.4412 0.4391 [2.3116,2.4241]
au,, 0.6589 0.2026 0.3893  0.3411 [0.4383,0.4802] | 0.6250 0.1910 0.4146 0.3750 [0.4071, 0.4644]
16 (e =7) Bu g 2.5425 0.1522  0.5605 0.5425 [2.1972,2.6000] | 2.4182 0.1290 0.4349 0.4182 [2.1341,2.4284]
- ar, 1.6549 0.3987 0.7517 0.6593 [0.9846, 1.5220] | 1.7384 0.3630 0.8112 0.7384 [1.0827, 1.6476]
BL s 24875 02977 0.5600 0.5411 [1.8124,2.6000] | 2.3916 0.2669 0.4631 0.4525 [1.7867,2.4807]
ay,, 0.5724 0.2027 0.4659 0.4276 [0.3601,0.4417] | 0.5522 0.1876 0.4795 0.4478 [0.3479, 0.4456]
17 (e =8) Bua 2.5485 0.1261 0.5605 0.5485 [2.2910,2.6000] | 2.4489 0.1009 0.4582 0.4489 [2.2462,2.4654]
¢ = ar, 2.0356 0.4226 1.1051 1.0356  [1.4703, 1.6846] | 2.0904 0.4078 1.1522 1.0904 [1.5124,1.7818]
BL 2.6000 0.0000 0.6000 0.6000 [2.6000,2.6000] | 2.5007 0.0112 0.5008 0.5007 [2.4840, 2.4940]
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Table 2. Simulation results for the Log-Logistic current-record model when o = 1.5 and 5 = 3.

\ MLE \ BE

P Parameter | Mean SD RMSE MAD 95% CI | Mean SD RMSE MAD 95% BCI
ay,, 1.7442 1.2542 1.1707 0.9824 [0.4350,0.9143] | 1.5850 0.8486 0.7793 0.6592 [0.7146, 1.0201]
4e=8) Bu 2.5598 1.1942  1.1757 1.0402 [1.2467,1.5972] | 2.2049 0.6458 0.9898 0.7951 [1.4478, 1.6664]
€= ar, 1.2677 0.6705 0.6547 0.5507 [0.3322, 0.8688] 1.4018 0.4675 0.4379 0.3784 [0.6434, 1.1946]
BL s 2.7800 1.1274 1.0524 0.9356 [1.3879,1.8019] | 2.2327 0.5328 0.9085 0.7673 [1.5173,1.8341]
ay,, 22689 1.7978 1.9276 1.1487 [0.6578,1.2035] | 1.8598 1.0126 1.0586 0.7481 [0.6998, 1.0885]
5 (e = 30) Uer 29196 09856 0.9724 0.8409 [0.8779,2.1614] | 2.4494 0.6014 0.8079 0.5853 [0.9235, 2.1592]
€= ar, 1.9565 1.2635 1.3234 0.9086 [0.5415, 1.1216] 1.8439 0.6563 0.7311 0.5898 [0.7559, 1.3775]
BL s 2.5235 09755 1.0710 0.9527 [1.1675,1.7350] | 2.2768 0.5637 0.9112 0.7391 [1.3219, 1.8855]
ay,, 1.6466 0.8678 0.8743 0.6711 [0.3172,0.9280] | 1.4999 0.6419 0.6375 0.5027 [0.3903, 1.0030]
6 (c = 74) Bu g, 2.7536  0.8536  0.8829 0.8075 [1.4071,2.0376] | 2.4801 0.5253 0.7366 0.6115 [1.5522,2.0334]
€= ar, 1.4089 0.8970 0.8955 0.6400 [0.3228, 0.8770] 1.5072  0.6463 0.6420 0.4836 [0.4143,1.1020]
BL s 3.0807 0.8680 0.8658 0.7874 [1.4156,2.1841] | 2.6839 0.5159 0.6021 0.4492 [1.5963, 2.2046]
ay,, 1.7196  0.8929 09148 0.6664 [0.5276,1.0303] | 1.5293 0.6551 0.6523 0.5088 [0.6108, 1.0449]
7 (e = 93) Uer 3.0953 0.8030 0.8043 0.7403 [1.5546,2.3763] | 2.7226 0.4982 0.5679 0.4456 [1.7084,2.3074]
€= L, 1.5913 0.8364 0.8369 0.6362 [0.4052,0.9716] 1.6690 0.6477 0.6660 0.5280 [0.4960, 1.1594]
BL s 3.0608 0.8094 0.8073 0.7062  [1.3024,2.3525] | 2.7557 0.5175 0.5697 0.4222 [1.3600, 2.4058]
ay,, 1.6330 0.7657 0.7749 0.5085 [0.5692,1.1747] | 1.4761 0.5816 0.5803 0.4060 [0.6021, 1.0977]
8 (e = 166) U 3.2807 0.6872 0.7404 0.6768 [1.7267,2.6727] | 2.9297 0.4609 0.4649 0.3902 [1.7809, 2.5756]
T ar, 1.5928 0.6540 0.6586 0.4681 [0.5093,1.1711] | 1.7198 0.5237 0.5665 0.4335 [0.6512, 1.3340]
BLén 3.2593  0.6857 0.7311 0.6561 [1.5196,2.7307] | 2.9368 0.4237 0.4271 0.3414 [1.7371, 2.6486]
ay,, 1.5141 05193 05178 0.4018 [0.5356,1.1737] | 1.3843 0.4215 0.4357 0.3575 [0.6219, 1.0893]
9 (e = 154) Ui 3.4197 0.6352 0.7596 0.6919 [1.5290,2.9687] | 3.0675 0.4383 0.4421 0.3666 [1.4424,2.8682]
- ar, 1.6034 0.5576 0.5653 0.4192 [0.4877,1.2366] | 1.7551 0.4999 0.5598 0.4166 [0.5806, 1.4420]
BLén 3.4287 0.5643 0.7072 0.6318 [2.0117,3.0115] | 3.1022 0.3643 0.3772 0.3245 [2.1199, 2.8940]
av,, 1.4960 0.4306 0.4292 0.3143 [0.4193,1.2209] | 1.3630 0.3589 0.3831 0.3082 [0.4978, 1.1215]
10 (e = 158) Bu 3.6522 04042 0.7667 0.7124 [2.1091, 3.4499] | 3.2829 0.2832 0.3996 0.3555 [2.2926, 3.1242]
- ar, 1.7387 0.4906 0.5442 0.4005 [0.3603, 1.4046] | 1.9098 0.4723 0.6241 0.4835 [0.4448, 1.5832]
BL s 3.5366 0.4847 0.7220 0.6506  [2.0722,3.1457] | 3.2147 0.3295 0.3924 0.3412 [2.0589, 3.0418]
au,, 1.3307 0.3603 0.3967 0.3154 [0.4329, 1.1276] 1.2224  0.3044 04110 0.3522 [0.5161, 1.0414]
11 (e = 118) Bu 3.6652 04134 0.7822 0.7315 [2.2628,3.6230] | 3.3268 0.2866 0.4339 0.3987 [2.3738, 3.1994]
- ar, 1.6862 0.4785 0.5115 0.3857 [0.3895,1.3276] | 1.8473 0.4695 0.5824 0.4540 [0.4476, 1.4749]
BL s 3.6999 0.3819 0.7965 0.7635 [2.1422,3.6143] | 3.3720 0.2755 0.4623 0.4332 [2.2272,3.2829]
au,, 1.3523 04273 04499 0.3202 [0.5416, 1.1472] 1.2462 0.3554 0.4351 0.3481 [0.5390, 1.0524]
12 (e = 90) Bu 3.8088 0.2410 0.8436 0.8186 [2.7458,3.9000] | 3.4866 0.1901 0.5220 0.5002 [2.6836, 3.4234]
- arg, 1.8080 0.4960 0.5815 0.4128 [0.8058, 1.4933] | 1.9573 0.4743 0.6569 0.5142 [0.9097, 1.6461]
BL s 3.6901 04003 0.7967 0.7494 [2.2452,3.6943] | 3.4090 0.2968 0.5043 0.4685 [2.2740, 3.3212]
au,, 1.2210 0.2291 0.3597 0.3077 [0.7657, 1.0769] 1.1304 0.2027 0.4207 0.3748 [0.7258, 1.0071]
13 (e = 56) Bu s 3.8342 0.2164 0.8613 0.8499 [2.5590,3.9000] | 3.5290 0.1846 0.5598 0.5446 [2.5654, 3.4722]
- ar, 1.9254 0.3684 0.5606 0.4561 [1.2814,1.6497] | 2.0795 0.3755 0.6887 0.5854 [1.3919, 1.7903]
BL s 3.7970 0.2689 0.8404 0.8063 [2.8138,3.9000] | 3.5367 0.2129 0.5767 0.5519 [2.7884, 3.5486]
au,, 1.2233  0.2799 0.3898 0.3410  [0.7800, 1.0258] 1.1371  0.2556 0.4410 0.3898 [0.7333,0.9504]
14 (e = 26) Bu s 3.8705 0.0849 0.8745 0.8705 [3.5826,3.9000] | 3.5998 0.1108 0.6095 0.5998 [3.2659, 3.5932]
- ar,, 1.9845 04774 0.6737 0.5644 [0.9954,1.6537] | 2.1496 0.4901 0.8080 0.6852 [1.1133,1.8389]
BL s 3.8415 0.1576 0.8556 0.8415 [3.1612,3.9000] | 3.5760 0.1355 0.5912 0.5760 [3.1142, 3.5203]
au,, 1.1879 0.2288 0.3836  0.3165 [0.6040, 1.0886] 1.1112  0.2113 0.4400 0.3888 [0.5552, 1.0288]
15 (e = 20) BU 3.9000 0.0000 0.9000 0.9000 [3.9000, 3.9000] | 3.6494 0.0656 0.6526 0.6494 [3.5137,3.6185]
- ar,, 2.1724 0.4335 0.7941 0.7258 [0.9662,2.0057] | 2.3158 0.4476 0.9251 0.8577 [1.0811,2.1272]
BL s 3.8722  0.0888 0.8765 0.8722 [3.5255,3.9000] | 3.6487 0.0845 0.6539 0.6487 [3.3942, 3.6447]
au,, 1.0164 0.2001 0.5169 0.4836 [0.8168,0.8854] | 0.9662 0.1865 0.5603 0.5338 [0.7788, 0.8432]
16(=7) Bu g 3.9000 0.0000 0.9000 0.9000 [3.9000, 3.9000] | 3.7045 0.0261 0.7049 0.7045 [3.6551, 3.7044]
- ar, 2.1779 0.4852 0.8098 0.6874 [1.4716,1.8571] | 2.3122 04832 0.9242 0.8122 [1.6181,1.9714]
BL 3.9000 0.0000 0.9000 0.9000 [3.9000, 3.9000] | 3.7019 0.0549 0.7037 0.7019 [3.6057, 3.6812]

Stat., Optim. Inf. Comput.

Vol. x, Month 202x



M. M. BARBARY, R. A. ALDALLAL

Table 3. Simulation results for the Log-Logistic current-record model when a = 2 and 8 = 5.

11

\ MLE \ BE

P Parameter | Mean SD RMSE MAD 95% CI | Mean SD RMSE MAD 95% BCI
ay,, 24952  1.2518 1.1357 0.7919 [1.6311,1.7775] | 2.2885 0.9806 0.8510 0.6526 [1.6029, 1.7269]
3(e=23) Bu 4.1164 22363 2.0285 1.8836 [2.0644,2.9245] | 3.4150 14011 1.9547 1.5850 [1.9646,2.7421]
€= ar, 2.3267 1.3826  1.1752 0.9448 [1.3416, 1.5365] | 2.2480 0.7096 0.6303 0.5087 [1.6090, 1.8662]
BL s 3.7107 2.4453 23767 2.2893 [1.9360,2.3161] | 3.1938 1.1554 2.0378 1.8062 [2.3135,2.5396]
ay,, 2.1801 09452 09146 0.8276 [0.9557,1.3042] | 2.0618 0.6981 0.6651 0.5949 [1.0307, 1.4856]
4(e =10) Uer 3.7252  2.0841 23525 2.1748 [1.5182,2.1194] | 3.2936 1.2971 2.1038 1.7064  [1.4289, 2.3562]
€= ar, 1.8790 0.9378 0.8979 0.7843 [0.8614, 1.1696] 1.9608 0.7647 0.7265 0.6508 [0.9974, 1.3372]
BL s 5.1683 19230 1.8321 1.7128  [1.8237,3.5309] | 4.1202 1.1305 1.3872 0.9022 [1.9296, 3.3201]
ay,, 2.2633 0.8733 09010 0.7011  [1.1529,1.6582] | 2.1176  0.6956 0.6964 0.5450 [1.1619, 1.6858]
5 (e = 39) Bu s 4.6492 1.7275 1.7404 15488 [1.6576,3.0710] | 4.0212 1.0989 1.4607 1.0991 [1.6934,3.1094]
€= ar, 2.0225 0.6903 0.6815 0.5583 [0.8926, 1.4052] | 2.1731 0.6528 0.6670 0.5685 [1.0036, 1.5828]
BL s 44554  1.7129 1.7758 1.6560 [2.0920,2.9379] | 3.9335 1.0804 1.5080 1.2091 [2.2328, 2.9946]
ay,, 2.1670 0.7143 0.7283 0.5761 [1.0103,1.5807] | 2.0527 0.5966 0.5944 0.4781 [1.1697, 1.5862]
6 (e = 66) Uer 4.6053 14636 1.5052 1.3507 [2.0678,3.3574] | 4.1449 09715 1.2887 1.0516 [2.3034, 3.4295]
€= L, 1.9730 0.6916 0.6869 0.5230 [0.7832, 1.4502] | 2.1097 0.6263 0.6311 0.4832 [0.8791, 1.6922]
BL s 49524 14506 1.4404 1.3198 [2.2258,3.4896] | 4.3157 0.8573 1.0918 0.8506 [2.4487, 3.5309]
ay,, 2.0805 0.6222 0.6249 04575 [1.0122,1.6928] | 1.9593 0.5329 0.5323 0.4101 [1.0292, 1.6361]
7 (e = 124) U 5.0262 1.2699 1.2650 1.0994 [2.4954,4.0428] | 4.4781 0.8265 0.9747 0.7503  [2.5519, 3.9063]
T ar, 1.9761 0.5258 0.5243 0.4124 [0.7224,1.6326] | 2.1183 0.4977 0.5097 0.3997 [0.7976, 1.7796]
BL s 5.1826  1.3595 13662 1.2327 [1.8653,3.9612] | 4.5873 0.8966 0.9837 0.7525 [1.9994, 3.9083]
au, 2.0875 0.5230 0.5285 0.3984  [1.1335,1.7417] 1.9627 0.4604 0.4603 03510 [1.1222, 1.6647]
8 (e = 145) U 54222  1.1903 1.2591 1.1520 [2.7437,4.2897] | 4.8253 0.8070 0.8230 0.6725 [2.6704, 4.1588]
- ar, 2.0735 0.4790 0.4830 0.3571 [1.1745,1.7573] | 2.2247 04704 0.5198 0.3933  [1.2836, 1.9233]
BLé 5.5022  1.0900 1.1966 1.0718 [3.1566,4.6071] | 4.9258 0.7362 0.7374 0.6342 [3.1014, 4.3544]
au,, 2.0419 0.4388 0.4393 0.3220 [1.2252,1.7456] | 1.9204 0.3890 0.3958 0.3094 [1.2364, 1.6665]
9 (e = 150) Bu 5.8338 0.9029 1.2268 1.1016  [2.5000, 5.2445] | 5.2019 0.6379 0.6671 0.5530 [2.5790, 4.8552]
- ar, 2.1220 0.5109 0.5236  0.3783  [1.2057,1.7965] | 2.2672 04873 0.5544 0.3911 [1.3221, 1.9431]
BL s 5.7425 1.0570 1.2889 1.1869 [2.4319,4.9439] | 5.1247 0.7314 0.7396  0.6319 [2.6516, 4.6546]
au,, 1.9152  0.3449 0.3542 0.2850 [1.0762, 1.6484] 1.8097 0.3073 0.3606 0.2890 [1.0575, 1.5685]
10 (e = 170) Bu 59216 09077 12917 1.1883 [2.7888,5.4055] | 5.3381 0.6658 0.7450 0.6611 [2.7783,5.0317]
- ar, 2.1059 0.3890 0.4021 0.3228 [1.1742,1.8143] | 2.2497 0.3986 0.4694 0.3763 [1.2574,1.9749]
BL s 5.9517 0.8572 1.2791 1.1748 [2.5647,5.6197] | 5.3694 0.6439 0.7407 0.6403 [2.6118,5.1372]
au,, 1.9401 0.4337 04358 0.2986 [1.1231, 1.6801] 1.8332 0.3967 0.4286 0.3223  [1.1099, 1.6012]
11 (e = 103) Bu s 6.2147 0.5917 1.3499 1.2861 [3.4859,6.4483] | 5.6332 0.4618 0.7824 0.7271 [3.3621, 5.5004]
- ar, 2.2354 04700 0.5236 0.3839 [0.8901, 1.9640] | 2.3796 0.4726 0.6044 0.4704 [1.0039,2.1157]
BL s 6.0752 0.7036  1.2831 1.2042 [3.9198,5.9233] | 5.5005 0.5184 0.7188 0.6570 [3.9204, 5.3367]
av,, 1.8235 0.2618 0.3144 0.2584 [1.2768, 1.6466] 1.7265 0.2440 0.3655 0.3137 [1.1875, 1.5670]
12 (e = 83) Bu s 6.2305 0.6016 13681 1.2996 [3.3604, 6.3988] | 5.6788 0.4744 0.8265 0.7674 [3.3071, 5.5968]
- ar, 2.2050 0.2809 0.3464 0.2746 [1.6190,2.0343] | 2.3397 0.2881 0.4443 0.3636  [1.7556, 2.1447]
BL s 6.2048 0.6694 13763 1.3158 [2.8244,6.4042] | 5.6999 0.5435 0.8842 0.8275 [2.8302, 5.6140]
au,, 1.7845 0.2981 0.3658 0.3111  [1.3056, 1.5698] 1.7012  0.2819 0.4092 0.3620 [1.2604, 1.4931]
13 (e = 59) Bu s 6.2763  0.4423 13495 1.2783 [4.9414,6.4003] | 5.8067 0.3628 0.8832 0.8179 [4.8079, 5.6355]
€= ar,, 22212 03502 04117 0.3352  [1.4429,1.9811] | 2.3591 0.3698 0.5132 0.4224 [1.5311,2.1168]
BL 6.3618 0.3216  1.3987 1.3642 [4.9300, 6.5000] | 5.8414 0.2907 0.8894 0.8470 [4.8345, 5.7290]
au,, 1.6975 0.2089 0.3649  0.3207 [1.3426, 1.5443] 1.6168 0.2036 0.4317 0.3874 [1.2663, 1.4525]
14 (e = 22) BU 6.4581 0.1521 1.4656 1.4581 [5.8161,6.5000] | 5.9658 0.1826 0.9821 0.9658 [5.4853,5.8613]
- ar,, 2.3196  0.2807 0.4211 0.3305 [1.8800,2.0791] | 2.4490 0.2805 0.5260 0.4490 [2.0287,2.2071]
BL s 6.3826 0.3513 14245 1.3826 [5.0111,6.5000] | 5.9016 0.3056 0.9497 0.9158 [4.8432,5.7698]
au,, 1.7489 0.2835 0.3728 0.3193 [1.3615, 1.5526] 1.6741 0.2694 0.4180 0.3624  [1.2831, 1.4973]
15 (e = 18) Bu g 6.4399 0.2548 1.4611 1.4399 [5.4189,6.5000] | 6.0476 0.2322 1.0716 1.0476 [5.1981, 6.0451]
- ar, 2.5209 0.3167 0.6051 0.5209 [2.0651,2.3049] | 2.6410 0.3535 0.7272 0.6410 [2.1829, 2.3990]
BL s 6.3880 0.3225 1.4230 1.3880 [5.4126,6.5000] | 6.0043 0.2787 1.0401 1.0043 [5.2412,5.9704]
au,, 1.5594 0.2926 0.5083 0.4406 [1.2756, 1.3927] 1.5004 0.2758 0.5537 0.4996 [1.2331, 1.3458]
16 (e = 9) Uer 6.5000 0.0000 1.5000 1.5000 [6.5000, 6.5000] | 6.1738 0.0184 1.1739 1.1738 [6.1529, 6.1653]
B ar,, 2.5801 0.5456 0.7482 0.6240 [1.9121,2.3463] | 2.7081 0.5636 0.8600 0.7081 [2.0131,2.4589]
BL 6.3312  0.3376  1.3629 1.3312 [5.8248,6.3312] | 59344 0.2714 0.9635 0.9344 [5.5452,5.8657]
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6.1. Discussion of the simulation results

Tables 1-3 summarize the Monte Carlo results for the proposed maximum likelihood (MLE) and Bayesian
(BE) estimators under different combinations of the Log-Logistic parameters. Overall, both estimation procedures
perform satisfactorily and exhibit clear improvements as the number of current records increases. Since larger
values of p contain more record information, the estimators become increasingly stable and their sampling
variability decreases.

For both upper and lower current records, the standard deviations, RMSEs, and MADs generally decrease as
the current-record size increases. This behavior demonstrates the consistency of the proposed estimators, since
additional record observations provide more information about the unknown parameters. The improvement is
particularly evident for the scale parameter «, whose estimates become progressively more concentrated around
the true parameter values as p increases.

Comparing the two estimation methods shows that the Bayesian estimators consistently produce smaller standard
deviations than the corresponding maximum likelihood estimators in almost all scenarios. The Bayesian approach
also yields smaller RMSE and MAD values in most cases, especially when the number of available current records
is relatively small. This improvement is expected because the incorporation of prior information stabilizes the
estimation process and reduces sampling variability.

For the shape parameter 3, both estimation methods gradually approach the true parameter values as the number
of current records increases. Although the MLE occasionally exhibits larger variability for small values of p, the
Bayesian estimates remain more stable throughout the simulation study. As expected, the differences between the
two methods become smaller as the record size increases, indicating that both estimators are asymptotically reliable
when sufficient current-record information is available.

A comparison of Tables 1-3 further indicates that increasing the true parameter values does not alter the overall
performance of the proposed procedures. The same convergence patterns are observed for all three parameter
combinations, confirming that the proposed estimation methods are robust across different shapes and scales of the
Log-Logistic distribution.

Overall, the simulation study demonstrates that the newly derived gamma-based current-record likelihood
functions provide accurate and reliable inference for the Log-Logistic distribution. Both the maximum-likelihood
and Bayesian approaches perform well, with the Bayesian procedure generally offering greater numerical stability
and improved finite-sample accuracy. These findings support the practical applicability of the proposed methods for
analyzing environmental current-record data, particularly in situations where only record observations are available.

113

7. Bayesian Prediction (BP)

In this subsection, Bayesian prediction of future current records is developed using the posterior predictive
approach based on the proposed current-record distributions. The predictive distribution is obtained by integrating
the conditional distribution of a future current record with respect to the posterior distribution of the unknown
parameters derived in Section 5. Since the posterior densities involve the regularized incomplete gamma function,
closed-form Bayesian predictors are not available, and Monte Carlo simulation is employed for numerical
implementation.

Bayesian prediction for upper current records: LetU ff % denote the (p + ¢)-th upper current record, given the
observed upper current records

Us = (U5, UZ.,...,UL) .

cr

The posterior predictive density is defined by

ey, (W) = /ngquUgr (u | up, o, B) m(ax, B | Us) dev dB, (25)
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where ng+q|Ug (-) denotes the conditional density of the future upper current record and 7 («, 3 | Ug) is the

posterior distribution obtained in Section 5.
Substituting the conditional density of the proposed upper current-record model yields

55}(1'%(@6) 0.8 /ng:rqugT(u | up7a7ﬂ)
xm(a, B | Us)dadp, u> . 26)

Under the squared error loss function, the Bayesian point predictor is

—_BP 1
UG =E(UE" | Us) = / wf ey, (w)du. @7
Up cr 1Zer
Since the posterior predictive density has no closed-form expression, the Bayesian predictor is approximated using

Monte Carlo simulation,
BP T

T 1
p+q ~ p+q,(t)
U(fr ~ T Z Uc~r ’
t=1
where {U2F a.() M| are generated from the posterior predictive distribution. A 100(1 — )% Bayesian prediction

interval is obtained from the posterior predictive distribution,
P(L, <UL <UL | Us) =17,
whose limits are estimated using the empirical posterior predictive quantiles,

(Lw Uv) = (Q'y/2aQ17~//2) .

Bayesian prediction for lower current records: Exactly the same work can be done as the upper current record
but using relevant formulas.

The Bayesian predictive approach naturally incorporates parameter uncertainty through the posterior distribution
while preserving the stochastic structure of the proposed current-record model. Consequently, both the Bayesian
point predictors and prediction intervals fully reflect the uncertainty associated with future current records. Since
the predictive integrals involve the regularized incomplete gamma function and do not admit closed-form solutions,
posterior predictive quantities are evaluated numerically using the Metropolis—Hastings algorithm described in
Section 5.

8. Real Saudi Environmental Data

The real-data analysis presented in this section is intended primarily as an illustrative application of the
proposed current-record methodology rather than as a comprehensive climatological study of Riyadh. The 31
daily atmospheric-pressure observations are used to demonstrate, in a transparent and manageable setting, how
the upper and lower current records are extracted, how the unknown Log-Logistic parameters are estimated from
these records, and, most importantly, how the proposed prediction procedures can be used to obtain future upper
and lower current records and their associated prediction intervals. Accordingly, the purpose of this application is
to verify the practical implementability of the proposed statistical methodology rather than to draw conclusions
regarding long-term climate change or seasonal atmospheric-pressure behavior.

A substantially longer observational period would naturally be preferable for climatological or seasonal
inference. Such an extension would also generally produce a richer set of current-record observations and
consequently require a considerably larger empirical presentation, including additional record tables, estimation
results, and prediction outputs. Since the principal contribution of the present study is the development of the
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new Log-Logistic current-record framework and its associated estimation and prediction procedures, the present
dataset was retained as a concise empirical illustration of the methodology. Future applications using annual or
multi-year atmospheric datasets would provide an important extension for investigating seasonal and long-term
pressure behavior.

To illustrate the practical applicability of the proposed methodology, a real environmental dataset from
Saudi Arabia is analyzed. The dataset consists of daily average atmospheric pressure measurements recorded
in Riyadh over the period from October 27, 2025, to November 26, 2025, and is publicly available at
https://doi.org/10.6084/m9.figshare.30720569. Before applying the proposed current record
methodology, the underlying distribution of the observations was investigated.

1015.7, 1015.5, 1014.35, 1013.4, 1015.15, 1016.7, 1018.1, 1018.75, 1018.15, 1017.55, 1016.8, 1017.4,

1018.85, 1019.1, 1017.9, 1017.3, 1018.45, 1020.05, 1018, 1016.15, 1019.35, 1021.7, 1021.5, 1021.05, 1022.55,
1023.15, 1022.85, 1021.75, 1020.4, 1020.1, 1019.2

Table 4. Comparison of candidate distributions for the Riyadh atmospheric-pressure data.

Distribution ~ Log-likelihood AIC BIC KS KS p-value
Log-Logistic -72.9047 149.8095 152.6774 0.0745 0.9903
Weibull -73.6112 151.2224  154.0903 0.1234 0.6872
GEV -71.7003 149.4007 153.7026  0.0751 0.9893

To further assess the suitability of the Log-Logistic distribution for the Riyadh atmospheric-pressure data, its
fit was compared with the Weibull and Generalized Extreme Value (GEV) distributions, which provide relevant
alternative models for positive environmental observations and extreme-value behavior. The comparison was
performed using the maximized log-likelihood, Akaike information criterion (AIC), Bayesian information criterion
(BIC), and Kolmogorov—Smirnov (KS) goodness-of-fit statistic, as reported in Table 4.

The results indicate that the Log-Logistic distribution provides a highly competitive fit to the observed pressure
data. Its AIC and BIC values are comparable with those obtained from the competing models, while its KS statistic
of 0.0745 and corresponding p-value of 0.9903 indicate excellent agreement between the fitted distribution and
the empirical observations. In particular, the Log-Logistic model produces a substantially smaller KS statistic
than the Weibull model, while its goodness-of-fit performance is very close to that of the GEV model. These
findings, together with the Anderson-Darling and Cram’er—von Mises results reported above and the graphical
goodness-of-fit diagnostics, provide sufficient empirical support for using the Log-Logistic distribution as the
parent model in the illustrative current-record analysis. The purpose of this comparison is not to claim universal
superiority of the Log-Logistic distribution, but rather to demonstrate that it provides an adequate and competitive
representation of the present atmospheric-pressure dataset for illustrating the proposed current-record methodology.
The suitability of the log-logistic distribution for modeling the pressure data was assessed using maximum
likelihood estimation and several goodness-of-fit tests. The maximum likelihood estimates of the scale and shape
parameters were & = 1018.5931 and B = 702.3362, respectively. The Kolmogorov—Smirnov test produced a test
statistic of D = 0.074506 with a p-value of 0.9903, while the Anderson—Darling test yielded A = 0.17479 with a
p-value of 0.9959. Similarly, the Cramér—von Mises test resulted in w? = 0.021119 with a p-value of 0.9964. Since
the p-values of all three goodness-of-fit tests are substantially greater than the significance level of o = 0.05, the
null hypothesis that the data follow a log-logistic distribution cannot be rejected. Furthermore, the diagnostic plots,
including the histogram with the fitted probability density function, the empirical and fitted cumulative distribution
functions, the Q—Q plot, the P-P plot, and the kernel density plot in Figure 4, all demonstrate excellent agreement
between the observed data and the fitted log-logistic model. Therefore, the log-logistic distribution provides an
excellent representation of the pressure data and is appropriate for subsequent statistical analysis.
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Figure 4. Goodness-of-fit diagnostics for the fitted Log-Logistic distribution with & = 1018.5931 and B = 702.3362.

Based on these observations, the corresponding upper and lower current records were extracted and subsequently
used to illustrate the proposed inferential procedures and prediction methods developed in this paper and recorded

in Table 5.

Table 5. Upper current record U? , lower current record L, and current record range R for the Riyadh atmospheric

cr?
pressure data.

Record No. (p) vz L R
1 1015.70  1015.70  0.00
2 1015.70 1015.50 0.20
3 1015.70 1014.35 1.35
4 1015.70 1013.40 2.30
5 1016.70  1013.40 3.30
6 1018.10 1013.40 4.70
7 1018.75 1013.40 5.35
8 1018.85 1013.40 545
9 1019.10 1013.40 5.70
10 1020.05 1013.40 6.65
11 1021.70  1013.40 8.30
12 1022.55 1013.40 9.15
13 1023.15 1013.40 9.75
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Now, using equations from Section 5, the following results stored in Table 6 are the MLE and BE of the Log-
Logistic current records’ parameters, along with their 95% bootstrap confidence intervals.

Table 6. MLE and BE of the Log-Logistic parameters based on upper and lower current records.

Record Method & (95% interval) B (95% interval)

Upper MLE 1014.7580 (1013.8463, 1015.6704)  1155.6293 (879.8684, 1517.8169)
Lower MLE 1015.4028 (1015.0170, 1015.7886)  2702.9915 (2092.2656, 3491.9865)
Upper  Bayesian 1014.4810 (1013.1460, 1015.4526)  1080.9872 (789.0285, 1426.2317)
Lower Bayesian 1015.6834 (1015.1664, 1016.5600) 2275.8464 (1523.3295, 2937.4336)

After that, equations from Section 7 are applied to get the prediction of the next 3 future upper, lower, and current

ranges with the values

writed in Table 7.

Table 7. Point predictions and 95% prediction intervals for future Log-Logistic current records under BE and MLE.

Bayesian Estimation (BE) Maximum Likelihood Estimation (MLE)
q ¥ T2Fq RIAFa ¥ T2Fq RIAFa
Cr Cr Ccr Cr Cr Cr

1 1024.1020 1012.9410 11.1610 1024.0450 1013.0214 11.0236

(1023.1735, 1026.6890)  (1011.6716, 1013.3889)  (9.9078, 13.9788) (1023.1720, 1026.4260)  (1011.9815, 1013.3903)  (9.8885, 13.5535)
5 1025.0874 1012.4901 12.5972 1024.9157 1012.6493 12.2664

(1023.3661, 1028.7208)  (1010.7885, 1013.2915)  (10.4515, 16.4278) | (1023.3656, 1028.0850)  (1011.3089, 1013.3096)  (10.3876, 15.6134)
3 1026.0616 1012.0320 14.0295 1025.8112 1012.2745 13.5366
~ | (1023.7207, 1030.4059)  (1009.9124, 1013.1253)  (11.1853, 18.7483) | (1023.6976, 1029.5928)  (1010.6947, 1013.1648)  (11.0420, 17.4879)

Tables 5 and 6 present the predicted future upper and lower current atmospheric-pressure records in Riyadh
obtained using the maximum likelihood and Bayesian approaches, respectively. Both methods produce highly
consistent prediction results, indicating the stability and reliability of the proposed Log-Logistic current-
record model. The predicted future upper current records increase gradually with the prediction horizon, from
approximately 1024.05-1024.10 hPa for the first future record to about 1025.81-1026.06 hPa for the third future
record. This behavior is expected because upper current records represent successive record-breaking high pressure
values, and each future record must exceed the previous maximum observed pressure of 1023.15 hPa.

Conversely, the predicted lower current records decrease slightly as the prediction horizon increases, from
approximately 1013.02 hPa (MLE) and 1012.94 hPa (BE) for the first future record to approximately 1012.27
hPa (MLE) and 1012.03 hPa (BE) for the third future record. Since lower current records correspond to new
minimum atmospheric-pressure observations, this gradual decrease is consistent with the theoretical properties of
current records.

The predicted current-record range also increases with the prediction horizon, from approximately 11 hPa for the
first future record to approximately 13.5-14.0 hPa for the third future record. This behavior reflects the structure of
the fitted current-record model, under which successive predicted upper records tend to increase while successive
lower records tend to decrease. These predictions should therefore be interpreted as model-based illustrations
conditional on the observed dataset and the fitted Log-Logistic model, rather than as evidence of a long-term
change in Riyadh atmospheric-pressure variability.

It should be noted that these predictions are conditional on the fitted Log-Logistic current-record model and are
intended to illustrate the predictive implementation of the proposed methodology. Since the empirical application
is based on a relatively short observational period, the resulting predictions should not be interpreted as long-term
climatological forecasts. Validation using longer time series, different seasons, and additional locations would
provide a useful extension for assessing the predictive performance of the proposed current-record framework
under broader environmental conditions.

A comparison of the two estimation methods shows only minor differences in both the point predictions and
the associated prediction intervals. The Bayesian predictions are slightly more conservative for the lower records
and slightly larger for the upper records, resulting in marginally wider prediction intervals. This behavior reflects
the incorporation of parameter uncertainty through the posterior distribution. Nevertheless, the close agreement
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between the Bayesian and maximum likelihood predictions provides strong evidence that the proposed prediction
methodology is robust and yields reliable forecasts of future atmospheric-pressure extremes in Riyadh.

8.1. MCMC convergence diagnostic

For the Bayesian computation, three independent Metropolis—Hastings chains with dispersed initial values were
employed to assess convergence. Each chain was run for 50,000 iterations, with the first 10,000 iterations discarded
as burn-in. Every fifth subsequent draw was retained, resulting in 8,000 posterior draws per chain. Convergence
was assessed using the Gelman—Rubin potential scale reduction factor (R), effective sample size (ESS), trace plots,
and autocorrelation functions (ACFs). The corresponding diagnostic results are reported in Table 8.

Table 8. MCMC convergence diagnostics for the Bayesian estimates based on the Riyadh atmospheric-pressure current
records.

Record type Parameter R ESS  Acceptance rate
Upper @ 1.0055 2202.7 0.6362
Upper g 1.0048 1683.8 0.6362
Lower o! 1.0007 1917.6 0.4540
Lower o) 1.0016 1319.7 0.4540

The convergence diagnostics provide strong evidence of satisfactory MCMC convergence. For the upper current
records, the R values are 1.0055 and 1.0048 for « and f3, respectively, whereas the corresponding values for the
lower current records are 1.0007 and 1.0016. Thus, all R values are very close to one, indicating good agreement
among the three independent chains. The effective sample sizes range from 1319.7 to 2202.7, providing an adequate
number of effectively independent posterior draws for inference. The mean Metropolis—Hastings acceptance rates
are 0.6362 and 0.4540 for the upper and lower current-record analyses, respectively. Overall, these diagnostics
support the stability and reliability of the posterior estimates used in the subsequent Bayesian analysis.

Trace plots for a — Upper current records Trace plots for a — Lower current records
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Figure 5. Trace plots of the three independent MCMC chains for the Log-Logistic parameters « and /3 based on the upper
and lower current records.

The trace plots in Figure 5 show that the three independent chains fluctuate around common stable levels without
persistent trends, which, together with the R and ESS results, provides further evidence of satisfactory MCMC
convergence.
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8.2. Prior-sensitivity analysis

To examine the robustness of the Bayesian estimates to the choice of prior, a sensitivity analysis was conducted
using three independent Gamma prior specifications for the Log-Logistic parameters « and . The three prior
settings were constructed to preserve approximately the same prior means while varying the degree of prior
concentration. In particular, the prior means were centered approximately at F(«) = 1018 and E(3) = 1000,
whereas the prior variances decreased progressively from Prior I to Prior III. This construction makes it possible to
assess whether changes in the amount of prior information materially affect the posterior estimates.

For each prior specification, posterior samples were generated using the Metropolis—Hastings algorithm for
both upper and lower current records. Posterior means, 95% Bayesian credible intervals, and acceptance rates are
reported in Table 9.

Table 9. Prior-sensitivity analysis of the Bayesian estimates for the Riyadh atmospheric-pressure current records.

Prior Record type 4PF (95% BCI) BBE (95% BCI) Acceptance rate
Prior I Upper 1014.6155 (1013.3741, 1015.5186)  1135.5151 (817.6532, 1486.0550) 0.6335
Prior I Lower 1015.5218 (1015.0346, 1016.1716)  2547.5772 (1787.7389, 3368.4238) 0.4451
Prior I Upper 1014.5220 (1013.0743, 1015.4953)  1103.3398 (782.1514, 1462.7886) 0.6381
Prior I Lower 1015.5957 (1015.0654, 1016.3309) 2417.9933 (1696.9648, 3227.7548) 0.4542
Prior I Upper 1014.5224 (1013.2390, 1015.4511)  1098.8708 (789.3495, 1431.1985) 0.6319
Prior III'  Lower 1015.6779 (1015.1367, 1016.4381) 2291.2862 (1639.0119, 3027.7246) 0.4717

The sensitivity results indicate that the posterior estimates of the scale parameter « are highly stable under the
three prior specifications. For the upper current records, the posterior mean of « ranges only from 1014.5220 to
1014.6155, while for the lower current records, it ranges from 1015.5218 to 1015.6779. The corresponding relative
variations are approximately 0.009% and 0.015%, respectively. Thus, the posterior inference for « is practically
insensitive to the selected Gamma prior specification.

The posterior estimates of the shape parameter 5 exhibit somewhat greater variation. For the upper current
records, the posterior means range from 1098.8708 to 1135.5151, corresponding to a relative variation of
approximately 3.29%. For the lower-current records, the posterior means range from 2291.2862 to 2547.5772, with
a relative variation of approximately 10.60%. Nevertheless, the corresponding 95% Bayesian credible intervals
overlap considerably under all three prior specifications. Hence, although the lower-record estimate of 3 shows
moderate sensitivity to the strength of the prior, the overall inferential conclusions remain qualitatively unchanged.

The Metropolis—Hastings acceptance rates range from 0.4451 to 0.6381 across all prior specifications and record
types, indicating satisfactory movement of the Markov chains. Overall, the sensitivity analysis confirms that the
principal Bayesian conclusions, particularly those concerning the scale parameter and the general behavior of the
current-record model, are not driven by a single prior specification.

9. Conclusion

This paper developed a comprehensive statistical framework for analyzing current records under the Log-
Logistic distribution. New closed-form probability density and cumulative distribution functions were derived
for the upper and lower current records by utilizing recently established general current-record formulas.
Based on these distributions, explicit joint and conditional densities, moment expressions, entropy and extropy,
maximum-likelihood estimation procedures, Bayesian estimation methods, and posterior predictive techniques
were developed. Since the resulting likelihood equations involve the regularized incomplete gamma function,
efficient numerical optimization and Markov Chain Monte Carlo algorithms were employed to estimate the
unknown parameters and obtain Bayesian predictions.
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The proposed estimation procedures were evaluated through an extensive Monte Carlo simulation study across
different parameter settings and sample sizes. The simulation results demonstrated that the accuracy of both
maximum likelihood and Bayesian estimators improves as the number of available current records increases,
with reductions in standard deviation, root mean square error, and mean absolute deviation. Overall, the Bayesian
approach generally produced more stable estimates and slightly better predictive performance by accounting for
parameter uncertainty.

The methodology was further illustrated using daily atmospheric-pressure observations from Riyadh, Saudi
Arabia. Goodness-of-fit analyses confirmed that the Log-Logistic distribution provides an excellent representation
of the observed pressure data. The estimated model was then used to predict future upper and lower current
pressure records together with their prediction intervals. The prediction results indicate a gradual increase in future
record-high atmospheric pressures and a slight decrease in future record-low pressures, leading to an increasing
current-record range over successive prediction horizons. The close agreement between the maximum likelihood
and Bayesian predictions further demonstrates the robustness and reliability of the proposed methodology.

The proposed current-record framework provides a practical statistical tool for modeling and predicting
sequential atmospheric-pressure extremes when record observations are of primary interest. The Riyadh application
should be regarded as an illustrative demonstration of the proposed estimation and prediction procedures rather
than as an assessment of long-term climate change. In particular, the analysis demonstrates how observed
pressure measurements can be transformed into upper and lower current records, which can then be used to
estimate model parameters and predict future record values, along with their associated uncertainty. Applications
to longer annual or multi-year datasets would be valuable for investigating seasonal behavior and long-term
meteorological variability. The proposed methodology may also be extended to other environmental variables,
including temperature, rainfall, wind speed, humidity, and air-quality measurements, as well as to applications in
hydrology, engineering, reliability, finance, and other fields involving sequential extreme observations.
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