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Abstract MKL with SVM learns a combination of kernels that are individually associated with a RKHS and the resultant
kernel induces a corresponding synthesized rich RKHS that makes the machine ready to handle data from different and
heterogeneous subspaces of the input space sources. However, while providing many and highly flexible base kernels with
SVM oriented MKL algorithm may overfit data and boost the test cost by generating numerous Support Vectors (SVs),
usually, best performing MKL involve complex optimizations like SDP, SOCP, SILP turning these methods unviable in
training phase by the surge of combined kernel number with memory exhaustion. In this circumstance, moving towards
extreme challenge to achieve the top in both classification accuracy and speed simultaneously, in our novel SABSVM
algorithm, we avoid overfitting, reduce training and test load by taking efficient combination of a universal Positive Definite
(PD) kernel and a learning-theory supported optimal analytic mapper that resultantly induces a combined RKHS-RKKS
generated rich space as the base of our SVM based detector. Then finding its subspace compression gives further compact
subspace approximation of the target function using a significantly much smaller subset of the main kernel-vector (SV) set.
Experiments on benchmark and synthetic data exposes that our method poses classification accuracy similar to that of state-
of-the-art classifiers while demanding substantially lower classification cost. It gives test classification accuracy almost as
good as these higher complexity based top-accuracy giving SKL. & MKL classifiers while competes easily with the reduced
versions of such, which is clear from its lowest Machine’s Error-Cost Loss (MECL) on benchmark data. Moreover, sparsity
of our model increases with the increment of the training data-size indicating its higher efficiency on larger data.

Keywords Multiple Kernel Learning (MKL), Single Kernel Learning (SKL), Machine’s Error-Cost Loss (MECL), SVM,
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1. Introduction

Kernel based large margin methods [1, 2] are well established leading algorithms for classification problems in
machine learning as they generally offer good performance by incorporating kernel mappings. But while some of
these classifiers, for example, SVM [1],[3]-[10], which is a cutting-edge very powerful method by basing on solid
mathematical foundation that uses structural risk minimization theory [3] and gives the global minima of a convex
problem, its single-kernel learning (SKL) variant [6, 11] may be insufficient to model the complexity of the data
by failing to exploit diverse information across feature spaces as real data can arise from different heterogeneous
sources and be expressed through various representations. This emphasizes the importance of exploring machine
learning methods for maximizing the margin in feature space by combining multiple kernels to get improved
performance and adaptability [12, 13] in practical problems. In the domains of machine learning and data mining,
such problems are usually recognized as “Multiple Kernel Learning” (MKL) [14]-[20] and has attracted significant
concentration from researchers. But a common problem with this high-accuracy classical SKL SVM or the higher-
accuracy foundational MKL is that they are generated or implemented by kernel execution, which is costly with
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+ve class 4+ LPSVM with DSF Mapper
-ve class * QPSVM with RBF Kernel
LPSVM with Bi-Kernel === SABSVM (ours)

LPSVM with RBF Kernel

B oEoe +

SABSVM (ours) | 8.75 | 18
LPSVM with Bi-Kernel | 7.50 | 68
LPSVM with RBF Kernel| 9.00 | 26
LPSVM with DSF Mapper| 9.75 | 58
QPSVM with RBF Kernel| 8.50 | 103

Figure 1. Decision boundaries on Banana data (400 x 2) from proposed SABSVM & some other SOTA machines. From
the small metric values above, it can be traced that using the least number of (= 18) Kernel computing Vectors (KCVs)
among all, the proposed SABSVM produces Training error (TrEr) of 8.75% very near to the other high accuracy machine,
leading to the lowest (157.5) Machine’s Error-Cost Loss (MECL, defined later) compared to others (234, 510, 565.5 and
875.5 respectively) as desired. Its decision boundary (red solid line) also looks quite smooth yet powerful.

respect to time or computation. To overcome this limitation, numerous algorithms for efficient SKL [21]-[36]
or efficient MKL [37]-[46] are proposed where the main motivation is to improve the accuracy—cost tradeoff
basing on acceptable balance among expressivity, optimization complexity, and interpretability. Moreover, in this
direction of expressivity, non-PSD or indefinite kernel [47]-[49] are introduced both in SKL [50] and MKL [51]
to increase modeling flexibility and efficiently handle domain-specific knowledge. However, this tension between
accuracy and computational cost escalates as the dataset gets larger since the number of kernel-computing support
vectors (SVs) generally increases when the number of training patterns grows [52] while it is also followed that
in the top accuracy domain on complex datasets, SVM often generates a significantly larger number of support
vectors to achieve only a modest gain in classification accuracy (Figure 2). Furthermore, the continuous raise in the
size and complexity of data, driven by modern technological advancements, has escalated the demand for faster
classification. Consequently, optimal minimization of the number of kernel-computing basis functions has become
a key target for improving the efficiency of kernel-based classifiers.

In this regard, while the existing prominent or best performing approaches have addressed model compression
or kernel sparsification through reduced set methods, budget constraints, sparse regularization, pruning, kernel
approximation, cascading etc, most of them require either computationally expensive or complex (like hard or
non-convex) optimization while none achieves extreme kernel-computing-vector reduction and MKL like higher
accuracy simultaneously. This high ambition is specifically addressed by our novel two-stage compact basis
selection algorithm using highly flexible analytic mappers and structured mathematical transformation. It exploits
the complementary strengths of PD-non-PSD kernel expressiveness and kernel subspace compression to achieve
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Figure 2. Training Accuracy & #KCV on Kernel Parameter, o from LPSVM

the most sparse support vector selection and accept the basis set elements as only the extremely important
patterns belonging to the very tiny fractional part of the training set efficiently so that the resultant discriminator
can represent demanded complex functional relationships. A fast impression about our model’s discrimination
capability along with some other state-of-the-art machines can be achieved from Figure 1.

The rest of this paper is organized with the following sequence: Model’s Feasibility Analysis is presented in
section 2, Section 3 presents the relevant minimum basics whereas Section 4 explains the proposed method with
a concise analysis. Section 5 describes the experimental details while Section 6 concludes by an open discussion
and possible directions for future work.

2. Model A Priori Feasibility Analysis

As in all circumstances, optimum accuracy from the machine is a mandatory objective, we start with a fundamental
accuracy-sensitivity analysis to observe the feasibility of our speed-accuracy trade-off goal in the following.

Figure 2 shows two pairs of curves representing training accuracy and KCV of the high accuracy region
depending on ¢ from Bi-kernel (RBF & L.; Mapper) LPSVM and RBF based SKL LPSVM. First, for the Bi-kernel
one in the top accuracy neighborhood (termed as the Highly Interesting Region, HIR), the accuracy falls very little
even by drastic reduction of KCV density. This leads to the empirical hypothesis that if the accuracy function is
considered as dependent on KCVs, its HIR has negligible sensitivity with respect to KCV, that is, % ~ 0,
which is also represented by its flat trajectory in Figure 3. This gives an expectation that if depending on the
application, a very tiny amount of accuracy budget can be sacrificed in our kernel based machine, we can reduce
number of KCVs significantly, where these KCVs are produced due to different rich functional spaces by the virtue
of Bi-kernel (that may also be the reason for the training accuracy curve to be upright for long in Figure 2). That
is, discarding a large amount of support vectors from the Bi-kernel based framework through an optimal process
will still give a rich representer set that can model a machine with strong generalization capability.

On contrary, curves from RBF based SKL SVM show that although its accuracy stays below from Bi-kernel one
and falls earlier than it in the high accuracy region, its accuracy is very close to the Bi-kernel one and behaves
very similar to it considering KCV based sensitivity throughout the HIR. This tells that RBF based SKL. SVM
can also produce good results with its optimally designed reduced version and has quite the potential to be further
boosted by following sequential alignment and tracing this highly compact and rich sub-set of representer vectors
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from the Bi-kernel. This hierarchical events can dramatically reduce kernel computational cost of the machine and
hence boost up its classification speed while preserving the high accuracy from the Bi-kernel base high-accuracy
discriminator.
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Figure 3. Training Accuracy & Accuracy-Sensitivity on KCV. Very low and nearly flat sensitivity in the top accuracy region
is interesting.

3. Related Basics

3.1. Fundamental Concepts

As our proposed method is mainly built upon the SVM framework, we will have a brief discussion about SVM with
its small mathematical augmentation. Prior to this, we discuss some very fundamental concepts that are directly
related to it.

3.2. Kernel, Similarity Function, Mapper

3.2.1. Kernel: Cover’s theorem [53] stats that non-linear mapping of data into a higher-dimensional space
increases its probability to be linearly separated. Accordingly, many machines employ the mappers following kernel
method [54, 55] that replaces standard inner products with an optimal positive-definite function characterized by
Mercer’s Theorem [56].

Lemma 1 (Manifold Separability [53]). Let X’ be an input space of patterns. A non-linear mapping ¢ : X — H
into a higher-dimensional feature space H strictly increases the probability that a non-linearly separable dataset in
X becomes linearly separable in H.

Theorem 1 (Mercer’s Theorem [54]-[56]). Let K (x,y) be a continuous, positive semi-definite function on a
compact set X’ x X, satisfying Z?,j:l cic;K(x;,x;) > 0 for any finite subset {x;}¢ ; C X and ¢ € R Then,
there exists a feature map ¢ : X — H such that the kernel function implicitly evaluates the inner product in the
Hilbert space H:

K(z,y) = (o(2), o(y))n (D
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3.2.2. Similarity Function: However, while kernel theory is well-designed and established, its practical
implementation sometimes may seem unproductive by the requirement that similarity functions be positive (semi)
definite (PSD), which imposes restrictive conditions that may not always be useful. In contrast, complex similarity
functions that satisfy the learning framework of Balcan and Blum [57] and provide strong generalization need
not be valid kernel functions. Consequently, learning with non-PSD similarities or indefinite kernels has attracted
significant attention with its variants according to strength or so.

Definition 1. [57] A similarity function over X is any pairwise function & : X x X — [—1, 1]. We say that K is
a symmetric similarity function if K(z, z') = K(a/, z) for all z, z’.

Definition 2. [58] I is a strongly (¢,y)-good similarity function for a learning problem P if at least a 1 — ¢
probability mass of examples x satisfy:

Eynp [K(z,2) | Uz') = U(z)] > Ewop[K(z,2') | £(z") # €(z)] + 7.

A well defined similarity function that maps data to higher dimensional space will be noted here as mapper.

3.3. Support Vector Machine (SVM)

Having a solid mathematical foundation basing on Statistical Learning Theory (SLT) and convex optimization,
SVM has achieved strong generalization property that guided it to lead the most prominent and popular class
among machine learning methods. The problem that led to its original formulation exists in multiple forms as the
capacity control [59], bias variance trade-off [60], overfitting [61] with the core concept remaining invariant [8].

3.3.1. SVM with SLT: Consider the binary pattern recognition problem as follows: for a given set of sample points,
(1,91)y -+, (Tnyyn) € S X {£1}, we are to model a discriminator f : S — {£1}, with S denoting a dataset of
components from where the patterns, x; are taken, usually known as the domain and y; are termed as the labels
of these patterns’ classes. A properly trained machine should have good generalization capability that gives a well
structured decision function giving possibly small value of the expected test error or the actual risk

Rif) =5 [ @) = sl aPa.y) @

for dP(z,y) = p(z,y) dx dy provided that the joint density p(z, y) is well-defined.
Now, incorporating the given training data, the computed mean training error or “empirical risk”, denoted by
Rempl f] is expressed as

m

Renolf] = > 1f(a) ~ i @)

=1

VC theory [4] of SLT establishes an upper bound on the above actual risk or test error depending on this empirical
risk and the capacity of the function class in the following way for some 0 < 7 < 1 and m > h, with probability

1—n:

RIF1 < Renglf] + () P08/ 1) — os(o/ ) @

where h is the VC dimension (or “model complexity”), which is a non-negative integer providing an estimate
of the aforementioned capacity that controls the main characteristic of a machine. Right-hand part of equation (4)
is termed as the “risk bound” whereas its second term is known as the ”VC confidence” or “model complexity
penalty” and minimization of these bounds directs to the paradigm of Structural Risk Minimization (SRM) [62].
SVM, by applying this SRM [63] principle, formulating a convex optimization problem, applies a sequence of
models with increasing complexity. Figure 4 illustrates how the total model error varies with the model-complexity-
index as expressed by equation (4). Basing on this SRM principle, we discuss about SVM model using optimization
in the next.
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Figure 4. Error Trends On Model Complexity [64].

3.3.2. SVM with Mathematical Programming: SVM is primarily introduced through Quadratic Programming
(QP), which we call here QPSVM. On contrary, since the L;-norm tends to produce sparser solutions than the
Lo-norm [65], Vapnik modelled another SVM formulation based on Linear Programming (LP), referred to here as
the LPSVM. This section introduces SVM and its two principal formulations: QPSVM & LPSVM while further
details can be found in [3].

QPSVM: This corresponds to the classical SVM formulation, which uses SRM concept through cost function,
implementing training error penalization and margin maximization between two classes (equivalently, managing
bias-variance trade-off) that aims to find the separating hyperplane where margin is the shortest distance from
the separating hyperplane to the closest pattern(s) of a class. For our binary classification problem, SVM
constructs a classifier using a decision function, f(x) = w - ¢(z) + b, which assigns the class label according to
class(xz) = sgn(f(x)) with K (z;,2;) = ¢(x;) - ¢(x;) is a kernel operation. The primal optimization formulation
of this QPSVM is given by:

. 1 al
min fp(w) = Slwl? + O;Ci )
st yi(w- ) +0) = 1-¢ (6)
Ci > 0;i=12,..,N (7

where the auxiliary variables (; > 0 account for patterns that lie outside their respective class margins (here
referred to as “margin-outward-deviated patterns”), and C' > 0 is a data-dependent regularization parameter that
controls the trade-off between margin maximization and classification error, in line with the bias—variance trade-off
in statistical learning. The respective dual problem is given by:

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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.Ta:,-|'w - (zg) +b < —1}

Figure 5. A visual representation of the standard SVM[21]

N N N
1
max fp = Zai —3 Z Z aia;yy;d(Ti) - o(z;) ®)
i—1 i=1 j=1
N
s.t Zaiyi =0 )
i=1
0<a;<C: i=1,2,.,N (10)

where the patterns having a; > 0 are the support vectors (SVs) and these « are utilized to compute the bias, b
as well as the weight vector w as w = Y a;y;¢(x;) where |Jwl|? is inversely proportional to margin. A schematic
illustration of this margin-based SVM is shown in Figure 5.

LPSVM: Vapnik developed this method to form a separating hyperplane by effectively incorporating an indirect L;
norm in objective function, facilitating even further sparsity while managing accuracy similar to QPSVM, which
applies the Ly norm. Consequently, LPSVM becomes similar to QPSVM but is computationally less expensive for
pattern classification.

If w denotes the weight variable of the LPSVM hyperplane, its decision function will be expressed as :
f(x) =w - ¢(x) + b directing to class(x) = sgn(f(z)). Primal formulation of this LPSVM is given below:

N N
min ;ﬂi + c;a (11
N
st yi( Y Biyolay) - ol@) +b) = 1-¢ (12)
j=1
& > 0,i=1,2,...,N (14)

In this formulation, the auxiliary variables &; > 0 are introduced to accommodate the unity-outward-deviated
training patterns (i.e., the patterns from training data giving ClassLabel(x;) - f(x;) <1). These slack variables are
also optimization variables for the problem (11)-(14) that are jointly determined with /s, b, subject to the chosen
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hyperparameters. For clarity, the training samples, (x;) of this LPSVM, associated with nonzero coefficients,
B; > 0 are referred to as the Expansion Vectors (EVs). Although EVs play a role analogous to Support Vectors
(SVs) in QPSVM, they differ in their analytical interpretation. The optimal s are subsequently used to compute
the weight vector as w = Y 3;y;¢(x;). The number of EVs identified by LPSVM algorithm is typically much
smaller than the total number of training samples, demonstrating the higher sparsity of the LPSVM model. Our
experimental results, along with [66], shows that LPSVM achieves classification performance very similar to
QPSVM with lower inference cost due to the deployment of fewer KCVs. Its LP formulation further reduces
computational complexity for certain stochastic optimization settings on top of giving another advantage that the
kernel function, K (-,-), is not required to satisfy Mercer’s conditions [3], providing greater flexibility in kernel
selection.

3.3.3. SVM With Multiple Kernels: While the choice of kernel in SVM methods critically impacts performance,
MKL learns an optimal kernel as a convex combination of base kernels:

M M
= Z Mme(xvxl)7 M = 07 Z Hm = 1.
m=1 m=1

where the objective is to jointly optimize classifier parameters and kernel weights p for better adaptivity and
interpretability, hence for significantly improving the classification performance, especially in complex datasets.

QPSVM With Multiple Kernels: Here we discuss about the standard MKL-SVM, that is QP-Based Multiple
Kernel SVM with Optimized Convex Kernel Coefficients and Shared dual variable, «

Primal Formulation: Given a training set of data {(z;,y;)}¥,, v; € {—1,+1}, SVM primal problem with
multiple kernel K, is [67, 68]

N
A T
min 5”"0”7{“"_0;52’
s.t. yz(<w7¢u(xz)>+b)2 l_gia 57,207 iil,...,N,

where ¢,, is the feature map for K,.
Since

M
Zum ms

the RKHS norm decomposes as
M

1
lwllzy, = ) —llwmlf,,.
"

m=1""

withw = 3" W, Wy, € H
Thus the primal MKL problem becomes

1 M 1 N
. 2
min — E — | Wm ||y, + C E &
w7n€?‘llm7ba£7 2 |w || " i—1

R ey Mm

M
S.t. (Z Wi, P .%’1)> + b) >1-&, & =0,

m=1

Hm = 07 Z Hm = 17
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where A is the simplex.
Now using the representer theorem and the shared dual variable for all base kernels o, we can write

N
Wm = Z aiyi¢7n(xi)a
=1

with & € RY shared across kernels.
Define kernel matrices K, with entries [K,,];; = K,,(x;, ;) and

M
Ku = Z P K.
m=1
Dual Formulation: The dual problem becomes
N |
max ;ai ~3 Z ooy Ky (24, 25)

4,j=1

N
st. 0<a; <C, Zaiyi =0.

i=1

where the dual variable « and the co-efficient variable . can be found by implementing some efficient optimization
algorithms.

LPSVM With Multiple Kernels: As multiple kernel SVM demands more kernel computation than single kernel
based one and the LPSVM produces less number of SVs than QPSVM, we now study multi kernel based LPSVM
for saving computational load while having optimal classification performance.

Vapnik’s LP-Based Multiple Kernel SVM with Convex Kernel Coefficients ;; and Shared Expansion
Variable : With the convex combination of base kernels with expansion coefficients p; as QPSVM, in this
variant [15, 69, 70], the decision function becomes:

N M
f@) =Y Biys (Z Mme(ﬂ%fE)> +b 5)
=1 m=1

This formulation is inspired by Vapnik’s LP-based SVM but generalized to allow learned convex combinations
of multiple kernels, while keeping the primal optimization formulation and shared support vector coefficients.

Primal Optimization Problem:

N N
min Y Bi+C Y &+ AQp) (16)
Bt i—1
N M
s.t. i [Zﬁjyj (Z Mme(l‘j,Ii)> + b] >1- §i7 Vi (17)
j=1 m=1
Bi>0,& >0, Vi (18)
M
fn >0, Y fim =1 (19)
m=1
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where (p) is convex regularizer on kernel weights and A > 0.

Holding representer theorem, this convex problem ensures the solution to lie in the kernel span and leverages
shared support vectors across all kernels assisting controlled sparsity in both support vectors and kernel weights
depending on regularizers. However, handling with such problem may not go easy.

4. Our Method: Speed-Accuracy Boosted SVM (SABSVM)

In this section we describe our method by dividing it into few main parts as below.

4.1. Optimized Composite Kernel SVM

4.1.1. Kernel Functional Set up: While in many applications, finding kernel measure by combining kernels
enhances generalization performance of a machine, a full MKL is computationally expensive even if it is with
the sparser LP based SVM. Hence, a pragmatic alternative is to use an optimized convex combination of two
kernels by using M = 2 in (19):

K(z,2') = p1 - Ky (x,2") + po - Ko(z,2")

where K, K5 are two different kernels with g1, o € [0,1] | 1 + 2 = 1 that controls the kernel mixture and
is selected via optimization.
This efficient approach avoids joint kernel-SVM optimization (as (16) - (19)) and works well with linear
programming SVM (LPSVM), promoting sparsity and scalability [3] as optimum of these p parameters could
be found in a comparatively easier way, for example, by cross-validation process. Thus the problem becomes as

N N
Inign Z Bi+C Z & (20)
=1 i=1
N
j=1
Bi >0, &=>0 (22)

where: K(J,‘j, xl) = /L1K1(ij, J,‘Z') + ,LLQKQ(x]‘7.'I;i) with 1, o € [0, ].] | w1+ po = 1.
This is still a linear program with shared /3, and very efficient to solve.

4.1.2. Productive Selection of Kernels: This is one of the most crucial parts in kernel induced learning. To obtain
better classification performance and improved generalization ability of the SVM, it is vital to use a kernel or
similarity function that captures different aspects of similarity between data points. While the most reputed,
Gaussian (RBF) kernel effectively measures local similarity based on Euclidean distance, it may not fully exploit
variations along individual feature dimensions, especially in high-dimensional data [50, 71, 72]. To address this, it
is better to incorporate a complementary component based on the Manhattan distance, which emphasizes feature-
wise differences and adds robustness (with reducing linear dependence of kernels) to the kernel while being
computationally less expensive[73], less noise-sensitive[74], less feature-scale sensitive[75]. One more flexibility
with this similarity measuring component is that having the 1st kernel, RBF as a positive definite kernel, we do
not need to be strict on this to be a valid positive (semi) definite kernel [57] while we are using LP based SVM
that can handle well a non-PD kernel[47]. Moreover, Haasdonk showed that SVMs with indefinite kernels remain
optimal under convex hull constraints in pseudo-Euclidean spaces, rather than margin maximization in Hilbert
spaces [72]. So, we select here the L; mapper non-PSD kernel, DSF[50], which has these discussed properties and
has also shown higher classification performance on different datasets while both of these similarity mappers could

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 SABSVM: SPEED-ACCURACY BOOSTED SVM WITH COMPACT BASIS SET FROM ANALYTIC MAPPERS

be regularized by tuning their parameters. Thus, the mathematical expression of our base kernels are

. I Pl _ 1
1(.%'j . .’L‘i) = exp(— B 3 ), Kg(.%j . .%'i) = ] — (23)
09 Zq:l |7jq—Tiql +1
o2
and hence our composite kernel takes the following form:
K(zj-2i) = i K (zj - 2 Koz - x;) = My -l !
@) = K (@) - @) + peKo(x) - i) = p exp( )t e (24)
20’1 Eq:l |#5q—Tiq| +1

o2

By combining these two functions, we obtain a new similarity mapper that balances local similarity and feature-
wise robustness, resulting in improved generalization and classification performance.

4.2. Functional Space Transformation

In 4.1 above we have modeled a highly efficient composite kernel SVM. However, further efficiency is really
necessary in many real-time applications. So, basing on it, we design a detector that is developed by transforming
the functional approximation space into its optimum by evolving in two stages and achieves much higher efficiency,
which is described next and led by some most related definitions and description of symbols.

Definition 3 (RKHS [76]). A Hilbert space H of functions f : X — R is an RKHS if there exists a PSD kernel
K such that

f(l') = <fa K(l‘, )>HK
Definition 4 (RKKS [49]). A Krein space K of functions f : X — R is called a Reproducing Kernel Krein Space
(RKKS) if there exists a symmetric kernel K : X X X — R (not necessarily positive semidefinite) such that
f@)=[f, Kz, )k, Vfek Veed,
where [-, -] denotes the indefinite inner product of the Krein space K.

RKKS generalizes RKHS to handle indefinite kernels, enabling learning in pseudo-Euclidean spaces [9].

Definition 5 (Space of Convex Combination of Kernels). Given kernels K; (PSD) and K (possibly non-PSD),
define
K, =pKy+ (1 —p)Ky, pel0,1].

If K, is indefinite, it corresponds to a RKKS.
Explanation of Symbols:

* H;,: RKHS associated with positive-definite kernel, K.

¢ Hs: Reproducing Kernel Krein Space (RKKS) associated with the non-PSD similarity kernel, K5 # 0.
* Fiim: data-induced similarity space, H1 @ Ho, which may not always be a valid RKHS.

* f: first-stage discriminant or function in the empirical similarity space, Fgim.

* (s, : Subspace compression operator mapping from Fg;n, into RKHS subspace H; 5, C H1.

. f : second-stage discriminant (compressed function)

e f*:ideal or target discriminant function (e.g., Bayes-optimal decision function).

Formal Setup:  With the given training set, {(z;,v;)}Y.; C X x {—1,1}, we consider:

¢ A valid PD kernel K; ( RBF), inducing RKHS #;.
e A strong similarity function (L; mapper) K5 : X x X — R, which is symmetric and bounded but not
necessarily PSD.
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Two-Stage LPSVM For Higher Efficiency: In 4.1 above, we have designed a composite-kernel SVM for higher
classification accuracy with lower classification cost. Here, we introduce one more stage to further reduce the
number of KCVs of the final machine by filtering while keeping possibly the same generalization ability. As we
are entering into a two-staged algorithm, we will have to find suitable values of much more parameters. Thus to
reduce model complexity and being inspired by the fact that usually uniformly-weighted MKL performs better
than sparse MKL[77], we start by setting ;11 = po = 0.5 in 4.1 and complete the following stages.

» Stage 1 (Hybrid Similarity Approximation):
Train an LP based SVM on full training set using a composite kernel generated by a convex combination of a
positive definite (RBF) kernel K; and an L; mapper (non-PSD kernel), K to form a high-capacity decision
function in a rich space and extract support vectors as the discriminative basis points of the learned function.
That is, here we use the following convex mixture (composite) kernel:

K, (z,2") == 05K (x,2") + 0.5Ks(z, z")

The matrix [K,(x;, z;)] may not be PSD due to the contribution from K, but in practice the LP based SVM
formulation still yields effective solutions due to the linear nature of its constraints and formulation.
We use a soft-margin LPSVM with this composite kernel K, where the optimization problem is:

N

N
min > Bi+ C;«Si

i=1

N
subject to:  y; ZﬁjyjK#(Ij,fEi) +b)| >21-¢&
j=1

Bi>0, &>0,i=1,...N

Theorem 2 (Conditional Representer Theorem [6, 49]).
(a) If K, is PSD, the LPSVM solution is

N
flx) = ZaiKﬂ(xi,x) + .
i=1

(b) If K,, is indefinite, the solution exists in the corresponding RKKS and can be expressed as a finite linear
combination of kernel evaluations, but the RKHS norm does not exist.

Proof Sketch. (a) Classical representer theorem applies in RKHS. (b) By RKKS theory, every solution of a

regularized functional in a Krein space has a kernel expansion [49]. O

Whether the kernel K, is definite or indefinite, from this theorem, in both cases, the solution lies in the span
of the kernel evaluations:

N
flx) = ZﬁiyiKu(xiv r)+b
=1

and hence the decision function learned in Stage 1 becomes

N
f@) =" Biyi (05K, (z;,2) + 0.5Ka (2, ) + b (25)
i=1
While this function may not reside in a strict RKHS (but reside in RKKS) due to the non-PSD nature of
K, it can be interpreted as a generalized approximation in a semi-inner-product space, or more practically,
as a data-adaptive similarity embedding enabling tight approximation of target function, f*. We define the
induced approximation space as:
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12 SABSVM: SPEED-ACCURACY BOOSTED SVM WITH COMPACT BASIS SET FROM ANALYTIC MAPPERS

Al = span{K1 (.’L'Z‘, '), K2($i, )}7{\]:1

This is a valid functional approximation space in which we construct discriminants using empirical similarity
structure

¢ Stage 2 (Krein-Hilbert subspace compression):
For compactness and generalization with sparsity, train a full LP based SVM with a single PD kernel (K
(RBF)) using only the data points that are found as support vectors in the first stage.

Let S; = {x; : B; > 0} be the obtained support vectors after solving Stage 1. We now train a new soft-margin
LPSVM using only these SVs and a positive definite kernel, K7 (RBF) to form a compact and efficient model by
solving the following optimization problem

Juin Yo+ D> &

m
1€Ind(S1) i€Ind(S1)

subject to:  y; Z Ny Ky (g z) + b0 | >1-¢
JE€INd(S7)

and construct the decision function:

fl@y=">_ NyKi(zi,z)+V

1€Ind(S1)

This defines a compact subspace:
Ay = span{K1(x;, ) }z,es, C Ha

and f € Ayisa sparse RKHS-based approximation that retains essential structure learned via the richer first-stage
similarity function.

Thus to summarize the Resultant Functional Structure Transfer, we can say that although the first-stage
function f € Fgy or H1 @ Ho, which may not always be an RKHS in the strict sense (since Ko 7 0) but in RKKS,
second stage can be regarded as a subspace compression or structure transfer from a data-induced similarity space
(or RKKS) into the more stable and analyzable RKHS subspace, H; s, C H1, where this mapping is done by the
following compression operator

Cs, : Faim — Hi,s,, with f = Cs, (f)
and a complete proof of the compression is given below:

Theorem 3 (Functional Subspace Compression). The operator Cg, : Fsim — H1 s, induces a strict dimensionality
reduction and capacity compression on the hypothesis space.

Proof
From (25), we have the decision function of Stage 1, f € Fyn, as:

N
F@) =" Bii (05K (24, ) + 0.5Ks(x, 2)) + b
i=1

whose functional expansion depends on 2N independent basis functions in the composite space Fg, = H1 S Ho,
that means, dim(span(f)) = 2/N. Then by solving the L;-regularized LP here, we get a sparse support vector
set S = {z; : B; > 0} having cardinality |S;| = M < N. Now, the compression operator Cs, projects f onto
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Hi1,s, = span{ K (z;,-) | x; € S} and generates the compressed function:

f@)=Cs,(Hx)= > NyKi(zj,z)+V

JE€INd(S1)
The resulting function space poses a capacity that satisfies :

dim(H1.s,) = rank(Ky.5,) < M < N < 2N = dim(Fip)

where K; 5, € RM*M represents the kernel matrix restricted to Sy. Thus, Cs, induces a strict compression in the

capacity of the hypothesis space. O

By this functional compression into a lower-dimensional compact subspace H; s, , the overall mapping yields
a sparse functional approximation of the discriminator as: f~ f ~ f* having the interesting properties like
improved sparsity and interpretability, well-defined RKHS norm, || f||3,, generalization guarantees, and retained
discriminative power (due to basis-set filtering). Proof of the well-posed property of this norm is given below:

Theorem 4 (Well-Posedness of Norm || f||#,). The function norm || f||3, in the compressed subspace H; s, is
well-posed, finite, and strictly obeys the axioms of a Hilbert space norm.

Proof
From its formation, K7 : X x X — R is a symmetric positive-definite kernel. By Mercer’s Theorem, K7 uniquely
results in a RKHS #; endowed with an inner product (-, -),, that satisfies the following reproducing property:

<K1(mv')7K1(I/v')>H1 :Kl(x,x/)v \V/IE,I/EX

Now, as &1 C X is a finite set with M points, any function f € Hi,s, is a finite linear combination f =
diern a(s:) ¢ K1 (@, ), where ¢; = A;y; and the squared norm is computed explicitly via bilinearity:

||f||%_[l = < Z CjKl(xj, -), Z ClKl(wl, )> = Z Z C]'CZK1($J',37[) = CTKLSIC

Jj€Ind(Sy) leInd(Sy) My j€Ind(S1) l€eInd(Sy)

Because K is positive-definite, the matrix K; g, € RM*M gatisfies CTKLSIC >0 for all c € RM, with
equality holding iff c = O.

In contrast to the indefinite inner product in the initial Krein space Fgm (Where K5 % 0 permits negative or
non-existent norms), || f||+, satisfies:

1. Non-negativity: || flla, > 0. )
2. Definiteness: | f[j3;, =0 < f=0. )
3. Triangle Inequality: || f + gll», < |[fllw, +119ll2,,  Vf,9 € His,.

Hence, the compressed function norm || f||3;, is mathematically well-posed and strictly bounded. O

The whole SABSVM method is described concisely in Algorithm 1.

5. Experimental Evaluation

5.1. Set-Up

This section presents the experimental setup used to evaluate the performance of the proposed SABSVM classifier.
Experiments are conducted on ten benchmark binary labeled datasets obtained from Gunnar Ritsch’s benchmark
collection [78]. The datasets include banana, breast-cancer, diabetis, flare-solar, heart, ringnorm, thyroid, titanic,
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14 SABSVM: SPEED-ACCURACY BOOSTED SVM WITH COMPACT BASIS SET FROM ANALYTIC MAPPERS

Algorithm 1 SABSVM: Speed Accuracy Boosted SVM
N
i=1

Input: A training set {(z;,v;)}
Output: A discriminator fsapsyar(+)

1: Select two pairs of hyperparameters (C*,Cy,, 0", 0y,) = arg © Cm)a(x )CVACC(C, Cv,o,0v), CVpee =
v ),(0,0v

Validation Accuracy; (u1 = 0.5 | p1 + po = 1)
2: Solve LP using composite mapper:

N N

glglr;) Zﬁi +C*;§i

=1

N
sty | D Byidla;) - dla) +b] > 1-&

j=1
szov j:1327"'7N
fLZO, i:1,2,...,N

x; — x;||? 1
where, ¢(z;) - olw) = pilexp(— LS =20y L gy em
2(0’ ) Zq:l |#jq—Tiq] +1

3: Extract: (81 = {(l’j,yj) | ﬁj > 0)}, ‘81| =M<N

4: Solve LP:

A ¢bv

M M
min Zx\l "‘CV*ZCZ
=1 =1

M
st yi (Z ANyip(x) - (i) + bv) >1-G
=1

)\lzlo; l=12,....M

G>0; i=1,2,...,M
EE

2(ov*)?

5: Extract KCV: S = {(Zrn, Ym) | Am > 0} _ & by*; S2 €Sy

P *
6: WSABSVM 4= D1t Am¥Ym®@(Tm);  bsasvm < by
7: Return;  fsapsvm () = wsapsvm - ¢(-) + bsapsvmr

where, ¢(x1) - P(xi) = exp(— ) {(@, )bt = S

Table 1. The statistics of benchmark datasets [78] used in our experiments.

dataset banana breast-cancer diabetis flare-solar heart

# dimensions 2 9 8 9 13

# training patterns 400 200 468 666 170

# test patterns 4,900 77 300 400 100
dataset ringnorm thyroid titanic twonorm  waveform
# dimensions 20 5 3 20 21

# training patterns 400 140 150 400 400

# test patterns 7,000 75 2,051 7,000 4,600
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twonorm, and waveform. Each dataset contains 100 predefined train-test splits with varying numbers of training
and testing samples, as summarized in Table 1. All reported results correspond to the average performance over
these 100 splits, and the best result in each table is highlighted in bold. The proposed SABSVM is compared
with several representative baseline and state-of-the-art (SOTA) classifiers from the categories of Single Kernel
Learning (SKL), Sparse Single Kernel Learning (SSKL), Multiple Kernel Learning (MKL), and Sparse Multiple
Kernel Learning (SMKL).

Single Kernel Learning (SKL)

e LPSVM [3]: Vapnik’s Linear Programming Support Vector Machine implemented separately with two kernel
functions, namely the Gaussian Radial Basis Function (RBF) and the Distance Similarity Function (DSF)
[50].

* QPSVM [4]: Standard Quadratic Programming Support Vector Machine using the RBF kernel.

Sparse Single Kernel Learning (SSKL)

* RLPSVM [34]: A sparse LP-based SVM reducing the number of KCVs and lowering the prediction cost.

e SpSVM-2 [28]: A SVM based sparse single-kernel learning algorithm designed to improve classification
efficiency through greedy optimization.

* SOSVM [35]: A SVM oriented sparse single-kernel learning algorithm modeled for efficient classification
through sequential QP and LP.

Multiple Kernel Learning (MKL)

* NGMKL3 [18]: A neural-network-based multiple kernel learning framework that combines multiple kernels
through neural processing units.

e LapMKL [19]: A multiple kernel learning algorithm based on graph Laplacian regularization.

« 2LMKL™ [20]: Two-Layer Multiple Kernel Learning method to learn further kernelized machines by
combining multiple kernels in a multi-layer structure.

Sparse Multiple Kernel Learning (SMKL)

* SMKC2 (4%) [46]: A sparse MKL algorithm that employs gradient-based optimization under a predefined
sparsity constraint based on the ratio between the number of support vectors obtained by SK-SVM and the
number of expansion vectors used in Sparse MKL.

e MLLKM (Gaussian), MLLKM (Square), MLLKM (Component Gaussian), MLLKM (Component
Square), and LLSVM [79]: A family of sparse multiple kernel learning approaches that utilize linear,
nonlinear, and locally linear kernel combinations with different formulations.

Hyperparameters are selected using a modified five-fold cross-validation procedure. In the first stage, 4
fold of the training data are used to train the weighted Bi-kernel LPSVM for each candidate pair of
regularization and kernel parameters C', 0. The resulting Kernel Computing Vectors (KCVs) are then used as
the training data for the single kernel LPSVM in the second-stage, where another set of hyperparameters
Cy, oy is evaluated. The discriminator produced by the second stage is regarded as the decision function
of SABSVM which is subsequently used to classify the remaining fold. This procedure is repeated for all
five folds, and the hyperparameter combination that achieves the highest average 4D cross-validation accuracy
is selected as the optimal parameter set C*,o*,CY,,0y,. The search ranges for the hyperparameters are
taken as, {C,0,Cy,ov} € {(272,271,...,2%) (272,271 ... 27), (271,20 ... ,26), (20,21 ... 28)}. All are
implemented in MATLAB2020a where linprog is used to solve the optimization problem under the same
experimental environment. The results are presented next.
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5.2. Proposed Novel Metric

Machine’s Error-Cost Loss (MECL): To have a machine’s real time productivity, its high capability is
mandatory on both classification accuracy and speed simultaneously. Hence, a high-performing but heavy cost-
effective computing model is to be designed. To check such, we introduce a new metric, MECL to observe the
machine’s ability to give possibly least error with minimum kernel execution during prediction. This estimates its
prediction error coupled computational load and is mathematically defined (for kernel executed machine) as below:

MECL = KEPPP x Test Error Rates = #KCV s x #Base Kernels x Test Error Rates (26)

where KEPPP = Kernel Execution Per Pattern Prediction.
Smaller MECL (with a reasonable TeEr rate) is always expected, as it indicates that the classifier achieves lower
prediction error while requiring fewer KCVs during inference.

5.3. Result Analysis
5.3.1. Comparison of Results

SABSVM with SKL & SSKL: While comparing our method with SKL, it is seen from Table 2, SABSVM offers
an overall average test error of 16.74%, which is slightly higher than LPSVM-RBF (15.48%) and QPSVM-RBF
(15.71%) while using about 77% fewer KCVs than LPSVM-RBF & about 95% fewer KCVs than QPSVM-RBF
which directly leads to boost up the prediction speed. Further, it reduces MECL by 88.5% & 96.7% compared to
LPSVM-RBF and QPSVM-RBEF respectively. A separate comparison is made for LPSVM-DSF shows a modest
increase in test error yields a substantial reduction in prediction cost. However, SABSVM requires only 10.31
KCVs, compared with 96.16 for LPSVM-DSF which reduces MECL from 1604.43 to 111.05, corresponding
to 93% lower computational cost. This sacrifices of a small amount of classification accuracy and dramatically
reducing computational cost clearly demonstrates the achievement of an optimum balance between prediction
accuracy and testing cost.

Table 2. Comparison of TeEr(%), KCV and MECL among SABSVM and SKL Machines

SABSVM (ours) LPSVM RBF QPSVM RBF LPSVM DSF
dataset TeEr(%) #KCV MECL |TeEr(%) #KCV MECL|TeEr(%) #KCV ~ MECL|TeEr(%) #KCV MECL
banana 14.67 15.37 22550 10.75 15.08 162.11] 10.61 102.26 1084.98 *NR  *NR *NR
breast-cancer 27.30  3.60 98.28| 26.05 18.89 492.08| 28.53 200.00 5706.00| 25.47 27.10 690.24
diabetis 23.35 15.93 371.97| 2340 12.58 294.37| 23.28 263.22 6127.76 *NR  *NR *NR
flare-solar 36.67 5.99 219.67| 32.56 251.66 8194.05| 32.41 609.98 19769.45| 32.23 157.38 5072.36
heart 16.27 4.09 66.54| 17.44 2194 382.63| 16.60 68.23 1132.62 *NR  *NR *NR
ringnorm 1.74 15.83 27.57 1.73 1599 27.66 223 77.00 171.71 *NR  *NR *NR
thyroid 5.15 17.51 38.65 5.09 897 45.66 520 4351 226.25 3.55 77.09 273.67
titanic 26.64 1.76 46.88| 2291 8391 1922.38| 22.68 148.50 3367.98 *NR  *NR *NR
twonorm 3.63 24.15 87.59 371 32.00 118.72 2.42 299.18  724.02 3.10 123.05 381.45
waveform 11.95 15.64 186.83| 11.18 20.81 232.66| 13.15 228.33 3002.54 *NR  *NR *NR
Overall 16.74 10.99 136.95| 15.48 48.18 1187.23| 15.71 204.02 4131.33
Average
Average w.r.t
reported data 18.19 10.31 111.05| 16.85 77.88 2212.63| 17.14 288.17 6606.43| 16.09 96.16 1604.43
in LPSVM-DSF

*NR: Not Reported

Table 3 compares the proposed SABSVM with Sparse Single Kernel Learning (SSKL) machines. In terms of

computational efficiency, SABSVM achieves the lowest overall average MECL of 136.95, representing an 82%
reduction compared with RLPSVM and a 12% reduction compared with SpSVM-2 while offering very close test
error rate. Specifically, SABSVM requires only about one-third of the kernel computing vectors (KCVs) needed by
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RLPSVM, while its average KCV differs from the training-costly SpSVM-2 by only 0.41, indicating that SABSVM
is almost as sparse as SpSVM-2. Furthermore, when compared with SOSVM, SABSVM uses 41% fewer KCVs,
resulting in 51% lower MECL. Overall, SABSVM consistently achieves one of the lowest MECL values across
nearly all ten benchmark datasets while maintaining competitive classification performance.

Table 3. Comparison of TeEr(%), KCV and MECL among SABSVM and SSKL Machines

SABSVM (ours) RLPSVM SpSVM-2 SOSVM
dataset TeEr(%) #KCV MECL | TeEr(%) #KCV MECL | TeEr(%) #KCV MECL | TeEr(%) #KCV MECL
banana 14.67 15.37 225.50 11.38 1347 153.29 10.87 17.30 188.05 1091 15.23 166.16
breast-cancer  27.30  3.60 98.28 28.21 1546 436.13 29.22 12.10 353.56 *NR  *NR *NR
diabetis 23.35 1593 371.97 23.67  6.69 158.35 23.47 13.80 323.89 2343 12.56 294.28
flare-solar 36.67 5.99 219.67 32.44 140.76 4566.25 3390 8.40 284.76 *NR  *NR *NR
heart 16.27 4.09 66.54 15.51  8.07 125.17 1550 430 66.65 15.55 10.60 164.83
ringnorm 1.74 1583 27.57 1.73 1599  27.66 1.97 1290 2541 1.81 4026  72.87
thyroid 515 7.51 38.65 5.09 897 45.66 547 10.60 57.98 777 434  33.72
titanic 26.64 1.76 46.88 2291 82.22 1883.66 22.68 330 74.84 23.34 48.48 1131.52
twonorm 3.63 24.15 87.59 370 19.27  71.30 296 8.70 25.75 338 1850  62.53
waveform 11.95 15.64 186.83 10.44 20.64 21548 10.66 14.40 153.50 11.02 21.06 232.08
Overall 16.74 10.99 136.95 15.51 33.15 768.29 15.67 10.58 155.44
Average
Average w.r.t
reported data 12.92 12.53 131.44 11.80 2191 335.07 11.70 10.66 114.51 12.15 21.38 269.75
in SOSVM

SABSVM with MKL & SMKL: Tables 4-6 compare the proposed SABSVM with several state-of-the-art MKL
and SMKL methods. Since some competing MKL methods do not report the exact KCVs, their computational
efficiency is analyzed based on theoretical formulations of Classification Cost (CC) of any machine involving
Kernel Execution Per Pattern Prediction (KEPPP), with K EPPP = #BaseKernel x #KCV that refers the
number of kernel execution required to classify a single pattern. As SABSVM employs only one kernel, it CC'
KEPPP = #KCV Moreover, # KCV < #Training_Pattern, for every benchmark dataset indicates that
SABSVM depends only on a very small subset of training samples. Unlike SABSVM, NGMKL3 use every training
samples in prediction (# KCV = #Training_Pattern) and additional layer-processing increases computational
cost. Since the number of KCVs are not reported in LapMKL and 2LMKL™, and each prediction in 2LMKL™f
requires an additional kernel evaluation, these methods inherently incur higher computational complexity compared
to SABSVM. So, SABSVM provides only one kernel evaluation per selected KCV, avoids any layer-processing
overhead, yields a highly sparse decision function, and requires substantially fewer kernel evaluations.

Table 5 shows that SABSVM reduces the average MECL by 55% compared with SMKC2 (304.01 to 136.95)
and achieves the smaller CC indicating a faster prediction capability. In Table 6, Heart and Diabetis datasets
are selected because complete statistics are available only for these two datasets. As per this table, SABSVM
consistently outperforms other machines in all aspects. For Heart dataset, SABSVM achieves the lowest test error
rate while reducing upto 87% in CC and 86% in MECL with respect to other SMKL Machines. Similarly, on the
Diabetes dataset, SABSVM again attains the lowest test error and reduces CC and MECL upto 34% and 37%,
respectively. These results demonstrate that SABSVM effectively combines superior classification performance
with substantially lower prediction cost.

5.3.2. SABSVM on Large Data: To check the scalability of SABSVM on large data, we try to observe its
continuous and monotonic sparsity in parallel with the increment of datasize. For this purpose, #training patterns
of the banana dataset was gradually increased from x to 12z, where z = 400 and the sparsity is measured as,
Sparsity (z_Machine) = %, whereas a higher sparsity indicates that a comparatively fewer KCVs
are required. From Figure 6a, it is clear that sparsity of QPSVM remains almost unchanged with the increment

of data size but it increases slowly in case of LPSVM after a little zigzag in the beginning while it rises very fast
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Table 4. Comparison of TeEr(%) & CC among SABSVM and MKL Machines

SABSVM: SPEED-ACCURACY BOOSTED SVM WITH COMPACT BASIS SET FROM ANALYTIC MAPPERS

dataset |banana breast- diabetis flare- heart ringnorm thyroid titanic twonorm waveform
cancer solar
Machines |#training patterns| 400 200 468 666 170 400 140 150 400 400
TeEr(%)| 14.67 27.30 23.35 36.67 16.27 1.74  5.15 26.64 3.63 11.95
#Base Kernel 1
#KCV| 1537 3.60 1593 599 4.09 1583 751 1.76 24.15 15.64
SABSVM (ours)
CC x KEPPP
Classification where, KEPPP = #Base Kernel Xx #KCV,
Cost (CC) and #KCV <K #training pattern
TeEr(%)| 11.06 26.04 24.29 35.79 *NR 1.57 417 2241 2.9 9.55
#Base Kernel *NR
NGMEKLS3 #KCV #KCV = #training pattern
Classification CC «x KEPPP + Layer Processing Cost
Cost (CC) where, KEPPP = #Base Kernel x #KCV
TeEr(%)| 12.86  30.5 29.35 35.5 14.15 1.77 4.6 20.08 *NR 14.12
#Base Kernel *NR
#KCV *NR
LapMKL
Classification CC x KEPPP
Cost (CC) KEPPP = #Base Kernel x #KCV
TeEr(%) 9.8 3.1 234 347 164 1.5 52 222 *NR 9.6
#Base Kernel *NR
inf #KCV *NR
2LMKL™
Classification CC x KEPPP
Cost (CC) KEPPP = (#Base Kernel + 1) x #KCV

*NR: Not Reported

Table 5. Comparison of TeEr(%), CC and MECL between SABSVM and SMKC?2 (4%)

dataset SABSVM (ours) SMKC2 (4%)

TeEr(%) CC=KEPPP MECL \ TeEr(%) CC=KEPPP MECL
banana 14.7 154 225.50 12.2 154 187.88
breast-cancer 27.3 3.6 98.28 26 11.5 299.00
diabetis 234 159 371.97 23.7 9.3 220.41
flare-solar 36.7 6.0 219.67 33.2 594 1972.08
heart 16.3 4.1 66.54 15.9 6.1 96.99
ringnorm 1.7 15.8  27.57 1.4 6 8.40
thyroid 5.1 7.5 38.65 9.5 1 9.50
titanic 26.6 1.8 46.88 24.2 4.6 111.32
twonorm 3.6 24.1 87.59 2.9 39 11.31
waveform 11.9 156 186.83 10.1 12.2 123.22
Overall Average 16.7 11.0  136.95 | 15.9 12.9 304.01

continuously in case SABSVM, which is more clear by observing the ratios of sparsity among them in Figure 6b.
This gives a very optimistic message about higher efficiency of SABSVM on larger data.

5.3.3. Visual Evaluation: To have a visual comparison, decision boundaries have been plotted on 2D datasets:
benchmark banana (Figure 1), and two synthetic [80], namely two-spiral (Figure 7a ) and half-kernel (Fgiure 7b),
are used to evaluate the discriminative capability of SABSVM and other machines. From the figures, it can seen that
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Table 6. Comparison of TeEr(%), CC and MECL of Heart and Diabetis dataset among SABSVM and SMKL Machines

dataset
Heart Diabetis
Machine TeEr(%) CC=KEPPP MECL | TeEr(%) CC=KEPPP MECL
MLLKM (Gaussian) 18.40 26.00 478.40 24.70 24.00 592.80
MLLKM (Square) 18.60 27.10 504.06 25.10 28.10 705.31
MLLKM (Component Gaussian) 17.80 27.30 485.94 24.00 29.60 710.40
MLLKM (Component Square) 18.90 26.80 506.52 27.40 38.60 1057.64
LLSVM 19.60 32.00 627.20 25.80 32.00 825.60
SABSVM (ours) 16.27 4.09 66.54 | 23.35 15.93 371.97
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Figure 6. Sparsity with variational training pattern size

the proposed SABSVM gives training accuracy similar to other high accuracy complex machines while demanding
much smaller number of KCVs.

6. Conclusion & Future Work

We have proposed a novel two-stage heavily compressed basis selection framework, which performs a kernel
subspace compression using SVM, balancing expressiveness, sparsity, and efficiency that preserves the accuracy of
a high quality MKL classifier while drastically reducing the number of support vector outperforming conventional
single-stage SVMs and some MKL approaches.

The first stage is exclusively used to identify a compact and informative set of candidate basis vectors that capture
the geometric structure of the decision boundary. Here, we combine a strong analytic mapper[50, 57] with a
universal kernel following a linear combination of linearly independent and heterogeneous kernels (PD with non-
PSD) within multi-kernel frameworks to generate a richer kernel space for structural representations, expressivity.
This construction captures both smooth and domain-specific structural relationships, producing an informative and
diverse support vector set that form a compact, expressive basis spanning the decision geometry learned by the
multi-kernel model. It is also enriched with the support of LP that can efficiently handle non-PSD kernels [47]
avoiding non-convexity introduced by indefinite similarity matrices and offers sparse, efficient and accurate SVM
learning.
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Figure 7. Decision boundaries on Synthetic data (400 x 2) from proposed SABSVM & some other SOTA machines

The second stage performs functional structure transfer mechanism between kernel spaces. Here, we treat the
collected SV set in stage-1 as a compact training basis and train an RBF based LP SVM to learn more expressive
and flexible decision boundaries, which generalize well across different patterns in the data. This projection onto a
sparse RKHS basis acts as an information-preserving compression mechanism, yielding a substantially smaller set
of effective support vectors while representing complex relationships and maintains almost the same classification
accuracy.
From SLT’s perspective, this method provides a bias-variance trade-off by slightly increasing the probability of
Bias error due to changing kernel and restricted subspace while decreasing the probability of Variance due to
lower model capacity and fewer parameters while the reduced variance from a smaller hypothesis space can
optimally outweigh the approximation bias incurred. On the other hand, the whole method is modelled as convex
as the reduced SVM retraining is a surrogate convex optimization problem because it approximates the original
well-posed convex and complex MKL-SVM optimization by solving another simpler, well-posed convex problem
on a restricted set of variables (the support vectors) and fixed kernel, trading some optimality for computational
efficiency and tractability. Further, unlike many other prominent and high performing methods, we do not require
any complex training by solving SDP, QCQP, SOCP, SILP.
Generally, MKL leads to a richer approximation space than SKL SVMs, especially when combining diverse
kernels. However, the actual richness depends on the choice and weighting of kernels during learning and our
method keeps MKL partly for higher accuracy while leaves it partly for cost reduction that leads us to take the
responsibility to fill the gap in the literature: achieving significant reductions in SV count without compromising
accuracy, where we move towards to attack the extremely challenged task: increasing both classification accuracy
and speed simultaneously.

Moreover, to check a machine’s practical productivity very closely, we have defined a new term MECL that can
be directly measured and we have evaluated it on different machines.
Comparing with accuracy focused machines, SABSVM poses classification accuracy similar to high accuracy
giving SKL machines and a nearly similar to the top accuracy giving highly complex MKL machines while using
much lower number of KCVs than SKL machines. This gets further impressive when it pops up that the heavy cheap
SABSVM gives lower test error rate than the highly complex and costly LapMKL in 4 out of 9 benchmark data
sets as well as the mean of these 9. Probably, overfitting from LapMKL be a reason for this. Further, considering the
joint error-cost loss, SABSVM gives significantly lower valued MECL compared to the complex SKL machines.
But while it becomes analytically highly probable that SABSVM will give tremendously lower valued MECL from
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the highly complex MKL machines, we cannot provide an exact numerical report here as the number of KCVs used
by these cannot be found.

On contrary, comparing with efficiency targeted machines, apart from 5 LL(locally linear) sparse MKLs,
SABSVM produces classification accuracy similar to the sparse SKL as well as sparse MKL machines while using
similar KCVs except 33.1% of RLPSVM. This becomes really interesting when it reveals that SABSVM gives
lower test error rate than all of the 5 sparse LL MKL machines in both of their 2 reported data sets (heart, diabetis).
Additionally, regarding the joint error-cost loss, SABSVM gives considerably lower valued MECL compared to
all sparse SKL as well as sparse MKL classifiers except the training-costly but test-efficient SpSVM-2. With this
machine, the train-test efficient SABSVM has a neck to neck competition in classification accuracy, number of
KCV while SABSVM gives a little smaller MECL value.

Besides the above interesting results, SABSVM showed increasing sparsity with respect to the increment of data
size, which indicates its higher efficiency and usefulness on large data. Its plotted class-boundaries on 2D data also
look quite smooth and promising.

Thus, on top of its higher accuracy, the compressed model exhibits large improvements in inference speed and
memory usage, meaning both of its speed and accuracy are boosted (hence, SABSVM) enabling its deployment
in resource-constrained settings. Moreover, as the method wraps around only the standard LP solvers and post-
processes their outputs, it is practical for many real world applications.

However, with the above many advantages of the method, its one implicit limitation could be that the balance
between approximation quality and model simplicity depends on how well the single kernel RKHS overlaps with
the MKL approximation space and how informative the selected SVs are.

Following ideas are so far noted for future work directions: i)integrating adaptive kernel selection, ii)joint and
composite body training of extreme states, iii) introducing error probability bounded learning.
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