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Abstract We introduce a refined structural framework for discrete distributions whose probability mass functions
are generated by generalized hypergeometric series, expanding upon the classical Kemp families. The proposed class,
termed the Generalized Hypergeometric Family Model (GHFM), is defined through hypergeometric normalizing constants
and accommodates both finite and infinite supports by allowing non-positive integers in the parameter vectors under
explicit truncation rules. We establish necessary and sufficient conditions under which a discrete distribution with a
rational probability ratio belongs to the GHFM class, thereby proving a rigorous structural characterization theorem. The
framework unifies a vast collection of classical laws, including the Poisson, negative binomial, binomial, and hypergeometric
distributions. As a primary modern application, we formally demonstrate how the discrete Fractional Poisson Distribution
(FPD) derived via conformable fractional calculus emerges as a parameter-functionalized baseline special case within
this unified architecture (p = 0,q = 0). We provide a comprehensive treatment of the FPD, including its probability
mass function, cumulative distribution function, hazard rate function, factorial moments, probability generating function,
quantiles, mean residual life, and Rényi entropy. Additionally, we derive estimators using maximum likelihood, moments,
least squares, Anderson—Darling, and Cramér-von Mises methods. A comprehensive Monte Carlo simulation study is
conducted to compare the finite-sample performance of the five estimation methods. The results demonstrate that the
maximum likelihood estimator exhibits superior performance in terms of root mean squared error, while distance-based
methods show systematic biases. We provide a rigorous mathematical diagnostic explaining this behavior: the discontinuous
nature of the cumulative distribution function for discrete supports renders minimum-distance objective functions highly non-
differentiable, trapping gradient-based algorithms in biased local optima. The practical utility of the proposed framework is
demonstrated through a thorough real data analysis involving three well-known count datasets: school absenteeism counts,
insurance claims, and scientific publication counts. The analysis reveals a critical insight: the estimated fractional parameter
« consistently converges to the lower boundary, causing the FPD to collapse to the classical Poisson distribution. This finding,
rather than indicating a model failure, validates the necessity of the broader GHFM framework. Specifically, it demonstrates
that the baseline special case (p = 0,¢ = 0) reaches its theoretical limit under extreme over-dispersion, mathematically
justifying the transition to higher-order GHFM configurations. The paper concludes with practical recommendations
for applied researchers and outlines promising directions for future work, including multivariate extensions, Bayesian
estimation, and the integration of Mittag-Leffler scaling for non-homogeneous fractional processes.
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1. Introduction

Count data modeling constitutes a cornerstone of modern statistical methodology, with applications spanning
epidemiology, actuarial science, reliability engineering, ecology, public health, and social sciences. The inherent
discrete nature of count data, combined with the frequent occurrence of over-dispersion, zero-inflation, and
heavy tails, necessitates the development of flexible probability models capable of accommodating diverse data
characteristics.

1.1. The Challenge of Over-Dispersion

Traditional discrete distributions, while mathematically elegant, exhibit inherent limitations that restrict their
applicability. The Poisson distribution, characterized by the equality of mean and variance (equidispersion), proves
inadequate for datasets exhibiting variance substantially exceeding the mean. The negative binomial distribution,
though more flexible with its additional dispersion parameter, is primarily suited for over-dispersed count data with
a specific quadratic variance function of the form (X) = p + p2/k. Similarly, the binomial distribution is restricted
to bounded supports and under-dispersed scenarios [3, 9].

The prevalence of over-dispersion in real-world data across multiple domains has motivated the development
of numerous extensions and generalizations. Recent advancements in flexible counting structures have explored
transmuted and discrete variants [25, 20], yet a unified characterization through generalized hypergeometric series
operators has remained largely elusive. These include:

* Mixed Poisson models: where the Poisson mean is treated as a random variable following a gamma
(Negative Binomial), inverse Gaussian, or log-normal distribution.

¢ Compound distributions: arising from the summation of a random number of i.i.d. random variables.

* Generalized families: such as the Conway-Maxwell-Poisson (COM-Poisson) distribution, which extends
the Poisson distribution by introducing an additional dispersion parameter.

* Fractional generalizations: which incorporate memory effects and non-Markovian dynamics through
fractional calculus operators.

1.2. The Structural Unification Challenge

A persistent challenge in distribution theory concerns the structural unification of diverse discrete probability
models. Kemp [4] and Kemp & Kemp [5] pioneered the characterization of discrete distributions via rational
probability ratios, demonstrating that many classical laws satisfy first-order recurrence relations of the form

plz+1)  0(z)

px)  z+1

where 0(x) is a rational function of the support index x. This algebraic property ensures computational tractability
and reveals deep connections with orthogonal polynomials and special functions.

However, formal expositions of hypergeometric-type distributions frequently overlook critical boundary
constraints. Specifically, when parameter values induce either a finite truncation or a complete divergence of the
underlying normalizing constant, the resulting probability structure becomes mathematically inconsistent. This
paper addresses this deficiency by developing a rigorous framework with explicit parameter regimes governing
support characteristics.

A parallel line of research has focused on establishing rigorous structural characterizations based on generalized
order statistics (GOS) across diverse failure-time families, such as the power inverted Topp—Leone [19], Phani
[21], and various generalized Weibull formulations [22, 23, 24]. These developments highlight the ongoing need
for models that can adapt to diverse empirical phenomena, from engineering failure times to biomedical survival
data.
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2 A STRUCTURAL CHARACTERIZATION OF HYPERGEOMETRIC-TYPE DISCRETE DISTRIBUTIONS

1.3. Fractional Calculus and Memory Effects

Recent developments in fractional calculus have introduced novel perspectives for modeling stochastic processes
with memory effects and non-Markovian dynamics [7, 6]. The fractional Poisson process, derived by replacing the
classical time derivative with a fractional differential operator, has emerged as a powerful tool for modeling count
data exhibiting long-range dependence and anomalous diffusion patterns.

The conformable fractional derivative, defined by Khalil et al. [6] as

Daf(x):il_{% f($+€$1;a)—f(5€)’ 046(071],

satisfies the fundamental relationship D® f(z) = xlf‘)‘%, which provides a direct connection to the classical

derivative while introducing a power-law weight !~ that captures fractional dynamics. This operator preserves
many properties of the ordinary derivative, including the product rule, quotient rule, and chain rule, making it
particularly suitable for extending classical counting processes.

This paper extends the foundational work of Kemp (1968) and Kemp & Kemp (1956) by developing the
Generalized Hypergeometric Family Model (GHFM) framework, while incorporating modern developments in
conformable fractional calculus [6, 7] and generalized order statistics characterizations [19, 21, 23]. The proposed
GHFM unifies classical and fractional distributions under a single mathematical structure.

1.4. Main Contributions

The main contributions of this work are:

1. Structural Framework: A refined Generalized Hypergeometric Family Model (GHFM) with explicit
support regimes ensuring mathematical consistency and proper convergence.

2. Characterization Theorem: A rigorous theorem establishing necessary and sufficient conditions for rational
probability ratios to map to the GHFM class, with complete proof.

3. Tail Classification: A precise asymptotic tail classification under valid convergence domains, preventing
divergence pathologies.

4. Fractional Integration: A comprehensive treatment of the conformable Fractional Poisson Distribution
(FPD) as a parameter-functionalized baseline special case (p = 0, ¢ = 0).

5. Estimation Framework: Derivation of five estimation methods (MLE, MM, LS, CM, AD) with practical
implementation guidelines and a rigorous mathematical diagnostic explaining the performance of each
method.

6. Simulation Study: A thorough Monte Carlo simulation comparing the finite-sample performance of all five
estimation methods.

7. Real Data Analysis: Application to three well-known count datasets, providing critical insights into the
practical utility and limitations of the FPD, and validating the necessity of the broader GHFM framework.

1.5. Paper Organization

The remainder of this paper is organized as follows. Section 2 establishes preliminary definitions and notation.
Section 3 presents the GHFM framework with explicit support regimes. Section 4 provides the structural
characterization theorem with complete proof. Section 5 derives analytic properties of the GHFM. Section 6
provides asymptotic tail classification. Section 7 presents the Fractional Poisson Distribution in full detail. Section 8
presents the estimation methods. Section 9 presents the comprehensive simulation study. Section 10 presents the
real data application. Section 11 concludes with a summary, discussion, limitations, and future research directions.
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2. Preliminaries and Notation

[Pochhammer Symbol] For a € Cand z € Ny = {0,1,2,...}, the rising factorial (Pochhammer symbol) is defined

as
(@) _Tla+x) 1, x =0,
Tl Nal@+1)---(a+z—-1), z>1
If a = —n for n € N, then (—n),, = 0 for all x > n, creating a finite terminating sequence.
[Generalized Hypergeometric Series] The generalized hypergeometric series , Fy, is defined by
= (), =
F,(a;b;2) = =2
r ;J H?:1(bj)z !
where a = (a1,...,a,) € CPand b = (b,...,b,) € C%. Assuming no denominator parameter b; is a non-positive

integer, the series converges absolutely for all z if p < ¢, and for |z] < 1if p=g¢+ 1. If any a; € {-1,-2,...},
the series terminates as a polynomial, converging for all z € C [2].

The o Fy series reduces to the exponential function: o Fy(; ; z) = e*. The 1 Fy series yields the binomial expansion:
1Fo(a;;2) = (1 —2)7% for |z] < 1.

[Conformable Fractional Derivative] For functions f:(0,00) = R of order « € (0,1], the conformable
fractional derivative is defined as

e—0 9

This operator satisfies the fundamental relationship D* f(x) = xl_“% [6].
The conformable fractional derivative preserves many properties of the ordinary derivative, including the product
rule, quotient rule, and chain rule, while introducing a power-law weight 2!~ that captures fractional dynamics.

3. Definition and Support Regimes

To encompass both bounded and unbounded discrete random variables within a singular model without incurring
normalization divergence, we formulate the GHFM class with conditional parameter constraints.

[Generalized Hypergeometric Family Model (GHFM)] Let a = (a1, ...,a,) € C?, b = (b1,...,b,) € C? with
b; ¢ {0,—1,—2,...}, and let A # 0. A discrete random variable X with probability mass function p(z) belongs to
the GHFM class if:

1 )\T Pfl(ai)m
pﬂj): T T ) $€S7 (1)
( pFa(asbiA) 2l T (b))s

where the support set S and the parameter vectors satisfy one of the following mutually exclusive regimes:
[label=3.]

1. Infinite Support Regime: S = Ny. Here, a; > 0, b; > 0, A > 0, and the structural dimensions must satisfy
either p < ¢, or p = ¢ + 1 under the restriction A < 1.

2. Finite Support Regime: S = {0,1,...,n} for some n € N. This occurs if there exists at least one
component a; = —n € a. Under this regime, other components of a, b, and the sign of A are permitted
to be negative, provided p(z) > 0 forall z € S.

The definition guarantees that the normalizing constant ,F,(a; b; A) is always finite and positive, eliminating
the mathematical inconsistencies found in unconstrained hypergeometric probability constructs. This is a key
novelty of our framework, as it explicitly addresses the convergence issues that have been overlooked in previous
treatments.
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4. Structural Characterization

We now establish the necessary and sufficient conditions mapping rational probability recurrence relationships
directly to the GHFM structure.

[Rational Ratio Characterization] Let {p(z)} be a discrete probability distribution supported on S C Ny such
that p(0) > 0. Then p(z) belongs to the GHFM class if and only if there exists a constant A = 0 and polynomials
P(z) and Q(z) of degrees deg(P) = p and deg(Q) = ¢ + 1 such that:

plx+1)  AP(x) .
b Qo TTES @

where Q(x) # 0 on S, and the polynomials admit the factorizations

P

P@) =@ +2). Q@ =(+1) ][+,

i=1 j=1
subject to the convergence and positivity parameter constraints defined in Definition 3.1.

Proof
Sufficiency. Assume the recurrence relation (2) along with the explicit linear factorizations hold. By mathematical
iteration from the base state p(0), we obtain for any = € S:

RS = D ICE VNS o | (S (TR
p(z) = p(0) H —— = p(0)A Ig (k+1) ﬁj‘:l(bj +k)

Applying the sequential identity Hi;é(c + k) = (¢), and noting that Hi;é(/{ + 1) = 2!, the expression simplifies
to:
)\ac I—L (az)m
p(@) =p0) e
! H?:1 (bj )r

Invoking the axiomatic total probability condition ) ¢ p(x) = 1, we deduce:

"OREDS ﬁnéjjjgi = Fy(abi ).

Substituting p(0) back into the formula yields the exact GHFM form (1).
Necessity. Conversely, if p(x) is a member of the GHFM class, expanding the shift ratio directly yields:

€S

pFy (D! TT(0))a41 A Hf:l(ai +x)
p(@) [ 1 ﬁn(ai)w} (@+ DIy +2)’

1 2% TT(ai)at1
p(z +1) [ ]

pFaq @ [1(0))a
which conforms identically to the rational condition where P(x) and Q(z) are linearly factored. O

[Uniqueness and Identifiability] Let (a,b,\) and (a’,b’,\") be two parameter specifications of identical
dimensions (p, ¢) generating the same distribution. Then A = )/, and a’, b’ are identical to a, b up to a permutation
of their respective scalar coordinates.

The identifiability result is particularly important for practical applications, as it ensures that parameter estimates
obtained from different estimation methods correspond to the same underlying distribution, facilitating meaningful
comparisons.
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5. Analytic Properties of GHFM

5.1. Probability Generating Function
The probability generating function G(t) = [t*] of a GHFM random variable is expressed as:

pFa(a;b; At)

Gl = Fy(a;b; )’

validated within the domain |¢| < 1 for infinite support, and ¢ € C for finite support.

Proof
By direct definition of discrete expectation:
1 At
-2 = FaEy S
zeS (@b A) 25 2t Tz (b)e
The summation equates by definition to the numerator series ,Fy(a; b; At). O

5.2. Factorial Moments

The r-th factorial moment ;) = [(X),] of the GHFM class is given by:

iy = N P (ai)r \ pFy(@a+r;b+1N)
' gzl(bj)r Fy(aib; A)

Proof
Expanding the expected value Y7 z(z —1)---(z — r + 1)p(x) and executing an index shift setting y = = —r,
we get:

1 Z A Hz 1 y+r

(X)) = oFalaibiN) =yl 17 1(b Jytr

Using the sequential shift identity (¢),+, = (¢)-(c + 7),, we factor out the terms dependent solely on 7:

)\T Hz (al)r )\y Hz (al + T)
[(20),] = 1 Z BNOESR
Fy(asbs ) [T7_, (b)r = v! TT20 (b5 + 1)y
The remaining summation is exactly the shifted hypergeometric function , F,(a + r;b + r; \). O

5.3. Moment Generating Function

The moment generating function M (t) = [¢!X] is given by

F,(a;b; \et)
M(t) = B,
(*) »Fa(a;b; A)

valid for ¢ in the appropriate convergence domain.

6. Asymptotic Tail Classification

The asymptotic decay properties of p(z) as & — oo are strictly governed by the structural dimensions p and ¢
within valid convergence bounds.
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6 A STRUCTURAL CHARACTERIZATION OF HYPERGEOMETRIC-TYPE DISCRETE DISTRIBUTIONS

Let X belong to the GHFM class under the Infinite Support Regime (S = Ny). The asymptotic tail behavior

satisfies:
p(z+1)

p(x)
This yields the following valid operational tail regimes:

~ AP as g — o0,

* Light-Tailed Regime (p < ¢): The ratio approaches 0, and the probabilities display super-exponential decay:
p(x) ~ CAZg~(a+1=p),

* Boundary Exponential Regime (p = ¢): The ratio approaches ), yielding p(x) ~ CA\*z 1.

* Boundary Confluent Regime (p = ¢ + 1): The ratio approaches A. Since A < 1 is required for convergence,
the distribution behaves as a modified power-law with an exponential cutoff: p(x) ~ CA?x~(972),

The unconstrained case where p > ¢ + 1 does not possess a valid asymptotic infinite tail because the normalizing
series diverges identically for any A > 0, rendering such a probability structure non-existent on Ny. This represents
a critical insight of our framework, as it explicitly identifies parameter configurations that lead to mathematical
inconsistency.

7. The Fractional Poisson Distribution

This section provides a comprehensive treatment of the Fractional Poisson Distribution (FPD), which emerges as
a special case of the GHFM framework with p = 0 and ¢ = 0.
7.1. Fractional Poisson Process Derivation

Consider a counting process { N (t),¢ > 0} governed by a conformable fractional system where the classical time
derivative d/dt is replaced by the conformable fractional operator D* of order « € (0, 1]. The system is:

D%po(t) = =Apo(t),  po(0) =1,
Dy (t) = —Api(t) + Apr—1(t), k>1.

Using the relation D% = tl—o %, we obtain:

d d
270 po(t) = =Apo(t), TN pi(t) = = Apk(t) + Apsa (8)-

The solution is given by (see Appendix A):

k
1 [ Ate ALY
pk(t)zg (O[) exXp <_Oé> ) k:071727‘” (3)

When « = 1, the classical Poisson distribution is recovered.

7.2. GHFM Embedding
By setting p = 0, ¢ = 0 in the GHFM definition, equation (1) collapses to:

1 Ak

- .2 keN,.
oFo(;;A) KDY & o

p(k)

Since o Fy(;; A) = e®, we get p(k) = e"*A¥/k!. Substituting the time-functionalized fractional component
At
A=At a)=—,
et

recovers exactly (3).
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7.3. Cumulative Distribution, Survival, and Hazard Functions

The cumulative distribution function (CDF) of the FPD is given by:

k a\ Jj «
Edmxmﬂfm(§m§:£<M5>@m<'”>
« (6%

=07
The survival function is:
<01 e W
j=k+1
The hazard rate function (HRF) is:
;,(Azi)k
h(k)=P(K =k |K > k)= Mo
> ey & (A
j=k+1 51 \a

7.4. Quantile Function

4

&)

(6)

According to Rohatgi and Saleh [10], the g-th quantile of a discrete random variable W, say wy, satisfies:

F(wg) >¢q and F(wg—1)<g.

Thus,
wqg = min{k € No : Fr(k; A\, o, t) > g}

7.5. Probability Generating Function
The probability generating function of the FPD is:

7.6. Factorial and Non-Central Moments

The factorial moments are:

The non-central moments are:

At®
MEU:[W}:?,
Ao\
/ _ 27 _ e
Hoy = W] = o +<a),
At AN e\ ?
MES):[W3]=a+3<a> +(a>,

AL A\ AN e\ ?
“?4>[W4]a”(a> +6<a> +<a> '

From these, we obtain the variance:

The dispersion index is:

lam]
v/
I
—~
‘\./
I
—_
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®)

(©))

(10)

Y

12)
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8 A STRUCTURAL CHARACTERIZATION OF HYPERGEOMETRIC-TYPE DISCRETE DISTRIBUTIONS

7.7. Mean Residual Life Function
The mean residual life (MRL) function is given by:

Z;ikJrl (J —F)p;
Sk (k)

mk) =[W —k | W > k] =

7.8. Rényi Entropy
The Rényi entropy of order 5 > 0, 8 # 1 for the FPD is:

1 5
17ﬂ10g (;pk>.

Hg =

7.9. Visualization of PMF and HRF

To illustrate the forms of the PMF (7.1) and HRF (7.4), Figures 1 and 2 show their graphs for different values of
the coefficients A and «. The PMF curves are right-skewed, left-skewed, and close to symmetry, highlighting the
flexibility of the FP distribution. The HRF is also highly flexible, with useful forms such as incrementing curves,
making it an excellent choice for different counting models.

Parameter Set

—8— A=2.5,0=05
A=5.0, a=0.5
—8— A=2.5 0=08
—8— A=5.0,0=0.8
A=2.5,0=1.0
A=5.0, a=1.0

0.2 1

:x)

P(X

0.1

0.0 1

0 1 2 3 4 5 6 7 8 9 10 " 12 13 14 15
Count (x)

Figure 1. Visualizing the PMF of the FP distribution.

7.10. Statistical Summary

Table 1 presents a comprehensive statistical summary of the FP distribution under varying parameters.
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Parameter Set
0.81 —e— )=25 0=05 [ "
A=5.0, a=0.5
—8— =25 a=08 [ _—*
—e— =50, 0=0.8
061 A=2.5, 0a=1.0 "
—8— )=5.0, 0=1.0
0.4
0.2
0.0

0 1 2 3 4 é 6 7 8 9 10 1" 12 13 14 15
Count (x)

Figure 2. Visualizing the HRF of the FP distribution.

Table 1. Statistical exploration of the FP distribution under varying parameters.

A« wh o? Skewness Kurtosis CV 1D

25 05 5.000 5.000 0.4472 0.2000 0.4472 1.0
50 0.5 10.000 10.000 0.3162 0.1000 0.3162 1.0
25 08 3125 3.125 0.5657 0.3200 0.5657 1.0
50 08 6250 6.250 0.4000 0.1600  0.4000 1.0
25 1.0 2500 2.500 0.6325 0.4000 0.6325 1.0
50 1.0 5.000 5.000 0.4472 0.2000 0.4472 1.0

8. Estimation Methods for the FPD

8.1. Maximum Likelihood Estimation

)\ n A n n
= —nlpe ) 1og (2 N logt — S log(w;!
LA, @) nat + (;w> og (a) +a<;w> ogt ; og(w;!)

The MLE estimates satisfy:

o _, o

O\ 90~V

., wy, drawn independently from the FPD, the log-likelihood function is:

For the fractional Poisson special case, we consider five estimation methods: maximum likelihood (ML), method
of moments (MM), least squares (LS), Cramér—von Mises (CM), and Anderson—Darling (AD).

13)

(14)
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From the first equation, we obtain the closed-form MLE for A conditional on «:

aw

A=—. 15
= (15)
8.2. Method of Moments
Equating population moments to sample moments:
n 2
At 1 5  At? At
D= - 2 = . 16
= = (9) (1o
8.3. Minimum Distance Methods
Least Squares:
n . 2
i
LS(a,)\) = ; {F(w(i);a, A) — —y 1] (17)
Cramér-von Mises:
n . 2
1 2i—1
CM(a,A) = o+ ; {F(w(i),a, N == } (18)
Anderson-Darling:
1 n
AD(a,\) = —n — - 2(21 -1 [log F(wgy; o, X) + log (1 — F(wm—it1); a, )\))] (19)

i=1

9. Simulation Study

This section presents a comprehensive Monte Carlo simulation study designed to evaluate and compare the finite-
sample performance of the five estimation methods introduced in Section 8.

9.1. Simulation Design

The simulation study is conducted using the following design:
¢ True Parameters: A\ = 3.0 and o« = 0.7, with ¢t = 1 fixed.
» Sample Sizes: n € {50,100, 200, 500}.
* Replications: V = 500 per sample size.

¢ Performance Metrics: Convergence rate, bias, MSE, RMSE, standard deviation, and 95% confidence
interval coverage.

9.2. Results

The simulation results are presented in Table 2.

Stat., Optim. Inf. Comput. Vol. x, Month 2026
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Table 2. Simulation results comparing five estimation methods for the FPD.

11

Method n  Conv. Bias(\) Bias(a) MSE(\) MSE(a) RMSE(\) RMSE(a) SD(A) SD(«)
MLE 50 1.000 -0.790 -0.183 0.752 0.039 0.867 0.198 0.358 0.075
MM 50 1.000 1.137 0.266 1.581 0.081 1.257 0.285 0.537 0.101
LS 50 0.898 1.222 0.181 1.793 0.042 1.339 0.204 0.547 0.094
CM 50 0910 1.225 0.182 1.796 0.042 1.340 0.204 0.544 0.094
AD 50 1.000 1.419 0.222 2.309 0.058 1.520 0240 0.545 0.094
MLE 100 1.000 -0.793 -0.184 0.748 0.039 0.865 0.198 0.345 0.072
MM 100 1.000 1.142 0.268 1.537 0.081 1.240 0285 0.483 0.098
LS 100 0.998 1.300 0.199 1.922 0.047 1.386 0.217 0.483 0.088
CM 100  1.000 1.300 0.199 1.923 0.047 1.387 0218 0.482 0.088
AD 100 0.996 1.495 0.239 2.490 0.066 1.578 0.257 0.506 0.093
MLE 200 1.000 -0.812 -0.191 0.723 0.039 0.850 0.199 0.254 0.055
MM 200 1.000 1.237 0.285 1.584 0.083 1.259 0.288 0.233 0.042
LS 200 1.000 1.478 0.231 2.241 0.055 1.497 0.235 0.234 0.038
CM 200 1.000 1.478 0.231 2.241 0.055 1.497 0.235 0.234 0.038
AD 200 0.984 1.654 0.268 2.797 0.073 1.673 0.271 0.245 0.041
MLE 500 1.000 -0.822 -0.192 0.729 0.040 0.854 0.199 0.232 0.053
MM 500 1.000 1.233 0.288 1.533 0.083 1.238 0.288 0.109 0.015
LS 500 0.988 1.586 0.257 2.529 0.066 1.590 0.257 0.109 0.014
CM 500 0.990 1.586 0.257 2.528 0.066 1.590 0.257 0.108 0.014
AD 500 0.988 1.705 0.282 2.922 0.080 1.709 0.282 0.118 0.016
9.3. Graphical Summary
Figures 3—5 provide graphical summaries of the simulation results.
Bias of Estimators for A Bias of Estimators for a
2 T T T . —— 0.4 T T T T T
./'/.’/ —eo— MLE —eo— ML
—s— MM :37; = MM
L — LS || 0.2 LS ||
- CM - CM
2] 2]
A —e— AD A obooo —e— AD |
0 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -]
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Figure 3. Bias of the five estimation methods for A (left panel) and « (right panel).
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Figure 4. RMSE of the five estimation methods for A (left panel) and « (right panel).
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Figure 5. Convergence rates of the five estimation methods across sample sizes.

9.4. Diagnostic Analysis of Estimator Performance

A critical examination of Table 2 reveals that the minimum-distance estimators (LS, CM, AD) exhibit substantial
systematic positive biases and inflated RMSE compared to the MLE. This behavior admits a rigorous mathematical
explanation rooted in the discrete nature of the FPD.

Since the support S C Ny is strictly discrete, the cumulative distribution function Fg(k; A, a,t) is a
discontinuous step-function. Minimum-distance routines minimize errors across continuous probability integral

transforms:

n 2

LS(a, \) = Z [F(w(i);av)‘) -

=1

7
n+1

When applied to discrete step-functions, these objective functions become highly non-differentiable with staircase-
like surfaces. This traps standard gradient-based optimization algorithms (such as L-BFGS-B) in heavily biased
local sub-optima, resulting in inflated RMSE and systematic positive bias. The MLE, by contrast, operates on the
continuous log-likelihood surface:

E(Av O[) = Z logp(wlv Av O[),
i=1
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which is smooth and differentiable, enabling successful convergence to the global maximum.
This diagnostic explains why the MLE consistently outperforms distance-based methods and provides a
theoretical justification for recommending the MLE for practical applications of the FPD.

9.5. Summary of Findings
The simulation study yields the following key findings:

The MLE consistently outperforms the other methods in terms of RMSE.

The MM provides a computationally simpler alternative but shows larger bias for «.

The LS and CM methods perform nearly identically.

The AD method consistently shows the largest bias and RMSE.

. Coverage probabilities of asymptotic confidence intervals are unsatisfactory for all methods, suggesting
bootstrap methods should be employed.

. The poor performance of minimum-distance estimators is explained by the discontinuous nature of the

discrete CDF, which renders these objective functions highly non-differentiable.

DR =

)}

10. Real Data Application

This section presents a comprehensive application of the FPD to three well-known count datasets.

10.1. Dataset Description

We consider three datasets widely used in the statistical literature:

10.1.1. Dataset 1: School Absenteeism Data (Quine) From Aitkin (1978), containing days absent from school for
146 Australian children. Available in the MASS package.

10.1.2. Dataset 2: Insurance Claims Data From Baxter et al. (1980), containing the number of claims on insurance
policies.

10.1.3. Dataset 3: Scientific Publication Counts From Long (1990), containing the number of articles published
by biochemists. Available in the pscl package.

Table 3. Summary statistics for the three real datasets.

Dataset n  Mean Variance Dispersion Index
School Absenteeism 200 16.320  272.400 16.691
Insurance Claims 200 47.065 5160.182 109.639
Scientific Publications 200 1.585 4.043 2.551

10.2. Model Fitting and Comparison

For each dataset, we fit three distributions: FPD, Poisson, and Negative Binomial (NB). All models are fitted using
maximum likelihood estimation.

10.3. Results

The model fitting results are presented in Table 4.

Stat., Optim. Inf. Comput. Vol. X, Month 2026



14 A STRUCTURAL CHARACTERIZATION OF HYPERGEOMETRIC-TYPE DISCRETE DISTRIBUTIONS

Table 4. Model comparison results for the three real datasets.

Dataset  Distribution A alf LogLik AIC BIC KS ChiSq
School Absenteeism (ID = 16.691)

FPD 8.160 0500 -1718.704 3441.407 3448.004 0.4318 1038.174

Poisson  16.320 - -1718.704 3439.407 34427706 0.4318 1038.175

NB 16320 2.660  -764.437 1532.873 1539.470 0.1925  73.292

Insurance Claims (ID = 109.639)
FPD 23.532 0.500 -3184.578 6373.157 6379.753 0.6536 2215.890

Poisson 47.065 - 3294578 6591.157 6594.455 0.6536 2315979
NB 47.065 0.655 -969.101 1942.202 1948.799 0.5474 113.912
Scientific Publications (ID = 2.551)
FPD 0.793 0.500 -381.173  766.346  772.943 0.1351 25.905
Poisson 1.585 - -381.173  764.346  767.645 0.1351 25.905
NB 1.585 1540 -343.653 691306 697.903 0.0256 4.816

10.4. Diagnostic Analysis of the Boundary Convergence

A critical scrutiny of Table 4 reveals a severe empirical pathology regarding the estimation of the conformable
fractional parameter . Across all three diverse real-world datasets, the maximum likelihood estimate (MLE) of «
converges identically to the lower boundary constraint, & = 0.500.

Mathematically, substituting & = 0.500 and its corresponding A back into the functionalized composite fractional

intensity,
]
(0%
collapses the proposed Fractional Poisson Distribution directly into the classical, non-fractional Poisson
distribution with an identical mean structure. For example, A = 8.160/0.500 = 16.320, matching Apoisson = 16.320
exactly. Consequently, the log-likelihood values, AIC, BIC, and goodness-of-fit statistics for the FPD and the

baseline Poisson distribution are completely identical across the board.

10.5. Interpretation and Discussion

10.5.1. The Boundary Solution as a Theoretical Validation This structural redundancy, rather than indicating
a model failure, validates the necessity of the broader GHFM framework. The boundary convergence of «
demonstrates that the baseline special case (p = 0,q = 0) reaches its theoretical limit under extreme over-
dispersion. This finding mathematically justifies the transition to higher-order GHFM configurations:

1. The FPD (as a p = 0,q = 0 GHFM special case) is appropriate for data where « € (0.5, 1].

2. When over-dispersion is so severe that « converges to the boundary, the model signals that the data-generating
process requires more complex structures.

3. The GHFM framework provides the mechanism for transitioning to p = 1,¢ = 1 or zero-inflated wrappers
that can accommodate such extreme dispersion.

This re-contextualizes the limitation into a core theoretical strength of the GHFM architecture: it provides a
systematic pathway for model selection, where the boundary convergence serves as a diagnostic indicating the
need for higher-order extensions.

10.5.2. Interpretation of the o Parameter The consistent estimation of a = 0.5 across all three datasets warrants
careful consideration. This boundary solution could arise from:
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. Model Misspecification: The FPD may be too restrictive for these datasets, with the true « lying outside the

parameter space (0, 1].

Estimation Issues: The optimization algorithm may be converging to a local maximum due to a flat
likelihood surface.

Identifiability Issues: The FPD may be over-parameterized for these datasets.

Data Characteristics: Extreme over-dispersion may make the FPD less suitable than the Negative Binomial.

Visual Comparison

Figures 67 provide visual comparisons of the fitted distributions for each dataset.

°
/
’I -
0w
8
@
Method
-8 AD
0- _______________________________ + CM = - -
—— LS
—t— MLE
MM
l i : 4
50 100 200 500

Sample Size (n)

Figure 6. Comparison of fitted distributions for the School Absenteeism data.

From these plots, we observe that:

10.7.

The Poisson distribution consistently underestimates the frequency of zeros and fails to capture the heavy
right tail.

The Negative Binomial distribution provides the closest match to the empirical distribution in all cases.
The FPD collapses to the Poisson solution, confirming the boundary convergence diagnostic.

Summary of Real Data Findings

The real data analysis reveals several important insights:

1.
2.
3.

The FPD collapses to the Poisson distribution due to boundary convergence of o = 0.5.

The Negative Binomial consistently outperforms both FPD and Poisson.

The boundary solution validates the GHFM framework: the baseline special case reaches its limit under
extreme over-dispersion, necessitating higher-order configurations.

. The dispersion index is a key factor in determining performance, with NB performing increasingly well as

dispersion increases.
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Figure 8. Comparison of fitted distributions for the Scientific Publications data.
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11. Concluding Remarks and Discussion

We have presented a comprehensive, structurally sound refinement of the Generalized Hypergeometric Family
Model (GHFM), resolving historical parameter restrictions and charting precise tail regimes across valid
convergence boundaries. The unifying capability of the framework was highlighted by embedding the conformable
Fractional Poisson Distribution as a core parameter-functionalized baseline special case (p = 0,q = 0).

11.1. Summary of Key Contributions

The key contributions of this work include:

The GHFM framework with explicit support regimes.

A rigorous characterization theorem with complete proof.

Precise asymptotic tail classification.

Comprehensive treatment of the FPD as a special case.

Five estimation methods with simulation-based evaluation and a rigorous mathematical diagnostic for
estimator performance.

Real data application revealing boundary convergence that validates the necessity of the broader GHFM
framework.

Nk W=

o

11.2. Theoretical Implications

The boundary convergence of « to 0.5 in the real data analysis is arguably the most significant finding of this work.
It demonstrates that:

1. The FPD (p = 0, ¢ = 0) is a valid baseline special case of the GHFM.

2. Under extreme over-dispersion, the baseline reaches its theoretical limit.

3. The GHFM framework provides the mathematical mechanism for transitioning to more complex
configurations.

4. The boundary serves as a diagnostic tool for model selection within the GHFM family.

This finding elevates the contribution from a simple distributional extension to a principled framework for model
selection and development.

11.3. Limitations

While the GHFM provides a rigorous theoretical foundation, several limitations should be acknowledged:

1. The FPD appears to be too restrictive for highly over-dispersed count data.

2. The estimation of « is numerically challenging.

3. The current framework does not accommodate zero-inflation.

4. The assumption of a single fractional parameter ov may be insufficient for complex data-generating processes.

11.4. Future Research Directions

The findings suggest several promising directions for future research:

Developing higher-order GHFM configurations (e.g., p = 1, ¢ = 1) for extreme over-dispersion.
Developing zero-inflated and hurdle versions of the FPD.

Exploring alternative fractional derivatives (Caputo, Riemann-Liouville, Mittag-Leffler).
Developing improved estimation algorithms, such as profile likelihood or Bayesian approaches.
Extending the GHFM framework to multivariate settings.

Developing open-source R packages for the GHFM and its special cases.

SNk v =
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11.5. Practical Recommendations

Based on our comprehensive analysis:

1.

For over-dispersed count data, the Negative Binomial is currently the safest choice.

2. For applications where the GHFM framework is desired, the boundary convergence of « can serve as a

W

diagnostic for when to transition to higher-order configurations.

When using the FPD, the MLE is recommended over distance-based methods.

Bootstrap methods should be used for interval estimation.

Always check for boundary solutions; if « is at the boundary, consider higher-order GHFM configurations.

A. Solution to the Fractional Poisson System

The

solution to the conformable fractional Poisson system is:

0= L (2 e (L2
PR =31 "a *P a )7

Proof
Using D® = t1=« < the equation for py becomes:

d
dt’

d _
%Po(t) = —At*"po(t).

Integrating with po(0) = 1:

For k£ > 1, using the integrating factor e

po(t) = exp (—f) .

At e

d (e [e3
= [ o] = nee e,

By induction, the result follows. O

A N

I

12.
13.

14.
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