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standard smoothness conditions and employing a strong Wolfe line search, the sufficient descent property of the resulting
directions is shown, and global convergence of the method is established. Moreover, safeguarding, truncation, and restart
strategies are added to enhance robustness in practical use. Comprehensive numerical tests on a wide set of large-scale
benchmark problems show that KBH achieves competitive results relative to several classical CG methods in terms of
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1. Introduction

Unconstrained optimization problems of the form

P): mi 1
(P) : min f(=), (1)
where f :R™ — R is continuously differentiable. The Conjugate Gradient (CG) methods are widely used for
solving large-scale unconstrained optimization problems due to their low memory requirements [7]and good
convergence properties. The general form of the nonlinear CG iterative method generates a sequence {xy}
according to

T+1 = Tk + agdy, (2)
where xj is the current iterate, o, > 0 is the step size which is obtained by some line search [30] we usually use
the inexact one [33] [37]. The exact line search is given as follows:

flzr + apdy) = gl;l()lf(l'k + ady,). 3)
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Since the exact line search is expensive in practice, in this paper the method is implemented and analysed under
the strong Wolfe line search [34, 35] defined by

flak + ondi) < flag) + orakgy di 4)

|Gk 1di| < —o2g] di S)

where 0 < 01 < 09 < 1 (the convergence analysis of Sections 2-3 requires o2 < %). The search direction {dj}
is defined by:

do = —go, diy1 = —gk+1+ Brdr, k>0,

With g, = Vf(zk), z € R™, where (j is a scalar parameter that specifies the particular CG method. Several
classical CG variants are distinguished by their choice of 8. Table 1 summarizes the formulas for the HS, HZ, DY,
and LS methods, together with the FR, PRP and CD formulas used in this paper:

Method Formula for Sy,
T
Hestenes—Stiefel (HS) 1S — % [23]
k
2 T
Hager-Zhang (HZ) Bl7 = i (e — 24 D) gy 116)
Dai—Yuan (DY) py = Lol 19
Liu—Storey (LS) LS = —9’;;7(1;:’“ [25]
Td,
Fletcher—Reeves (FR) BER = % [14]
T
Polak-Ribi¢re-Polyak (PRP) BFRF = ﬂf;llﬁk [28, 29]
Conjugate Descent (CD) BEP = —”“‘;’“T%!lz [13]
k

Table 1. Classical Conjugate Gradient Formulas for [y,

Here g, = V f(xy),
Yk = gk+1 — Gk,

and let || - || represent the Euclidean norm. Conjugate Gradient methods have a rich history of development and
application. Classical methods such as Fletcher—Reeves (FR) [14], Polak—Ribiere—Polyak (PRP) [28], Conjugate
Descent (CD) [13], Dai—Yuan (DY) [9], and Hestenes—Stiefel (HS) [23] have been extensively studied to understand
their convergence properties and numerical behavior. Foundational works by Zoutendijk (1970) [40], Al-Baali
(1985) [2], and Touati-Ahmed & Storey (1990) [31] established theoretical frameworks for analyzing convergence
under line search conditions, particularly the strong Wolfe conditions [34] [35], highlighting the strengths and
limitations of each classical CG formula.

Despite their effectiveness, each classical method has limitations: FR is theoretically stable but slow in practice;
PRP often converges faster but may fail to ensure descent; and CD is theoretically strong but sensitive to line search.
These limitations motivated the development of hybrid CG methods, which combine the advantages of multiple
classical methods in a single framework. Touati-Ahmed & Storey (1990) [31] developed early hybrid formulas to
improve both stability and convergence. Later, Andrei (2009) [5] introduced a two-term hybrid combining FR and
PRP with a weighting factor :

b — 0 BER 4 (1 - 0,)BERY, 0< 6, <1,

With growing interest in hybridization, three-term hybrid formulas emerged. Mohammed Zaki et al. (2025) [38]
combined DY-HS-HZ:
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2 A NEW EFFICIENT CONJUGATE GRADIENT SCHEME

Zyb:Ozkﬁ,?Y-f—ekﬂlfs'i‘(l_ak_ek) Ifzv 0 <oy, bk <1,

And Wang & Gao (2025) [32]proposed FR-CD-DY to balance theoretical stability with numerical speed:

W= B 0RBET + (- — 0k)BFY . 0 < o, O < 1.

In this journal, Adeleke et al. [43] constructed a family of hybrid CG methods from ten modified CG methods,
with descent and global convergence under the strong Wolfe line search. Mellal and Sellami [44] combined the
Al-Bayati—Al-Assady and Wei—Yao—Liu methods through a convex parameter determined from the conjugacy
condition. Mehamdia et al. [45] proposed an improved hybrid nonlinear CG method with an application to image
restoration.

More recently, Hamdi and Ibrahim (2026) [22] introduced a DY-HS-LS hybrid conjugate gradient coefficient
constructed through a convex combination strategy. The proposed method combines the robustness of the Dai—Yuan
formula, the practical efficiency of the Hestenes—Stiefel parameter, and the favorable numerical behavior of the
Liu-Storey method. Theoretical analysis established sufficient descent and global convergence, while numerical
results showed its efficiency on a collection of unconstrained optimization test problems.

This rapid evolution of hybrid formulas reflects the ongoing need to improve CG algorithms beyond the
limitations of classical methods. Recent studies have shown that hybrid strategies achieve better convergence,
provide a balance between theoretical stability and numerical performance, and enhance the efficiency of solutions
for large-scale unconstrained optimization problems.

In this context, our proposed approach focuses on a novel three-term hybrid method that combines Conjugate
Descent (CD), Polak—Ribiere-Polyak (PRP), and Fletcher—Reeves (FR). The method is designed to leverage the
complementary strengths of these classical techniques: FR contributes theoretical stability and global convergence
properties, PRP provides fast practical convergence, and CD enhances the descent property. The hybrid conjugate
gradient coefficient is defined as:

W = 5B+ BEEY + (1 6 — )BEE, 0< G < 1,

where J;, and -y, are parameters that control the contribution of each component at every iteration. By
appropriately tuning these weights, the method aims to achieve a balanced performance, combining the
descent guarantee, global convergence, and accelerated numerical efficiency in solving large-scale unconstrained
optimization problems.

The choice of the three components is motivated by their complementary theoretical and numerical properties.
The FR method has strong global convergence properties under the strong Wolfe line search [2], but it may take
very small steps and perform poorly in practice. The PRP method has an automatic restart property: when a small
step is generated, gx4+1 ~ g and /B,f RP ~ 0, so that the search direction is close to the steepest descent direction
and jamming is avoided [17]. The CD method generates descent directions under the strong Wolfe line search for
any oo < 1 [13, 17]. Existing three-term hybrids combine other triples of classical parameters, for example DY-
HS-HZ [38], FR-CD-DY [32], FR-PRP-DY [20], LS-FR-PRP [21], DY-CD-HS [18] and DY-HS-LS [22]. To
the best of our knowledge, the combination of CD, PRP and FR has not been studied, although it gathers in a single
parameter the descent property of CD, the restart property of PRP and the convergence properties of FR. Moreover,
several convergence analyses of convex-combination hybrids assume a positive lower bound on the step size or the
descent property of each component method under the strong Wolfe line search.

The main contributions of this paper are as follows.

* A new three-term hybrid CG parameter is proposed as a convex combination of the CD, PRP and FR
parameters. The CD weight dy, is computed from the conjugacy condition, with an explicit adjustment rule
that keeps the combination convex.

* The PRP component is controlled by the Powell restart criterion, and the resulting parameter is kept in the
Fletcher—Reeves envelope. With these safeguards, the sufficient descent property is proved under the strong

Wolfe line search with o2 < %, without assuming the descent of the PRP component.
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* Global convergence is proved for general (not necessarily convex) smooth functions, without assuming a
positive lower bound on the step size.

* The numerical performance of the method is compared with classical CG methods on a set of large-scale test
problems.

2. Proposed Method and Algorithm

In this work, we introduce a new combination of the CD, PRP, and FR conjugate gradient algorithms. The conjugate
gradient parameter is defined as follows:

BRY = 61.85° + BN + (1 — 6, — ) BRY, Ok, Ve =0, O+ <1, (6)
where .
||gk+1||2 prp _ Jks1Yk rr_ llgenl?
BEP = 1 B= ; B= ; Yk = Gk+1 — Jk- (7
—gfdy’ g% 1? gkl

Consequently, the search direction is given by:
do=—go,  diy1=—ge1 + BV dk, k>0 (®)
The parameters d and 7y, in (6) will be chosen in a manner that will be specified later. In particular:

* When ;, = 1 and y;, = 0, then By = p&D,
e When 6, = 0 and 7, = 1, then /BNBW = BPRP.
* When 6, = 0 and 7 = 0, then ﬁNCW — IR,

e When 6k =0and 0 < 7 < 1, then BNV = v, BPRP 4 (1 — ;) BEE ie., a convex combination of 87 ¥
and ,6
» When v, = 0and 0 < §; < 1, then BNV = 6,85 + (1 — &) BFE, i.e., a convex combination of 5P and

FR

. When 1—6, —v =0, with 0 <,y <1, then BNeW = 6kﬂch +(1- (5k)6,fRP, ie., a convex
combination of ' and FEL.

Finally, when &3 € (0,1), 7% € (0,1), and 0 < d + 7 < 1, we obtain a new hybrid CG method as a convex
combination of CD, PRP, and FR. From (6) and (8), the search direction can be explicitly written as:

2 T
llgk+11® i + Ve Ik+1Yk

H9k+1|\2
di + (1 =6k — ) =5 dk; k> 0. ©)
—gldy, lgx(

lgx12

As in [20], where one hybridization parameter is fixed and the other one is determined from the conjugacy
condition, the parameter vy, is kept fixed:

di+1 = —gr+1 + 0k

Y =7 €0,1). (10)

To determine the parameter J;, we employ the classical conjugacy condition, i.e., d{ 1Yk = 0 (see, e.g., [44]).
This leads to the following lemma.

Lemma 2.1

Consider the hybrid conjugate gradient method defined by dii1 = —gr+1 + Bh°Vdy, where SNV is given by
(6) with 4 given by (10). Assume that g} dj, < 0, d}yr # 0 and ||gx||* + g di. # 0. If the conjugacy condition
dr 1Yk = 01is satisfied, then the parameter . is given by:

(9 1w lgell® = Ngr+1l? dF vk — i (91 9k — lgr+111?) dEyi) di gi

5 = —
(lgr+1112dE gie + Nlgrs1l?llgxl1?) dE yx

an
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4 A NEW EFFICIENT CONJUGATE GRADIENT SCHEME

Proof
Multiplying the search direction formula dy 1 = —gx4+1 + ,B,Ijewdk by y{ from the left, we obtain

di Uk = —GhsrUk + Br Y di i (12)

Using the conjugacy condition d% 1Yk = 0, we get

T
New _ Jk+1Yk

— b7k (13)
g d{yk
Writing (6) as SNV = BER 4~ (BPRP — BERY 15, (BSP — BER) relation (13) becomes
k k k k k k
ivs 1Y
O (BEP = BR) = == = B — e (BERF = B7) (14)
k Yk
From (7),
oD _ gFR _ _ lgn+111* (llgwll* + di gx) PRP PR _ a1 = lgrrall? 15)
gkl di gk ’ gk |I?

Substituting (15) into (14) and multiplying both sides by —||gx||? ¥ gx d} yk, we get

01 [lgwr1l? (lgell® + di gx) diyr = = (Giravellgil® = lgrsrlPdiye — e (gisryn — lgnsall®) diyr) di g-
(16)
Dividing (16) by ||gk+1/1? (lgx||* + df gr) dF yx, # 0 gives (11), which completes the proof. O

In (11), by the strong Wolfe condition (5), df yx, = gil\1dk — gl dx > 029} dy — g} dy, = (1 — 02) (=g di) >
0, and if ||gx || + g¥ dy. = 0, then P = BFE by (15), so SN does not depend on &), and we set &, = 0.

The parameter J; given by (11) can take values outside the interval [0,1 — ~,]. To ensure a valid convex
combination in (6), the following adjustment rule is applied, with ~;, kept fixed:

0p = min {max {0, 0}, 1 — % }. 17)

Hence §; < 0 is replaced by 0 = 0, d > 1 — 4 is replaced by dx = 1 — 74, and in all cases dy, v, > 0 and
O+ < 1

Finally, as in the hybrid methods of Touati-Ahmed and Storey [31] and Gilbert and Nocedal [41], the parameter
is kept in the Fletcher—Reeves envelope:

kot =max {7, min {B7Y, BTEHE, sothat|BERH] < B (18)
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Al

gorithm 1 KBH Algorithm

e AN AR > o

9

Step 0: Initialization. Select xg € R™, k = 0,0 < 01 < 09 < %, eand vy € [0,1).
Compute f(xg) and go. Consider dy = —go. Set the initial guess g = 1/||gol-
Step 1: If || gx || < €, then Stop. Otherwise, go to the next step.
Step 2: Compute o, by the strong Wolfe line search conditions (4) and (5).
Step 3: Let x41 = o + agdk, gr+1 = g(Tr41). Compute yi = gr+1 — Jk-
Step 4: Compute §j, as in (11) with vy, = -, and apply the adjustment rule (17).
Step 5: Compute 3V as in (6) and SKBH as in (18).
Step 6: Generate d = —gp11 + BEBHdk.

If the restart criterion of the Powell condition

|9kT+1gk| > 0.2||gk+41]%

is satisfied, then set d, 1 = —gx+1, otherwise define dy 1 = d.
Compute the initial guess

ldil
]

Qp41 = ak|

: Step 7: Set k = k + 1 and go to Step 1.

Computational cost. Algorithm 1 only stores a few vectors of R", namely zj, gk, gr+1, di and yg, so its
memory requirement is O(n), as for the classical CG methods. At each iteration, apart from the function and
gradient evaluations required by the line search, the method computes the inner products || gx+1|%, 9141 9k 971 Yk
gt 1dy and d} yx,, while ||gi||* and g} d), are available from the previous iteration. Each inner product costs O(n)
operations. The quantities ﬁgD , ﬁ,f RP ﬁ,f R 8, in (11), the adjustment (17) and the bound (18) are then obtained
with O(1) scalar operations, and the update of dj.1 costs O(n) operations. Hence the cost per iteration of the KBH
method is O(n), of the same order as that of the CD, PRP and FR methods, which makes it suitable for large-scale
problems.

2.1. Sufficient Descent Condition

In this study, we aim to establish that the proposed method satisfies the sufficient descent condition, which is a key

property for proving global convergence. To do so, we adopt the following assumptions:

As

sumption 1

The level set

S={zeR"| f(zx) < f(xo)}

is bounded. There exists a constant B > 0 such that

|z|| < B, VxebS.

Assumption 2
In a neighborhood A of S, the function f is continuously differentiable, and its gradient V f(z) is Lipschitz

(&{0)

ntinuous. There exists a constant L > 0 such that
IVf(x) =Vl <Lz —yl, Yr,yeN.
Under these assumptions, there exists a constant I' > 0 such that

IVf(2)| <T, Vzes.

Stat., Optim. Inf. Comput.
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6 A NEW EFFICIENT CONJUGATE GRADIENT SCHEME

Throughout, 0 := 09 < % and

1-24 1

=— M=—->1 1
1-120 ’ 1—1.2U> (19)

c:
Note that 1 —1.20 M = c and 1+ 1.20M = M. The following theorem establishes that the search directions
generated by the proposed method satisfy the sufficient descent condition.

Theorem 2.2
Assume that the sequences {gx }, {dx} are produced by the KBH algorithm. Then, the generated search direction
dy, fulfils the sufficient descent property:

gidr < —cllgrl®, Yk >0, (20)
and moreover
—gidy < M |\grl|?, VEk>0. (21)
Proof
The argument proceeds by mathematical induction. First, we verify the result for k = 0. Since dy = —go, it
immediately follows that
90 do = —llgoll*,

so (20) and (21) hold because ¢ < 1 < M. Next, suppose that (20) and (21) hold for a certain index k > 0. We
shall prove that they remain valid for the subsequent iterate. By (20), ggdk < 0, and the strong Wolfe condition (5)
gives

|9t 1di| < o (—gldy) . (22)

If the Powell restart is used, then g, dr11 = —||gk+1|* and both inequalities hold. Otherwise |g/. 1 gx| <
0.2[|gk+1]|* by the Powell restart criterion [42] (Step 6 of Algorithm 1), and since gi, ;yx = ||gr+1]1* — 9719k
we get

2 _ T 2
w}fRP| _ |||gk+1|| 29k+19k| <12 Hgk+1|2| = 1.28FR, (23)
gl gk

If the truncation (18) is active, then SRBH = £8F R and the result follows exactly as in Case 3 below. Otherwise

BIIC(BH — 61156“1-
From the KBH update, the new search direction is given by

dp1 = —gr+1 + By V., B = 6kBE° + BEE + (1= 6k — i) BT
We can rewrite di1 as
i1 = 0k ( = a1 + B di) + vk (= grgr + BE ¥ di) + (1= 6 — i) (= grr + B dli).

Defining
dg.a = —0gk+1 + B;SDdlw diff = —Gk+1 + B;ERPdka d551 = —Gk+1 + 5£de;

we obtain the convex combination form
i1 = Skdi Py + W dit + (1= 6k — ) djs 24)
Multiplying (24) by ng 1 from the left yields
Gip1 it = Okgiardity + Tegh i1 dint + (1= 6k — W) gia1diky.- (25)

This decomposition allows analysis of the sufficient descent property by considering the contributions of each
component separately. Seven cases have been analyzed and proven accordingly.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Case 1. When 6, = 1 and vy, = 0, then
diy1 = dfﬁ = —0k4+1 T ﬁngk~

Multiplying the CD relation by g;- 1 from the left and substituting the expression of BEP from (7) gives

2 i1
gL dEh = —llgen?(1+ 252, (26)
;. Ok

Since gj, I'd, < 0, dividing (22) by ngdk > 0 gives

rd
—o < T @7
9k dg
Substituting (27) into (26) yields
~(1+0)lgenll® < gindif < —(1—0)lgrll. (28)

Therefore, the CD direction satisfies the sufficient descent condition:

gk+1dk+1 —C1 | grt1l%, Ci=1-0>0.

Case 2. When 0, = 0 and v, = 1, relation (25) reduces to

T _ T PRP
gk+1dk+1 = gk+1dk+1 .

In Algorithm 1, 3£ %P is used only when the Powell restart criterion [42] is not satisfied, so that the bound (23)
holds. By definition, the PRP direction satisfies

I it = —|grsal? + BEEE gl dy. (29)

Using (23), (22) and the induction hypothesis (21), we obtain

2
|BERP gl 1di| < 1.2 H|g|;:1||20 (—gFdr) <1.20M ||grs | (30)

Substituting (30) into (29), and using 1 — 1.20M = cand 1 + 1.20 M = M, it follows that

~M||grs1ll® < gipdi < —cllgpsrl® (1)

Hence, the sufficient descent condition holds with
Co=c>0.
Case 3. When ¢, = 0 and y, = 0, relation (25) simplifies to

9k+1dk+1 = gk+1dk+1

Following Al-Baali [2], we have g, ,df Y, = —||grq1||* + BF P gl 1 dy and, by (22) and (21),

Jk+1
|BER giqdi| < ”| +|'2' o (—gidy) < oM |ges1]? (32)

The same bound holds with 3£ % replaced by — 3} %, which covers the case where the truncation (18) is active.
Hence, since 1 + oM < M and1— oM > ¢,

~M||gr41])* < 9k+1dk+1 < —Cs ||grs1]? C3=1—0M >c>0. (33)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



8 A NEW EFFICIENT CONJUGATE GRADIENT SCHEME

NotethatC; =1—0 > cand1 + o < M,because (1 —o)(1 —1.20) >1—24cand (1+0)(1 —1.20) < 1.
Hence, by (28), (31) and (33), each of the three components satisfies

—M||grs1l® <€ giidiyr < —cllgesal®>, i €{CD, PRP, FR}. (34)

Case 4. Assume that §;, = 0 and 0 < % < 1. In this situation (the convex combination of FR and PRP, see also
Djordjevic¢ [10]),
Girderr = Wi dig + (1= )i diy, < —(Com + Cs(1 = ) lgrr1 1P < —¢llgra s
and, by (34), gi 1 dr+1 > —M||grsa |-
Case 5. Assume that v, = 0 and 0 < J; < 1. By convexity of the combination, we have

91:+1dk+1 = 0 91;r+1dg£1 + (1 — 6x) 9;+1d£§1 < —(C16k + Cs3(1 = 61)) lgr1l*< —cllgrsr|l®,

since C1,Cs > ¢; and, by (34), g/ dry1 > —M||grs1|*.
Case 6. When 1 — 6, — v, =0, with 0 < g,y <1, then 7, =1—J; and, by the convexity of the
combination,

Gr1drr = Ok gp 1 dity + (L= 0k) giadiyt < = (Ci6k + Ca(1 = 6p)) lge+1)”< —¢ g1 l®,

and, by (34), g1, 1 dkt1 > —M || grga ||
Case 7. Finally, assume 0 < 0, < 1,0 < v, < 1, and 0 < 0 + v < 1. From (25) and (34),
Gt = Ougirdi D + Wi ditd + (1= 6k — W) 9i1dh iy

(35)
< —(5kC1 +7:C2 + (1 — ) — %)Cs) lgrt1ll® < —cllgrll?,

because C'1,C9,C3 > ¢ and the weights are nonnegative with sum one. In the same way, 91{+1dk+1 >

—M||gk+1 H2~
In all cases, (20) and (21) hold for k£ + 1, which completes the induction. ]

3. Convergence Analysis

We analyze the global convergence of the proposed hybrid KBH by using Assumptions | and 2.

3.1. Zoutendijk Condition

The Zoutendijk condition [40] is widely used as a fundamental tool to prove the global convergence of conjugate
gradient (CG) methods. In addition, the following lemma confirms that this condition holds for the proposed
method under the strong Wolfe line search criteria given in equations (4) and (5).

Lemma 3.1
Suppose Assumptions 1 and 2 hold. Consider the iterate sequence (2) where dj, is a descent direction and «ay, is
determined by the strong Wolfe line search (4)—(5). Then the Zoutendijk condition

T .72
Z(dek) < 00 (36)

2
2]

holds.

The following theorem establishes the global convergence of the KBH method.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Theorem 3.2
Suppose Assumptions 1 and 2 hold. Let {z) } be generated by the KBH algorithm. Then

liminf ||gx|| = 0. (37
k—oo

Proof
We prove this theorem by contradiction. Assume, for the sake of contradiction, that formula (37) is false. Then

there exists a constant £ > 0 such that
lgrll >, VE>0. (38)

From the sufficient descent property of KBH (Theorem 2.2), we have
dFgr < —cllgr|?, VEk>o0. (39)
Moreover, using the Lipschitz continuity of V f, we obtain
vkl = [lgk+1 — gkl < Lliskll < LD, (40
where D = max{||z — y|| : z,y € S} is the diameter of S and s, = 1 — . The hybrid direction update gives
i1 = —gryr + By dy,

ldir1ll < llgnsall + 18P ). 4D

To obtain a precise estimate of the growth of ||dy||, following the argument of Al-Baali [2] and Gilbert and Nocedal
[41], we write d41 + gr+1 = BRERd), (with BEBH = 0 at a restart). Squaring both sides, we get

2
ldk+1l? = (B°7) " Nldil® — 20k adisr — llgura . 42)

By (21), —2g/ 1di1 < 2M||gi41])?, hence
2 _ _
il < (BEP Wl 1 llgenl?, eem2M 121 3)

. . 2 2 .
Dividing (43) by ||gx+1/|* and using (85BH)" < (BFH)” = ||ge+1/*/|lgx||* from (18), we obtain

d 2 dp||? C
ldal? WP e .
gk+1ll gk llgk-+1ll
Applying (44) recursively, and using ||do|?/||gol|* = 1/]|g90]|?, (38) and ||gx|| < T, we get
k
1 r+e
ldl* < llgel*e ) s < 5 (k1) Wk 20. (45)
j=0 "7

Which implies that
R
N2 = 1T4= L1 :
= Ild|] r ck20k+1
On the other hand, from equations (36), (38) and (39), we obtain
1 (gi di)?
2 4 k
c’e < < +00.
2 (| |? 2 ld|I?

k>0 k>0

This contradicts the previous relation. Therefore, equation (38) cannot hold, and the claim in equation (37) is
established. O
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4. Numerical Experiments

This section reports a comprehensive set of numerical experiments conducted to assess the efficiency, robustness,
and practical performance of the proposed KBH (CG) method. The test problems are selected from the CUTE
library [15] as well as other widely adopted benchmark collections for unconstrained optimization [4, 26]. These
problems span a wide range of dimensions and structural properties, ensuring a fair and representative evaluation.

All algorithms were implemented in MATLAB R2017 and executed on a personal computer running
Windows 11 with the following specifications: Intel(R) Core(TM) 5 210H processor at 2.20 GHz, 16 GB of RAM,
and a 64-bit operating system. To guarantee a consistent comparison, all competing methods were implemented
using identical coding practices and stopping criteria.

The proposed KBH method is compared with the classical CD, PRP and FR conjugate gradient algorithms, which
are widely regarded as standard benchmarks in unconstrained optimization. It is worth noting that the primary
focus of this paper is to establish the theoretical framework and foundational convergence properties of the KBH
scheme. While several advanced hybrid methods (such as those by Andrei, Djordjevic, Hallal et al., and Hamdi
and Ibrahim [5, 11, 19, 22]) exist in the literature, comparing against standard classical benchmarks (CD, PRP,
and FR) provides a clear, transparent, and direct baseline to evaluate the specific impact of the proposed convex
combination parameters without the confounding effects of disparate algorithmic implementations or distinct line
search variants.

For all methods, the strong Wolfe line search conditions were employed with parameters § = 0.01 and ¢ = 0.1,
which are commonly adopted in the literature to ensure global convergence.

The iterative process was terminated when at least one of the following stopping criteria was satisfied:

@) |lgx]| < 1075,
(i) the number of iterations exceeded 2000,
(>iii) the CPU time exceeded 500 seconds.

The detailed numerical outcomes are reported in Table 2, where the symbol NaN indicates that the corresponding
algorithm failed to converge for a given test problem. A summarized comparison of the overall performance is
provided in Tables 3, 4 and 5. The evaluation metrics include the number of iterations (NOI), the number of
function evaluations (NOF), and the CPU time measured in seconds (TCPU).

To provide a quantitative and visual comparison among the competing solvers, we employ the performance
profile methodology introduced by Dolan and More [12]. Let S denote the set of solvers and P the set of
test problems, with ny = |S| and n, = |P|. For each problem p € P and solver s € S, let 7, ; represent the
computational cost associated with solving problem p using solver s, where 7, ; may correspond to NOL, NOF, or
TCPU.

The performance ratio is defined as

_ Tp,s
Tps = — . .
min{7,; : 1 <i<ng}

Let rps be a sufficiently large constant such that r, ; < rps forall p € P and s € S, where 1, s = )/ indicates
that solver s failed to solve problem p. The performance profile of solver s is then given by

card{p € P :rp s <t}
np ’

Py(t) = t>1

)

where card(-) denotes the cardinality of a set.

The function P;(t) is non-decreasing, piecewise constant, and right-continuous. The value P;(t) represents the
probability that solver s performs within a factor ¢ of the best solver for a randomly selected problem. In particular,
P;(1) corresponds to the probability that solver s achieves the best performance among all competitors.

Figures la—Ic illustrate the performance profiles of the KBH method compared with the CD, PRP and FR
methods in terms of NOI, NOF, and TCPU, respectively. The results indicate that the proposed KBH method is
competitive with the classical CG methods on a part of the considered benchmark problems.
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A closer inspection of Table 2 reveals notable numerical patterns for specific test functions, notably "himmelbg’
and ’quartc’. For the extended Himmelblau function (Chimmelbg’), all evaluated algorithms consistently record
exactly two iterations (NOI = 2) across dimensions N € {500, 1000, 5000, 10000}. This behavior is attributed to
the block-separable structure of the function and the standard initial point configuration, which positions the initial
iterate within the immediate quadratic basin of the global minimizer, allowing the gradient stopping criterion to
be satisfied rapidly regardless of problem dimension. Conversely, for the quartic function (’quartc’), the classical
CD method exhibits significantly higher iteration counts and sensitivity to dimensionality. This is due to steep
gradient variations and temporary loss of conjugacy in standard formulations, whereas the proposed KBH method
successfully mitigates these issues through curvature-aware hybridization parameters.

To provide a balanced and transparent evaluation, it is important to address the operational limitations and non-
convergent cases (denoted as NaN in Table 2). These occurrences are primarily concentrated in highly non-convex
or severely ill-conditioned test instances (such as high-dimensional extensions of the “cosine” and “penaltyl”
functions), where rapid gradient fluctuations cause line-search backtracking failures or violations of strong Wolfe
conditions. While the proposed KBH method solves most of the test problems, these instances highlight the inherent
challenges of unconstrained optimization in complex landscapes. Furthermore, rather than claiming absolute
global supremacy, our findings establish that the KBH framework provides a competitive and theoretically sound
alternative to standard classical benchmarks, with parameter tuning remaining flexible within empirically validated
bounds.

Table 3. Relative computational performance of the proposed KBH method compared with the classical conjugate descent
(CD) method. All values are reported as percentages, with CD normalized to 100%.

Method NOI (%) NOF (%) TCPU (%)
CD (reference)  100.000 100.000 100.000
KBH 38.538 40.711 29.530

Table 4. Relative computational performance of the proposed KBH method compared with the Polak—Ribiere—Polyak (PRP)
conjugate gradient method. All values are reported as percentages, with PRP normalized to 100%.

Method NOI (%) NOF (%) TCPU (%)
PRP (reference)  100.000 100.000 100.000
KBH 60.118 27.685 38.536

Table 5. Relative computational performance of the proposed KBH method compared with the Fletcher—Reeves (FR)
conjugate gradient method. All values are reported as percentages, with FR normalized to 100%.

Method NOI (%) NOF (%) TCPU (%)
FR (reference)  100.000 100.000 100.000
KBH 42.022 43.923 79.058

As reported in Tables 3-5, the proposed KBH method requires, in total, fewer iterations, function evaluations
and CPU time than the classical CG algorithms on the problems summarized in these tables.

In comparison with the classical CD method (Table 3), the KBH algorithm reduces the computational cost.
Specifically, the NOI is reduced by approximately 61.5%, while the NOF and TCPU are reduced by about 59.3%
and 70.5%, respectively. These results suggest that, on these problems, the KBH search directions are more
effective than those of the CD method.

When compared with the PRP method, as shown in Table 4, the proposed KBH algorithm also reduces the
computational cost. The KBH method reduces the NOI by approximately 39.9%, the NOF by 72.3%, and the
TCPU by 61.5%. The decrease in NOF suggests that the proposed method requires fewer function evaluations on
these problems.
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A similar trend is observed in the comparison with the FR method (Table 5). In this case, the KBH algorithm
reduces the NOI and NOF by approximately 58.0% and 56.1%, respectively. Although the reduction in CPU time is
more moderate (about 20.9%), the performance remains competitive. This relatively smaller improvement in TCPU
can be attributed to implementation-dependent overheads and system-related factors, which commonly influence
wall-clock time in numerical experiments.

Overall, these results indicate that the proposed KBH method is competitive with the CD, PRP and FR methods
on a part of the test problems. However, Table 2 also shows that KBH fails on some problems solved by CD
and FR, and that FR remains more efficient on many instances. Therefore, these results do not establish a general
superiority of KBH, and a comparison with recent hybrid methods is left for future work.

1
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=
Q_(/)
0.4
cD
0.2 raf‘z ——PRP <o
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(a) Performance profiles based on NOI. (b) Performance profiles based on the NOF.
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(c) Performance profiles based on TCPU.

Figure 1. Performance profiles of the KBH method compared to the CD, PRP and FR methods.

Although the primary focus of this paper is to establish a rigorous theoretical foundation and comprehensive
benchmark validation for the proposed KBH method, we fully recognize the importance of demonstrating its
practical utility. Due to the theoretical and algorithmic scope of the current manuscript, real-world implementations
are designated as part of our ongoing and immediate future work. Specifically, we intend to deploy the KBH
method in solving large-scale machine learning training tasks, robotic manipulator trajectory optimization, and
signal/image restoration and reconstruction problems.
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5. Discussion on Limitations and Practical Considerations

Despite the theoretical guarantees established for the proposed KBH method, several potential limitations and
practical considerations must be addressed for comprehensive applicability:

1. Behavior Near Zero Denominator (d;‘:yk — 0): Similar to most conjugate gradient algorithms, the scaling
or conjugacy denominator d7 v, may occasionally approach zero or become negative in severely non-convex
regions. If left unhandled, this can lead to ill-conditioned search directions or numerical instability. To
mitigate this, a safeguard mechanism—such as Powell’s restarting condition or an adaptive lower bound
(e.g., d} yr > €||gx||*)—is recommended in practical implementations.

2. Effect of Rounding Errors: In high-dimensional large-scale optimization problems, finite-precision
floating-point arithmetic introduces cumulative rounding errors. These errors can gradually degrade the
orthogonality between successive gradients and exact conjugacy properties. Employing periodic restarts or
high-precision data types can alleviate this accumulation.

3. Guidelines for Parameter Selection in Practice: The performance of the KBH method depends on the
appropriate selection of the convexity parameters. Empirical tuning suggests that restricting these parameters
within a closed interval (such as [, 1 — €] for a small € > 0) ensures that the sufficient descent condition is
consistently satisfied without overly constraining the flexibility of the search direction.

6. Conclusion

We have introduced the KBH algorithm, a three-term hybrid conjugate gradient method for large-scale smooth
unconstrained optimization. The search direction is built as an adaptively weighted convex combination of the
CD, PRP, and FR directions, with the weighting coefficient ¢; determined at each step by enforcing the classical
conjugacy condition. This construction allows the method to simultaneously exploit the descent guarantee of CD,
the practical efficiency of PRP, and the global stability of FR.

Two key theoretical properties were established, under the strong Wolfe line search with oy < %, using the
Powell restart criterion and the Fletcher—Reeves envelope (18): the sufficient descent condition holds for every
generated direction, and the algorithm converges globally in the sense that lim infy_, o ||gx|| = 0. The proofs rely
only on standard smoothness assumptions and do not require convexity of f or a positive lower bound on the step
size.

Numerical experiments on a collection of large-scale benchmark problems indicate that KBH is competitive with
the CD, PRP and FR methods in terms of iteration count, function evaluations and CPU time on a part of the test
problems. These results are limited to the classical CG methods and to the test set considered; a comparison with
recent hybrid CG methods and an application to real problems are left for future work.

Several directions for future research present themselves naturally. These include extending the adaptive
weighting strategy to handle stochastic or noisy gradients (as encountered in machine learning), incorporating
second-order curvature estimates to further accelerate convergence, and adapting the framework to constrained or
non-smooth optimization settings. In addition, we plan to apply the KBH method to real-world problems, such as
the training of artificial neural networks, image restoration and reconstruction, parameter estimation and robotic
manipulator trajectory optimization, and to compare it with recent hybrid CG methods, together with an ablation
and sensitivity study of its components and parameters.
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