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Abstract We propose parametric and pseudo-Gaussian tests for jointly detecting random coefficient variability and
ARCH(1) effects in linear regression models. Both tests are derived from the ULAN property of the model and are locally
asymptotically most powerful unbiased. The pseudo-Gaussian test is valid under a broad class of error distributions, not just
the Gaussian. Existing procedures treat these two effects separately; our test handles them simultaneously, at the cost of a
modest, quantifiable power loss relative to each marginal test at its own boundary alternative — the price of the equal-power
(MSSMP) criterion underlying its construction. Monte Carlo simulations under normal, logistic, Student, and skew-normal
errors show that the joint test consistently achieves the highest power when both effects are simultaneously present, at a
modest power cost relative to the relevant marginal test when only one effect occurs; we confirm this with three empirical
applications: housing prices, Bitcoin returns, and U.S. inflation/interest rate data.
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1. Introduction and Notations

1.1. Random coefficients regression and ARCH effects

Financial and economic data often exhibit changing volatility patterns that are difficult to capture using classical
regression models [16, 3, 14].

We fill this gap with a unified test for random coefficient variability and ARCH effects, based on the Uniform
Local Asymptotic Normality (ULAN) property. In Monte Carlo simulations and real-data applications, this joint
test achieves the highest power of the three statistics when both effects are present. When only one effect occurs, it
loses some power relative to the corresponding marginal test, a consequence of the equal-power (MSSMP) criterion
on which its construction is based.

Classical regression models assume fixed coefficients and constant variance, assumptions that are often
unrealistic in practice [7, 8, 10, 13].

Several models have been proposed to handle these limitations. Such as the ARCH models for modeling
conditional heteroskedasticity [9] and the Random Coefficient Regression (RCR) models for parameter variability
(see, [15, 39, 40, 27, 5, 1, 17, 26]).However, these approaches are generally studied separately, even though both
effects may occur simultaneously.
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6516 RANDOM COEFFICIENT VARIABILITY AND ARCH EFFECTS

In this paper, we consider a framework that combines ARCH effects and random coefficient variability
[5, 30, 13]. We develop a robust test designed to detect these two effects jointly [12, 1, 17, 26, 27]. The Simulation
results suggest that the proposed approach better captures situations where both effects are present.

This work extends previous studies on random coefficient models and ARCH processes ([17]; [25]), and also
connects to more recent developments in robust inference and model-based diagnostics for volatility and parameter
instability [6, 22, 29, 35, 4, 11]. In particular, our test procedure belongs to a growing class of semi-parametric
inference methods that balance efficiency and robustness, as advocated in the statistical computing literature (see,
e.g., [23, 18,2, 3, 11]).

More recently, machine-learning diagnostics (anomaly detection, neural volatility models) have been used to flag
parameter instability or heteroskedasticity without imposing a parametric structure. But they are often black-box
procedures [33], and standard anomaly-detection methods do not control test size formally [32]; neither offers a
local optimality guarantee.

The simulation results indicate an improved performance compared to the existing methods [17, 1, 26, 27] for
RCR models and [25, 30] for ARCH models. Indeed, these tests are not designed for contexts in which both random
coefficients and conditional heteroskedasticity coexist [5, 13], limiting their applicability in practical situations. In
contrast, our test is specifically designed for this setting, offering a more comprehensive and efficient solution
[2,3].

The purpose of this study is to develop an optimal test to jointly detect random coefficient variability and ARCH
effects. Specifically, we propose an optimal parametric test statistic for detecting heteroskedasticity and random
coefficient variability and evaluate its performance through stochastic simulations.

To achieve this, we consider a random coefficient regression model with ARCH(1) errors, defined as follows (for
1 =1,...,n, where n stands for the number of observations, n € N*):

Yi=p+(B+&)X; +e, (n

where, the error term ¢; follows an ARCH(1) process and is defined as:

€ = 0iZ; = \/ao + 167, Z;, (2)

here, Z; is an independent and identically distributed (i.i.d.) sequence of random variables, independent of the past
values of ¢;, with mean 0 and unit variance, and
* Y; (or more specifically, a triangular array Yi(")) denotes the observed scalar response for the individual 7;

* X, (or more specifically, a triangular array X i("), where not all X i(")

scalar €X0genous regressor;

are identical) represents a non-stochastic

* 1 and B represent scalar parameters (regression parameters);

¢ The error term (g;) follows an ARCH(1) specification, with conditional variance (0 > 0) depending on the
past squared errors. Conditional on the past information, its probability density function is given by

P )= o (),

i o
where (f, € Fg), with (Fp) denoting an appropriate class of standardized densities (see Section 2.1);

* (&;)is anunobserved i.7.d. sequence of random perturbations with zero mean, variance ag > 0, and, whenever
ag > 0, probability density function:

hi€ s () = —hy (5)

O¢ O¢
where hy, € Fo;
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* a9 and o are constants such that : 0 < a; < 1 and a9 > 0, to guaranty the stability of the process ¢;.
Under the null hypothesis (og = a1 = 0), the model in equation (1) reduces to the traditional linear regression
model:

}/Z:,Lt‘f'ﬂXZ-i-E“ i=1,...,n. (3)

Therefore, it is important to perform a preliminary test of the null hypothesis H, : ag = oy = 0, with unspecified
i, B, ag and f, against the alternative hypothesis H; : Jg > 0 and a; > 0, still with unspecified u, 5, «q, f and h.

If 7 =0 and ag > 0, the error term ¢; simplifies to \/aoZ; (Z; is i.1.d, with mean of 0 and variance 1). This
reduces the model to a standard random coefficient regression (RCR) model, as studied in [17].

Similarly, when ag = 0 and oy €]0, 1], the model describes a regression with ARCH(1) errors, which captures
time-varying volatility in the error term, consistent with the analysis in [25].

This paper makes three main contributions. First, we prove the ULAN property for the proposed model.
Second, we construct parametric and pseudo-Gaussian tests that are unbiased and locally asymptotically most
powerful (LAMPU), obtained as a projection weighted by the inverse of the joint asymptotic covariance matrix,
following the MSSMP criterion of Schaafsma and Smid; in the pseudo-Gaussian case this covariance matrix is
diagonal (Section 3), so the MSSMP weights reduce exactly to an equally-weighted combination of the two
already-standardized marginal statistics of [17] and [25], a consequence of asymptotic orthogonality, not an ad
hoc averaging.. Third, we evaluate the proposed tests using Monte Carlo simulations under various distributional
assumptions and illustrate their practical relevance via a real data application.

Relation to Fihri et al. (2020) and Lee and King (1993). Fihri et al [17] derive a LAMPU pseudo-Gaussian test
for Hy : a? = 0 in the RCR model with i.i.d. errors of constant variance «. Lee and King [25] propose an optimal
test for Ho : @3 = 0 in a standard regression with fixed coefficients. Both tests perform well in their respective
settings, but are not designed for the case where random coefficients and ARCH errors coexist. The present paper
addresses this situation by testing ag = a3y = 0 jointly. The statistic T4; reduces to T when oy = 0, and to the
Lee—King statistic when 0? = 0. The simulation tables in Section 4 reflect this: Pp is strongest in the first row,
Prk in the first column, and P4; dominates in the remaining entries.

Joint treatment of parameter instability and conditional heteroskedasticity has also been considered outside this
specific model, notably in structural-break and macroeconometric settings [21, 31]. These approaches typically
address unknown break dates in a structural-change framework under heteroskedastic (often GARCH-type) errors,
whereas the present paper considers a fixed random-coefficient (rather than break-point) alternative and derives a
locally and asymptotically optimal ULAN-based test. To our knowledge, no unified ULAN-based test has been
developed for the random coefficient regression model with ARCH(1) errors specifically. The present framework
is restricted to ARCH(1) errors and a single regressor; extending it to GARC H (p, q) errors or multiple regressors
remains an open problem, which we discuss further in Section 6.

1.2. Outline of paper

To construct locally and asymptotically optimal tests of the null hypothesis that the regression coefficients are
non-random, Section 2 establishes the ULAN property of the model in a neighborhood of 0’2 =0 and o; =0,
following the approach of [41, 39, 1, 26] under regularity conditions on f; (Assumptions A and C). Section 3
constructs parametrically efficient tests for a given density f, and establishes their local asymptotic optimality
after projecting out the nuisance parameters (u, 3, ap) from the information matrix. Section 4 reports Monte
Carlo power results under several error distributions. Section 5 applies the three tests to the housing dataset of
[42] (n = 88 observations, price on assessment), to weekly Bitcoin returns (2020—2024), and to U.S. inflation and
interest rate data [28], and discusses the conclusions.
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2. Uniform Local Asymptotic Normality (ULAN)

2.1. Notation and basic assumptions

Consider the sequence of observed responses: Y (") = (Yl(n), }/2(”), cos Y,g")), where n € N* represents the sample

size used in the model (1). The probability distribution of this sequence is denoted as Pl(tng op.02 o1 f iy » OF> TOTE
z,

compactly, Pé f1.h, » With the parameter vector 6 = (1, B, ag, ag, a1)’, and f1 and h, representing the standardized
densities of & and §

Under the null hypothesis (ag = a7 = 0), the distribution simplified to PL"B) a0.0,0:f,» Where hy no longer has an
effect.

To ensure the robustness of the testing procedures while avoiding strong assumptions on higher-order moments,
an identification constraint is imposed on the density f;. Unlike the usual constraint based on the mean and standard
deviation, we consider here a family of standardized densities Fy, defined by:

. {fl:/_11f1(2)d220.5:/_iofl(z)dz};

which corresponds to densities with a zero median and a median absolute deviation equal to one. This
normalization, inspired by [17], avoids moment existence conditions while ensuring identifiability. Common
examples of standardized densities that belong to Fy include standardized Laplace and symmetric logistic
distributions. In particular, the standard normal distribution (N7) and the standard logistic distribution (/1) are
examples, with parameters a ~ 0.4549 and b ~ 1.207, respectively. These distributions are given by the following

formulas:
[ a —az?
M(z) = %exp(T), I1(2) = Vbexp(—Vbz2) /(1 + exp(—Vbz))2.

The primary technical tool utilized here is Uniform Local Asymptotic Normality (ULAN) at 8 of the form
(1, B, g, 0,0)" and with respect to (u, 3, ag, ag, a)’, applied to parametric families of distributions:

P = { P ot s (1 8) € B2 a0 > 0,02 > 0 and ey € [0,1[}.
The Uniform Local Asymptotic Normality (ULAN) property extends the concept of Local Asymptotic Normality
(LAN) to the model under the null hypothesis Ug = ay = 0. In this context, the log-likelihood derivatives
with respect to ag and o vanish near zero, a non-linearity that complicates the derivation of linear-quadratic
approximations typically obtained from Taylor expansions.

Ensuring the ULAN property requires imposing certain regularity conditions, some of which go back to [19],
such as (A.3) and (C.2). Similar conditions have been studied in the works of [2], [4], and [17]. Based on these
foundations, we assume the following condition holds:

Assumption A:

The density f; is such that

(A.1) f; belongs to Fo;

(A.2) fi(z) > Oforall z € R;

(A.3) the function z — f1(z) has two continuous derivatives, with the first and second derivatives denoted fl
and f1 respectively. Denote )

o (@) = =fi(@)/ fi(@), Y15 (@) = fi(@)/ fr(@) and o 5, (2) == —2fi(2)/ fi(2) = 1 = 2pp (x) - 1.

Assume the following integrals are finite:

Zo(f1) = Jp¥f (2 fl( )z, Ty, (fi) := [p ¥, (2) fi(2)dz, Ly, (f1) := [pv3 5, (2)f1(2)dz and Keu(fi) :=
fR Z‘igfl )fl ( )

(A.4) the matrices I‘;T) (0) and I'y, (0), defined in equation (8) below, must be of full rank.

Suppose that F4 denotes the set of all densities that satisfy assumptions (.4.2)-(A4.4), then for any function f;
within F 4,
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1. 7, e f1 fR (pfl ¢1 f1( )fl( )dZ and ICW/& f1 fR Z(pfl )¢17f1 (z)fl(z)dz are finite;

2. [on(2)fi(z2)dz = [ 225, (2) fi(2)dz = [41.5,(2) [1(2)dz = [ 23017, (2) fr(2)dz = [2 5, (2) f1(2)dz =
0;

3. [zpp(2)f1(2)dz = 1and [ 2%y 4, (2) f1(2)dz =
4. the function 8 — Ty, () is continuous for each value of 8 € R? x R x RT x [0,1].

Remark 1 ( On Assumption A)
The normalization in (A.1) uses the median and median absolute deviation rather than the mean and standard
deviation. This sidesteps moment existence conditions, which matter when working with heavy-tailed distributions.
Assumption (A.3) asks for two continuous derivatives of fi; the normal, logistic, Student-¢, and skew-normal
densities all qualify. Assumption (.A.4) rules out degenerate information matrices; in practice, this can be checked
numerically once f; is specified.

In particular, for f; € Fy, the quantity u + (8 + £;) X is to be interpreted as the (conditional) median of Y; given
& and X, rather than its mean. If f has finite expectation, the conditional mean also exists and differs from the
median by a constant depending on f; when f is symmetric, the two coincide. So Assumption (A.1) needs no
moment condition on fi.

Assumption B:
The covariates X; = X i(”) fori =1,...,n, are defined such that, considering

1 — j
M™M= 2% <X§”>) =14
n

i=1

(B.1) the classic Noether condition, that is, when X (") = Ml("),
. (n) (n) / _ n) :|
i [ 067 x2S "

(B.2) the sequence M, in) remains bounded as n approaches co.
Assumption (B.2) ensures that any infinite subsequence of M ;") contains a further subsequence in which:

(B.3) the sequence M ;") converges to specific values u]X forj = 1,...,4 ; more precisely, X (™) converges to yi:*.
Note that the asymptotic results hold under assumptions (8.1) and (5.2) as n — oo. However, those results that
require the convergence of the local experiment to establish the ULAN property only hold as n — oo under
assumption (B.3).

Remark 2 ( On Assumption B)

Assumption (B.1) is the Noether condition: no single observation should dominate the regression sum of squares.
This holds whenever the X; are i.i.d. or bounded, so it is not restrictive in practice. Assumption (53.2) bounds the
fourth empirical moment of the covariates, which is needed to control remainder terms in the ULAN expansion.
Both conditions are standard in the semi-parametric regression literature; see [17] and [1] for similar setups.

Assumption C:
It concerns density (normalized) h; of random coefficient:
(C.1) the following conditions hold: [, £h1(€)d¢ = 0 and [, £2hy(€)dE = 1;

(C.2) define:
. 2
. 1 oo |:f3:0 J fi(z—zvw)z?v?hy (v)dvdw:| )
Ill;lll)l (fl; y> = y2 fz:—oo [ f1(z—zyv)hi(v)dv dz ify >0
P25, () ity =0
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Alternatively:
1 [oe [ fi(z—zyv)zvhi (v)dv |9 .
I(/mjlwl (flay) = y? fz:—oo |:U fl(Z—&L‘y’u)hl('u)dv]lﬂ:| dz lfy >0
24Ty, (f1) ify =0

The function y — 7, (f1;y) is right-continuous at y = 0 for all .
It’s important to note that Assumption (C.2) involves the pair of densities (fi,h1) rather than h; alone.
Specifically, for all f; € F 4, define:

Foip = {m | by satisfies (C.1) and (f1, h1) satisfy (c.z)}.

Remark 3 ( On Assumption C)
Assumption (C.1) centers and scales hi, standard when ag is already a free parameter. Assumption (C.2) is less
intuitive: it requires right-continuity at zero of a Fisher information functional that mixes f; and h;. For a given
application, it can be checked by verifying that y — Z , (f1;y) has no jump at y = 0, which in practice amounts
to a simple numerical integration.

The density h; of the random coefficient is used only to write the likelihood, and hence to establish the ULAN
property. It does not appear in the central sequence, nor in the test statistics used in practice, so it can be chosen
freely. The best choice is the Gaussian density h; = N7, which is the one used throughout the paper.

2.2. ULAN

Consider the null hypothesis 8 = (u, 5, «p, 0’? = 0,7 = 0)’ and local alternatives defined by small perturbations
of the form 8 + n=1/2u (M +() where

1 0 0 0 0 e
0 (%; X2)= 0 0 0 Té")

v =10 0 1 0 0], 7™ =]7"| eR?xRf xRT xRT, 4)
0 0 0 (L fjle)%l 0 T%";
0 0 0 0 1 75

and (7("")7(") remains uniformly bounded as n approaches infinity (sup(7()'+(" < co).

Define the standardized residual ZZ.(") by

Z" (1, B, a0) = ag 2 (Vi — p — BX,), )

and note that, under Plgnﬂ) 00,0,0: 1 Zi(") coincides with ¢;/,/ag. We then have the following proposition (denote

( (n) Yo m) (n) 1/
o™ = (nM{M)1/2 = (2X2) and (") = (nM(")~1/2 = (ZX4) ).

Proposition 2.1 (ULAN )
Assume that Assumptions (B.1)—~(B.2) and C are satisfied. Let f; € F4 and h; € F¢|y,. Then, the family

P, = {pW (1, 8, 00,02, 01) € B2 x R x RY x [0, 1[}, ©6)

2 e
wB,x0,0% 15 f1,h1
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is uniformly locally asymptotically normal (ULAN) at any 6 = (u, 3, «g, 0, 0)’, with central sequence

n

71/2 Z spfl
A(n) (0) (n)
fi;1
Afé@) §i¢ﬁ
INQOE AEJ;;(@) —| e Lven@) | )
A (0) S o
f14
ale) | = Z Y2
/ Z 1w2f1 )

Remark 4 (Second-order nature of the central sequence)

Unlike p, 3, and oy, whose central-sequence components in (7) behave in a standard way under a routine Taylor
expansion, the log-likelihood derivatives with respect to 0? and «; vanish identically at the null point ag =a; =0,
so the usual linear-quadratic log-likelihood approximation required for LAN does not follow directly (see Fihri et
al., 2020, Section 1.2, for the same phenomenon in the simpler RCR-only case). Establishing ULAN here therefore
requires expanding the log-likelihood one order further, which is why A(T34 and Agf& in (7) involve the second-
order functions 11 7, and v, ¢, rather than ¢y, alone. Intuitively, detecting a small amount of random-coefficient
or ARCH variability requires probing the curvature of the log-density near the null, not just its slope.

and information matrix

I'ii T Tz Ty I'ys
Tiog Tag Toz Toy I'ass
I‘%) (0):= Tz TI'ag I3z I'sa I'ss
Iy Tog T'zg Tyy I'gs
Tis Tos T'zs Tus I'ss

T,(f1) X T () K () s T (f1) e Koo(f1)

ao(MSM)1/2 208 (M{™)1/2 Vag e
% Zo(f1) a5 Zo(f1) W’Cw(ﬁ) WU&?{"W Loy, (S1) %KVNP ‘
= ﬁ/@pw(‘fl) 3/22\(/;() ))1/‘) K:#W’(fl) ﬁgl—wz (fl) 4a‘(2,(11\v{1§"'))1/2 ]Czp'tm (fl) ﬁuz’lﬁé (fl)
M My" M Mm™

PR QIO Loy (f1)

()
vy Kee(f1)

2”‘8/2(]‘[("))1/2 4/”‘/)1 (fl)

2\/@ wv(fl)

W Keu, (1)

4 o wz(fl)

4(112 P1 (fl)

J\I( )
dao (M(n))l/z ICW/H (fl)

Specifically, for any parameter vector (™) := (1(™_ 3" o™ 0,0, where

nl/Q(‘u(n) — 1), (Vén))fl(ﬁ(n)

A(")

_B)v

are of order O(1), and for any bounded sequence 7(") € R? x Ry x R* x

and n'/? (a(()") —ap),

R*, under Pg((”n) oy

6" {n=1/2p(W) (1) /O f1 Ry

= 7-(71)/A§jll)(g(n)) _-r

Additionally, along any subsequence where \I‘;’f) (0)| >0,

(re) " Al

G

(n)
1 dPg(n)_;’_n 1/2u(n).r(n) fl hl
O )

dPB(");fl

TR O)T) 4 0,(1).

L5 N(0,I).

Stat., Optim. Inf. Comput.

oy e (1)
“45{1 I’/)z(fl)

®)

(&)

asn — oo, we have:

10)
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Along subsequences satisfying (B.3), I‘gff) (0) converges to

a% Z,(f1) W%(ﬂ) 577K (1) W Zou, (f1) 57 Koo (f1)
W o(f1) a5 Lo (f1) W’Cw(ﬁ) Wﬂowl(ﬁ) W’%w(ﬂ)
Ty (0):= o572 Kee (f1) w3y Kee(f1) Lzﬂ)z(fl) 12627 Ko (f1) Tag Lua (f1)
a3 oy Lo (1) wal (f1) W Koy, (f1) i%gfwl(ﬁ) Tag(y 7 Ko (1)
sy Koo (f1) srm e Kee (1) oo Lua(f1) Tagty 7 Ko (1) ”“Ef(liﬁz(fﬂ
Applying Le Cam’s Third Lemma under P, +)n_1 S20 () s fy yields:
c
Afl(e) —>N(I‘f1 (O)T,Fﬁ (0)) (12)
The central sequences satisfy the following asymptotic linearity property:
A0 +n 1 2ur) — Al(0) = TV (0)7 + 0,(1), (13)

for all T under P( )1 as n — o0o.

Moreover, ULAN implies LAN and guaranties the asymptotic linearity of the central sequences.

For subsequences satisfying (88.3), I'y, (8) can replace I‘gfll) (0). The non-diagonal form of I‘(f?) (0) in (8) suggests
that the nuisance parameters p, 8 and o are generally not orthogonal to the parameters of interest ag and a;. To
address this, it is necessary to project A( 14 and A( 5 appropriately when designing optimal test statistics for Hg.
Additionally, density h; does not appear in the central sequence (7) or in the information matrix (8), and thus will
not be incorporated into the optimal test statistics for H.

Since h; enters the model only through the likelihood used to establish the ULAN property, and not through
the resulting central sequence or test statistics, we now fix h; to the standard normal density N7, as in the Monte
Carlo design of Section 4. The general condition on the pair (f1, k1) in Assumption C is kept only to specify the

semiparametric alternative class Hﬁ”) (f1); it plays no role in the simulations or applications reported here.

3. Optimal parametric and pseudo-Gaussian tests

The null hypothesis ag = a1 = 0 of the non-randomness of the regression coefficient and the absence of ARCH(1)
effects in (1) can formally be written as:

He'= U %= U UU U { u,Baooo,gl}

g1€Fo g1E€Fo pER BER ap>0

where the (standardized) density of the noise remains unspecified— a semiparametric hypothesis, thus. Parametric
alternatives will be considered, of the form, for some fixed density f; € Fa4,

~UUUU U U {Blwezemnnt

nER BER ap>0 a§>0 a1€]0,1[ hi€Fc) sy

Before studying the semiparametric hypothesis ’Hé"), we first consider the parametric problem of testing ’Hé") (f1)
against 7\ (f1).
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3.1. Optimal parametric test

Assuming that the innovation density f; is known, an important consequence of the ULAN property is that the
local experiments are

{P;Tn,l/zu(nwhhl/r €R? x RY x R* x R, hy € Feyy, } (14)

with @ = (u, 8, ap,0,0)’, converges to the Gaussian shift experiment given by:
{N(rﬁ(a)f;rh (0))/7 € R? x R x R* x R+}. (15)

Therefore, the locally optimal test is based on the residual obtained by projecting (A4, As)’ onto the nuisance
components (Aq, Ag, A3)’ based on T (see, e.g., Chapter 11 in [24]). That residual takes the form

-1 (n)
L) (n) Tpar Tpae Ty AL (0)
Af1;4(0) = Af1'4(0) _ Ijf1§14 F.f1;24 Ff1;34 Ffl " Ffl 12 I\fl 1? A{Jzﬁ 0 (16)
AR©O)) ) Prias Trizs Tpiss ful2 22 128 £i2@) ]

Ji:5 ’ ’ ’ Pz Tpies Dpiss Agfl‘?s(a)

(A}ii (6), A}i; (0))’ is asymptotically normal under Pg(?})l with mean zero and asymptotic variance

-1

Ipoar Tpae Tps Ipaa Tpas
. T,. L. T,. T, T, f1; 13 1; 13 13
T, (0) := <P?j§ F]fcliii) - <P?j§ F;Ifz: 1“?22) Upiaz Triee Tpies Lpioa Dpios
v " v " v Ppias Tres Triss Ppiza Tpiss
an
We have the following:
NHONE? .
A gy | N<0§Ff1 (9)>
his(0) (18)

7’1‘1 N(I‘?l (0)7’475;]__‘7:1), where Ta5 = (7'4,7'5)/.

When a single parameter of interest is involved (e.g., a? alone, as in Fihri et al., 2020, or o alone, as in Lee and

King, 1993), the residual A;Ylk) (0) obtained by projecting out the nuisance scores is already scalar, and the resulting

test statistic follows directly By standardisation. In the present joint setting, however, two parameters of interest are
involved simultaneously, so the projected residual (A;E"ﬁ , A;Eng )" in (16) is bivariate. No test based on this residual
can be uniformly most powerful against the full two-dimensional alternative (052, a1) € RTx]0, 1], since optimal
directions differ across alternatives. Following Schaafsma and Smid (1966) [35], we therefore construct the scalar

statistic T;l(")(ﬁ) in (19) as the projection of (A;E"Z , A;Eng)’ onto a fixed direction 8, calibrated by the inverse of

the joint asymptotic covariance I'}, (0) so as to weight each component by its own information content, rather than
averaging them.

Therefore, a test that is locally uniformly asymptotically most powerful for the sequence {beng 0.0.0: f1} of the

null hypotheses, against the alternatives {P‘(L"ﬁ) 00,0200 fr ol |a§ > 0,1 €]0,1[, hy € Fey, },is based on (see [36]):

, AX™ (g
5 s o) (20
*(n) L Afl§5 (9)
720 (6) = , (19)
5/ (T% (0)) 10

where, § = (1, 02)" and 6;(i = 1,2) denotes the square root of the i" diagonal element of I} (6).
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Remark 5 (Scalar nature of the test statistic)
Note that T;l(n)(O), defined in (19), is a scalar quantity rather than a bivariate statistic. Here, § = (01, 02)" is a
fixed weight vector in R?, where §; denotes the square root of the i-th diagonal element of I'% (). The numerator

A
oy, o) 1)
Afl;5 (©)

denominator , /6'(I';, )) !4 is a positive normalizing constant. Hence, T;(") (0) is scalar-valued, which justifies

) € R is a linear functional mapping the bivariate vector (A;("LB , A*(")) to R, and the

comparison with the standard normal quantile z,,.

The vector d represents the direction of the alternative hypothesis, following the idea of the most stringent
testing anywhere most powerful (MSSMP) of Schaafsma & Smid [35] and Shi & Kudo [36]. Specifically, the
choice §; = /[I'};, (0)]:; ensures that the test is calibrated to give equal weight to the two components of interest,
the random coefficient variance ag and the ARCH parameter «; relative to their respective Fisher information.
Under H{™ (f1), from (18) that T*(")( 0) £ N(0,1),as n — oo, which confirms that the asymptotic level a is

achieved by rejecting H\™ (f1) whenever T*(")(G(”)) >z

The weight vector § = (,/ % aas v/ Thoss )" used in the definition of Ty, *(") is not chosen arbitrarily. Among all
fixed-direction tests of the form ¢5 based on &' (T}, )" (A%, Az)' /4 /& (1"}1)—15, this is precisely the direction

singled out as optimal by the most stringent somewhere most powerful (MSSMP) criterion of Schaafsma and
Smid [35] (see also Shi and Kudo [36] for the multivariate normal case with orthant-restricted alternative): it is
the unique choice, up to scale, that equalises the test’s local power against the two boundary alternatives (74,0)
and (0, 75) taken separately. This is because no fixed direction § can be simultaneously optimal against both
boundary alternatives: the most powerful test against (74, 0) rejects for large values of &'(I'}, )AL, AE) with &
proportional to the first column of I'} , and symmetrically for (0, 75). The MSSMP construction is therefore the
natural way to combine the two marginal tests without favouring either source of heterogeneity.

Since 6 is unknown, it is replaced by an estimator 6 = (ﬂ(”),B("),dén),Oﬂ)’ satisfying the following
assumptions. We then show that:

T;‘f’”(a) — T;(n)(é(”)) = 0,(1) under Py} "/, asm = oo (20)
Assumption D:
(D.1) n*/20™ ™" (™) — @) = 0,(1) under P}E"g 000,05 fy > S T — 003

(D.2) the estimator 6™ is locally asymptotically discrete, which means that within a ball of radius r centered at
the origin, the number of possible values for (™) in shrinking ellipsoids of the form @ + v(™) B(r) is finite as n
tends to infinity.

Assumption (D.1) ensures consistency at the required convergence rate under the null hypothesis. Similarly,
assumption (D.2) is standard in asymptotic theory. In fact, any estimator that satisfies assumption (D.1) can be
converted into one that satisfies both (D.1) — (D.2) by discretizing its three components in mesh grids cn~1/2,
ev$™, and en~1/2, respectively (where ¢ > 0 is arbitrary).

Under Ho : ag = oy = 0, the model reduces to the linear regression Y; = u + 8X; + ¢; with i.i.d. errors of
variance «. We therefore estlmate ( , B) by ordinary least squares, compute the residuals £; = Y; — ﬂ BX;, and
estimate o by g =n"! Zz 1 1 The standardized residuals used in the test statistics are then Z = q, ~1/ 25}.
These estimators are /n-consistent under Hy, so they satisfy (D.1), and after the discretization described above

they also satisfy (D.2).
Given assumption (D.1), in the definition of T;l("), the continuous mapping theorem implies that replacing

I‘;E") (0) with I‘;f") (6() only results in an o0,(1) impact.
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Recall that ULAN implies the asymptotic relative linearity in (13) for all 7("), due to assumptions (D.1) and
(D.2), which leads to the following result under P(;,T})I, asn — 00

A (0) - AT (O™) =T, (0)7™ +0,(1)

fi T @1
=T (0)n*?0™ (8™ — 6) + 0,(1).
Specifically, this results in:
a —p
() _p3
n n) /A -1
AL (0) - ALV (0M) =Ty, (0)n 0™ | g —ag | +0,(1),
0
0
(22)
Iy Tia Tas - (n)
T2 Top Tog ’ul/Q_A/"L
=n'? T3 Ty T3 (MQ(")> (B — ) | +op(1),
iy Tag Ty G0 — o
Iys Tas I'ss
and similarly:
n n) (A o)
A}lil(e) AE&?N@ 'y T2 T H1/2
Apia() | — | (@) | =nt | iz T D | | (M) (500 =) | + o1,
ATA6) 75(0) iz T T do — ao

and

For the test statistic T;l(") (0), using the linearity result above, we have:

(A?M(@)) A,4(0)
Ahs0)) \A750)) ]

Substituting the definition of A% in terms of Ay, and the projected nuisance components, this becomes

*(n *(n A 1 / * 0\ —
77 (8) - T (6) = ——==0"(T},)""
&'(T%,)~16

+(n) )y 1 For -1 [ (Dra(6) Af,:4(6)
700 - 100 = s ) [ (30 - (20
n f1 5/(:[‘7‘1)_15 ! [ Ap;5(0) Ay,5(0)

1 ~

'y T2 Ths Ag1(0) Ay,1(0)

—(?1: II:E: ;2:) [ Ty T Af2(0) | — Af12(0:)

'3 Taz T'sz Ay .3(0) Ay, 3(0)
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Using the linear expansions of Ay,.;(0) — Ay, .;(0) established above, this reduces to

R 1/2 / Ty Doy T 1/2
7™ (g) — T () — n 5 (T _1[ 14 24 L34 ( (n)) A
1 () N 6) 5 (T )18 ( fl) T'is Tos Tas M, (B-05)
(T5) Go — Qg
-1 o —
Py The Thas I To Ths Hop
- <£14 524 £S4> Iz Taa Tag Fio Tap T2z (MQ(W)) ! (
0% /Iy Tas Tsg g Tag I'sz Y — 0

Since the two matrix products inside the brackets cancel exactly, we obtain

7;(0) = 75 (6) = 0+ 0,(1).

Applying Le Cam’s Third Lemma yields the following result.

Proposition 3.1 X
Suppose that Assumptions (5.1)—(5.2) and (C.1)—(C.2) hold, and suppose that the estimators o) satisfy

Assumption (D.2), and fix fi; € F4. Then, the sequence of tests that rejects the null hypothesis ’H,(()") (f1) whenever
T]fl(") (™) exceeds the (1 — «) quantile of the standard normal distribution, denoted by z,

1. has an asymptotic level of «;

2. is locally asymptotically most powerful unbiased (LAMPU) in the sense of Le Cam [24, Chapter 11],
at asymptotic level «, along (B.3)-subsequences, in a shrinking n~'/2-neighborhood of H(()n)( f1), against

alternatives of the form
UUUU U U {Bezenn ) (23)

HER BER a0>062>0 a1 €]0,1[ h1 EFey gy

’

3. has asymptotic power given by 1 — <I><za — 7'475) (still along (3.3)-subsequences), where

s
® denotes the standard normal cumulative distribution function, against alternatives of the form
G(T-ib-)rﬁl/Qv(")T;fl yhat
Proof of Proposition 3.1
Step 1: (Asymptotic level). Under H(()”)( f1), the statistic T; ™ is a scalar, and asymptotically standard normal:

1

d'(T%,)~" maps the bivariate vector (A}YQ, A;ZE”E)) )’ to R, and the denominator normalizes the variance to one. The

asymptotic normality T;l(n) (6™) 5N (0,1) then follows from (18) and the ULAN expansion in Proposition 2.1,
combined with the rate condition (20). The asymptotic level « follows immediately.

Step 2: LAMPU property. The residual in (A}E"Af , A;E?)’ in (16) is the component of (AS{L?47 ASCT;)E,))/ orthogonal

to the nuisance scores (Agff?l, AS]IL?Q, AE‘?;)S)/ . In the limiting Gaussian experiment, the optimal unbiased level-«
test for 74 = 75 = 0 against 74 > 0, 75 > 0 is based on the one-sided projection 6’(I‘;I)_1(AZ("), AX™) in the
direction J; see [24, Chapter 11] and [35]. Local asymptotic equivalence extends this optimality to the original
experiment.

Step 3: (Asymptotic power). Under contiguous alternatives, Le Cam’s Third Lemma modifies the limiting
distribution as follows:

6’7’475

—_ 1 under P
5'(T%,)16

#(n) (p(n)y £
Tf1 (0 ).>N O+n—1/2v() 7. f1 hy?

which yields the asymptotic power expression in point 3. O
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Remark 6

Proposition 3.1 does not claim the existence of a uniformly most powerful test against the composite
alternative (23), which is known not to exist in general. The optimality considered here is local and asymptotic,
which is the appropriate notion under the ULAN framework, as commonly adopted in the ULAN literature [17, 1, 4]

An important special case is the Gaussian version (f; = A7), equations (7) and (11) reduce to:

an”"1/2 .
Vao Z%Zl
1=
aué") n
Vao Z ZzXz
i=1
n
(n) _ an~ /2 2 1
Ay, (0) = o 2 (27 —3) ; (24)
=1
v N2 1y y2
20 Z(Zz a)Xi
=1
an~1/2 2 2 1
2 Zz—l(Zi E)
=1
and
~(n)
a aX
oo ao(M)172 0 0 0
(1)
_aX a 0 0 0
(MTE B .
() gy — 1 __aMy™ 1
FN1 (0) - 0 0 20‘% 2@3(M4("))1/2 200 (25)
0 0 aM{™ o2 aM{™
203 (M}")1/2 20 200 (MS™)1/2
0 0 L Myt 3
200 20‘0(Mi"))1/2 2a?

3.2. Pseudo-Gaussian test

The Gaussian versions of equations (16) and (17) (in addition to the calculus of (24) and (25)), are given by:

2 (n) T
a‘v, (n)
«(n) L Z2(X2— M.
A*(")(e): A./\/1;4(0) — 200 z; ( 2 ) (26)
N1 *(n) (0) an-1/2 & 9 1 9 1 ’
N1i5 3 ;(Zi—l -z =32
and
a? 1 M2(n)2 0
T (0) = (m( OM“) 1>. @7
a?

Remark 7 (Orthogonality and reduction to an equally-weighted combination)
Note that I'}, (@) in (27) is diagonal: at the null, the random-coefficient score A}, ., and the ARCH score A}, 5

are asymptotically orthogonal under the Gaussian reference density. Substituting a diagonal I'* and §; = /[T'*];
into the general MSSMP statistic (19) gives, after simplification,

_ L Aj\fl;él(e) + A}k\/'1;5(0)
\/5 \/F}(\/’l,44(0) \/Fj\/'l,f)f)(H)

i.e., an equally-weighted sum of the two already-standardized (unit asymptotic variance) marginal statistics. This
is not an ad hoc simplification of the MSSMP direction: it is its exact form whenever I'* is diagonal. Equal

7 (0)
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weighting works here because orthogonality removes any information asymmetry between the two components
that the MSSMP weights would otherwise have to correct for. When I'* is not diagonal, as for a general f; in
the fully parametric test of Section 3.1, the weights differ from 1/1/2 and the resulting statistic is a genuinely
non-trivial weighted projection rather than a simple average.

The Gaussian central sequence Aj\g") () in (26) produces optimal asymptotic tests under g; = N;. Define
=3 2L pa(0r) = Bg () = Jp #o1(2)dz 5 pal9r) = Bg, (27) = Jg 2*on(2)dzs
) = 835 28 = julgn) s = £ 5520 = o).

We show that the Gaussian optimal test remains valid beyond the Gaussian assumption. This is obtained through
a simple modification in (26) leading to a pseudo-Gaussian test, which remains valid when the actual density
g1 € ]-'i, where }'i denotes the class of all densities g; € F4 such that pus(g1) < oo. Define

CLZVELH) o ( 2 (n)) ( 2 (n))
o(n > Z7 — X7 — M.
(A'/\/El %1(9)> 2a0 i: 2

ANl;S(e) an—21/2 Z (Z? L gn)) (Z’L2 _ mgﬂ)

i=1

(28)

n n A'(n) 9

Using mé ) = 14+ 0,(1) and mfl ) = 3+ 0,(1), the variance of (Aj'\elil(B)) is consistently estimated under
N1;5

Foip by

(1= <M§">>2) () _ (1 (M2
I‘l(’n) (0) . 4048 (1 Méﬂ) [m4 (m2 ) ] 0 ; (29)
0 a1, (m) o (n)y212

rlmy (my )7

which no longer depends on the unknown density g; and, along the subsequences of (53.3), converges to

0 0) = & (o) — o) (570 ) ’ (0)
Ni,91 = —(Halg1) — pa(g1 o Ha .
! 4 0 (a(g1) = (n2(91))*)
Let X, 4, denote the covariance matrix between (AZ("), A;(”)) and (A P 4, Agl)5) given by
(A (n) ) E (A.(n) A )
2 0 . 91 Nl g1,4 g1 N1;4=g1;5
Ni,g1(6) = o(n) (n) o(n) A(n) )
( Agl, ) Egl (AN1,5A91,5)
o (1 _ (g )
— [ 2% <1 My , ’ , : 3D
0 3 (nalor) — 13(90) ) | oy (2800, (20) = o)
a? (Mg™)?
(20%(1_ ) 0 )
0 Sh2(91)[nalgr) — 115(91)]

since B, (2304, (Z:)) = [ 2°¢)(x)da = 3 [ 2%g1(x)dz = 3u2(g1).
Consequently under Pé; g)l, asn — oo, for any g; € F3, let

o(n)
5 (Sx 51 (8)~! (%ﬁ“”)

A% (9)

o(n) N1;5
7™ (9 7 32
N (0) = Vo Avor 2
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with A® = (S, 4, (0)) 7' T3, (0)(Zx ,,
th i*" diagonal element of A*~.
The test statistic under P(Zl) i

o(n)

5 (@)

6529

where, §° = (67,035), and 6¢ (i = 1, 2) denotes the square root of

0.4, 15 given by the following expression:

A oy (2wl ) (2 - md?)

Ni.gi (0) = o Z Zi(Xi = My + _\@ :

\/2[M4(91) 13(g1)] (1 e Te ) i=1 [u4(91) #2(91)}

It is estimated by the following expression:

) L " w25 (22 =) (22— ml)

T*)(9) = ! 22X = M) =

(n) (n)2 MM\ < NG (™ ()2
2[m4 my ](1 - 2(n) ) = 4 2
M4

Since 6 is unknown under the null hypothesis, it is replaced by its estimator 6. herefore, under P,
g1 € FRLT" (M) —T

0(79)1, for any
*{")(9) is 0, (1). To establish this result, it suffices to show that A% (™) — A;Z’) (9)
is op(l)
Using the asymptotic linearity of AY}I) (0) under Pé q) ,forany 7 = (71, 72,73,0,0)" and any g; € F3%, we obtain
Aﬁ\’}f(e + n_l/Qy(n)T) — A(an)(e) = F(an) 0 (0)T + 0,(1), (33)
with
T3, (0) = Ey, [Ax, (0)A,, (0], (34)
which gives the following matrix:
a L(") apy 0 _apip2
g O40(1\42("))1/2 2@3/2 2,/ao
aX (™ a a}l«lx(") 0 _ aHlHZX(n)
ao(M§™M)1/2 @0 20572 (M) 1/2 2 /g (M{™)1/2
(n) 0 0 apy ey ap3
NV CIES 2a2 203 (M()1/2 2a0 (35)
0 0 a®ps M{™ a2 apdM{™
202 (M{™)1/2 2a3 200 (M{™))1/2
0 0 apd aps M™ apiz iy
2aq an(Min))lm 2
This implies that:
a aX (™ apy
ao ao(M{M)1/2 20377
aX (™ a X(n) 1/2
A oA PRI (8= )
AR (0) - A (0) = 0 0 s zl X2)V2(B = B) | +o,(1).
YO i
0 0 sEahm |\ #de— o)
a 2
0 0 ﬁ
By isolating the components, we get:
n A n a aX™ ap nY/2(];
n ) _ n aX (™ a ap X" : _
A(J\Q)?z(?) AJ(\Q)?Q(G) ao(MS™M)1/2 ao 2a3/£(11\4§"))1/2 (Z XDVEB = B) | +op(1).
ANl;S(O) AN&;S(G) 0 0 % 1/2(040 — ag)
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Similarly, for the last two components:

1/2( )
" . a2 pup M) H—=p
A5\/3;4(0A) Axfl)4(9) - 0 0 gag(Min))l/z ZX2)1/2 ﬂ B) +o (1)
A 9)) " \al, e 00 u 2y — o) ’ 56
—a
aM(”)
_ 2 ]\4(”))1/2 n%(dy — ap) + 0p(1).
2% Qo2
We now aim to show: Aj\gl)(é) - *(n)( 0) = 0,(1). For that, calculate:
—1 ~
0 0 T 'y T2 0 Any:1(0) AYVRIC)
(0 0 F3r> Iz Ty 0 Ani2(0) | = | Ani2(0)
° 0 0 Is3 Ap,:3(0) Any:3(0)
() —a
0 0 Talit a0 W 20 d% w2 = )
_ 341 33 aX (™) a —a X<”) 2 1/2
(00 o) (=5 & s | |G- a0
0 0 o n1/2(d — o) (37)
0
aM{™ 9
= % 202 (1\4(2"))1/2 x 20Z 1/2(040 — Oé()) +0p(1)
20 £2 5 203
ao

[ V)

aM ™
a — 2 «
= Lz <(M§"’)1/2> nl/Q(ao — ) + 0,(1).

205 H2Qq

Since the expressions in equation (37) and (36) coincide, we can conclude that:
ANRO™) (AL _, )
*(n A *(n - p .
ANHE™)) - \Ale)

TR (07)) = T (8) = 0,(1). 38)

In summary, we obtain the following result.

This implies that

Proposition 3.2
Let (") satisfy Assumptions (D), and assume that Assumptions () and (C) hold for any g; € F?%. Then,

1. for any 6 = (u, 3,0, 0,0)" , the test statistic Tj:[(ln)(é(")) is asymptotically normal, with mean zero under

and variance one in both cases;

(n) 1 s’ p
ng , mean —- 6 74,5 under P 0 n—1/20 () gy by

2. the sequence of tests that reject the null hypothesis Hff)? = gEF? 7—[8 (g1) whenever TN (0("))
exceeds the (1 — «) quantile of the standard normal distribution is locally asymptotically most powerful
and unbiased at the asymptotic level . This holds for 7-[52)2 against alternatives of the form

JUUU U U {BSacmnf

peR BeER ap>0 U§>O a1 €]0,1[ h1 €EFciNg

3. still along (B.3)-subsequences, this test has asymptotic power

_ (nX)\2/,X 1/2
iz ) /,u4)) )) / T4 — %Mz(m)%)
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where, as usual, ® denotes the standard normal distribution function, against alternatives of the form
(n)
0+n—1/2v(™) ;g7 hy*

If a3 = 0, the model simplifies to a random coefficient regression model:
Yi=p+ (B+&)X: +e,

where ¢;, for i = 1,...,n, is an i.i.d. sequence of unobserved error terms with variance oy > 0. This model was
introduced by [17]. For the null hypothesis ag = 0 and the alternative ag > 0, the test statistic for this model is
given by:
(n) n
71 (6) = . S zA(x2 - ).

(n) (n)2 ( Mz(")2 ) i—1
m,;  —m 1-— 2
\/( 4 2 ) Min)

Conversely, if a? = 0, the model reduces to a regression with ARCH(1) errors:

Y =p+ BX; + e,

where ¢;, fori = 1,...,n, follows an ARCH(1) process defined as £; = ¢, Z; with conditional variance

0? =ap+ a1€?,1~
This model was studied by [25]. For the null hypothesis a; = 0 and the alternative oy > 0, the test statistic is given
by:
gy TP NNy ()
L ( )*mzl(i*mz NZiy —my ).

The statistics T}") and Tg}g above are precisely the marginal components A ; (”) a/+/Tx,.11 and A/'\g% /TR 20
of the pseudo-Gaussian statistic T’ ("27 derived in Section 3.2, evaluated under a1 =0 and a§ =0 respectlvely
Since T'}, (0) (and its limit '}, | (6)) is diagonal, Remark 7 applies directly: the MSSMP-optimal combination

of these two orthogonal directions collapses exactly to their equally-weighted sum. We therefore define the joint
test statistic as

Ta(6) = = (T¢)07) + T(RO™)).

This is the statistic used throughout the rest of the paper for jointly testing both random coefficient variability and
ARCH effects.

Remark 8 (Computational cost)

Computing TXZ) adds essentially no cost beyond computing Tl(w”) and Tg}g separately: both share the same OLS

residuals and empirical moments, and TXZ) is obtained from them by a single addition and rescaling (Remark 7),
with no matrix inversion required since I'}, (6) in Eq. (27) is diagonal and known in closed form. The joint test
therefore remains O(n), the same order as either marginal test.

4. Simulation

The objective of this section is to evaluate the performance of the proposed tests at an asymptotic significance
level of 5%. To this end, we conduct a Monte Carlo simulation using the R programming language, based on 2500
repetitions, generating independent samples, each consisting of 500 observations. The data are simulated based on
the random coefficient regression model with ARCH(1) errors, given by:

where ¢; follows an ARCH(1) process defined as e; = 0;Z; and 07 = ag + aye7_;.
We compute and analyze the statistical power of the tests under different scenarios by considering:
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* the power of the test for the random coefficient regression model with ARCH(1) errors, denoted Pa;;

* the power of the test for the regression model with ARCH(1) errors, corresponding to the case where ag =0,
denoted Pr;

* the power of the test for the random coefficient regression model obtained by setting oy = 0, denoted Pr.
The simulation parameters are set as follows:

1. p=3,8=10and oy = 0.1;
2. the explanatory variables X; are independently and identically distributed (i.i.d.) as A/(0,1);
3. the ARCH parameter «; takes values 0 (null hypothesis), 0.025, 0.05, 0.1, 0.2 for alternative hypotheses ;

4. the random coefficient terms &; are i.i.d. Gaussian with mean zero and variance ag, where ag = 0 under the
null hypothesis and takes values 0.025, 0.05, 0.1, 0.2 in alternative scenarios;

5. the error terms ¢; are generated from different distributions:

» symmetric densities: normal N(0,1/a) (a = 0.4549), logistic (I;,b=1.207), and Student’s t-
distribution with 8 degrees of freedom (tg);

» asymmetric densities: Skewed normal distributions.

In each replication, u, 8 and «( are unknown and are estimated under Hg: (f, 5) by OLS, the residuals being
& =Y, —p—pX;,anddg=n"1> i €2. The test statistics are computed from these residuals.
The tables below present the powers of the test statistics for each scenario.

o

0 0.025 0.05 0.1 0.2

Py, | 0.0544 | 0.096 | 0.1584 | 0.3484 | 0.7288
0 Pr 0.056 | 0.1336 | 0.2488 | 0.5764 | 0.924
Pry | 0.0548 | 0.0472 | 0.0472 | 0.0588 | 0.0552
Py 0.21 | 0.3076 | 0.3764 | 0.572 | 0.8184
0.025 | Pp 0.052 | 0.1268 | 0.2472 | 0.5472 | 0.9036
Prr | 0.31 0.3112 | 0.2624 | 0.2344 | 0.162
Py, | 04836 | 0.564 | 0.614 | 0.7584 | 0.8836
0.05 Pr 0.054 | 0.1168 | 0.2292 | 0.4964 | 0.876
Prr | 0.6812 | 0.6296 | 0.5868 | 0.5116 | 0.3844
Py, | 0.8684 | 0.8884 | 0.9096 | 0.9436 | 0.9716
0.1 Pr | 0.0472 | 0.11 0.1876 | 0.4128 | 0.8092
Prr | 09692 | 0.9512 | 0.9384 | 0.9004 | 0.7976
Py; | 09948 | 0.9964 | 0.998 | 0.9992 | 0.998
0.2 Pr | 0.0588 | 0.9964 | 0.1288 | 0.2352 | 0.528
Prg 1 0.9996 1 0.9992 | 0.9944
Table 1. Power of the test statistics under the normal distribution A/(0; 1/a) where a = 0.4549

a1 Test
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0 0.025 0.05 0.1 0.2

Py | 0.0504 | 0.0716 | 0.0964 | 0.152 | 0.3112
0 Pr | 0.0536 | 0.0896 | 0.1244 | 0.2612 | 0.5368
Prr | 0.0532 | 0.0472 | 0.048 | 0.0468 | 0.0544
Py | 04092 | 0.4532 0.5 0.5816 | 0.7044
0.025 | Pr | 0.0488 | 0.0908 | 0.124 | 0.2208 | 0.482
Pri | 0.5792 | 0.5408 | 0.5508 | 0.5212 | 0.4412
Py | 0.7888 | 0.7904 | 0.8248 | 0.8452 | 0.8952
0.05 Pr | 0.0556 | 0.0724 | 0.1012 | 0.1852 | 0.3816
Pri | 0.9168 09 0.8948 | 0.8812 | 0.8432
Py 0.986 | 0.9848 | 0.9904 | 0.9836 | 0.9908
0.1 Pr 0.048 | 0.0632 | 0.0948 | 0.124 | 0.2436
Prrx | 09992 | 0.998 | 0.9972 | 0.9956 | 0.9916
Py 0.996 0.996 | 0.9972 | 0.9936 | 0.9988
0.2 Pr | 00612 | 0.0612 | 0.0764 | 0.082 0.102
Prr | 0.9996 | 0.9996 | 0.9996 | 0.9988 1

Table 2. Power of the test statistics under the logistic distribution rlogis(n, v/1.207).

a1 Test

0.2

0 0.025 0.55 0.1 0.2

Py 0.048 0.122 | 0.1984 | 0.4836 | 0.8628
0 Pr | 0.0512 | 0.1764 | 0.3676 | 0.754 | 0.9808
Pr | 0.0556 | 0.0588 | 0.042 | 0.0544 | 0.0532
Ps; | 0.1376 | 0.2372 | 0.3444 | 0.6016 | 0.9124
0.025 | Prp | 0.0556 | 0.1712 | 0.356 0.724 | 0.9816
Prx | 0.1812 | 0.1768 | 0.146 | 0.1356 | 0.1176
Py 0.258 | 0.3572 | 0.4836 | 0.696 | 0.9224
0.05 Pr | 0.0604 | 0.164 | 0.3316 | 0.6964 | 0.968
Prrx | 0.354 | 0.3208 | 0.3152 | 0.2644 | 0.1956
Py | 0.5184 | 0.6228 | 0.7036 | 0.8352 | 0.956
0.1 Pr | 0.0492 | 0.1492 | 0.2972 | 0.6436 | 0.9552
Pri | 0.6828 | 0.6436 | 0.6096 | 0.5192 | 0.4024
Pa; | 0.8492 | 0.8832 | 0.9152 | 0.9508 | 0.9852
0.2 Pr | 0.0584 | 0.1244 | 0.2472 | 0.5096 | 0.8968
Pri | 09548 | 0.9436 | 0.9184 | 0.8808 | 0.776
Table 3. Power of the test statistics under the Student’s ¢-distribution with df = 8.

a1 Test
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7
0 0.025 0.05 0.1 0.2
Py | 0.0464 | 0.1816 0.39 0.7696 | 0.9864
0 Pr | 0.0484 | 0.3024 | 0.6268 | 0.9632 1
Pri | 0.0548 | 0.0528 | 0.0508 | 0.0548 | 0.0516
Py | 01092 | 0.274 | 0.4608 | 0.8076 | 0.982
0.025 | Pr | 0.0552 0.28 0.5972 | 0.9456 | 0.9996
Prrx | 0.1324 | 0.1128 | 0.0996 | 0.0924 | 0.0788
Py | 0.1916 | 0.3888 | 0.576 | 0.8464 | 0.9872
0.05 Pr | 0.0548 | 0.2688 | 0.5904 | 0.9368 | 0.9996
Prrx | 02904 | 0.2372 | 0.204 0.16 0.0924
Py | 04236 | 0.5968 | 0.7448 | 0.9108 | 0.9904
0.1 Pr | 0.0456 | 0.2548 | 0.566 0.916 | 0.9992
Pri | 0.6056 | 0.5172 | 0.4536 | 0.312 | 0.1856
Py | 0.8196 | 0.8776 | 0.9372 | 0.9708 | 0.9968
0.2 Pr | 0.0536 | 0.2096 | 0.4792 | 0.8716 | 0.9964
Prr | 0.946 | 0.8964 | 0.8596 | 0.7076 | 0.4728
Table 4. Power of the test statistics under the skew—normal distribution.

a1 Test

Interpretation

According to the previous tables, we observe that for the three considered models (random coefficient regression with ARCH errors, random
coefficient regression, and regression with ARCH errors) and across all studied distributions (normal, logistic, Student-t, and skew-normal),
the test power remains close to the significance level o = 5% under the null hypothesis Ho : 02 = oy = 0. This situation corresponds to
the absence of random variability in the regression coefficient and the absence of ARCH(1) effects. This result is expected, as under the
null hypothesis, the probability of rejection should match the pre-specified risk level.

The first row of each table, which corresponds to the case a3 = 0 and crg > 0, highlights the superiority of the Fihri statistic: P
consistently displays the highest power, making it the most suitable test in this scenario. Conversely, the first column, representing the case
O'g =0 and a3 > 0, favors the Lee statistic, as Py, i outperforms the others in terms of power, thus constituting the best choice in this
context.

Finally, in the central part of the tables, corresponding to the alternative hypothesis 71 where both parameters crg > 0and oy > 0, the
statistic proposed in this article stands out clearly. Indeed, the P4; test consistently exhibits the highest power, confirming its effectiveness
in detecting the joint violation of both null conditions. In other words, our proposed statistic proves to be the most powerful tool when the
regression model simultaneously incorporates random coefficient heterogeneity and ARCH-type errors.

5. Real data analysis

5.1. Housing price data (Wooldridge, 2016)

For this study, we used a dataset from [42] consisting of 88 houses. The data includes price (property prices) as the dependent variable (Y")
and assess (property tax assessment) as the explanatory variable (X). We analyzed three distinct regression models.

The test statistics were computed using R software, ensuring precise and reproducible estimates. We evaluated the significance of the
parameters in each model under the null hypothesis (o). The results are summarized in Table 5.

Model Test statistic value p-value Decision
RCR with ARCH(1) errors (joint) T4 = 1.653834 0.04908059 Reject Hy (p < 0.05)
Random coefficient regression Tr = 1.637973 0.05071362 | Fail to reject Ho (p > 0.05)
Regression with ARCH(1) errors | Tk = 0.7009016 | 0.2416822 | Fail to reject Hg (p > 0.05)

Table 5. Results of Statistical Tests and p-values.
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The results in Table 5 deserve careful interpretation. While the joint test T'4; rejects Ho at the 5% level (p = 0.049), the marginal test
T'r fails to reject at the same threshold (p = 0.051). These p-values are admittedly close, and we do not claim a sharp qualitative difference
between the two models based on this application alone. Rather, the key observation is that only the joint test simultaneously accounts for
both random coefficient variability and ARCH effects, suggesting that the data contain a signal that is detectable only when both features
are modeled together. The practical implication is that ignoring either source of heterogeneity leads to a loss of power, consistent with the
simulation results in Section 4. We acknowledge that a single dataset with n = 88 observations provides limited statistical power, and a
more conclusive empirical illustration would benefit from larger or more heterogeneous datasets."

Decomposing the joint statistic into its marginal components clarifies which effect drives the rejection. The random-coefficient test,
Tr = 1.637973 (p = 0.0507), sits right at the significance boundary, while the ARCH test, 77 = 0.7009 (p = 0.2417), is far from
significant. So the joint test’s rejection (p = 0.0491) comes mostly from the random-coefficient effect, with the ARCH signal adding only
a small push, enough to tip p from 0.0507 to below 0.05.

Figure 1 shows this directly. Panel (a) plots log(¢?) against log(X?): a clear upward trend (Spearman p = 0.243, p = 0.023), matching
the random-coefficient signal. Panel (b) plots log(¢?) against its own lag: no trend at all (p = —0.030, p = 0.785). Only the random-
coefficient effect leaves a visible mark on the residuals.

(a) Random—coefficient signal (b) ARCH signal
o o
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Figure 1. Residual diagnostics for the housing data. (a) OLS squared residuals against Xf (random-coefficient signal),
Spearman p = 0.243, p = 0.023. (b) OLS squared residuals against their own first lag (ARCH signal), p = —0.030,
p = 0.785. Orange lines: linear fit, log-log scale.

5.2. Bitcoin weekly returns (2020-2024)

As a second empirical illustration, we consider weekly Bitcoin (BTC-USD) log-returns over the period January 2020 to December 2024, a
turbulent episode that includes the COVID-19 crash (March 2020), two major bull runs (late 2020 and late 2021), a prolonged bear market

TThe dataset of Wooldridge (2016)[42] contains only n = 88 observations, which limits the power of all three tests. The near-borderline
p-values should therefore be interpreted with caution, and the simulation results in Section 4 provide stronger evidence of the superiority
of the joint test.

Stat., Optim. Inf. Comput. Vol. 16, December 2026



6536 RANDOM COEFFICIENT VARIABILITY AND ARCH EFFECTS

(2022-2023), and a renewed rally in 2024. This makes it a natural candidate for jointly testing random coefficient variability and ARCH
effects.

The data consist of n = 260 weekly observations, retrieved from Yahoo Finance via the quantmod package [34].*

The nuisance parameters are estimated under Ho by OLS (2, 3) and by the residual variance ¢ = n~! ELI éf. The three test statistics
are computed as described in Section 3, with results summarized in Table 6.

Model Test statistic | p-value Decision
RCR with ARCH(1) errors (joint) Ta; = 4.1980 | 0.000013 | Reject Ho (p < 0.05)
Random coefficient regression only Tr =4.1012 | 0.000021 | Reject Ho (p < 0.05)
Regression with ARCH(1) errors only | Tpx = 1.8357 | 0.0332 | Reject Hy (p < 0.05)

Table 6. Results of statistical tests on Bitcoin weekly log-returns (2020-2024), with Y; = log-return and X; = log-trading
volume, n = 260 observations. Data source: Yahoo Finance, retrieved via the quantmod package [34].

The results in Table 6 are particularly striking. All three tests reject Ho at the 5% significance level, which is consistent with the well-
documented stylized facts of cryptocurrency markets [38]: strong volatility clustering (captured by 77, i) and significant instability in
the relationship between returns and trading volume (captured by 7). The joint statistic T4; yields the largest value (4.198, p =~ 0),
confirming that the two phenomena coexist and that modeling them jointly provides the most powerful detection. In contrast to the
housing data example of Section 5, where the signal was borderline, the Bitcoin dataset provides a clear-cut rejection under all three tests,
thereby further validating the relevance of the proposed joint framework in financial time series applications characterized by simultaneous
parameter instability and conditional heteroskedasticity.

5.3. U.S. inflation and interest rates (Newbold and Bos, 1985)

As a third empirical illustration, we consider the quarterly U.S. inflation rate and Treasury bill interest rate series originally used by [28] to
illustrate their stochastic parameter regression model, covering 1953:Q1-1980:Q2 (n = 110); the series are available via the ginfl and
gintr datasets of the ast sa R package [37]. We model the interest rate as the response variable Y; and the inflation rate as the regressor
X;. This choice is particularly fitting given that the Gaussian test of Newbold and Bos (1985)[28] is nested within, and generalized by, our
pseudo-Gaussian statistic 7'4; (see Section 3).

The three test statistics, computed as described in Section 3, are summarized in Table 7.

Model Test statistic value | p-value Decision
RCR with ARCH(1) errors (joint) Ta; = 3.535427 0.0002036 | Reject Hg (p < 0.001)
Random coefficient regression Tr = 2.015631 0.021919 | Reject Ho (p < 0.05)
Regression with ARCH(1) errors Trrx = 2.984218 0.001422 | Reject Hq (p < 0.01)

Table 7. Results of statistical tests and p-values, U.S. inflation and interest rate data (Newbold and Bos, 1985).

Unlike the borderline result on the Housing dataset, here all three tests reject Ho, confirming the presence of both random coefficient
variability and ARCH effects in this relationship. More importantly, the joint statistic is considerably more significant than either marginal
test taken alone (p = 0.0002 versus p = 0.022 and p = 0.0014), illustrating that when both sources of heterogeneity are genuinely present,
combining them into a single test yields a sharper rejection than either marginal procedure, consistent with the power gains observed in the
simulation study of Section 4.

6. Conclusions and perspectives

In this paper, we studied how to test for a random regression coefficient when the errors follow an ARCH(1) process. We proved that the
model satisfies the ULAN property near the null hypothesis. Everything else in the paper rests on this result.

Using ULAN, we obtained the central sequence and the information matrix. We then removed the nuisance parameters: the intercept,
the regression coefficient and the error scale. This gave a parametric test that is locally and asymptotically optimal for a given error density.

tThe data were downloaded using the following R command: getSymbols ("BTC-USD", src = "yahoo", from =
"2020-01-01", to = "2024-12-31", periodicity = "weekly").Thelog-returns are computed as Y; = log(P;/P;_1),
where P; is the weekly closing price, and the explanatory variable is X; = log(Volume;). After differencing, the final sample consists of
n = 260 complete weekly observations over the period January 2020 to December 2024.
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We also built a pseudo-Gaussian version. It does not require Gaussian errors. The two parameters of interest are asymptotically orthogonal,
so the joint test simply adds the two marginal statistics with equal weights. When one of the two effects is absent, the joint test becomes
the test of Fihri et al.(2020) [17] or the test of Lee and King (1993) [25].

Our main point is to test the two effects together. They are usually studied one at a time. In the simulations, we used 2500 replications,
samples of 500 observations and four error distributions. The joint test works well when both effects are present. We then applied the tests
to housing prices, weekly Bitcoin returns, and U.S. inflation and interest rates. The housing result is borderline, so we do not draw a strong
conclusion from it. For Bitcoin, all tests reject the null hypothesis.

Some work remains. We fixed the error density in advance, but it could be estimated from the data. This would give an adaptive test.
Rank-based versions of the test are also possible. The model is limited to ARCH(1) errors and one regressor, so GARCH(p, q) errors and
several regressors are still open. Finally, the tests should be tried on larger data sets.
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Appendix: Auxiliary technical results

The following lemma is used in the proof of Proposition 2.1 (ULAN property).

Lemma .1 (Asymptotic relative linearity)
Under Assumptions (A), (8.1)~(8.2), and (C), for all 7 € R? x R} x Rt x R¥,

A0 +n 2™ 1) — AT (0) = T (0)7 + 0y (1)

1

under Pé?lf)l, as n — oo.
This result is a consequence of the quadratic mean differentiability of the log-likelihood and is established following the approach of
Hajek (1972) [19] and Akharif (2003) [2]. The ULAN expansion in Proposition 2.1 follows by combining this lemma with the convergence

of I‘gff) (0) along subsequences satistying Assumption (53.3).

Proof of Proposition 2.1 (ULAN)
The proof checks Swensen’s (1985) six conditions (Conditions 1.2-1.7 in his Lemma 1) uniformly in a neighborhood of (i, 8, ag, 0, 0).
Conditions other than 1.2 are routine; we detail Condition 1.2, the quadratic mean differentiability of (u, 8, ao, Ug, ay) —
1/2
Hﬁ»ao,agyal;.fl
with density f; at this point, and the classical (non-conditional) quadratic mean differentiability theory applies.
Step 1 (Ug-direction). When a1 = 0, the model reduces exactly to the random coefficient regression model of Fihri et al. (2020), with

(y), in three steps. Note that, exactly at a3 = 0, Uf =aqo + alz-:il reduces to the constant «g, so that the e; are i.i.d.

(1, B, a0, o) playing the role of their (u, 3, 0%, 0¢ ). Quadratic mean differentiability in the oZ-direction, jointly with (k, 3, ao), therefore
follows directly from their Lemma A.1 (parts (i)—(iii)), which establishes this property along the corresponding subsequence.

Step 2 (o -direction). At o1 = 0, o‘? = a9 does not depend on ¢;_1, so the map o1 — q;’/;aoyo’al;fl (y) is, at this point, a classical
(non-conditional) quadratic mean differentiability problem, of the same type as Step 1: writing o2 (1) = a9 4 c1e?_; and treating €2
as playing the role of X 22 in Fihri et al.’s Lemma A.1 (part (i)), the same three-step argument ((a)—(c) therein) yields quadratic mean
differentiability in a1, jointly with (p, 8, ), at ey = 0.

Step 3 (joint differentiability, o7 and «; together). Write, for 7% := o7, s := a1,

002 ) — a5 ) = [04%0) — /2 0)]| + [/20) - 05 )]

=:A(r,s)(y) =:B(s)(v)

(arguments p1, B, ao, f1 suppressed). By Step 2, [ B(s)(y)?dy = o(s*) as s — 0. For A(r, s), Step 1 gives [ A(r,0)(y)% dy = o(r?);
extending this bound to A(r,s) for s in a neighborhood of O requires that the constant in Step 1’s argument, which depends on
a1 only through the (now s2-dependent) conditional variance cri2 =ap + 5251271 of ;, remains bounded as s — 0; this holds since
02 — ao continuously and the relevant information functionals in Assumption A are continuous in the scale parameter. Combining,
JTA(r, s)(y) + B(s)(y)]?dy < 2 [ A(r,s)(y)? dy + 2 [ B(s)(y)? dy = o(r*) + o(s*), establishing joint quadratic mean differentiability
at (u, 8, ao, 0, 0). O

Remark 9 (Remark on uniformity.)

Swensen’s Condition 1.2 must hold uniformly in a neighborhood of (y, 3, g, 0, 0), not merely at the point itself. Steps 1-3 establish
differentiability exactly at .y = 0, where (g;) is i.i.d.; extending this to a full neighborhood, where a1 # 0 and af depends on €;_1,
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requires controlling the conditional (martingale) structure of the ARCH(1) process away from the null, along the lines of Hall and Heyde’s
(1980) martingale central limit theorem under a fourth-moment condition on €;_1. We do not carry out this extension in detail here; it
would follow the same strategy, combined with a martingale central limit theorem argument for the ARCH(1) component away from the
null, and is left for future work.
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