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Abstract Dust storms significantly threaten ecosystems, biodiversity, and human health. Understanding its interactions
with plant biomass and revegetation initiatives is crucial for developing effective mitigation strategies. In this study, we
present a dynamic Dust Storms-Plant Biomass-Revegetation (SPR) model based on a system of differential equations to
explore the relationships among dust storms, vegetation growth, and revegetation activities. The model incorporates key
ecological and environmental factors, such as wind effects, logistic growth, Allee thresholds, and saturation dynamics, to
reflect real-world complexities. Dust accumulation adversely affects plant health by obstructing photosynthetic processes,
whereas vegetation helps reduce dust storms by acting as a natural filter. Revegetation initiatives further enhance the
ecosystem’s ability to stabilize dust levels and promote plant growth. This study investigates the thresholds and tipping
points within the ecosystem that determine its trajectory toward recovery or collapse. Through analytical and numerical
methods, we assess the impact of environmental parameters and management strategies on system dynamics. The findings
reveal the critical role of vegetation and revegetation in mitigating dust storms and underscore the importance of considering
wind, saturation effects, and natural depletion rates in environmental planning. This research provides actionable insights
into balancing ecological restoration efforts with dust storm management, contributing to sustainable development goals.
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1. Introduction

Dust storms have become a significant environmental concern, impacting various ecological and human global
health. Originating from both natural processes, such as soil erosion and volcanic eruptions, and anthropogenic
activities, including industrial operations, mining, and vehicular emissions, dust particles contribute to atmospheric
pollution and pose challenges to environmental sustainability [1, 2]. The interactions between dust storms,
plant biomass, and revegetation activities are complex and multifaceted, necessitating comprehensive studies to
understand their dynamics and inform effective mitigation strategies [3]. The deposition of dust on plant surfaces
can adversely affect photosynthesis, transpiration, and overall plant health. Dust particles can obstruct stomatal
openings, reducing gas exchange and light absorption, which are critical for photosynthetic processes [4]. Studies
have shown that dust accumulation on leaves can lead to a decline in chlorophyll content and photosynthetic
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efficiency, ultimately affecting plant growth and productivity [5]. For instance, research indicates that dust storms
can cause a significant reduction in photosynthetic activity in various plant species. For more realistic results,
some scholars have discussed the influence of time-varying environments to address periodic or almost periodic
oscillations. In addition, the effect of time delay in realistic modeling has been addressed [6, 7, 8, 9].

Conversely, vegetation plays a crucial role in mitigating dust storms. Plants act as natural filters, capturing
airborne particles on their surfaces and reducing dust concentrations in the atmosphere. The effectiveness of
this natural mitigation depends on factors such as leaf morphology, surface characteristics, and the density of
vegetation cover [10]. Research has demonstrated that certain plant species are more efficient in dust interception,
contributing to improved air quality. Revegetation initiatives further enhance the capacity of ecosystems to manage
dust storms. By increasing plant biomass, revegetation activities not only sequester carbon but also enhance
the landscape’s ability to capture and stabilize dust particles. This dual benefit underscores the importance of
integrating revegetation into environmental management strategies aimed at controlling dust storms and promoting
ecological balance [11].

Wind is an important environmental element that has both direct and indirect effects on diverse ecosystems.
It helps to carry dust and pollutants, regulates temperature and humidity, and aids in the spread of seeds and
germs. To comprehend and forecast these impacts, scientists employ mathematical modeling to describe the link
between wind and environmental variables using equations [12], [13]. Wind affects animal behavior, migration, and
distribution. Many birds rely on wind direction during migration to conserve energy, while certain insects use wind
to get from one location to another. Storms and severe winds, on the other hand, have the potential to damage natural
habitats and upset ecological equilibrium. Jawad et al. explored a prey-predator model incorporating the effects
of wind, fear, and global warming. They suggest that wind plays a vital role in environmental disturbance and
biological processes, including disease, behavior, and growth [14]. Wind aids in the movement of pollen between
plants, a process known as wind pollination, which contributes to the reproduction of many plant species, including
wheat, maize, and palm trees. Wind also aids the long-distance dispersal of seeds, enhancing plant dispersion
and diversity in many habitats. However, high winds can harm plants by breaking branches, uprooting trees, and
increasing water loss via transpiration [15].

Mathematical modeling serves as a valuable tool in elucidating the interactions between dust storms, plant
biomass, and revegetation activities. By developing dynamic models that incorporate various ecological and
environmental parameters, researchers can simulate different scenarios and predict the outcomes of multiple
interventions. Such models aid in understanding the potential impacts of dust storms on plant communities and
the effectiveness of revegetation strategies in mitigating these effects [16, 17, 18]. Shyam et al. investigated the
effect of dust pollution on the density of plant biomass. They considered three variables in their model: the plant
biomass, dust contaminants, and water spray. They found that the use of water sprinklers on plants is superfluous
when the amount of dust pollutants is below the minimum permissible limit [7].

In this study, we propose a system of differential equations to model the dynamics of dust storms, plant biomass,
and revegetation activities with wind and Allee effects’ ecological and environmental factors [17, 19]. The model
aims to capture the complex interactions among these components, providing insights into the potential outcomes
of various environmental management strategies. By analyzing the model’s behavior under different scenarios,
we seek to inform effective policies and practices for mitigating dust storms and promoting environmental
sustainability.

The structure of this paper is as follows: Section 2 presents the mathematical formulation of the model, detailing
the assumptions and parameters involved. Section 3-6 discusses the analytical methods used to study the model’s
behavior, including stability and sensitivity analyses. Section 7 presents the results of numerical simulations,
illustrating the potential impacts of different revegetation strategies on dust storms and plant biomass. Finally,
Section 8 concludes with a discussion of the findings and their implications for environmental management and
policy. By integrating ecological dynamics with mathematical modeling, this research adds to a more profound
comprehension of the interplay between dust storms, plant biomass, and revegetation activities. The insights gained
from this research can inform the development of effective strategies to mitigate dust storms and promote ecological
resilience in affected regions.
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2. Model formulation

An SPR model is expressed to describe the interaction among dust storm contamination S (t), plant biomass or
vegetation cover P(¢), and revegetation activities R (¢) at time ¢ based on the ecological assumptions listed below.

1. The rate at which dust contamination is introduced into the atmosphere from diverse sources is represented
by A, while p represents the natural depletion of dust contaminants [2].
2. Vegetation is essential for reducing dust storms. As natural purifiers, plants capture dispersed particles on

their surfaces and decrease the amount of dust in the atmosphere. So, the modified Holling II functional
a(l+w)SP
T+b(1+w)S

denotes the depletion of dust pollutants owing to plant biomass, and b signifies a half-saturation level [10].
3. The function G (w) = 1 4+ w represents the influence of wind flow, which adheres to the following

response ( is used to describe the scavenging of dust pollutants by the vegetation cover. Here «

* In the absence of wind flow, i.e., G (0) = 1, the diminution of dust pollution concentration attributable

to plant biomass is ({35).

* In the presence of wind flow, i.e., G (w) > 1, the amount of dust particles decreases steadily as a result
of plant biomass.

4. It is presumed that the plant population grows logistically with an intrinsic plant growth rate r, carrying
capacity k, and the Allee threshold ¢, and depletion rate pq1 [17].

5. Dust can hinder photosynthesis in plants. It can block stomatal apertures, decreasing gas exchange and light

B(14+w)SP

1+b(14w)S
the depletion of plants due to the increase in dust storms, where 5 denotes the depletion rate of vegetation
cover due to a dust storm [7].
The inclusion of the wind factor (1 + w) in both the numerator and the denominator were intended to reflect
the dual role of wind in the dust-scavenging process by plants. Biologically, moderate wind enhances the
transport of dust particles toward the plant surface, thereby increasing the effective contact rate between dust
particles and foliage. This effect is represented by the increase in the attack rate through the term (1 + w).
At the same time, stronger wind conditions may also reduce the efficiency of dust retention due to particle
resuspension and shorter residence time of particles near the leaf surface. To capture this saturation-related
effect, the same factor was incorporated into the denominator as b(1 + w), which effectively increases the
half-saturation constant. Consequently, the functional response assumes that wind simultaneously promotes
dust delivery while also limiting scavenging efficiency at higher dust concentrations. In particular, the chosen
formulation allows wind to influence both the encounter process and the saturation dynamics simultaneously,
which we consider more biologically realistic for airborne dust—plant interactions.

6. Revegetation initiatives have been implemented to increase plant biomass. Furthermore, it is presumed that
specific revegetation initiatives are declining due to inefficiency or financial challenges. The term

absorption, which affects photosynthetic processes and plant development. Thus, ( ) represents

dR

Eze(kfp)fﬂQR

as intended to represent a management-driven revegetation policy in which restoration efforts increase when
plant biomass falls below a desired ecological threshold k. In this interpretation, e(k — P) models a “gap-
filling” mechanism: larger vegetation deficits trigger stronger intervention for revegetation. However, as
correctly pointed out, this term may become negative when P > k, which is biologically unrealistic because
implementation effort cannot be negative. So that revegetation occurs only when plant biomass is below the
target level k. This modification preserves the intended ecological interpretation while avoiding biologically
meaningless negative rates [11].

7. Regarding the plant growth term yPR, we intended to model the enhancement of vegetation recovery
through revegetation activities, where R represents the intensity of restoration measures and v measures their
effectiveness in promoting plant establishment. The bilinear form assumes that revegetation effectiveness
depends on both the existing plant biomass and the level of restoration activity [10].
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8. The implementation rate for revegetation initiatives is presumed to be e, and the decline coefficient for
revegetation initiatives is denoted by po [10].

So, the dynamics of the SPR model could be illustrated as:

s a(l+w)SP B
P P P B(1+w)SP B
dt_rp<1 k)(P+c) 1+b(1+w)S+7PR P = fo(5, P R), 1
dR
E:e(k—P)—ugR:fg(P,R),

The explanation of SPR model’s parameters is clearly shown in Table 1 below.

Table 1. Overview of the parameters.

Parameters Meaning Values Unit Source
The rate of dust pollutants introduced into _ 1

4 the atmospherl:: from diverse sources. 10 ugm™°day 7]

@ The depletion rate of dust storms due to plant biomass. 025 | m2kg Tday™! [7]

B The depletion rate of plant biomass due to a dust storm. 0.4 m2kg Tday ! [7]

w Wind speed. 3 dimensionless | Estimated from [20]
b Half saturation level. 0.2 m3/ug [21]

r Intrinsic growth rate of vegetation. 0.3 day™" [21]

k Carrying capacity of plant biomass. 10 kg/m? [21]

c Allee threshold. 0.001 kg/m? Estimated from [11]
5y The revegetation-induced plant biomass growth rate. 0.1 day ™" [10]

e The implementation rate for revegetation initiatives 0.2 day ™! [10]
1o The natural depletion rate of dust pollutants. 0.03 day_1 [7]
1 The natural depletion rate of plant biomass. 0.02 day ™ [7]
2 The depletion rate of revegetation initiatives. 0.02 day ™! [10]

Furthermore, Figure 1 provides a detailed schematic representation of the SPR system.

Wind flow

a(l+w)SP
1+b(1+w)§

B(1+w)SP
1+b(1+w)S

Figure 1. Schematic representation of the SPR system.
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3. Model analysis
Theorem 1
The solution (S (t), P (t), R (t)) of SPR model with the initial condition (So, Py, Ro)€ R, is positive.

Proof
According to the vegetation cover equation of SPR system, we get

_ "(rP(@)(k—Px)  B(l+w)S(x) B
P(t)PoeXp{/o < KP@ 1o 1tb(tw)Se @ ‘“)df‘}”'

From the dust storm equation, we attain

ds — <Awguos>dt:>ds {AS(MOOMLU))SPﬂdt

1+0(1+w) 1+b(1+w
That means ( )
a(l+w
ds > -8 ——————~—Pdt
= (“0 T+b(1+w)S )
Subsequently, the formula of P (t) is substituted into S(t) to integrate the equation above, yielding
t
a (1 + w) ff,(rP(m)(k—Pwn _ BQAtw)S@) | R(z)— )dm
S(t) > S _ _ (P 0 E(P(z)+e) THb(1+w)S(x) TV M1 ) d 0
®) 2 OeXp{/O <“° T+b(1+w) S \°° o

Finally, from the revegetation equation, we attain

¢
R (t) > Ryexp {/ ugdx} > 0.
0

Thus, the solution (S (¢), P (t), R (t)) will remain positive for all ¢ > 0. O

Theorem 2
All solutions (S (¢), P (t), R (t)) of SPR model are uniformly bounded.

Proof
From the dust storm and revegetation equations of the SPR model, we obtain
ds a(l+w)SP . A
— =A—-——F——— — S < A—ppS=1 S(t) < —,
dt 11b(1+tws M= Ko P ()*uo
and .
lim sup R (t) < S
t—o0 M2

From the vegetation cover equation, we get

ap P P B(1+w)SP P P
i _ _ _ < _
dt TP<1 k)(P—i—c) 1+b(1+w)5+7PR ‘”P—’"P(l k> <P+c>

dP P
— < - i <k.
= _T‘P<1 k>:>tli)rgosup[P(t)]_k
Hence, the attracting region for the SPR system is
A
p= {(S, P,R)e Ri :S(t) < —, P(t) <kR(t) < }
O
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4. Equilibria analysis

The possible equilibria of SPR system are

1. The desertification point H; = (51,0, 0), where S; = A

Mo "

2. The plant-free point Hy = (Ss, 0, Ry) where Sy = %, Ry = ;—’;

3. The revegetation-free point H3 = (S5, P3,0), where S3 and P are the solutions of the following equations

a(l+w)SP B
Tirbdtws Mo =0 ®
P P B(1+w)SP B
TP<1_k) <P+c)_1+b(1+w)5‘_”1P—0’ ®)

From (a), we get
P A —S[uo— Ab(1 4+ w) + peb (1 +w) 5] ©
8 a(l+w)S ’

Substituting (c) in (b), we get the following equation:

Y1 (S) = 0155 + 6254 + 6353 + 6452 + C5S + ¢cg ,

where
c1 = —rudb® (1+ w)3
o = pob (1 4+ w)? [(1 +w) [2A7’b2 — rkab + prkab + aBk] — 3rpugb]
cs=(14w) [(1 +w) [6Ar,u0b2 — 2uorkab + 2pop kab + u()aﬂk]

+(1+ w)2 [—TA2b3 — Apikab® — Aafkb — pycka’b — aQﬁck] } + Arkab® — 3rppb?
ey =(1+w) [(1 +w) [2Arakb — 3rA%b? — 2Ap1akb — AaBk — ,ulckaz} + 6Arupb — porak + uo,ulak] —rp?
cs = A(l+w)[rak —3Arb — piak] + 2Arug

cg = —A%r
Clearly, Y; (0) = —A?r < 0, and
V1 (A) = —rpdb® (14 w)® A% + pob (1 4 w)? [(1+w) [24r0* — rkab + pikab + aBk] — 3rueb]
At 4+ (14 w) [(1 +w) [GAruon — 2uorkab + 2pop kab + uoaﬁk]
+ (14 w)? [—rA2b3 — Aprkab® — AaB + Arkab® — 3rpugb? A3kb — pycka®b — azﬁck] }
+ ( (14+w) [(1 +w) [2Arak;b — 3rA%p? — 2Apu kb — AaBk — ulck‘OcQ]
+ 6Arpob — porak + poprok] — r;ﬁ) A2
+ (A1 4 w) [rak — 3Arb — pyak] + 2Arpg) A — A%,

and
Yl/ (S) = 50154 + 46253 + 30352 + 2¢45 + ¢5

Therefore, by the intermediate value theorem [22], Y7 (S) has a positive root, say Ss in the interval (0, A) if
the following conditions are satisfied:

Y1 (A) > 0and Y] (S) > 0. )
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For Ps to be positive, the following must be satisfied:
A> S5 [Mo—Ab(1+w)+M0b(1+W)Sg] 3)

4. The coexistence point Hy = (Sy, Py, R4), where Sy, P, and R are the solutions of the following equations

a(l+w)SP _
T Ttb(tws =0 @
P P B(l4+w)S _
r(l_k><P+c>_1+b(1+w)S+WR_’“_O ©
e(k—P)—paR=0. ()
From (f), we get Ry = % and from (d), we get
e(k—P)—paR=0. €9

+ Substituting (g) and (f) in equation (e), we get the following equation:
Y (S) = d,S® + d2S* + d3S® + dyS? + d5S + ds
where
dy = —pb® (1 + w)? [rpg + vek]
dy = pob (1 4+ w)2 [ — 3ruopzb — 3vekuob + (1 + w) [2Ar,u2b2 + 2A~vekb® — rkusab — vek*ab
+ yekeab + p1 paakb + aﬂkuzﬂ
ds =(1+w) { — 3rudpob — 3vekudb 4 po (1 + w) [6Aru2b2 + 6Avekb?® — 2rkpsab — 2vekab

+ 2vekcab + 2 pokab + aﬂkug} + (14 w)? [Ark,ugabQ — A%rppb® + Ayek’ab?
— A%~yekb® — Ayekcab® — Ap pgakb® — AaBkugb — o Bekpg + o’yek?cb — agulugkcbﬂ

dy = (14 w) |6Aruopab + 6 Avekuob — rkuopsa — yekapug + vekcopo + pop proko 4 (1 + w) [2A7‘/<:,ugozb
+ 2Ayek?ab — 3A%rpusb? — 3A%yekb? — 2Ayekcab — 2Auy pokab — Ao Bk

+ o’yekPc — oz?muzkc}] — g [rpe + yek]

ds =A (1 + w) [~3Arpusb — 3Avekb + rusa + ek a — yekeo — fi1 pakal
+ 2Ap0 [rpg + vek] ds = —A® [rpg + yek]

Clearly,
Y5 (0) = —A? [rps + vek] <0
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Ys (A) = = pgh? (1 + w)® [rps + vek] A°
+ pob (1 + w)? [ — 3rpopeb — 3yekuob + (1 +w) [2Ar,u2b2 + 2Ayekb? — rkpsab — yek*ab
+ vekcab + pypoakdb + 04,8]611,2} ] At
+ (14 w) [ — 3rud pab — 3vekudb + po (1 + w) [6Arp2b2 + 6Ayekb? — 2rkusad

— 2vek?ab + 2yekcab + 2 pokab + aﬁkug] +(1+ w)2 [Ark,ugabQ — A%rpob®
+ Avek?ab? — A%yekb® — Ayekeab? — Apy pookb?

— Aafkusb — o Bekps + a’vyek?cb — agulugkcbﬂ A3

+ ( (1+w) [6Aru0u2b + 6 Avekob — rkpopuza — yek*aug + yekcoyg + proprpoko + (1 + w) [2Arku2ab
+ 2Ayek?ab — 3A%rpugb® — 3A%yekb? — 2Avekcab — 2Auy pokab — Aok + o’yek?c — a2,u1u2k'c]}

— 12 [rug + yek] >A2 + (A (1+w) [—3A7"u2b — 3Ayekb + rusa + yek*a — yekea — ulugka]

+ 2Apg [rus + vek] )A — A2 [rpg + vek].

Yy (S) = 5d1 S* 4 4d2S® + 3d35? + 2d,4S + ds.
Therefore, by the intermediate value theorem, Y> (S) has a positive root, say Sy in the interval (0, A) if the following

conditions are satisfied:

Y5 (A) > 0and Yy (S) > 0. 4)
For P, to be positive, the following must be satisfied:
A>S4[,uofAb(1+w)+uob(1+w)54]. (®)]

In Figure 2, we present the nullclines of our proposed system, where we observe the existence of one top-
predator—free planar equilibrium and one interior equilibrium point.

dSidt =0

dPidi= 0

dR/dt =0
@ Panor Equilbrium
@ interior Equiibrium |

Figure 2. Equilibrium point(s) of the SPR system.
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5. Local stability

The Jacobian matrix at any point is used to investigate the local stability of equilibria. Thus, the Jacobian matrix at
(S,PR) is given by

oy — —atw)P —a(ltw)S 0
S L Y 5
_ 14w r +2¢)—P(2P+3c 14w
T=1 - [1+bS (T+w)]? K(Ptc) ~ Trbitws TR —m AP |- (6)
—€ —H2

* The Jacobian matrix at H; = (51,0, 0) is given as:

aA(l+w)
A7 ic S
J(Hl): 0 —m—lh 0 (7)
0 ¢ 3
Then, the eigenvalues of J (H;) are A\l = —ug < 0,\} = —% — prand\} = —ps < 0. Therefore,
S is asymptotically stable
 The Jacobian matrix at Hyo = (52,0, Ry) is given as:
a A(14w)
—Ho 5 A(*liotbA(Hw)k 0
JH) =1 0 -+ —m O ®
0 —e —H2

—%{Tﬁu) + % — p1 and A3 = —ps < 0. Therefore, Sy is asymptotic stable if

yek BA(1+ w)
pe  po+0A(14w)

)\%:—MO <0,)\§:
+ pa. ©

¢ The Jacobian matrix at Hy = (S3, Ps,0) is defined as:

g aPs(14w) —aS3(14w) 0
HO — T5p85(1+w)]? 4055 (T4w)
2) = BP3(1+w) rckPs—2rcP; —rP.
J (Hs) ~ 56514 o b (10)
—¢ —H2
So, the roots of the following equation are the eigenvalues of .J (H3)
N+ FIA2 4+ oA+ Fy =0, (11)
where
aPs;(1+w rPs (ck — 2cP3y — P?
Fy = po + 3 ( ) 5 — ( 5 3)+,u2,
[1+5S3(1+w)] k(Ps+c¢)

o  aP3(1+4w) rPs (ck — 2cPs — P3)
FQ_( Ho [1+bS3(1—|—w)]2>< k(P3+c)2 >

aPs (1+w) po ) rPs (ck — 2cPs — P§) pis ¢ eP PS5 (1 + w)?
- 3~ )
[1+bS5(1+w) k(Ps + c)? [1+ bS5 (1 +w)?

Py = (,u . ab (1+w) 2) (TPg (ck: — 2¢P3 —2P§) B2 ~eP ) B afPsSs (1+ w)2 /;2,
[1+0bS5(1+4w)] k(Ps+c) [1+0bS3(1+w)]

+ <HOH2 +
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Py (ck — 2cPy — P2
FiF, - By —2 <—M0— aPs; (1+w) ) r 3(0 cPs ! 3),“2
(140653 (1 +w)] k(Ps +c)

B o ab (1+w) 2 . 7Py (ck: — 2¢P3 — Pg) 3

<< Ho [1+b53(1+w)]2> + 7y P3> ( kJ(P3+C)2 ,U2>

. ( aBPsSs (1+ w)z - u%) (uo __ah(itw) rPy (ck — 2cP32— P32)>
[1+ bS5 (1+ w)] [1+bS3(1+w)] k(Ps+c¢)

B rPs (ck —2cPs — P§) 2_ o abP(l4w)
( k(P o) ) (- T arar )

Thus, using the Routh-Hurwitz rule [23], H3 will be asymptotically stable if F; > 0, F3 > 0 and Fy F > Fj.
* The Jacobian matrix at Hy = (S4, Py, R4) is given as:

_ __aPy(l4w) —aSy(1+w) 0
PO~ T8 (1102 TH68s (Tw)
— BPs(1+w) rckPy—2rcP; —rP,
J(Hy) ETCTEmL EPror - (12)
0 - —H2
So, the roots of the following equation are the eigenvalues of J (Hy)
N+ ZIN2 4+ Zod+ Z3 = 0, (13)
where,
aPy(1+w P, ck — 2cPy — P?
Zy = po + pg + 4 ( ) 5 a( 42 %)
(14 0S4 (1 + w)] k(Py+c)
A ( 70[P4 1+w rPy Ck—20P4—P4)
5 =
(14565, (1+w)]? k(Py+ c)?

Py (1 Py (ck — 2¢P, — P2 PS4 (1 2
+<uou2+ b +w)“22> rPa (ck - 2Py 24)M2 tep, - 0TS +w)3,
(14654 (14 w)] k(P +c) (1455, (1+w)]

~ [rPy(ck +2cP; + P}) aPy(1+w) . Py (14 w)
o ( k(P o) ) ([1 +654 (1 +W)]2+MO> ran ([1 + 684 (1+w)) ﬂLO)

_ afPySy 1+ o.)) pa
(1405, (1+w)]?

rP, (ck — 2cPy — P? —aP (1+
Z1Zo — Z3 =22 d 42 ) ( o w)2N0>
k(Py+c) [1+0bS4(1+w)]

) Py (14 w) 2 . rPy (ck —2cPy - P§)
(([1+bs4(1+w)]2+“°> HP“) ( k(Py + c)? m)

afBSsP, (14 w)? i —aPy(1+w) rPy (ck — 2cPy — P})
+<[1+b54(1+w)]3 “2> <<[1+bS4(1+w)]2 MO>+< k(Py+¢) ))

aPy (1 +w) ) rP, (ck — 2¢Py — Pf) 2
[1+b54 (14 w))” k(Py+c)’

Thus, Hy is locally asymptotically stable if Z; > 0, Zs > 0, and Z1 Z5 > Zs.

+<M0+H2+
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6. Basin of attraction

In dynamical systems, a basin of attraction is the set of all initial conditions that eventually evolve toward the same
long-term behavior. The basin of attraction of equilibria is analyzed by the Lyapunov approach, as shown in the
subsequent theorems [24].

Theorem 3
The basin of attraction of the desertification point H; = (S1, 0, 0) is the sub-region of ©; C Ri which satisfies the
following condition:

2
S(1+w) T
( o ws> S

1+b(14w) — (P+c¢) . (14)

Then, the desertification point H; = (51, 0,0) is a GAS (a global asymptotic stability).

Proof
Define B;(t) = % + P + R, where Bj(t) is a positive definite function about H;. Thus,
dB; ds dP dR dB
R T T g
a(l+w)SP
=S-5)|A———F————pS—-A4 S
( 1)[ 1+b(l+w)s ' T ko 1]
k—P r B(l+w)S
p — R— k—P)— uR
* [r< k )<P+c> [ ’4“6( )~ HeFl
ie.,
dB, 2 asS (1 +w) rP?
it S S—S - | P(5-8 —
dt (“0( ) +L+b(1+w)s (S=5+ 35
BSP(1+w) rkP
— k PR — 1P ) —eP — uaR
1101 1a)S  \(Prg HHHrmmb)—el=fn
Then, 451 /a: under condition (14), Therefore, any solution starting from ¢J; approach asymptotically to H. O
Theorem 4
The basin of attraction of the plant-free point Hy = (S2,0, Rs) is the sub-region of ¥ C Ri which satisfies the
following condition:
2¢2 [ 2 aS (14 w) 2 r w1 — YR
i (e S I e o S M /A < < 15
ma"{uz’(uo> [1+b(1+w>s S ()
Proof
2 2
Define By = % + P+ %, where Bs is a positive definite function about H,. Thus,
dBs ds dpP dR
o = 8= 82) o+ (R Re) —
ie.,
dBs a(l+w)SP
— =(5- A— - A S,
@ ¥ Sz)[ oS T T 4wy e
k—P P B(1+w)SP
P - PR— P
+[T ( K ><P+c> 1T b(lrw)s T

+ (R—Rz) [ek—eP—ugR—ek-i-ugRg].
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Therefore,

dB aS (1+w) r 9
dT2 == (”0(5_52)2+ [1+b(1+w)S} (S_SQ)P+2(P+¢:)P>

- (Mg (R—Ry)> +eP (R~ Ry) + Z(mew)

rk

+7 (g toR-m)

BSP (1+ w)
T 1+b(14w)S

After applying condition (15), the subsequent outcome is as follows:

dB> T 2 T 2
i IV - — P - - — P
dt = ( (5 =5) 4[5y ) (WTQ(R B\ 5T >
rk BSP(1+w)
Pl—— - -
* <(P+c)+7R ‘“) 1+b(1+w)S
Then, 482 /a: under condition (15). Therefore, any solution starting from 5 approach asymptotically to Hs. O

Theorem 5
The basin of attraction of the revegetation-free point H3 = (S5, P3, 0) is the sub-region of 5 C Ri which satisfies
the following condition:

03 < o103 }

re(PZ—P?)(P—Py) (16)

TRPr e TV RP ek < palt

Proof
Define B3 = w + (P — P — Pglnp%) + R, where B3 is a positive definite function about Hs. Thus,

dBs _ dS |, (P=P3)dP | dR ;
o = (S =053) G + 5% + & Le,

dB; . B _a(l+w)sSP a(l+w)SsPs
a0 53)[‘4 R S S e B T A
(P - Ps) rkP — rpP? B(1l+w)S rkPs — rP? B(1+w)Ss
P — — — _ _
Tp FPt+o 1+b(+w)s M kK(Ps+o) 1+b(+ws; M
+[e(k — P) — p2R]
Therefore,
dB
d—t?’:—(01(5—53)2+02(S—Sg)(P—P3)+02(P—P3)2)
re(PE=P)(P=Py) | pp ok R\ RP,— oP
+ k(P—l—C)(Pg—i—c) + + ek — U9 —yREP3 — el
where
o — o+ aPs (1+w) oo (14 w)[Sa+bSS3a(1+w)+ f]
LT At w) S+ b1+ w) S5 2 T+ +w) S|L+b(1+w)Ss] )’
and

r(PP; — ck)

73 = k(P+c)(Ps+c)
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After applying condition (16), the subsequent outcome is as follows:

1By (o (S—S)+ a3 (PPt [PV kR ) —ARPy— P
2B« _(Jr _ o _ P _ _ . — eP.
a = 1 3 3 3 k(P+o) (P10 v M2 BELZ

Then, 4Bs /at. Therefore, any solution starting from 3 approach asymptotically to Hs. O
Theorem 6
The basin of attraction of the coexistence point Hy = (Sy, P4, Ry4) is the sub-region of ¥, C Ri which satisfies the

following condition:

=1 (775)2}
egzmax{;, i a7
PP < P} + P?+ P?Py

Proof
Define By = % + (P — Py — P4lnp%) + M, where By is a positive definite about Hy. Thus, % =

(S —8y) s + EPIdE 4 (R Ry) 4B e,

dBy a(l4+w)SP a(l+w)SsPy
424 _ (g A ps — 2TWIOT Y QLT Data
a — 54)[ HoS 1+b(1+w)S +“°S4+1+b(1+w)54
(P—Fy) rkP —rP? Bl+w)S
TP k(P +c) 1+b(1+w)8+7R 1
rkPy — rP? B +w)S,y
_ _ Ru —
(k(P4+c) T1b(ltw)s, WM
+ (R — Ry4)[ek — eP — uaR — ek + ePy + poRy]
Therefore,
dB
d—t‘*z—(el<s—54)2—ez(P—P4)(s—s4)_eB(P_P4)2)
- (63 (P—P)° = (y—e)(P—Py)(R—Ry)+ p2 (R— R4)2)
rc (PP — P*Py — P} — P3)
E(P+c¢)(Py+c)
where
o — ot aPy (1+w) o (14+w)[aS+bSSia(l+w)+p
LT T b (1t w) SIT+b(1+w)Sa] T T+b0(1+w) S| [L+b(1+w) Sy’
and
T(PP4—C]€)

BT %P o) (Pito)

After applying condition (17), the subsequent outcome is as follows:

s (VE(S - S0+ V(P PO — (VE (P~ P + (R Ry O B P P
dr = \/E 4 \/% 4 \/% 4 H2 4 k:(P—l—c)(P4—|—c)
Then, 4B4/a: under condition (17). Therefore, any solution starting from ¢, approach asymptotically to Hy. O
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7. Local bifurcation

This section investigates some types of bifurcation, such as saddle-node, transcritical, and Hopf bifurcation,
occurring in the vicinity of non-hyperbolic equilibrium points [25, 26]. The SPR system can be expressed in the
following forms to assist in this determination:

dH S f1(8, P)
o7 =F(H),where H= | P|,and F = | f2(S,P,R)
R f3(P,R)
Theorem 7
For g* = (7R27“g)1[(111b5)1(1+w)] , the SPR model, at H5 has a TB if
ol (1 4w
prCy ( )2#705[32]. (18)
(14085 (1 +w)]
Proof
Atp* = (VRT“g)l[(lle)l(H”)] , J(Ho) has a zero eigenvalue A\J = 0. So, J(S2) at 3* becomes
—aSy (14w
. ~Ho 1+b522((1+w)) 0
JU(H2) =] 0 0 0
0 —€ —H2

Now, suppose that
T
2] 2] A2
o = (e, ot )
and .
2 2 2
wel = (W w wl)
be eigenvectors to \J = Oof.J*(Hy) and J** (Hy), respectively. The computation gives
cor_ [ —eS(ltw) | —e)'
1+ bS5 (1+OJ)’ ’ Mo
and W2 = (0,1,0)" by solving (J*(Hy) — A1) C2, and (J* (Hy) — N9D)W2 forC? and W2,

Now,
dF dfy dfy dfs —(14+w)SP .
—=FRHH/H=-——,—]=(0,——————,0 Fy (H,, = (0,0,0).
g = fe.B) (dﬂ B’ dpB T +o)s ) = B (H 57 = (0,0,0)
Hence,
- 0
W Fg (Hy, %) = (0,1,0) [0 ] =0.
0
Subsequently,
0 0 e I
_ po+bS2(14+w)po —(14+w SQ
WE[DF, (H:,5) CP) = (0,1,0) |0 4525 R L )
ﬂ( 276) ( y 4y ) T+b(1+w)S2 _1p 1+b(1+w)52 #
0 0 s
72aC£21(1+w)
[1+bS2 (1+w)]? 25*0[2] (1 +w)
w” [D2F Hy, %) (C12, c12] } = (0,1,0) | —267C (11w) o | =20l — 1
5 (Hz,B%) ( ) ( ) m+2703 T3 [+ bS5 (1+ o)
0
Therefore, there is a TB around Hs with the parameter 5* if condition (18) is satisfied. ]
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Theorem 8
The SPR system faces a Hopf bifurcation at H, arond o* if

Z;>0,i=1,2, (19)
O (a") i () +T (") ¢ (a”) # 0, (20)

where Z;, i = 1,2 are stated in (13) with o = o*.
Proof
The Hopf bifurcation o* could be found if we set Z; (a*) Za(a*) — Z3(a*) = 0. Then, at & = a*, Eq. (13) can be

written as
A+ 21) (N +25) =

Then, the following roots are obtained
)\1 = —Z1 and /\273 =+ Z2

Clearly A\; < 0, and A3 3 are two purely imaginary roots if condition (19) is met. While in the neighbourhood
of a*, A2 3 have the forms: Ay = —Z1, A2 3 = 61 (o) £4d2 (). The following conditions are now considered to
signify the occurrence of HB at o = a*.

1. Re( /\273) ‘a:a* = 51 (a*) =0.
2. We substituted; () +id2 () into (13), to compute the transversality condition, © (a*) (a*) +
I' (a*) ¢ (a*) # 0, where © (o) , ¢ (a) , T' (), and ¢ () are
Y (@) = 367 (o) + 271 (@) 61 (@) + Za (o) — 305 () ,
¢ (@) = 661 () 02 (@) + 221 () 62 (av)
O (o) = 67 () Z1/ () + Za/ () 01 (@) + Zst () — Z1/ () 65 () ,
T (a) = 261 () 82 (@) Z11 (@) + Zaof (@) b2 () .
Now at a = o*, substitution §; = 0 and 63 = 1/Z>, the following is obtained:
¥ (a¥) = =223 (a"),
¢ (%) =22, (a") / Z2 (),
O (a") = Z; (") = Z1 (o) Z2 ("),
T (a") = Z; (") v/ Z2 (a7),

where
Z/(Oé*): P4(1+W)
! [1+ 5S4 (1+w))?
Z(a") = — ( Py(1+w) ) Py (ck —2¢Py — P}) N Py(l+w)ps  BPSs(1 +w)’
? [14bSy (1 +w)]” k(Py+c)? [14+bSs(1+w)®  [14bSs(1+w)]®

Z/(a*):< p2Py (14 w) > 1P, (ck —2cP; — PY) n eyPf (1 +w) _ﬂP454(1+w)2M2
3 [1+ 0S4 (1+w)? k(P + c)* 1+bS, (14+w)® [14+bSi(1+w)®

Hence, condition (20) gives
O (") (a”) + T (a") ¢ (a") = =225 (a") (Z5 (") — Z1 (") Z2 (7)) + 221 (o) Z5 (a) Z2 (@) # 0

under condition (20). So, the HB has occurred at o*.
The coefficient of curvature of the limit cycle is employed to present the stability condition of the stable limit
cycle in R?S P.R) from Theorem 9. We refer to [27] for a more detailed discussion.
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Theorem 9
If

(1+w)U; ( U4> bU; (1 + w)? <(1+w)U1U4> < al (1—|—w)>
LT (g 2y + 22T gy, — ) < (DX TP (g SN TR (g
16052 b U2 ) 8UL3 (BUUs = B) 16052 N U,> @

Then, SPR model has a stable limit cycle in R?& P.R)

Proof

The following transformations S = S* 4+ Sy, P = P* + Py, R = R* + R4 is used to shift S4(S4, Py, R4) to
(0,0,0). Then, the SPR system becomes:

is* a(l+w)(5*P*) .
i AT TE (e (S Ty T
dP* rkP*? — rP*® — 3r P, P*? B (14 w) (S*P*)

—r(P*+P - P*R*) — pip (P* + P,
T A =y s g THb(110) (5 10y TE) —pa (P74 Py
dR*

g — ek = (P + P1)) — s (R" + Ra).
The nonlinear component of the system above can be expressed as

a(14w)(S* P*)
w1

( S e8P

— — 3rPy—rk)P**+rP* B(14+w)(S* P* * ¥

w Zz P+ Prte o) o 1en — Y (P RY)
3 0

Then, the following quantities are derived.

0 _1 (92001 _ 82w1 +2 620.12 +i 62&12 _ 82w2 _9 82w1
92074\ o952~ ap=? " ‘85 op 9S2  op<®  “9S*0P

_ 1{ —2abP* (1 +w)? [1 + Sy (1 +w)] L 28(L4w) (14584 (1 +w))

4 [1+b(1+w)(S*+ Sy [14b(1+w)(S* + 54
L[ 20erT w)> (1465, (1+w)  4rk2P*3 4 0, P*? 4 0, P* + g
[1+b(1+w) (S*+ S [k (P* + Py) +

201+ w)[1 405, (1 +w)
L+b(1+w) (S + 50

0 1 82(,01 82w1 . 82WQ 820.)2

Ty {65*2 o ! (85*2 i 8P*2>}
1 —20bP* (1 4+ w)?[1+ 08 (1+w)] [ —280P* (1 +w)” (1 + Sy (1 +w))
_4{ [1+b(1+w)(S*+ Sy Z( [1+b(1+w)(S*+ Sy

n ark2p*3 4 le*2 + v P* + vg> }

[k (P* + Py) +d°
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o 1 { 02w, N 0%ws 4 ( 0%wsy B 92w, )} v
109 ) 9S*0R* ' OP*OR* dS*OR* OP*0R* )| 2

o 1 { 02w, B 0%ws L ( 02wsy N 92wy >} v
101791 0S*0R* OP*OR* dS*OR* ' OP*OR* ) [ 2~

1 82603 62603
N axg(an (k) <35*2 " aP*2>

1 OPws  OPws . O%ws
+ 5 — 21 =0.
4/\3(&1( ) 0S8+ oOP* I0S*OR*

0S*3 " 0s*apP*>  opP**  9S*°0P
1 { 6ab?P* (1 + w)> [1 + bSy (1 +w)] PP e 206 (14 w)? (1 +bSs (1 +w))
=< _

Qo Bwy OBuw; n OBwsy n D3 ws ; OBwsy D3ws ABw; B 3wy
278 1as® T asrop<? T op*® T 95*29P

[14b(1+w)(S*+ Sy)]* [k (P* + Py) + ] [14b(1+w)(S*+ Sy)°
L (680 Pr (1 + W’ (1+bSs(1+w)  —2ab(l+w)’[1+bS,(1+w)]
[1+b(1+w)(S*+ Sy [1+b(1+w)(S*+ Sy

The coefficient of the curvature of the limit cycle of the SPR system is

X0 = Re {9204911 GO WO+ Gy + 3?01W2()0}

X1 —Re{(1+w) el (ﬂ abP*(1+w)) (BbP* (1+w)’ U 4rk2P*3+v1P*2+va*+v3>
1 — = _
Us

16,2 Us® 2[k (P* + Py) + ¢
3 abP* (1+ w)2 U, BoP* (1 + w)2 U Ark2P*3 4 v, P*2 4+ vy P* + vg N alU; (1+w)
16U,° Uy® 2[k (P* 4+ Py) +d° Us?

L W (14 w)? <3abP* (14+w)U _ﬁ) 68b2P* (14 w)® Uy . 20 (1 + w)* Uy .
8U23 U2 U24 U23

—2abP* (14+w)’ Uy 28(1+w)U; \ [ —2abP* (14+w)?Uy \ .
+ 3 + 2 3 t
U2 U2 U2

L [28epr w)? Uy 4rk2P*3 4 v, P*? 4 0, P* 4 3
U23 [k(P*+P4)+C]3

(266P* (L+w)*Ur | 4rk2P™ £ 0P 40P oy 2a(1+w) U1> }
1 0.

Uy® [k (P* + Py) +d° Us?

SIE LY PR PANRTERE s

— =
T 60,2

(BTLUs— ) — ((1+w) U1U4> (U3+ alh (1+w)>7

53 16U, Usy?

where,
BbP* (1+w)* Uy 4rk2P*3 4 v, P*2 4+ 0y P* + vg

U1:1+bS4(1+w),U2:1+b(1+w)(5*+54),U3:

Uz° 2k P+
and bP* (1 )
abP* (14w
Uy= ———.
4 U
Thus, x¥ < 0 under condition (21); hence, the SPR model has a stable limit cycle, indicating a supercritical Hopf
bifurcation. O
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8. Numerical simulation and discussion

The numerical simulation of the Dust-Plant-Revegetation (SPR) model was conducted using the parameter
values provided in Table 1. To solve the system numerically, the classical fourth-order Runge—Kutta method
was employed, with a fixed step size h = 0.001 and with the initial condition (Sy, Py, Rp) = (5.2,8.3,15.2). We
first present the phase portrait and time series of our proposed system in Figures 3 and 4, respectively. Figure 3
demonstrates that the system is stable around the interior equilibrium point, with all solution trajectories converging
towards the basin of this stable equilibrium. Figure 4 illustrates a periodic oscillatory behavior in the state variables
S(t), P(t), and R(t). This pattern indicates the existence of a limit cycle, where the system avoids reaching a
steady state and instead experiences continuous oscillations over time. These two figures confirm that the system
undergoes a Hopf bifurcation. In both cases, all elements persist in the system.

Phase space trajectory 20 =
—_—
18, o Rl
15 |
o 17 H
10 ffjilv
16 |
10 ‘
0 500 1000
P t

Figure 3. Phase portrait and time series of the SPR model with the parameters given in Table 1.

Phase space trajectory 20,

AN

151

10 |

0 500 1000
t

Figure 4. Phase portrait and time series of the SPR model with w = 4.1, and the remaining parameters are the same as those
given in Table 1.

Now we analyze the dynamical behavior of the proposed model by varying the model parameter w, which
represents the effect of wind on dust dynamics. The phase space trajectories and time series plots illustrate a
transition from stable equilibrium to chaotic dynamics through a sequence of bifurcations. At w = 2.0, the system
converges to a stable equilibrium (See Figure 5a), where the phase space trajectory exhibits a spiral motion settling
into a fixed point, and the time series plots show damped oscillations. As w increases to 3.0, the system undergoes
a Hopf bifurcation, leading to a stable periodic orbit, indicating sustained oscillations in dust, plant biomass, and
revegetation levels (See Figure 5b). Further increasing w to 4.2 results in a period-doubling bifurcation (See Figure
5¢), where the system exhibits a two-period oscillation, suggesting fluctuations in plant biomass and revegetation
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dynamics due to increased dust levels. Atw = 4.255, another bifurcation occurs, producing a four-period oscillation
(See Figure 6a), followed by an eight-period oscillation at w = 4.31 (See Figure 5b). As w reaches 5.0, the system
enters a chaotic regime (See Figure 5c), characterized by a strange attractor in phase space and irregular, non-
repeating oscillations in the time series. This sequence of bifurcations demonstrates a classical route to chaos via
period-doubling, highlighting the significant role of wind effects in shaping the interactions between dust storms,

plant biomass, and revegetation.

Phase space trajectory

20 ——
—5
18 A —p-
v Al
15 —
w17 H
6. 10
10
9 55 - 5
0 500 1000
P t
(a)
[ "
Phase space trajectory 20 | [—5
—FP
—
15
H
10 [ AR ERREREERAEE R RN i
e
DARLEERELEREEEERRE LRI LR
5

0 500 1000

20 -

10

10 0 500 1000

(©)

Figure 5. Phase portrait and time series of the SPR model with respect to w: a) Coexistence within the system is possible
when w = 2, b) A stable periodic orbit in the system is observed when w = 3, ¢) A two-period oscillation within the system

is sustained when w = 4.2.
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Phase space trajectory

20

15

10 0 500 1000

b T 0 500 1000

(b)

25
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15

10l

Figure 6. Phase portrait and time series of the SPR model with respect to w: a) A four-period oscillation within the system
is possible when w = 4.255, b) An eight-period oscillation in the system is observed when w = 4.31, ¢) An irregular (non-
repeating) oscillation within the system is sustained when w = 5.

To explore potential mechanisms for controlling chaotic behavior, we investigate the influence of the parameter
b, which represents the half-saturation level affecting dust-plant interactions. At b=0.2, the system exhibits chaotic
dynamics (See Figure 7a), as evidenced by the presence of a strange attractor in the phase space trajectory and
irregular, non-periodic oscillations in the time series. A slight increase to b = 0.202 leads to the emergence of
a two-period oscillation (See Figure 7b), marking the onset of a period-doubling bifurcation. At b = 0.204, the
system stabilizes into a limit cycle characterized by sustained periodic oscillations in dust accumulation, plant
biomass growth, and revegetation activities (See Figure 7c). As b increases further to 0.22, the system undergoes
a transition to a stable equilibrium(See Figure 8, where the phase space trajectory spirals toward a fixed point,
and the time series plots show damped oscillations. This transition from chaos to stability through period-doubling
bifurcations highlights the sensitivity of the SPR system to variations in b. The results suggest that adjusting the
half-saturation level of dust depletion can effectively regulate chaotic dynamics in environmental management
models. These insights are valuable for optimizing revegetation initiatives and mitigating dust storms’s adverse
effects on plant biomass sustainability.
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Phase space trajectory

Phase space trajectory
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Figure 7. Phase portrait and time series of the SPR model with an increased value of b: a) Occurrence of a strange attractor
in the system when the parameter b = 0.2, b) Occurrence of a two-period oscillation with b = 0.202, ¢) Occurrence of a limit
cycle with b = 0.204.
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Figure 8. Coexistence within the SPR system is possible when the parameter b = 0.22.
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The bifurcation diagrams illustrate how the system transitions from a stable equilibrium to periodic oscillations
and, eventually, chaotic behavior as w increases. The three figures correspond to the steady-state and long-term
behavior of dust storms (S), plant biomass (P), and revegetation activities (R) as functions of w.

The first bifurcation diagram (Figure 9) shows the variation of dust storms levels with increasing wind intensity.
For small values of w, S stabilizes, indicating a steady state where the dust accumulation and depletion balance
each other. As w increases beyond a critical threshold, a bifurcation occurs, leading to periodic oscillations in dust
levels. Further increases in w result in a sequence of period-doubling bifurcations, eventually driving the system
into a chaotic regime. This chaotic behavior suggests unpredictable and highly sensitive dust storm dynamics under
strong wind conditions. The coexistence of multiple branches (red and blue points) indicates bistability, where the
system may settle into different long-term states depending on initial conditions.

The second Figure (Figure 9) presents the bifurcation structure of plant biomass. For low values of w, plant
biomass remains relatively stable, suggesting that wind effects do not significantly disrupt vegetation growth at
lower intensities. However, as w increases, the system undergoes a bifurcation, leading to periodic fluctuations in
plant biomass. These fluctuations reflect the alternating phases of dust accumulation and removal, which influence
plant growth; a series of period-doubling bifurcations occur, culminating in chaotic oscillations for larger values
of w. The coexistence of multiple branches at high w values suggests that plant biomass levels may experience
significant variations depending on external disturbances and initial conditions.

The third bifurcation diagram (Figure 9) illustrates that at a low value of w, it remains stable, indicating that
revegetation activities are sufficient to balance plant depletion due to dust storms. However, as w increases, a
bifurcation occurs, leading to oscillatory behavior in revegetation dynamics. For moderate values of w, these
oscillations remain periodic, reflecting a balance between revegetation activities and plant biomass fluctuations.
As w surpasses a critical value, period-doubling bifurcations emerge, followed by chaotic dynamics at higher
w values. The presence of multiple stable states (red and blue points) highlights the system’s sensitivity to wind
effects, where slight changes in initial conditions or environmental factors can lead to drastically different long-term
outcomes. The bifurcation analysis of the SPR model reveals that wind intensity (w) plays a crucial role in shaping
the stability and dynamics of dust storms, plant biomass, and revegetation activities. At low wind intensities, the
system maintains stability with minimal fluctuations. However, as w increases, periodic oscillations and chaotic
dynamics emerge, indicating that strong wind effects can introduce unpredictability into the system. The observed
bistability further suggests that similar environmental conditions can lead to vastly different outcomes based on
initial states and external perturbations.
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Figure 9. Bifurcation diagram w.r.t w = 2.6.

8.1. Two parametric bifurcation w.r.t o« — 3 and r — c.

The figures presented illustrate the two-parameter bifurcation diagrams for the Dust-Plant-Revegetation (SPR)
model, depicting the impact of key parameters on system stability and transitions between different dynamical
regimes. The diagrams identify GH bifurcation points, which indicate the presence of Generalized Hopf (GH)
bifurcations, marking the transition from supercritical to subcritical Hopf bifurcations. These critical points
highlight parameter regions where qualitative changes in system behavior occur.
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This diagram (see Figure 10a) explores the effect of the depletion of dust pollutants owing to plant biomass ()
and the depletion rate of vegetation cover due to a dust storm (3) on system stability. The diagram is divided
into two distinct regions: The blue curve represents the Hopf bifurcation boundary separating the stable and
oscillatory regimes. As « and 3 increase, the system undergoes a Hopf bifurcation, transitioning from a steady
state to oscillatory dynamics. The red stars labeled "GH” indicate Gavrilov-Guckenheimer bifurcations, where the
nature of the Hopf bifurcation changes, leading to the emergence of more complex oscillatory behaviors.

Figure 10a examines the relationship between the (r) and («)). The GH bifurcation points marked by red stars
represent critical parameter values where the Hopf bifurcation changes its nature, potentially leading to the onset of
complex oscillations. The presence of these bifurcations suggests that small changes in r or « can lead to significant
alterations in system behavior, influencing the long-term stability of vegetation and dust dynamics.
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Figure 10. Two-parametric Bifurcation diagram.

The dynamical response of the SPR model, governed by Egs. (1)—(??), may shift toward generating sustained
oscillations around its interior equilibrium. These oscillations, reflecting recurrent variations in dust concentration,
vegetation cover, and restoration activity, are determined by the Jacobian matrix of the system. First, at a critical
value of the revegetation implementation rate (e), the system undergoes a Hopf bifurcation, leading to a qualitative
change in stability and the emergence of limit cycles (Figure 11a). Second, an analogous bifurcation occurs at a
threshold value of the restoration-induced biomass growth rate (), where the same mathematical conditions are
satisfied, again giving rise to sustained oscillations (Figure 11b). Thus, either parameter, when tuned to its critical
level, can serve as the bifurcation driver that destabilizes the equilibrium and initiates cyclic dynamics.
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Figure 11. One-parameter Bifurcation w.r.to e and .
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We display the phase portrait and time series of the system for different values of A in Figure 12. The results
show that the system is initially stable, then becomes periodic as A increases the value, and finally returns to a

stable state at higher values of A. Figure 13 shows that as the value of 1 increases, the system changes from a
stable state to a periodic one.
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Figure 12. Phase portrait and time series of the SPR model with an increased value of A: a) Emergence of a Hopf bifurcation

is reached when A = 1.24; b) Occurrence of two-period oscillation when the parameter A = 9; c¢) The coexistence point of
the SPR is attained when A = 9.6.
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Figure 13. Phase portrait and time series of the SPR model with an increased value of pg: a) The coexistence point of the
SPR is attained when pyp = 0.0003; b) Emergence of a Hopf bifurcation is reached when po = 0.075; ¢) Occurrence of a
two-period oscillation when the parameter ;1o = 0.24.

Figure 14 demonstrates that an important dynamic: in the absence of revegetation initiatives (e), P and R go
to extinction, and the system is stable at the desertification point H; (Figure 14a). At lower values of e, when
e € (0,0.02), only P goes to extinction from the system (Figure 14b). For higher values of e, when e € [0.02¢, 0.45),
the system stabilized at the interior equilibrium Hy (Figure 14c). This result shows a transcritical bifurcation
occurring at e?Z = 0.02. Eventually, the system becomes periodic for e > 0.45 (Figure 14c). That means the Hopf
bifurcation occurs at e/ = 0.45. Figure 15 shows that 7 can stabilize the system.
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Figure 14. Phase portrait and time series of the SPR model with an increased value of e: a) The desertification point within
the SPR system is possible for e = 0; b) The plant-free point is achievable at e = 0.02; c) The coexistence point of the SPR

is attained when e = 0.2; d) Oscillations within the SPR system occur at e = 0.45.
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Figure 15. The impact of the parameter » within the SPR system: a) Oscillations within the SPR system occur at = 0.21;
b) Coexistence within the SPR system is achievable at » = 0.22.

A global sensitivity analysis using Partial Rank Correlation Coefficients (PRCCs) was conducted to identify the
parameters most strongly influencing the long-term dynamics of airborne dust pollutants and plant biomass. Figure
16 indicates that increasing the parameters A, u1, b, and w lead to a significant rise in airborne dust concentration,
whereas the parameters poo, 7, k and « lead to a significant reduction in airborne dust concentration. Figure 17
demonstrates that increases in the parameters r, o, g, k, e and y positively contribute to plant biomass growth and
promote persistence/oscillation/chaos. Furthermore, the parameters A, i1, o and 8 eexhibit the strongest negative
effects on plant biomass growth rate.
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Figure 16. PRCC analysis of the dust pollutant dynamics in the SPR system.
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Figure 17. PRCC analysis of the plant biomass dynamics in the SPR system.

9. Conclusion

Here, we examine the Dust-Plant-Revegetation (SPR) model while incorporating the Allee effect in plants and the
influence of the wind effect. First, the positivity and boundedness of the proposed system have been established.
Then, the feasible equilibrium points have been determined and analyzed for their local and global stability.
Furthermore, the occurrence of saddle, transcritical, and Hopf bifurcations has been theoretically proven. From
the numerical simulations, critical transitions in system stability, particularly the emergence of periodic and
chaotic dynamics influenced by variations in wind intensity, dust depletion efficiency, and plant growth rates,
have been observed. The identification of generalized Hopf (GH) bifurcation points highlights the significance of
nonlinear feedback mechanisms in shaping system behavior. These findings suggest that even small perturbations in
environmental parameters can lead to drastic shifts in ecosystem stability. Furthermore, we observe that as the value
of bb increases, the system transitions from chaotic dynamics to stability, indicating that chaos can be controlled.
These results underscore the importance of revegetation initiatives in mitigating dust storms and stabilizing plant
biomass levels. The transition from stability to chaos indicates that uncontrolled environmental disturbances, such
as extreme wind conditions or reduced revegetation activities, may lead to persistent instability and ecosystem
degradation. This study contributes to the understanding of ecosystem resilience and provides a mathematical
framework for designing effective environmental policies aimed at maintaining long-term ecological balance. It
could be concluded that raising the implementation rate for revegetation initiatives within appropriate ranges can
stabilize the system at a positive stable point or a stable periodic case. These additions provide more quantitative
guidance for sustainable environmental management strategies designed to improve vegetation management and
reduce the concentration of dispersed pollution.

Future research could explore optimal control strategies and the impact of stochastic environmental variations
on system stability.
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