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Abstract This paper investigates the estimation of the reliability and hazard functions of the Pham distribution under
a balanced joint progressive type-II censoring scheme. Two estimation approaches are considered: maximum likelihood
estimation (MLE) and maximum product of spacings estimation (MPSE). In addition to point estimation, interval estimation
is carried out by constructing approximate confidence intervals using MLE and MPSE methods. Moreover, bootstrap-based
confidence intervals are obtained using three techniques: the percentile bootstrap, the Student’s-t bootstrap and the normal
distribution bootstrap. The problem of selecting an optimal censoring scheme is also addressed. A comprehensive Monte
Carlo simulation study is conducted to evaluate the finite-sample performance of the proposed estimators in terms of both
point and interval estimation. Finally, the practical applicability of the proposed methods is illustrated through the analysis
of a real-life data set.
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1. Introduction

In practical experiments, complete lifetime data are often difficult to obtain because of time and cost constraints.
Consequently, censoring is commonly employed to terminate experiments before all test units have failed. Among
the most widely used censoring schemes are Type-I, Type-1I, and progressive Type-II censoring, which have
traditionally been developed for experiments involving a single population. Accordingly, considerable research
has been devoted to statistical inference for model parameters and reliability measures under various censoring
schemes and lifetime distributions. Some contributions in this direction include the studies of [1], [2], [3], [4],
[5], [6], and [7]. However, many real-world studies require the comparison or joint analysis of lifetime data from
multiple populations, such as products manufactured under different production processes or patients subjected to
different treatment regimens. In such settings, censoring schemes based on a single population are often inadequate.
Although progressive Type-II censoring permits the removal of units during the course of an experiment, it may still
be inefficient or costly when a sufficiently large number of observed failures is required. Furthermore, experiments
conducted on a single population cannot capture dependence or interaction effects between multiple populations.

To overcome these limitations, [8] proposed the joint progressive Type-II censoring (JPTIIC) scheme, which
allows simultaneous life-testing of samples drawn from multiple populations, with the flexibility to remove
surviving units from any population at each observed failure time. For further developments and detailed
discussions of the JPTIIC scheme, see [9], [10], [11], and the references therein. Motivated by the need for a fair and
symmetric allocation of removals across populations, a balanced version of the JPTIIC scheme was subsequently
introduced by [12].
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B. AL-SERHAN, R. AL-MOSAWI 1

The B-JPCTII scheme can be briefly described as follows. Consider a life-testing experiment involving two
populations, namely Population—1 (Pop-1) and Population-2 (Pop-2). Let n; and ny denote the sample sizes from
Pop-1 and Pop-2, respectively, and let k be the predetermined total number of failures to be observed, where
k < min{n,no}. Let the preassigned removal scheme be (R, ..., Ry), which must satisfy

N

—1
(R; + 1) < min{ny,ns}, R; >0, i=1,2,... k.

=1

Suppose that the first failure occurs at time 77 from Pop—1. Then R; units are randomly removed from the
remaining units of Pop—1, while R; + 1 units are randomly removed from Pop-2. At the second failure time 75, if
the failed unit belongs to Pop-2, then Rs + 1 units are randomly removed from Pop-1 and Ry units from Pop-2.
In general, at the i-th failure time 75, fori = 1,...,k — 1, R; units are removed from the population in which the
failure occurs and R; + 1 units are removed from the other population. When the k-th failure occurs at time 7%, all
remaining units from both populations are removed and the experiment is terminated.

Under the B-JPCTII scheme, an additional sequence of indicator variables (M, ..., M) is observed together
with (T1,...,Tx), where M; = 1 if the i-th failure is from Pop—1 and M; = 0 otherwise. The total numbers of
observed failures from Pop-1 and Pop-2 are given by

k k
K1:ZMZ», KQ:Z(I—Mi):k—Kl,

i=1 =1

respectively. Thus, the observed data under the B-JPCTII scheme consist of ((17, M7), ..., (Tk, My)); see [13]
for further details. Figure 1 illustrates the implementation of the B-JPCTII scheme.
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Figure 1. Graphical illustration of the B-JPCTII censoring scheme.

The B-JPCTII scheme has attracted considerable attention in comparative lifetime testing and reliability studies.
Based on this scheme, [12] introduced the B-JPCTII scheme as a more analytically tractable alternative to the
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2 ESTIMATION OF PHAM UNDER B-JPCTII

joint progressive Type-II censoring scheme. Assuming exponential lifetimes with different scale parameters, they
developed maximum likelihood estimation, derived the exact distributions of the estimators, and constructed exact
and bootstrap confidence intervals. [14] developed classical and Bayesian inference for two Lindley populations
under the B-JPCTII censoring scheme. The study derived maximum likelihood estimators, asymptotic confidence
intervals, Bayesian estimators under informative priors, and discussed optimal censoring criteria. [13] considered
two Gompertz populations under the B-JPCTII censoring scheme with a common shape parameter and different
scale parameters. They established the existence of the maximum likelihood estimators and proposed EM and
stochastic EM algorithms, bootstrap and asymptotic confidence intervals, Bayesian estimation under squared-
error and LINEX loss functions, and order-restricted inference. [15] investigated statistical inference for two
Lomax populations under the B-JPCTII scheme. The study developed maximum likelihood estimation, constructed
asymptotic confidence intervals using the observed Fisher information matrix, and obtained Bayesian estimators
under informative priors. The performance of the proposed estimators was assessed through simulation studies,
and a real data example was presented to illustrate the methodology. Recently, [16] studied inference for the
Chen distribution under a balanced joint progressive Type-II censoring scheme. Maximum likelihood and Bayesian
estimation methods, together with asymptotic, bootstrap, and HPD interval estimation procedures, were developed
and evaluated through simulation and real data analysis. More recently [17] investigated competing risks under
balanced joint progressive censoring using the Burr-XII distribution. Maximum likelihood and Bayesian estimation
methods, along with several confidence interval procedures, were proposed and assessed using simulation studies
and real data.

The Pham distribution was first introduced by [18], who applied this model to evaluate the reliability of several
helicopter components. Subsequently, the same distribution was employed to model mortality rates using United
States data from the year 2005; see [19]. The distribution is also referred to as the log-log distribution in the
literature.

The cumulative distribution function (CDF) and the corresponding probability density function (PDF) of the
two-parameter Pham distribution are given, respectively, by

F(x;@,ﬁ):l—exp(l—ﬂze), £>0,0>0, 8> 1, 1)
and , ,
J(@:0,8) = 01og(8) 2" 6= exp(1-67") . 2>0,0>0,8>1. @)
Accordingly, the SRF and the HRF are expressed as
S(@) = S(@;0.8) =exp(1-8"), @0, 3)
and ,
H(z) = H(x;0,5) = 0log(8) 2"~ %, x>0, @)

respectively. Moreover, the p-th quantile function of the Pham distribution is given by

log(l —log(1 — p))
log()

1/0
Q(p) = Q(p;0,8) = [ ] , 0<p<l (5)

Furthermore, [18] showed that the hazard rate function is decreasing for = < xy and increasing for x > x(, where

1_g 10
X0 = |77——= .
o)
The Pham distribution has several attractive properties that make it suitable for reliability analysis. Its probability

density function can be either decreasing or unimodal, while its hazard rate belongs to the class of Vtub-shaped
hazard functions. This class encompasses decreasing, increasing, and bathtub-type failure-rate behaviors, thereby
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providing greater flexibility than models restricted to monotone hazards. Such flexibility enables the distribution
to describe systems that experience an initial reduction in failure risk followed by a gradual increase due to
aging or wear. Furthermore, the practical usefulness of the Pham distribution has been demonstrated through
the reliability analysis of helicopter components based on data from the Maintenance Malfunction Information
Reporting (MMIR) system. Motivated by these theoretical and practical advantages, together with the absence
of inference procedures under the B-JPCTII censoring scheme, this paper develops both classical and Bayesian
estimation methods for the Pham distribution. The PDF, CDF, and HRF for selected parameter values are illustrated
in Figure 2.

Several statistical properties of the Pham distribution have been investigated in the literature, including the
shapes of the hazard rate function, the mean residual lifetime, and parameter estimation. In particular, [20] derived
Bayesian estimators of the model parameters using Markov chain Monte Carlo (MCMC) techniques. Additional
theoretical developments and inferential results for the Pham distribution can be found in [19] and, more recently,
in [21].
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Figure 2. The PDF, CDF and HRF of Pham distribution for various parameters

As an alternative to maximum likelihood estimation method, [22] introduced the maximum product of spacings
estimation method. This method was further discussed by [23]. In recent times, maximum product of spacings
has been employed in different context in statistical inferences including classical and Bayesian. One may refer to
the works of [24], [25], [26], [27], [28] and the cited therein. [29] pointed out that maximum product of spacings
follows invariance property and is more effective than maximum likelihood estimation for skewed distributions
as well as small sample cases for heavy tailed distributions. The maximum product of spacings methodology
constitutes a statistical estimation paradigm employed to derive parameter estimates for probability distributions,
particularly within frameworks involving censored or incomplete data sets. In contrast to the maximization of the
likelihood function (as observed in Maximum Likelihood Estimation), which is contingent upon the probability
density function, the maximum product of spacings framework seeks to maximize the product of the spacings
delineated by consecutive values of the cumulative distribution function F'(¢) at the observed failure times. These
spacings are articulated as F'(t;) — F'(t;—1), where to = 0 and ¢, signifies a sufficiently elevated threshold. In
the context of B-JPCTII, the product of spacings (PS) function is modified to accommodate both the spacings
between the observed failures and the survival probabilities pertaining to the units excised at each stage of failure.
The resultant estimates are procured through the numerical maximization of the log-spacing function, given that
closed-form solutions are predominantly absent. The maximum product of spacings methodology is recognized for
its robustness, particularly when the likelihood function exhibits irregular characteristics or when sample sizes are
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4 ESTIMATION OF PHAM UNDER B-JPCTII

limited, thereby rendering it a dependable alternative to conventional maximum likelihood estimation in intricate
censoring scenarios.

Although several studies have developed likelihood- and Bayesian-based inference procedures under the B-
JPCTII censoring scheme, the simultaneous estimation of the HRF and SRF for two Pham populations using both
the maximum likelihood estimator (MLE) and the maximum product of spacings estimator (MPSE) has not yet
been investigated. This gap is particularly important because the Pham distribution can accommodate skewed
lifetime data and Vtub-shaped hazard rates, while the B-JPCTII scheme produces a complex incomplete-data
structure that may affect the performance of different estimation methods.

Motivated by these considerations, this study develops classical inference procedures for the HRF and SRF based
on both MLE and MPSE. Approximate confidence intervals (ACls) are derived for the two estimators, and their
finite-sample performance is systematically compared. Furthermore, parametric bootstrap confidence intervals are
constructed to improve interval estimation, and several optimality criteria are investigated to identify the most
efficient _censoring scheme. The proposed methods are evaluated through extensive Monte Carlo simulations
and illustrated using two real data sets. The findings provide practical guidance for selecting accurate and robust
estimation procedures for reliability and hazard rate functions under B-JPCTII schemes.

The rest of the paper is structured as follows. The MLE and MPSE approaches, as well as the creation of
ACTs under the B-JPCTII scheme, are presented in Sections 2 and 3, respectively. Confidence intervals are created
in Section 4 utilizing bootstrap techniques, such as the Student’s-t (boot-T), percentile bootstrap (boot-P) and
normal bootstrap (boot-N) approaches. In Section 5, comprehensive simulation studies are used to assess the finite-
sample performance of the suggested approaches. Section 6 discusses optimal B-JPCTII schemes. A real-world
data collection is used to demonstrate the suggested approaches in Section 7. Lastly, Section 8 concludes the study
by summarizing the main findings, discussing their practical implications, and suggesting directions for future
research.

2. Maximum Likelihood Estimation

Let X1, ..., X, be arandom sample from Pop-1 following the Pham with parameters (61, 51), and let Y7, ..., Y,
be a random sample from Pop-2 following the same distribution with parameters (63, 52). Different censoring
schemes are assumed for the two samples. Accordingly, let R;; > 0 and Ry; > 0 denote the numbers of units
removed from Pop-1 and Pop-2, respectively, at the failure time T;, fori = 1,2, ..., k.

The B-JPCTII scheme ensures that the total number of units removed from each population is fixed in advance.
To identify the population from which each failure originates, define the indicator variable

M; = I(T; € Pop-1), i=1,2,...,k,
where I(-) denotes the indicator function. Consequently, the observed data can be expressed as
data = {(Tl,Ml), (Ty, M), ..., (Tk,Mk)}.
Hereafter, let © = (61,62, 51, 82). Using (1) and (2), the likelihood (LK) function based on the observed data is

given by

K
L(©) = [T 1f(ti: 00, BOI™ [£(ti; 02, B2)]" ™™ [1 = F(ts; 01, )] 7™ [1 = F(ts; 02, B2)) =™
—1

(2

m; 1—m;

01 4t0 1_g' 02117 1l
{01 In(By)t 18y el =h } [92 In(Ba)t;2 1By e! P2 }

I
4:1»

=1

X exp{(RM— —m; +1)(1— 5;51) + (Roi +my) (1 — 552)} ) (6)
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where t; and m; denote the observed values of T; and M;, respectively. The corresponding log-likelihood function
is

0) = Z {mi [ln@l +In(InBy) + (61 — 1) Int; +tf1 B +1— ﬁfil}
i=1

0
+(1—my) [11192 FIn(lnBy) + (0 — 1) Int; + 2 In By +1 — 5”

+ (R —mi+1)(1 - 5§fl) + (Roi +my) (1 — 65?2)} @)

The likelihood equations are obtained by differentiating (7) with respect to the unknown parameters and equating
the resulting expressions to zero. Specifically,

o < 2

(9791 —;{ <01 +1Ht +t 11Ht ll’lﬂ1> - (Rlz—i-l)ﬂil 11’1,6115?1 lntz} :07 (8)
ov - b 1 tel 91 —1 _

=S (i = )~ e o 0
ﬁ :i (1 —my) i—l—lnt--i—tQQ Int;InfBy | — (R -+1)ﬁtf2 InBytInt; » =0 (10)
005 = ¢ 05 v v g 2 2t 2 20; i ,

ﬁ—i (1—m,) <1+t92> (Roi + 1265714 =0 (1
0By U\ Balnps T By “ S

Now, we study the existence and uniqueness of the MLEs of the parameters 61,62, 5, and S5 of the Pham
distribution under the B-JPCTII.

Theorem 2.1
Let

ol or )
8792‘7 52(162):87617 2_152'

The functions &;(;) and & (/3;) attain unique solutions in the intervals 6; € (0, 00) and §; € (1, 00). Let 6; and j3; be
the solutions of &;(6;) = 0 and & (3;) = 0. Then the MLEs exist and are unique provided that K7 > 0 and K3 > 0.

&i(0:) =

The proof of Theorem 2.1 is deferred to Appendix (B).

The MLEs of 61, 62, 51, and (2 are obtained by solving the system of likelihood equations in (8)-(11)
simultaneously. These estimators are denoted by 01, 02, ﬂl, and ﬂ2, respectively. Due to the nonlinear nature of the
estimating equations, closed-form solutions are not available. Consequently, the MLEs are obtained numerically
using the opt im function in R with the "L—-BFGS—B" optimization algorithm. This algorithm allows explicit box
constraints to be imposed on the parameter space. In particular, the lower bound for 3 is specified to ensure that
the constraint 8 > 1 is satisfied throughout the optimization process.

Finally, the HRF and SRF are estimated using the invariance property of the MLEs. Specifically, the MLEs of
the HRF and SRF for Pop-i are given by
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6 ESTIMATION OF PHAM UNDER B-JPCTII

2.1. Approximate Confidence Interval Based on MLEs

In this subsection, we consider interval estimation method by constructing approximated confidence intervals
(ACIs) for the model parameters utilizing the Fisher information matrix of the model parameters. In addition, the
AClTs for the HRF and SRF are also obtained. Since the closed forms as well as the exact distribution of the MLEs
for the parameter © cannot be obtained, then the ACIs are constructed here based on observed Fisher information

matrix.
The second-order partial derivatives of the log-likelihood function(7) with respect to © are provided in Appendix.

By the asymptotic normality of the maximum likelihood estimators, we have
O~N (@, ! (é)) :
where I1 (@) denotes the inverse of the observed Fisher information matrix evaluated at the MLEs and is given by

1 -1

(9 9 P 9
9037 00,061 001004 00100
A A
I_l((:)) — 351591 35% 851802 351552
K o o 9
00200, 002001 003 002002
e e L
| 05200, 082001 0B200- B3 oo
[ Var(By)  Cov(dy,pr)  Cov(dr,0) Cov(dr, fo)
_ |Cov(Br,61)  Var(Br)  Cov(Br,02) Cov(pi, fa) (12)
Cov(fy,0,) Cov(fy,51)  Var(fy)  Cov(fs, fs) )

2
| Cov(Ba, 61) Cov(Bz,51) Cov(s,02) Var(f) 0=6
Then the 100(1 — a)% confidence intervals of 61, 65, 81 and (5 are

0: F zayo\[ Var(B:),  Bi F 2o/ Var(B:), i = 1,2,

where z, /5 is the upper a/2-th percentile of N (0, 1).
Furthermore, the corresponding empirical coverage probabilities (CP) of © are

CPy, = P[f; € ACl,,], CPs =P[B; € AClg,], i =1,2.

Next, the approximate variance of H;(x) and S;(z),i = 1,2 can be derived using the delta method. Define the
gradient vector of H and S with respect to the model parameters as:

_ _ [9H(x:0,8) 9H(x;0,p) . _ [ 95(x:6,8) 95(x:0,p)
VH(Iaevﬂ)f 89 ) 86 ) vs(xvaaﬂ)* ae 9 85 .
The required partial derivatives are:
OH (z;0:,8:) oan | L 0i 11 3.
T *H(Q%GHBZ) |:92 +ln(x) (1+$ hlﬂl) ’
OH (z; 05, Bi) {1 + af 1115i:|
—— =H x; 91', i) | T Q1 74 )
55; 0050 |~ 5haa)
65(5209%7&)' = —61_6’?9{ 5;7& In(3;) 29 In(z),
05(x; 05, Bi) _ 1-p% g, pati 1
s e x ] .
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Then, the approximate variances of H;(z) and S;(z) are given by:
Var[H;(z)] ~ [VH (230, 5:) Vi VH(23 05, 5)] | o_g

Var[S;(x)] ~ [VS(x30:, ;) Vi [VS(2: 05, 8)] | o_g

where V; is the 2 x 2 yariance—covariance matrix corresponding to (9}, Bz), extracted from the full estimated
covariance matrix I-1(0O) given in (12). R R
Consequently, an approximate 100(1 — )% confidence interval for H;(x) and S;(z) are:

Hi(x) F 202\ Var[Hi(2)],  Si(2) F 202/ Var[S;(2)],i = 1,2.

3. Maximum Product of Spacings Estimation

In this section, we estimate the model parameters for both populations using the maximum product of spacings
(MPS) method. The maximum product of spacings estimation method, introduced by [22], has emerged as an
effective alternative to the traditional maximum likelihood estimation. Owing to its strong theoretical properties
and practical robustness, it has received considerable attention in the statistical literature. As noted by [29],
the maximum product of spacings estimate is invariant under one-to-one transformations and often outperforms
MLE for small samples and skewed or heavy-tailed distributions. Moreover, [30] and [31] established that,
under regularity conditions, maximum product of spacings estimators are consistent, asymptotically normal, and
asymptotically efficient. These attractive properties have led to its widespread application in process capability
analysis and the development of classical and Bayesian inferential procedures. Representative contributions include
[24], [26], [32], [27], and [28].
Under the B-JPCTII scheme, the product-of-spacings (PS) function is defined as

k+1

P(©) = [[ [F(ti;01,81) — F(tiv; 00, )™ [F(ti; 02, B2) — F(ti-v; 02, 82)]' ™

i=1

[1— F(t;; 01, 8)]™ ™ [1 = F(ty: 05, By)) ™

?11 o™ W92 02 1-m;
L s 2 X
RN Gl 16,
Ryi—m;+1 b2 7 R2itmi
ST

The corresponding log-PS function is

k1 o k+1 2 o2
i=1
k 401 k 102
+ > (Ri—m; +1) <151'i >+Z(R2i+mi) <1ﬂ; ) (14)

=1 i=1

X

=

1

.
Il

k+1

1
@

i=1

Here, to = 0 and t;1 = oo, and F(-) denotes the CDF given in (1). Moreover, my,1 is randomly chosen from the
set {0, 1}.
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8 ESTIMATION OF PHAM UNDER B-JPCTII

The MPSEs 61, 65, 31, and 35 of 61,6, 81, and S35 are obtained by maximizing (14) with respect to 6+, 65, 51,
and . Equivalently, they can be computed by solving the following system of nonlinear equations:

t?i 01 01 01
op —elA 5;1_1 In Byt Int;y +el=A 51% In By ' Int;
a5, = 2" 1 z
=1 61_51 — el_ﬂ1z
b e 9
—Z(Rli—mi—Fl)ﬁll lnﬁl tillnti, (15)
i=1
9
k+1 0 i b0, ptit—1
o 2 (ot o,
(3
861 i—1 617[31171 . elfﬁl/i
k
1_1
—> (Rui - m+nﬁﬁw, (16)
=1
t92 192 t‘?2 02
k2 t
Ip —kizl(l—m) —el=B 52‘ ! lnﬁgtz cInt g +el7Pt By lnﬁgtf2 Int;
90, - ' 2, 72
i=1 —Bs 31*52
k
72 0
— > (Roi +my) By' InBot)* Int;, (17)
i=1
2, 92, -1 12 %21
b _ %(1 — my) —el TR By el gy
95 ¢ 92, 02
i=1 el=B"" _el-By"
b 0y Ht2—1
= (Rai +ma)tf2 By (18)
i=1

As in the maximum likelihood approach, closed-form solutions for the MPSEs are not available. Therefore, the
MPSEs are computed numerically using the opt im function in R with the "L-BFGS-B" optimization algorithm,
which ensures that the constraint 8 > 1 is satisfied throughout the optimization process.

Consequently, the HRF and SRF for population i can be estimated via the invariance property of the MPSEs as

Hi(z) = H(x;0;, 8;),  Si(x) = S(x;0;,5;),  i=1,2.

3.1. Approximate Confidence Intervals Based on MPSEs

In this subsection, we construct approximate confidence intervals for © based on the MPSEs. Due to the complexity
of the nonlinear system of equations (15) -(18), the exact sampling distribution of the MPSEs cannot be determined
analytically, making exact confidence intervals unattainable. However, it is well established that, under suitable
regularity conditions, the MLEs and MPSEs are asymptotically equivalent; see [29], [22] and[23]. Using the
asymptotic normality of the MPS estimator (see, [29]), we have

© ~ N(6,J71(0)),
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where J(©) denotes the Fisher information matrix. An estimate of the asymptotic variance-covariance matrix is
obtained by evaluating the observed information at ©, namely,

[ 9% d%p d’p ?p |
S 002 00,08, 00,00, 06,00,
B 82p FPp o Pp  Pp
RO I
90,00, 00,08, 002 86,00,
d*p 9%p 9%p d%p
082000 052081 0B200, B3 leos
\’lgr(él) Cov(&l, 61) Cov(@l, 92) Cov(él, Bg)
_ CoV(ﬁh@l) Var(ﬁl) C0V(61,92) Cov(ﬁ: @2) (19)
Cov(ﬁg,ﬁl) Cov(Hg,ﬁl) Var(ﬁg) COV(H B2)
|Cov(B2,01) Cov(Ba,B1) Cov(Ba,02)  Var(Ba) | g

The partial derivative terms of the Fisher information matrix are provided in Appendix. Then, the 100(1 — a)%
approximate confidence intervals for §; and §; (i = 1,2) are given by

ACly, = 0; F 242\ Var(6;),  AClg, = B; F z4/2\/ Var(B;),
and approximate confidence intervals for the HRF and SRF can be expressed as
Hy(@) F 2ap2\ VarlHi(@)],  Si(2) F zap2\/VarlSi(a)],  i=1.2

The approximate variances of H;(x) and S;(z) can be obtained using the delta method as
Hi(x)] ~

Var[S;(z)] ~

Var [VH (x:0;, 8) Us VH(2:0:, 8) | o_g -

[VS(2;0:,8:) Us VS(:05, 8:) ] g »

where U; is the 2 x 2 variance—covariance matrix of (6;, 3;) extracted from the full estimated matrix J~!(©) in
(19).

4. Bootstrap Confidence Intervals

Bootstrap resampling is a common method for assessing the accuracy of estimators, especially for small samples
where standard inference methods may be unreliable. It repeatedly samples with replacement from the observed
data to estimate bias, standard errors, and confidence intervals without strong distributional assumptions. In this
section, we construct three bootstrap-based confidence intervals: the percentile bootstrap (boot-P) proposed by [33],
the bootstrap-t method (boot-T) proposed by [34] and the bootstrap normal approximation (boot-N) described in
[35, 36].

The bootstrap percentile (boot-P) interval procedure is a simple and efficient method for constructing confidence
intervals using sample percentiles. However, it does not account for estimator bias and may perform poorly for
small or skewed samples. Algorithm 1 outlines the boot-P procedure. The Student’s-t interval procedure (boot-
T) is well suited for small samples and asymmetric sampling distributions. It is generally more accurate than
the percentile bootstrap but requires additional computation. Algorithm 2 summarizes the boot-T procedure. The
bootstrap normal approximation (boot-N) interval is based on the asymptotic normality of the bootstrap estimator
and uses the bootstrap estimate of the standard error to construct confidence intervals. It is computationally
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10 ESTIMATION OF PHAM UNDER B-JPCTII

Algorithm 1 Bootstrap percentile (boot-P) procedure

Step 1: Based on the original sample T = (71,75, ...,T), compute the MLEs 0= (él,Bl,ég,Bg)T or the
MPSEs © = (51, 51, 52, EQ)T by solving Egs. (8)—(11) or Egs. (15)—(18), respectively. For any scalar quantity
of interest, 1) = ¢g(®), compute its estimate as 1} = g(C:)) or J = g((:))
Here, v may represents a model parameter, the HRF, or the SRE.

Step 2: Using the parameter estimates obtained in Step 1, generate a bootstrap B-JPCTII sample, denoted by T*.

Step 3: From the bootstrap sample T*, compute the bootstrap parameter estimates
O or O by solving Egs. (8)—(11) or Egs. (15)—(18), respectively. Then compute the corresponding bootstrap
estimate of the quantity of interest: ¢* = g(©®*) or ¢* = g(©*).

Step 4: Repeat Steps 2 and 3 a total of NV times to obtain 12*1,12*2, .. .,QZ*N , or, under the MPSE method,

1'/;*1 J*z {/;*N_
Step 5: Arrange the bootstrap estimates in ascending order: 9*() < ¢*(@ < ... < (V) o ¢*(D) < 4*() <
e < J*(N)_

Step 6: The approximate boot-P 100(1 — «)% confidence interval for +, based on the MLE, is

(@*(LNa/w), @*(Lw(l—amm) ,

Similarly, the corresponding boot-P confidence interval based on the MPSE is

(J*(LNa/%), @*(LN(H/@J)) .

straightforward and performs well when the sampling distribution is approximately symmetric. The boot-n
procedure is described in Algorithm 3.

Here, the index j = 1,2 and the symbol | | is used here to denote the floor function, rounding down to the
greatest integer less than or equal to the given value.

5. Simulation Study

In this section, simulation experiment is carried out to demonstrate the theoretical findings and assess the precision
and effectiveness of several estimators for the reliability function and the hazard function under Pham from B-
JPCTII. An intensive simulation study is conducted in order to accomplish this goal. The study’s main objective is
to evaluate the accuracy and effectiveness of various estimate methods when used with censored data that comes
from Pham with different scale and shape parameters. The Algorithm 4 provides a detailed process for data
generation under the B-JPCTII scheme.

Two different parameter sets are considered: (61, 31,62, 82) = (0.6,1.1,0.4,1.3) and (1.1,1.5,1.4,1.3). These
parameter values are selected to represent decreasing and bathtub-shaped hazard functions, respectively. For the
first parameter set, the true values of the HRFs and SRFs at z = 0.5 are

H,(0.5) = 0.080, H3(0.5)=0.194, 571(0.5) =0.937, S52(0.5) = 0.803.
For the second parameter set, the corresponding true values are

Hy(0.5) = 0.503, H,(0.5) =0.307, S1(0.5)=0.812, S5(0.5) = 0.901.
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Algorithm 2 Studentized bootstrap (boot-T) procedure

Step 1: Follow Steps 1-3 of the Bootstrap percentile (Boot-P) procedure in Algorithm 1 to obtain the bootstrap
estimates ©* (or @*) For the scalar quantity of interest ¢ = g(®), compute the bootstrap estimate 1/1* =

9(6%) (or * = g(©)).

Step 2: For each bootstrap sample, compute the studentized statistic

-t

SE(y*)’

or, under the MPSE method, L
o VY

SE(*)’

where gl\*ﬂ(q;*) and @(J*) are obtained from the inverse observed Fisher information matrix in Eq. (12) or
Eq. (19), respectively, using the multivariate delta method whenever ¢ is a function of the model parameters.

Step 3: Repeat Steps 1 and 2 a total of N times to obtain TJ(I), TTZ@), . ,T;(N).
Step 4: Arrange the studentized statistics in ascending order as

*#(1) *#(2) *(N)
Tw STw §~--§Tw .

Step 5: The approximate Boot-T 100(1 — )% confidence interval for ¢/ based on the MLE is
(@_ @({/;) T;(LN(lfaﬂ)J)’ b — gﬁ(@ TJ;(LN(aﬂ)J)) _

Similarly, the corresponding Boot-T confidence interval based on the MPSE is

(1; — §B@) TN O §R() T:;(LN(aﬂ)J)) .

For each parameter set, several censoring schemes are considered. These schemes are presented in Tables 1-2
for the two parameter sets, respectively. Here, the notation R = (0(19), 10) indicates that R; = --- = Rig = 0 and
Ry = 10, while CS denotes the censoring scheme.

The simulation experiment is conducted over 500 iterations. In each iteration, the MLEs and MPSEs of
the unknown parameters, as well as the HRFs and SRFs, are computed along with their corresponding
confidence intervals. Furthermore, bootstrap-based confidence intervals, namely boot-p, boot-t, and boot-n, are
constructed using 2000 bootstrap replications. Numerical optimization is performed using the opt im function in
R version 4.2.2 with the "L-BFGS—B" algorithm, initial values (0.1,1.1,0.1,1.1), and a convergence tolerance of
10~5. For each estimation method, the average of estimates (Estim), the average the mean squared error (MSE), the
average width of ACI (AL), and the average coverage probabilities (CP) of the confidence intervals are computed
over the successful replications. The simulation results are presented in 3 and 4.

The results in Tables 3 and 4, corresponding to the decreasing and bathtub-shaped hazard functions, respectively,
show that the point estimates obtained by both the MLE and MPSE are generally close to the corresponding true
values. Overall, the two methods exhibit comparable performance, although the MLE tends to perform better for
H,, whereas the MPSE generally provides more accurate estimates for S7 and S; and, under several censoring
schemes, for H;. The MSE results further indicate comparable performance of the two methods for the hazard
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Algorithm 3 Normal bootstrap (boot-N) confidence interval procedure

Step 1. Based on the original sample T = (73,75, ..., Tx), compute the MLEs 53 and Bj (or the MPSEs 5J and
B;), j = 1,2, by solving Eqgs. (8)-(11) (or Egs. (15)—-(18)).

Step 2. Using the estimates obtained in Step 1, generate a bootstrap B-JPCTII sample and compute the
corresponding bootstrap estimates. Repeat this procedure N times to obtain )*(1) *(2) _  *(N) where
1) denotes any parameter or reliability measure of interest.

Step 3. Compute the mean of the bootstrap estimates:
_ 1 N
T L A*(z)
V=5 ; P,
Step 4. Compute the bootstrap estimate of the standard error:

1/2

—~ 1 ~ =\ 2

SEpoot = lN_l <7/)*(z) - 1/)*) ] .
i=1

Step 5. Estimate the bootstrap bias by o
Biaspoor = w* - '(/}7
and compute the bias-corrected center

~

{p\bc = '(/) - lgi;sboot = 212_ '(Z)\*
Step 6. Let

_ o}
Z—ap =P 1(1 - §>7

where ®(-) denotes the standard normal cumulative distribution function. Then the approximate normal-
bootstrap 100(1 — «)% confidence interval for 1) is

<’L/)bc - Zlfa/ZSEbootv wbc + Zlfa/QSEboot> .
Equivalently, the interval can be written as

(212;_ 1;//}\* - Zl—a/Qgﬁbootv 212)\_ {Z}\* + Zl—a/2§Eboot> .

function, while the MLE generally yields smaller MSEs for the survival function. Moreover, smaller MSEs are
generally observed for the decreasing hazard case than for the bathtub-shaped hazard case.

For the interval estimates, the AL and CP vary across the considered hazard shapes and censoring schemes. For
the decreasing hazard case in Table 3, Boot-T generally produces wider intervals, whereas ACI, Boot-P, and Boot-
N provide shorter intervals with competitive coverage probabilities. For the bathtub-shaped hazard case in Table 4,
the relative performance of the interval methods is more variable, particularly for smaller sample sizes. Overall,
ACI provides a favorable balance between AL and CP for the decreasing hazard case, whereas Boot-P generally
performs well for the bathtub-shaped hazard case.
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Algorithm 4 Generating samples under B-JPCTII

Require: Sizes of samples (n1,n2), number of failure times, (k), censoring vectors Ry =
Ry = (R21,. .., Ro 1), and true parameters (01, 51, 02, B2)

Ensure: Ordered failure times T = (77, . ..,
1: Generate independent samples X7, ...,

T%) and indicators M =
X, ~ f(501,61)and Y1,. ..,

(My, ..., My)
1/ng ~ f(792762)

(Ri,---,R1k-1),

2: Merge the two samples with their group indicators and sort the pooled observations by increasing failure times

to obtain (m, t)
3: fori=1tok—1do

4: Set M; < my and T; < t1 {record the smallest observed time and its label }

5. if M; = 1 then

6: Randomly remove R;; additional units from sample 1 and R, ; + 1 from sample 2, then delete the

smallest unit
7:  else
8:

smallest unit
9: endif
10: end for

11: Set M}, < mq, and T}, < t1
12: Return (T, M)

Randomly remove R;; + 1 additional units from sample 1 and Rj; from sample 2, then delete the

Table 1. The notation of censoring schemes with initial parameters (61 = 0.6, 51 = 1.1,62 = 0.4, B2 = 1.3).

Censoring scheme

Notation (nj,n2,k)
R, Rz

CSy (30, 35, 20) (0 (19)> 10) (0(19)715)
CS» (30,35,20)  (0(14),2(5),0)  (O(14),2(5),5)
CS3 (30, 35, 20) (10 »0(18) 0) (1070(18)75)
CSy (30, 35, 25) (0(24), 5) (0(24), 10)
CS5 (30 35 25) (0(19), 1(5), 0) (0(19), 1(5)7 5)
CSg (30, 35, 25) (5,0(23),0) (5,0(23),5)
CSy (40, 30, 20) (0(19),20) (0(19), 10)
CSs (40, 30, 20) (2(5),0(14),10) (2(5),0(14),0)
CSy (40, 30, 20) (10,0(18), 10) (10,0(19))
CSqo (40, 30, 25) (0(24), 15) (0(24), 5)
CSq1 (40, 30, 25) (1(5),0(19),10) (1(5),0(19),0)
CSq2 (40, 30, 25) (5,0(23), 10) (5,0(24))

Table 2. The notation of censoring schemes with initial parameters (¢; = 1.1, 31 = 1.5,02 = 1.4, 2 = 1.3).

Censoring scheme

Notation (ny,ngz, k)
R4 R

CS, (20,20, 10) (0(9): 10) (0(9 10)
CS, (20,20, 15) (0(14):5) (0(14):5)
CS; (20,20,15)  (0(q), L(5),0) (0(9),1(5) 0)
CSy (20,20, 15) (5,0(14)) (5,0¢14))
CSs (50, 50, 20) (0(19), 30) (0(19). 30)
CS¢ (50, 50, 20) (2(5),0(14),20) (2(5),0(14),20)
CSy (50,50,20) (10, 0(1g),20) (10, 0(1s), 20)
CSsg (50, 50, 40) (0(39y, 10) (0(39), 10)
CSo (50,50,40)  (1(5,0(34),5) (1(5):0(34),5)
CS1o (50, 50,40) (5,0(38); 5 (5,0¢38),5)
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14 ESTIMATION OF PHAM UNDER B-JPCTII

Table 3. Simulation results under the balanced joint progressive censoring scheme for (61, 81,02, 32) = (0.6,1.1,0.4, 1.3).

MLE MPSE
(n1,n2,k) Scheme Function ACI boot-P boot-T boot-N ACI boot-P boot-T boot-N
Estim MSE Estim MSE
AL CP AL CP AL CP AL CP AL CP AL CP AL CP AL CP

Hy 0.076 0.003 0.156 0.930 0.153 0.926 0.174 0.870 0.146 0.836 0.072 0.003 0.151 0.900 0.146 0.894 0.164 0.812 0.142 0.828
H,  0.237 0.007 0.241 0.904 0.287 0.836 0.271 0.978 0.282 0.954 0.237 0.006 0.239 0.916 0.256 0.896 0.249 0.966 0.253 0.940
S 0.957 0.001 0.101 0.890 0.109 0.980 0.173 0.894 0.096 0.834 0.956 0.002 0.101 0.864 0.121 0.950 0.168 0.866 0.101 0.830
Sa 0.844 0.004 0.196 0.950 0.214 0.890 0.283 0.958 0.219 0.930 0.825 0.004 0.206 0.972 0.227 0.914 0.269 0.946 0.229 0.908

Hy, 0.078 0.003 0.152 0.936 0.154 0.916 0.178 0.870 0.148 0.860 0.076 0.003 0.149 0.892 0.156 0.900 0.175 0.830 0.151 0.830
Hy  0.231 0.005 0.235 0.880 0.278 0.940 0.271 0.990 0.274 0.914 0.229 0.004 0.231 0.894 0.243 0.986 0.246 0.980 0.239 0.912
S1 0.954 0.001 0.103 0.906 0.114 0.982 0.175 0.902 0.101 0.860 0.952 0.002 0.102 0.850 0.128 0.952 0.177 0.870 0.107 0.848
Sa 0.849 0.004 0.191 0.926 0.212 0.966 0.287 0.986 0.217 0.968 0.831 0.004 0.202 0.968 0.223 0.902 0.268 0.970 0.225 0.986

H, 0.085 0.003 0.178 0.978 0.159 0.952 0.199 0.906 0.157 0.884 0.085 0.003 0.177 0.966 0.169 0.920 0.196 0.858 0.165 0.884
H,  0.232 0.005 0.243 0.912 0.249 0.874 0.277 0.962 0.249 0.928 0.237 0.004 0.238 0.906 0.239 0.906 0.256 0.952 0.237 0.920
S 0.948 0.002 0.131 0.866 0.138 0.906 0.185 0.928 0.116 0.920 0.945 0.002 0.132 0.926 0.158 0.846 0.187 0.890 0.124 0.904
Sa 0.844 0.004 0.214 0.976 0.227 0.912 0.296 0.980 0.228 0.894 0.823 0.005 0.224 0.978 0.245 0.894 0.288 0.960 0.243 0.918

H;  0.080 0.002 0.149 0.984 0.129 0.940 0.171 0.934 0.129 0.896 0.078 0.002 0.145 0.964 0.133 0.938 0.170 0.912 0.133 0.880
Hy  0.232 0.004 0.218 0.906 0.216 0.856 0.239 0.978 0.214 0.944 0.238 0.003 0.216 0.934 0.213 0.918 0.227 0.970 0.210 0.938
S 0.954 0.001 0.106 0.962 0.111 0.906 0.161 0.856 0.099 0.924 0.952 0.001 0.107 0.938 0.129 0.898 0.160 0.846 0.107 0.934
Sa 0.845 0.003 0.194 0.884 0.203 0.908 0.264 0.988 0.207 0.902 0.827 0.004 0.204 0.900 0.222 0.910 0.261 0.980 0.224 0.934

Hy  0.084 0.002 0.151 0.968 0.134 0.934 0.176 0.814 0.134 0.902 0.083 0.002 0.149 0.948 0.141 0.928 0.180 0.896 0.141 0.892
H, 0231 0.004 0.216 0.906 0.216 0.956 0.238 0.976 0.213 0.944 0.235 0.003 0.213 0.934 0.209 0.922 0.222 0.972 0.205 0.948
S 0.950 0.001 0.110 0.866 0.117 0.908 0.173 0.956 0.105 0.936 0.948 0.002 0.110 0.828 0.135 0.876 0.182 0.934 0.113 0.914
Sa 0.846 0.003 0.193 0.896 0.204 0.920 0.263 0.982 0.207 0.906 0.827 0.004 0.204 0.908 0.221 0.914 0.255 0.982 0.221 0.934

Hy  0.082 0.002 0.158 0.966 0.139 0.928 0.184 0.908 0.138 0.886 0.080 0.002 0.155 0.940 0.144 0.910 0.184 0.882 0.143 0.872
Hy  0.240 0.004 0.227 0.930 0.222 0.904 0.245 0.944 0.220 0.928 0.248 0.003 0.223 0.944 0.216 0.932 0.228 0.940 0.213 0.924
S1 0.952 0.001 0.111 0.958 0.120 0.902 0.172 0.944 0.105 0.918 0.952 0.002 0.109 0.924 0.135 0.968 0.176 0.918 0.110 0.908
Sa 0.836 0.003 0.208 0.914 0.213 0.934 0.258 0.972 0.214 0.930 0.814 0.004 0.219 0.914 0.231 0.890 0.254 0.958 0.230 0.934

H;  0.080 0.002 0.132 0.940 0.137 0.898 0.157 0.940 0.135 0.900 0.076 0.002 0.127 0.900 0.128 0.862 0.149 0.882 0.129 0.852
Hy  0.233 0.007 0.264 0.896 0.303 0.936 0.305 0.984 0.297 0.924 0.236 0.006 0.264 0.902 0.283 0.906 0.288 0.974 0.279 0.934
S1 0.957 0.001 0.089 0.896 0.096 0.864 0.156 0.848 0.090 0.872 0.956 0.001 0.089 0.860 0.106 0.840 0.154 0.816 0.095 0.860
Sa 0.844 0.005 0.209 0.848 0.228 0.880 0.318 0.970 0.233 0.884 0.823 0.006 0.221 0.852 0.249 0.886 0.310 0.948 0.249 0.904

H, 0.088 0.002 0.144 0.894 0.133 0.942 0.173 0.870 0.134 0.934 0.085 0.002 0.137 0.862 0.129 0.946 0.167 0.834 0.131 0.904
H,  0.230 0.007 0.285 0.876 0.292 0.948 0.334 0.962 0.290 0.908 0.241 0.007 0.289 0.906 0.313 0.906 0.327 0.956 0.311 0.926
S 0.952 0.001 0.100 0.870 0.107 0.890 0.161 0.894 0.099 0.840 0.951 0.001 0.101 0.846 0.118 0.876 0.164 0.868 0.104 0.842
Sa 0.841 0.005 0.227 0.874 0.246 0.898 0.333 0.980 0.248 0.892 0.818 0.006 0.238 0.868 0.278 0.878 0.332 0.970 0.272 0.918

Hy  0.087 0.002 0.143 0.966 0.130 0.914 0.172 0.934 0.130 0.892 0.085 0.002 0.138 0.952 0.130 0.914 0.167 0.900 0.130 0.870
Hy  0.223 0.006 0.283 0.906 0.283 0.870 0.338 0.984 0.280 0.924 0.235 0.006 0.287 0.912 0.305 0.922 0.330 0.980 0.302 0.928
S 0.953 0.001 0.101 0.842 0.107 0.866 0.162 0.872 0.098 0.912 0.950 0.001 0.103 0.838 0.121 0.856 0.166 0.850 0.106 0.922
Sa 0.846 0.004 0.236 0.870 0.252 0.926 0.356 0.990 0.253 0.888 0.821 0.006 0.247 0.888 0.286 0.916 0.354 0.980 0.275 0.916

H, 0.086 0.001 0.131 0.884 0.118 0.828 0.152 0.866 0.118 0.914 0.084 0.002 0.127 0.844 0.120 0.888 0.152 0.834 0.120 0.902
H,  0.225 0.005 0.239 0.904 0.232 0.860 0.269 0.974 0.228 0.922 0.233 0.004 0.240 0.924 0.238 0.906 0.261 0.972 0.235 0.936
S1 0.953 0.001 0.096 0.856 0.099 0.888 0.148 0.898 0.094 0.924 0.950 0.001 0.098 0.830 0.113 0.870 0.154 0.868 0.102 0.924
Sa 0.848 0.004 0.208 0.894 0.217 0.928 0.299 0.988 0.222 0.912 0.827 0.004 0.220 0.900 0.244 0.920 0.300 0.980 0.246 0.934

H, 0.088 0.001 0.139 0.902 0.124 0.854 0.167 0.888 0.125 0.836 0.086 0.001 0.134 0.884 0.125 0.842 0.165 0.864 0.126 0.824
Hy  0.231 0.005 0.256 0.900 0.246 0.852 0.287 0.958 0.242 0.904 0.243 0.005 0.260 0.924 0.264 0.930 0.285 0.952 0.261 0.950
S1 0.954 0.001 0.096 0.884 0.099 0.900 0.150 0.908 0.094 0.958 0.952 0.001 0.098 0.858 0.112 0.896 0.155 0.894 0.101 0.966
Sa 0.838 0.004 0.220 0.884 0.228 0.922 0.292 0.976 0.229 0.898 0.817 0.005 0.231 0.876 0.256 0.862 0.297 0.974 0.251 0.932

H;  0.089 0.002 0.139 0.880 0.125 0.810 0.168 0.864 0.125 0.904 0.088 0.002 0.135 0.870 0.127 0.812 0.166 0.848 0.127 0.886
Hy  0.226 0.005 0.255 0.914 0.244 0.952 0.285 0.966 0.240 0.922 0.239 0.005 0.258 0.924 0.264 0.924 0.284 0.966 0.260 0.940
S 0.952 0.001 0.098 0.870 0.101 0.872 0.153 0.892 0.096 0.922 0.949 0.001 0.101 0.850 0.115 0.868 0.161 0.890 0.105 0.922
Sa 0.842 0.004 0.224 0.908 0.230 0.930 0.299 0.986 0.232 0.906 0.820 0.005 0.234 0.896 0.260 0.894 0.305 0.988 0.254 0.924

(30,35,20) CS,

(30,35,20) CS,

(30,35,20) CSs

(30,35,25) CS,

(30,35,25) CSs

(30,35,25) CS

(40,30,20) CS;

(40,30,20) CSs

(40,30,20) CS,

(40,30,25) CSio

(40,30,25) CSy;

(40,30,25) CSy,

6. Optimal Censoring Scheme
The design of an optimal censoring scheme is a fundamental component of life-testing experiments. Under the B-
JPCTII framework, the removal pattern affects both the statistical efficiency of parameter estimates and practical

constraints such as test duration and cost. Following the principles of optimal experimental design (see [37]),
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Table 4. Simulation results under the balanced joint progressive censoring schemes for (61, 51, 62, 52) = (1.1,1.5,1.4,1.3).

MLE MPSE
(n1,n2,k) Scheme Function ACI boot-P boot-T boot-N ACI boot-P boot-T boot-N
Estim MSE Estim MSE
AL CP AL CP AL CP AL CP AL CP AL CP AL CP AL CP

Hy  0.459 0.032 0.726 0.956 0.794 0.962 0.730 0.914 0.779 0.934 0.455 0.026 0.718 0.956 0.733 0.968 0.731 0.920 0.730 0.942
H,  0.240 0.020 0.515 0.930 0.587 0.946 0.585 0.878 0.513 0.868 0.214 0.019 0.475 0.898 0.516 0.934 0.602 0.840 0.471 0.830
S 0.880 0.002 0.226 0.974 0.203 0.988 0.223 0.928 0.198 0.920 0.852 0.004 0.254 0.982 0.243 0.970 0.268 0.898 0.228 0.940
Sa 0.950 0.001 0.127 0.914 0.133 0.970 0.218 0.904 0.112 0.840 0.949 0.002 0.126 0.878 0.151 0.964 0.274 0.890 0.123 0.836

H,  0.480 0.023 0.662 0.988 0.679 0.970 0.622 0.924 0.681 0.952 0.509 0.026 0.657 0.988 0.681 0.962 0.636 0.916 0.673 0.950
Hy  0.235 0.016 0.459 0.896 0.494 0.942 0.700 0.910 0.467 0.836 0.228 0.018 0.439 0.868 0.473 0.914 0.755 0.890 0.457 0.832
S1 0.877 0.003 0.226 0.990 0.205 0.988 0.226 0.902 0.199 0.920 0.850 0.005 0.252 0.970 0.253 0.944 0.276 0.928 0.237 0.954
Sa 0.948 0.001 0.126 0.840 0.134 0.940 0.331 0.892 0.120 0.812 0.942 0.002 0.132 0.832 0.162 0.928 0.399 0.906 0.138 0.822

H, 0.479 0.031 0.655 0.958 0.751 0.948 0.661 0.902 0.754 0.934 0.506 0.031 0.649 0.964 0.713 0.942 0.655 0.896 0.707 0.954
H,  0.222 0.019 0.436 0.838 0.508 0.898 0.860 0.920 0.474 0.818 0.217 0.020 0.420 0.822 0.471 0.876 0.857 0.902 0.452 0.800
S 0.876 0.003 0.223 0.962 0.216 0.976 0.243 0.900 0.210 0.904 0.845 0.006 0.252 0.938 0.263 0.912 0.292 0.926 0.245 0.944
Sa 0.951 0.001 0.118 0.800 0.133 0.898 0.407 0.912 0.116 0.784 0.946 0.002 0.124 0.784 0.157 0.890 0.443 0.908 0.130 0.796

H; 0467 0.046 0.682 0.926 0.785 0.934 0.734 0.864 0.782 0.900 0.504 0.047 0.677 0.926 0.762 0.932 0.730 0.868 0.747 0.930
Hy  0.226 0.026 0.452 0.808 0.533 0.860 1.256 0.922 0.498 0.802 0.226 0.028 0.437 0.808 0.508 0.878 1.112 0.884 0.477 0.780
S 0.877 0.004 0.229 0.908 0.240 0.962 0.281 0.868 0.228 0.880 0.847 0.008 0.258 0.910 0.289 0.892 0.325 0.908 0.258 0.926
Sa 0.947 0.002 0.127 0.786 0.153 0.892 0.583 0.934 0.129 0.790 0.941 0.003 0.134 0.794 0.179 0.896 0.553 0.928 0.144 0.818

Hy  0.449 0.016 0.496 0.954 0.536 0.964 0.496 0.934 0.534 0.952 0.440 0.014 0.493 0.960 0.515 0.972 0.494 0.954 0.513 0.948
H, 0.241 0.011 0.373 0.930 0.411 0.926 0.409 0.920 0.402 0.906 0.229 0.011 0.363 0.904 0.385 0.916 0.413 0.906 0.382 0.896
S 0.889 0.001 0.146 0.968 0.135 0.972 0.140 0.898 0.135 0.902 0.875 0.002 0.155 0.964 0.153 0.948 0.154 0.920 0.152 0.930
Sa 0.951 0.001 0.094 0.902 0.092 0.932 0.125 0.902 0.089 0.854 0.951 0.001 0.093 0.884 0.101 0.926 0.139 0.884 0.097 0.854

Hy  0.454 0.018 0.492 0.956 0.530 0.938 0.487 0.918 0.527 0.940 0.454 0.016 0.492 0.952 0.519 0.964 0.485 0.918 0.517 0.932
Hy  0.226 0.010 0.364 0.898 0.386 0.914 0.407 0.900 0.380 0.874 0.217 0.010 0.355 0.882 0.371 0.898 0.420 0.912 0.368 0.868
S1 0.889 0.001 0.151 0.954 0.140 0.970 0.144 0.898 0.140 0.898 0.875 0.002 0.159 0.954 0.160 0.934 0.159 0.904 0.158 0.932
Sa 0.954 0.001 0.093 0.884 0.092 0.924 0.134 0.896 0.088 0.840 0.953 0.001 0.093 0.856 0.104 0.924 0.154 0.894 0.098 0.842

H;  0.456 0.018 0.499 0.952 0.539 0.942 0.494 0.926 0.537 0.934 0.457 0.017 0.499 0.952 0.527 0.968 0.490 0.932 0.524 0.942
Hy  0.231 0.009 0.376 0.920 0.398 0.940 0.418 0.924 0.390 0.876 0.221 0.010 0.364 0.892 0.377 0.904 0.425 0.900 0.373 0.854
S1 0.886 0.001 0.158 0.956 0.145 0.968 0.151 0.898 0.145 0.898 0.871 0.002 0.166 0.940 0.167 0.934 0.167 0.896 0.164 0.926
Sa 0.953 0.001 0.097 0.890 0.096 0.934 0.142 0.888 0.092 0.820 0.951 0.001 0.096 0.854 0.107 0.920 0.158 0.860 0.100 0.824

H, 0.435 0.012 0.386 0.924 0.414 0.940 0.411 0.900 0.418 0.920 0.455 0.013 0.385 0.930 0.415 0.930 0.410 0.912 0.415 0.934
H,  0.225 0.008 0.299 0.890 0.320 0.920 0.418 0.954 0.323 0.904 0.226 0.009 0.296 0.876 0.322 0.904 0.433 0.938 0.325 0.898
S 0.888 0.001 0.142 0.916 0.143 0.952 0.160 0.900 0.149 0.912 0.874 0.002 0.150 0.930 0.162 0.920 0.173 0.916 0.164 0.938
Sa 0.950 0.001 0.091 0.874 0.096 0.916 0.160 0.966 0.094 0.880 0.947 0.001 0.093 0.840 0.108 0.906 0.175 0.956 0.104 0.890

Hy  0.425 0.013 0.393 0.912 0.416 0.934 0.425 0.894 0.420 0.908 0.446 0.013 0.392 0.902 0.421 0.926 0.423 0.884 0.422 0.908
H,  0.218 0.008 0.304 0.892 0.321 0.918 0.449 0.956 0.324 0.902 0.222 0.009 0.302 0.870 0.327 0.908 0.458 0.950 0.331 0.902
S 0.891 0.002 0.142 0.900 0.146 0.946 0.165 0.892 0.151 0.892 0.878 0.002 0.150 0.894 0.164 0.926 0.175 0.904 0.166 0.918
Sa 0.952 0.001 0.089 0.868 0.096 0.916 0.165 0.964 0.094 0.880 0.949 0.001 0.092 0.862 0.109 0.908 0.175 0.972 0.103 0.904

Hy  0.431 0.013 0.398 0.928 0.422 0.948 0.431 0.914 0.427 0.922 0.453 0.013 0.398 0.902 0.428 0.932 0.430 0.896 0.428 0.912
H,  0.222 0.008 0.307 0.876 0.325 0.906 0.457 0.976 0.328 0.882 0.224 0.010 0.303 0.862 0.331 0.896 0.461 0.956 0.333 0.882
S1 0.888 0.002 0.145 0.922 0.149 0.958 0.169 0.908 0.155 0.908 0.875 0.002 0.153 0.896 0.168 0.906 0.179 0.914 0.170 0.926
Sa 0.951 0.001 0.092 0.862 0.099 0.910 0.170 0.982 0.096 0.870 0.947 0.001 0.094 0.824 0.111 0.898 0.178 0.968 0.105 0.870

(20,20,10) CS,

(20,20,15) CS,

(20,20,15)  CS;

(20,20,15) CS,

(50,50,20) CSs

(50,50,20) CSg

(50,50,20) CS;

(50,50,40) CSs

(50,50,40) CSq

(50,50,40) CS1o

and recent developments for progressive censoring plans ([38]), we summarize objective criteria and practical
algorithms to determine optimum removal patterns R = (R;, Rz) for B-JPCTIL

Here, we employ the following classical optimality criteria for determination of an optimum censoring scheme
in the case of balanced joint progressive censoring:

Criterion D: According to this criterion, we minimize the determinant of the inverse of the observed Fisher’s
information matrix I~!(0©) of the parameters with respect to R.

Criterion A: According to this criterion, we minimize the trace the inverse of the observed Fisher’s information
matrix /~1(0O) of the parameters with respect to R.

Criterion E: This criterion is based on maximizing the smallest eigenvalue of the observed Fisher’s information

matrix I(©) of the parameters with respect to R.
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16 ESTIMATION OF PHAM UNDER B-JPCTII

Now, we exemplify the above proposed criteria of the optimum censoring plan in the following section.

7. Real-Life Application

In this section, we illustrate the proposed methodology using two real data sets. The first consists of 104 software
failure times from the CSR3.DAT data set (Table 5), while the second consists of 207 software failure times from
the SYS3.DAT data set (Table 6). Both data sets were originally reported by [39]. For computational convenience,
all observations were rescaled by dividing them by 10; this transformation does not affect the statistical inference.
Figures 3a and 3b display the Contour plots of the log-likelihood functions for the CSR3.DAT and SYS3.DAT data
sets, respectively. These plots illustrate the shape of the likelihood surface and facilitate the selection of suitable
initial values for the numerical optimization algorithm.

25 LogLik

. (6500, -6000] 75 LogLik
W (6000, -5500] B 22000, 20000
W (5500, -5000] B 20000, -18000]
B (5000, -4500] B (18000, -16000]
B (4500, -4000] B (16000, -14000]
™ Il (4000, -3500] @ B (14000, -12000]
W (3500, -3000] B (12000, -10000]
I (3000, -2500] 50 I (10000, -8000]
B (2500, 2000 I (-8000, -6000]

[0 (6000, -4000]
(-4000, -2000]
(2000, 0]

1 (2000, -1500]
(-1500, -1000]
(1000, -500]
(500, 0]

(a) CSR3.DAT (b) SYS3.DAT

Figure 3. Contour plots of the log-likelihood function for the CSR3.DAT and SYS3.DAT data sets

Table 5. CSR3.DAT data set

33 09 04 66 005 18 149 14 15 5 81 34 85 54
03 15 06 08 13 19 19 112 15 16 154 5 1 0.2
22 53 19 58 2 03 92 05 66 289 03 09 12 18
09 75 15 291 212 04 05 308 269 276 0.1 40 294 227
11.8 13 47 89 242 99 607 83 02 26 586 708 06 04
55 409 36 15 573 583 6 19 2 79 24 54 52 159.6
314 01 763 1 2 144 28 56 476 65 98 884 212 287
53 03 831 43 55 109

At the first stage of the analysis, the Pham distribution was fitted to the each data set and its adequacy was
assessed by comparing it with several lifetime distributions. The competing models were evaluated using the
Akaike information criterion (AIC), the Bayesian information criterion (BIC), and the Kolmogorov—Smirnov (K—
S) goodness-of-fit test. The AIC and BIC are computed as

AIC = —20(0, B) + 2d,
BIC = —2((0, 3) + dlog(n),
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Table 6. SYS3.DAT data set

39 1 04 36 04 05 04 91 49 01 25 01 04 3
42 09 49 44 32 03 78 01 3 205 05 129 103 224
186 53 14 09 02 1 01 34 170 129 04 04 35 05
05 22 36 35 121 23 33 48 32 21 04 23 09 13
165 14 22 41 12 138 95 49 62 02 35 89 9 6.9
22 15 19 42 14 1.1 41 210 16 3 37 66 09 16
14 24 12 159 89 118 29 21 1.8 02 114 37 46 17
0.1 15 382 16 66 206 09 26 62 239 13 04 85 85
24 178 34 102 09 146 59 48 25 25 11.1 05 31 51
06 193 27 25 96 26 3 3 1.7 32 78 39 13 13
19 128 34 84 4 177 349 274 82 58 31 114 39 88
84 232 108 38 86 07 22 8 239 03 39 63 152 63
80 245 196 46 152 102 09 228 22 208 78 03 83 06
212 91 03 1 172 2.1 173 371 4 48 126 9 149 3
31.7 50 673 432 6.6 168 66 66 128 49 332

where d denotes the number of estimated parameters and ¢(6, 3) is the maximized log-likelihood evaluated at the
MLEs. In addition, the K-S statistic and its corresponding p-value were used to further assess the goodness-of-fit.
The resulting MLEs, AIC, BIC, K-S statistics, and corresponding p-values for all fitted models are reported in
Table 7.

Based on the AIC and BIC values, the Pham distribution provides the best fit among the candidate models for
both data sets. Furthermore, for the CSR3.DAT data set, the K-S statistic is 0.112 with a corresponding p-value
of 0.111, while for the SYS3.DAT data set, the K-S statistic is 0.085 with a corresponding p-value of 0.078.
Therefore, the K-S test does not reject the Pham distribution at the 5% significance level for either data set. To
further assess the model adequacy, Figure 4 presents empirical distribution function plots comparing the empirical
and fitted cumulative distribution functions. The close agreement between the two curves provides additional
graphical evidence supporting the suitability of the Pham distribution for both data sets. Overall, these numerical
and graphical results indicate that the Pham distribution provides an adequate description of the observed data.

Table 7. MLEs, AIC, BIC, K-S statistics, and corresponding p-values for the candidate distributions fitted to the CSR3.DAT
and SYS3.DAT data sets.

CSR3.DAT SYS3.DAT
Distribution MLE AIC BIC KS p-value MLE AIC  BIC KS p-value
Pham (0.440,1.256) 736 741 0.112 0.111 (0.587,1.219) 1288 1294 0.085 0.078
generalized inverted exponential ~ (0.432,0.525) 760 766 0.154 0.011  (0.559,0.815) 1377 1384 0.182 <0.001
Fréchet (0.576,1.809) 738 744 0.091 0.280 (0.668,1.839) 1340 1346 0.116 0.006
Burr XII (1.387,0.400) 737 742 0.123 0.061 (1.627,0.386) 1335 1342 0.157 <0.001
generalized Rayleigh (0.407,0.030) 2087 2092 0.217 <0.001 (0.423,0.010) 1525 1531 0.136 <0.001
Gompertz (0.011,0.049) 810 815 0.323 <0.001 (0.022,0.112) 1292 1298 0.136 <0.001
Gumbel (5.960,10.000) 874 880 0.214 <0.001 (4.319,5.400) 1402 1409 0.158 <0.001

Note: Bold values indicate a better fit.

Table 8 presents the point estimates (Estim), estimated standard errors (ESEs), and 95% asymptotic confidence
intervals (95% AClIs) obtained by the maximum likelihood estimation method for the two real data sets.

Table 8. The point and interval estimates for CSR3.DAT and SYS3.DAT data sets.

¢ B
Estim ESE 95%ACI Estim ESE 95% ACI
CSR3.DAT 0.440 0.035 (0.372,0.508) 1.260 0.042 (1.170,1.340)
SYS3.DAT 0.587 0.032 (0.524,0.650) 1.220 0.026 (1.170,1.270)
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Figure 4. Left: Empirical CDF and fitted CDF of the Pham distribution based on the MLEs. Right: Q—Q plot of the fitted
Pham distribution against the observed data. Upper panel for CSR3.DAT data set and lower panel for SYS3.DAT data set.

To generate B-JPCTII sample from the real data sets, we consider the candidate censoring schemes (CSs) listed
in Table 9. To illustrate the proposed optimality criteria introduced in Section 6, we evaluate these schemes using
both real data sets under the B-JPCTII distribution. The resulting optimality measures are summarized in Table 10.
The results show that CSg, defined in Table 9, is consistently selected as the optimal censoring scheme by all the
proposed criteria. Therefore, CSg is selected as the censoring scheme for generating the B-JPCTII data sets, and all
subsequent analyses are conducted under this scheme. From a practical perspective, unlike the terminal censoring
schemes CS; and CS, or schemes with heavy early removals CS3, CSg removes test units progressively throughout
the experiment. This allows failure information to be collected over a wider portion of the lifetime distribution while
gradually reducing the number of surviving units that must be maintained under test. Consequently, CSg provides
an effective balance between estimation efficiency and experimental resources, reducing the cost of maintaining a
large number of test units without substantially increasing the overall duration of the experiment.

Table 9. The notation of censoring schemes for the real data .

Notation (n1,n2, k) Censoring scheme
Rl R2
CS; (104, 207, 50) (0(49), 54) (0(49), 157)
CSQ (104, 2077 50) (0(29), 1(20), 34) (0(29)7 2(20)7 117)
CS3 (104,207,50) (34, 029y, 1(20)) (97,0(29), 2(10), 4(10))
CS, (104,207, 70) (0(69), 34) (0¢69), 137
CSs (104a 207, 70) (0(39)7 1(30)7 5) (0(39)7 2(30)a 87)
CS¢ (104,207,70)  (O(40y: L(26),2¢a))  (32,0¢20) L (205 2(10), 3(15)> 4(4))
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Table 10. Selection of optimum censoring scheme

CS, CS, CS; CSy CS; CSq
D-opt 6 x 1078 3x1078 4x1078 4x1078 2x10°8 1x10°8
Acopt  9.445x 1072 7558 x 1072 5384 x 1072 4.839 x 102 4254 x 102  3.843 x 1072
E-opt 17.921 22.929 32478 34.253 36.638 48.602

The resulting B-JPCTII data sets generated under the CSg censoring scheme are presented in 11. Based on the
generated sample, the model parameters 61, 51, 62 and (3, are estimated using the MLE and the MPSE. In addition,
the HRF and SRF for both populations are evaluated at ¢ = 0.5. The corresponding point and interval estimates are
reported in Table 12. From Table 12, we observe that the MLE and MPSE yield very similar point estimates for the
model parameters, HRF, and SRF. Overall, both methods provide stable and reliable inference under the selected
CSg censoring scheme.

Furthermore, the estimated HRFs and SRFs for the two populations, obtained using the MLE and MPSE under
the CSg censoring scheme, are displayed in Figure 5. These curves are evaluated over a sequence of values of ¢,
thereby illustrating the estimated hazard and survival functions across the time domain. From Figure 5, we obtain
the following comments. For the first population, the MLE yields a consistently higher hazard rate than the MPSE,
resulting in a more rapid decline of the corresponding reliability function. In contrast, the MPSE indicates lower
failure rates and higher survival probabilities. For the second population, both methods produce increasing hazard
rates; however, the MPSE hazard increases much more rapidly for larger values of ¢. Consequently, the MPSE
reliability is initially slightly higher than the MLE reliability, but becomes lower after the two curves intersect.
Overall, Figure 5 shows that both methods capture similar qualitative features, although noticeable differences
arise in their estimated hazard and reliability functions.

o | _
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o
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©
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Figure 5. Estimated HRFs (upper panel) and SRFs (lower panel) based on the MLE and MPSE methods for the two real data
sets under scheme Cg. Left panel: CSR3.DAT data set. Right panel: SYS3.DAT data set.

Figure 5 compares the MLE and MPSE estimates of the model parameters, HRFs, and SRFs under the six
censoring schemes. Overall, the two estimation methods exhibit very similar patterns across all censoring schemes,
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Table 11. Generated B-JPCTII sample from CSR3.DAT and SYS3.DAT data sets under CSg scheme

T 0.05,0.1,0.1,0.1,0.1,0.1,0.1,0.2,0.2,0.2, 0.2, 0.3, 0.3, 0.3, 0.3, 0.3, 0.3, 0.4, 0.4,0.4, 0.4, 0.4,
04,04,04,0.5,0.5,05,0.5,0.5,0.5, 0.5, 0.6, 0.6, 0.6, 0.6,0.9,0.9, 0.9, 0.9, 0.9, 0.9, 0.9, 0.9,
09,1,1,1.1,1.2,1.3,1.3,1.3,1.3,14,14,1.5,15,15,1.7,1.8,1.9,1.9,2,2.1,2.2,2.3,3,3.1,
34,3.6

1,1,1,00,0,1,1,0,0,0,1,1,1,0,0,0,1,1, 1,0, 0, 0, 0, O,

0,0,1,0,0,0,0,0,1,1,1 1,0, 1,0 0,1,0, 1,0

1,1 1,1,1 ,1,0,0,0,0,0,0,1,1,0,0,0,0,0,1,
9030’ 9 b b ’070’0’ b 9 b 9 00

1,1
s Ly 30909 s

Table 12. Point and interval estimates the model parameters, HRF and SRF for B-JPCTII generated from the two data sets
under the CSg censoring scheme.

ACI boot-P boot-T boot-N

Parameter Method Estim ESE Lower Upper Length Lower Upper Length Lower Upper Length Lower Upper Length

MLE  0.626 0.151 0.330 0922 0.592 0353 0957 0.604 0434 1.014 0.580 0.357 0.969 0.612

b1 MPSE 0.566 0.138 0.296 0.836 0.540 0.272 0.853 0.581 0.400 1.051 0.651 0371 0947 0.576
3 MLE 1.104 0.029 1.047 1.162 0.115 1.037 1.109 0.073 1.099 1.224 0.124 1.095 1.171 0.076

! MPSE 1.115 0.031 1.054 1.176 0.122 1.049 1.124 0.075 1.106 1221 0.115 1.099 1.176 0.077
0, MLE 0948 0.110 0.732 1.164 0432 0.757 1222 0465 0.740 1.185 0.445 0.713 1.168 0.455

MPSE 0951 0.112 0.732 1.170 0.438 0.955 1.331 0.376 0.689 0.948 0.258 0.605 1.005 0.400

3 MLE 1.142 0.025 1.092 1.191 0.099 1.086 1.171 0.085 1.115 1.213 0.098 1.112 1.195 0.084
2 MPSE 1.138 0.025 1.089 1.187 0.098 1.077 1.137 0.060 1.139 1.221 0.081 1.133 1.197 0.064

MLE  0.086 0.024 0.039 0.133 0.094 0.028 0.083 0.056 0.088 0.194 0.106 0.085 0.142 0.057

H MPSE 0.090 0.025 0.041 0.138 0.097 0.032 0.087 0.054 0.093 0.192 0.100 0.089 0.145 0.056
H MLE  0.139 0.021 0.097 0.181 0.084 0.089 0.157 0.068 0.122 0.197 0.075 0.119 0.186 0.067
2 MPSE 0.136 0.021 0.095 0.178 0.083 0.081 0.135 0.054 0.137 0.200 0.062 0.131 0.188 0.057
g MLE 0936 0.020 0.896 0975 0.079 0923 0.979 0.056 0.861 0.947 0.086 0.892 0.949 0.057
! MPSE 0.927 0.022 0.884 0.969 0.084 0909 0.971 0.062 0.855 0.942 0.088 0.887 0.948 0.061
S MLE 0931 0.016 0.901 0.962 0.062 0908 0.964 0.056 0.885 0.951 0.066 0.898 0.954 0.056

MPSE 0.933 0.016 0.903 0964 0.061 0934 0970 0.036 0.875 0.932 0.058 0.896 0.936 0.040

Note: Note: 01, 1, H1, and S denote the model parameters, HRF, and SRF, respectively, for the CSR3.DAT data set, while 02, 82, Ha,
and S> denote the corresponding quantities for the SYS3.DAT data set. The HRF and SRF values are computed at ¢ = 0.5.

with the corresponding curves nearly overlapping in most panels. The estimates of 5y, 82, H1, S1, and So are
almost identical, whereas slightly larger differences are observed for 6; and Hy under a few censoring schemes.
Nevertheless, both methods capture the same overall trends, indicating that the resulting estimates are robust to the
choice of estimation method. These findings are consistent with the numerical results reported in Table 8, further
demonstrating the close agreement between the MLE and MPSE for the two real data sets.

8. Conclusion

In this study, we investigated the estimation of the HRF and SRFfor the Pham distribution under the B-JPCTII. Both
MLE and MPSE procedures were developed for point and interval estimation of the HRF and SRF. In addition,
bootstrap confidence interval methods were considered, and an optimal censoring scheme was identified using
several optimality criteria.

The simulation results show that neither method uniformly dominates the other; rather, their relative performance
depends on the reliability characteristic, hazard shape, and censoring scheme. In particular, MPSE can provide
more accurate point estimation for certain reliability characteristics, whereas MLE may be preferable when smaller
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Figure 6. Point estimates of the model parameters, HRFs evaluated at ¢ = 0.5, and SRFs evaluated at ¢ = 0.5, obtained using
the MLE and MPSE for the CSR3.DAT data set (upper panel) and the SYS3.DAT data set (lower panel) under the CSg
censoring scheme.

MSEs and more stable numerical convergence are of primary concern. For the interval estimates, AL and CP vary
across the hazard shapes and censoring schemes. ACI generally provides a favorable balance between AL and CP
for the decreasing hazard case, whereas Boot-P performs well for the bathtub-shaped hazard case, particularly in
terms of interval length.

The real-data applications further demonstrate the practical applicability of the proposed methodology. The
Kolmogorov—Smirnov goodness-of-fit test and the empirical distribution function plots indicate that the Pham
distribution provides an adequate fit to both software reliability data sets. Moreover, the proposed optimality
criteria consistently identify an efficient censoring scheme, and the resulting HRF and SRF estimates obtained
from the MLE and MPSE exhibit similar overall behavior, confirming the effectiveness of the proposed inferential
procedures in practical applications.

From a practical perspective, the proposed methods provide a useful framework for reliability practitioners
analyzing lifetime data under balanced joint progressive Type-II censoring. The simulation results suggest that
the MLE is preferable when estimating the SRF, whereas the MPSE offers a competitive alternative for estimating
the HREF, particularly in situations where likelihood-based estimation may be less stable. Furthermore, the proposed
optimal censoring strategy can help practitioners design life-testing experiments that balance estimation accuracy
with experimental cost.

Several extensions of the present work deserve further investigation. One possible direction is to extend the
proposed inferential procedures to other censoring mechanisms, such as Type-I, hybrid, adaptive progressive, or
generalized progressive censoring schemes, and compare their statistical efficiencies. Another important direction
is to investigate the proposed estimation methods for other flexible lifetime distributions and related reliability
measures, such as stress—strength reliability, mean residual life, and system reliability, under balanced joint
progressive censoring. These extensions would broaden the applicability of the proposed methodology in reliability
engineering and survival analysis.
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Appendix (A)

The second-order partial derivatives of the log-likelihood function(7)with respect to 61, 62, 51, B2 result in
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The second derivatives of the log-PSF given by (14) are presented as follows:
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and
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The analytical first- and second-order derivatives were verified numerically using finite-difference
approximations implemented in the numDeriv package in R. The maximum absolute differences between the
analytical and numerical derivatives were of the order of 107! for the log-likelihood function and 10~1° for the
log-product-of-spacings function.

Appendix (B):Proof of Theorem 2.1

Proof
First consider the expressions &;(6;),7 = 1, 2, where the score function are given in (8) and (10). Since,
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We next consider the limits as §; — oco. Note that
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If all relevant observations satisfy 0 < t; < 1, then
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and
0,
t,” logt; — 0.

It follows that

k
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k
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On the other hand, if at least one relevant observation satisfies ¢; > 1, then

el
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In this case, the negative term
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dominates the remaining terms. Hence,

lim 6](9]) = —0Q, j = 172

Hjﬁoc

Therefore, in either case, the score functions ;(¢;) are positive near zero and negative for sufficiently large 6,.
Next, consider the expressions &;(3;) where the score function are given in (9) and (11). Since

log 8; ~ B — 1, B; — 1T,

we have
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All remaining terms have finite limits as 8; — 17. Consequently,
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To examine the behavior as 8; — oo, set
Qi = t?j > 0.
The individual terms in the score have the form
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If aj; > 1, equivalently ¢; > 1, then
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Hence, if at least one observation satisfies ¢; > 1,

lim &g, (B;) = —oo.

Bj-}OO

If all observations satisfy 0 < ¢; < 1, then 0 < aj; < 1, and

aji=1 _ _ Gji
aﬁﬂj = — 0.

1—ay;
B

However, this negative term decreases more slowly than aj;/3;. Therefore,
fj(ﬂj)—ﬂ)’, 6j4)OO.

If some ¢; = 1 and none exceeds 1, the corresponding negative term converges to a finite negative constant. Thus,
in all cases, £, (;) < 0 for sufficiently large j3;.

By continuity of the score functions, the intermediate value theorem therefore guarantees the existence of at least
one positive solution to each score equation

§(0;) =0,  &(B)=0 =12
For the two model parameters, direct differentiation gives

020 020
e = i =1,2
002 <0 0p? <0 i=Lz

so that each score function is strictly decreasing, and the corresponding conditional solution is unique.
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