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Abstract Soft expert sets, introduced by Alkhazaleh and Salleh in 2011, give decision makers a way to fold several experts’
opinions into a single mathematical object rather than aggregating them by hand; a fuzzy version of the same idea followed
shortly after, adding graded (fuzzy) membership on top of the expert structure. Separately, Yang et al. (2009) showed how
interval-valued fuzzy sets — membership expressed as a range rather than one number — combine with soft sets to capture
cases where a single crisp membership value is too precise for the information available. This paper brings these two lines
together: we build the interval-valued fuzzy soft expert set (IVESES), a structure in which every expert’s opinion on every
parameter is recorded as an interval rather than a point, while still keeping the multi-expert, agree/disagree machinery of
soft expert sets intact. We work out complement, union, intersection, AND and OR for this structure and prove their basic
algebraic properties, then build a step-by-step decision algorithm on top of it. Because opinions no longer have to be squeezed
into a single number, the model can represent an expert’s uncertainty about their own rating, not just disagreement between
experts, and it does so without needing any extra aggregation machinery — one integrated object holds everyone’s input.
We illustrate the algorithm on a hospital-expansion decision problem and work through it end to end. We further test the
model with a second, independent case study, benchmark it against a classical point-valued soft expert set method, and run
a sensitivity analysis showing the recommended decision is stable under random perturbation of the input data.
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1. Introduction

Real-world decision problems in engineering, medicine, economics, and environmental planning routinely involve
information that is incomplete, vague, or contested among the people assessing it. Molodtsov [3] addressed this gap
by proposing soft set theory, a parameterized family of subsets of a universe that avoids the restrictive assumptions
of earlier uncertainty models. Maji, Roy and Biswas [4] worked out a set of basic operations for soft sets and
showed how they could be applied in practice, and in a companion paper [6] combined soft sets with fuzzy sets
to allow graded, rather than binary, membership. Building on that combination, Yang et al. [1] replaced the point-
valued fuzzy grades with interval-valued ones, giving each element a membership range instead of a single number,
and supplied a matching decision-making procedure. Feng et al. [2] pushed this interval-valued fuzzy soft model
further with a level-soft-set approach to decision problems.

A separate line of work tackled the opposite limitation: rather than the shape of the membership grade,
Alkhazaleh and Salleh [9, 10] focused on how to record several experts’ judgements at once, introducing soft
expert sets and their fuzzy extension so that a panel’s opinions sit inside one object instead of being pre-aggregated
by hand.
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2 INTERVAL-VALUED FUZZY SOFT EXPERT SET

Since then, soft-expert-set-based decision algorithms have been carried into a range of concrete application
domains: an interval-valued neutrosophic soft expert set was used to rank suppliers in construction supply chain
management [11], a fuzzy hypersoft expert set was applied to product selection [12], and a neutrosophic hypersoft
expert set with fuzzy-parameterized degrees was used for heart-disease diagnosis [13]. The soft-set family itself
keeps growing in this direction, too: a linguistic SuperHypersoft set, published in this same journal, pushes the
parameter structure further by letting each attribute expand into a hierarchy of sub-attributes [22]. These studies
show the soft-expert-set family is already trusted across supply-chain, consumer-choice, and clinical decision
problems, which is part of what motivates extending it with interval-valued grades here.Recent studies have also
considered the Epanechnikov—Pareto distribution and its applications [42, 43]

Hazaymeh and coauthors have extended this line of work along a temporal axis, proposing the time-shadow
soft set [15], the time-effective fuzzy soft set [16], and time fuzzy soft sets [14] for settings where the relevant
information changes over time, with a further study examining how the time factor itself affects fuzzy soft expert
sets specifically [17]; Odat [24] gives a further generalization of the time-fuzzy soft expert set line. Bataihah and
Hazaymeh [18] combined this temporal dimension with the expert-set structure in the time fuzzy parameterized
fuzzy soft expert set.

The gap these two research threads leave open is a structure that records interval-valued grades and multiple
experts’ opinions simultaneously — which is exactly what we build here: the interval-valued fuzzy soft expert
set (IVESES), unifying the interval-valued fuzzy soft sets of [1] with the soft expert sets of [9]. We define its
complement, union, intersection, AND and OR operators and establish their algebraic properties.

A closely related, concurrent structure is Bataihah’s parametrized interval-valued fuzzy soft expert set
(PIVFSES) [21], which layers a fuzzy-parameterization weighting of the parameter set on top of the same interval-
valued expert-opinion idea. IVFSES as defined here is, in effect, the unweighted case of that idea, where every
parameter counts equally; what this paper adds instead is a second, independent case study, a benchmark against
a classical point-valued soft expert set method, a sensitivity analysis of the ranking, and a computational-cost
comparison against intuitionistic and neutrosophic soft expert sets (Sections 4 and 5).

We then put IVFSES to work on a concrete decision problem. Because every expert’s opinion is captured as an
interval within the same object, a decision maker can read off the full spread of opinions — agreement, disagreement,
and uncertainty about each rating — without a separate aggregation step, which is what the worked application in
Section 4 demonstrates.

Motivation and main contributions

Existing soft-expert-set models fall into two groups. One group uses point-valued fuzzy grades (fuzzy soft expert
sets [10]): an expert gives a single number, with no room for uncertainty about that number itself. The other
group uses interval-valued grades but drops the multi-expert opinion structure (interval-valued fuzzy soft sets [1]).
Neither lets a decision maker record both the width of an expert’s uncertainty about a grade and several experts’
agree/disagree opinions at the same time. That gap is the motivation for this paper. Our contributions:

1. We define the interval-valued fuzzy soft expert set IVFSES), its complement, union, intersection, AND and
OR operators, and prove their basic algebraic properties.

2. We give a choice-value decision algorithm for IVFSES and justify the aggregation rule it uses.

3. We test the model on a worked hospital-expansion case study and a second, independent case study, compare
it against a classical point-valued soft expert set method, and run a sensitivity analysis on the ranking.

4. We work out the computational cost of the algorithm and place IVFSES next to related structures, including
intuitionistic and neutrosophic soft expert sets.

Two further extensions of this temporal line are worth noting. Hazaymeh et al. [19] formulated parameterized
time neutrosophic soft sets, carrying the same temporal idea into neutrosophic settings where indeterminacy, not
just membership, needs to be tracked. Bataihah [20] examined how giving experts different weights affects the
ranking produced by time fuzzy soft expert sets, showing that expert importance is not always safe to ignore in
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A. A. HAZAYMEH 3

temporal decision systems — a point we return to in Section 4 when discussing how IVFSES could be extended
with expert weights.

Fujita et al. [40] and Heilat et al. [41] show the same interest in interval-valued and contradiction-aware
fuzzy/neutrosophic hybrids within this journal, as does a recent construction of weighted-averaging and geometric
operators over a trigonometric neutrosophic interval-valued set [23]. The same research community has, in parallel,
pushed neutrosophic and fuzzy formalisms into purely analytic directions unrelated to decision-making, such as
fixed-point and common-fixed-point results, distance-space theorems, and stability analysis in neutrosophic and
fuzzy metric spaces [25, 26, 27, 28, 29, 30] and distributional reliability estimation [31]; the same broader interest
in the correlation structure of uncertain and random fields dates back to earlier, purely stochastic-process work
on nonstationary random fields with a zero spectrum [32]. Together, these underline how broadly analytic and
uncertainty-modeling formalisms are used outside the soft-set line this paper follows. Two related hybrids deserve a
direct comparison. An intuitionistic fuzzy soft expert set [38] attaches a membership and a non-membership degree
to every element, with a residual hesitancy left over — a different kind of uncertainty, simultaneous support and
opposition, not the width of a single grade. A neutrosophic (or vague) soft expert set [39] goes further still, tracking
truth, indeterminacy and falsity as three separate numbers. IVFSES stays simpler on purpose: one membership
degree per element, just allowed to be an interval instead of a point. That is enough when the uncertainty comes
from measurement or elicitation error on a single grade, rather than from genuine three-way indeterminacy, and it
keeps IVFSES cheaper to compute than its intuitionistic or neutrosophic counterparts while still capturing expert
disagreement through the agree/disagree structure it inherits from soft expert sets.

Soft set
(Molodtsov)
|
Soft expert set Interval-valued
Fuzzysoft set (Alkhazaleh--Salleh) ] fuzzy soft set
v \ 4
Intuitionistic /
S;Z?rltsso :E neutrosophic soft
p expert set

different
uncertainty
model

\,

Interval-valued fuzzy
soft expert set (IVFSES)

-- this paper --

Figure 1. Positioning of IVFSES relative to soft set, fuzzy soft set, soft expert set, interval-valued fuzzy soft set, and closely
related hybrids (intuitionistic and neutrosophic soft expert sets).

Figure 1 summarizes this positioning.

A related strand of work applies similarity-based reasoning directly to interval-valued neutrosophic soft settings
for decision-making [33], and a companion study builds a hybrid aggregation-operator-based decision algorithm
on the same possibility interval-valued neutrosophic soft setting [34]. The interval-valued idea has also been
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4 INTERVAL-VALUED FUZZY SOFT EXPERT SET

carried into a matrix setting, with a generalized interval-valued Q-neutrosophic soft matrix and its decision-making
applications [35], while a separate study works out the algebraic structure — fields, in particular — of the related Q-
complex neutrosophic soft setting [36]. On the applied side, expert-driven structural methods such as DEMATEL
have been used to untangle interdependent barriers in applied settings, for instance technology adoption in the
Malaysian agriculture sector [37]. Together, these point to the same underlying need: tools that can hold expert
judgement and uncertainty together without forcing one into the other.

A word on how IVFSES relates to DEMATEL-style methods. DEMATEL builds a directed influence matrix
among a fixed set of criteria, usually from a single averaged expert judgement per pair of criteria, and uses it to
split criteria into cause and effect groups. Its output is a map of how criteria affect each other, not a ranking of
decision alternatives. IVFSES does something different: each expert gives an interval agree/disagree opinion per
alternative—parameter pair, and the choice-value algorithm turns these into a score per alternative. The two methods
are not really competitors. DEMATEL could be used beforehand to decide which parameters £’ matter most before
they go into the IVFSES ranking, but it does not by itself produce the alternative ranking this paper is after, and
its influence matrix is usually point-valued, so it does not carry individual expert disagreement the way IVFSES’s
agree/disagree structure does.

In short, this paper defines interval-valued fuzzy soft expert sets, works out their complement, union, and
intersection along with the algebraic properties that follow, and then puts the model through a full decision-making
example to show it in use.

2. Preliminaries

This section collects the background notions the rest of the paper builds on. Throughout, W is a fixed universe and
P a set of parameters, with M C P; P(W) is the power set of . We begin with Molodtsov’s original soft set [3].

Definition 2.1. [3] Given a mapping F' : M — P(W), the pair (F, M) is a soft set over W every parameter § € M
picks out a subset F'(6) C W, namely the elements of W that go with 4.

Definition 2.2. [6] Now let I" be the family of all fuzzy subsets of a universal set W, with P again a parameter
setand M C P.If F : M — IV is a mapping, (F, M) is a fuzzy soft set over W.

Definition 2.3. [6] Take two fuzzy soft sets (F, M) and (G, N) over the same universe W. We say (F, M) is a
fuzzy soft subset of (G, N) when:

1. M CN;
2. F(9) is a fuzzy subset of G(¢) for every 6 € M.

We write this relation as B
(F,M)< (G, N).

In that case (G, N) is a fuzzy soft superset of (F, M).
Definition 2.4. [6] The complement of a fuzzy soft set (F, M), written (F, M)¢, is given by

(F, M) = (F°,=M),
where F¢ : =M — P(W) satisfies
FE(T) = ¢(F(-T)), VI € =M,
with ¢ a fuzzy complement operator.
Definition 2.5. [6] For fuzzy soft sets (F, M) and (G, N), their AND, written
(F, M)A (G,N),
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is defined as
(F,M)AN(G,N) = (H,M x N),

where
H(,\) = t(F(P),G()\))7 V([',\) € M x N,

for an arbitrary ¢-norm ¢.
Definition 2.6. [6] Similarly, the OR of (F, M) and (G, N), written
(F; M)V (G, N),

is given by
(F,M) Vv (G,N) = (0,M x N),

where
O, \) = s(F(I),G(N)), V(I',A\) € M x N,

with s an arbitrary s-norm.

Definition 2.7. [6] For fuzzy soft sets (F, M) and (G, N) over a common universe W, the union (H, C) is built as
follows. Set

C=MUN,
then, for every § € C,
F(5), 6€ M — N,
H(6) = ¢ G(9), deN—M,

for an s-norm s.

Definition 2.8. [6] Intersection works the same way: for fuzzy soft sets (F, M) and (G,N) over W, their
intersection (H, C') has
C=MnNN,

and, for every 6 € C,

for a ¢-norm ¢.

Definition 2.9. [9] Now bring experts into the picture. Fix a universe W, a parameter set P, and a collection of
experts X. Let

02{01,02,...,0n}

be a set of opinions, and set
Z=Px X xO.

For M C Z, the pair (F, M) is a soft expert set over W when
F:M— P(W).

Definition 2.10. [10] Adding fuzzy grades to this: a fuzzy soft expert set over W is a pair (F, M) with
MCPxXxO,

where F' : M — [0,1]" sends each parameter—expert—opinion triple to a fuzzy subset of .
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6 INTERVAL-VALUED FUZZY SOFT EXPERT SET

Definition 2.11. For a temporal extension, let W be a universal set, P a parameter set, and
T = {t1,t2,...,tn}
a collection of discrete time instances; a time-fuzzy soft set (TESS) is then given by

{(Fy, M) e,

where M C P and each mapping
Fy: M — [0,1]V

gives time-dependent fuzzy membership values on W.
Definition 2.12. [5] Widening a point-valued grade to a range: an interval-valued fuzzy set XonWisa mapping
X : W — Int([0,1]),
so that each x € W gets a closed interval
px(x) = [ (z),p" ()] C[0,1].

and these bounds obey
0<pu (z)<pt(x) <1, Vo e W.

Equivalently, for X € P(W) we write the membership of z € W as
pg(@) = [p(2), 1* ()],
with 1~ (z) and p+ () the lower and upper bounds.

Definition 2.13. [8] For X , Y € ﬁ(W), complement, union, intersection, and the subset relation are given as
follows:

e Complement: X¢is given by
(@) = 1= pg(@) = [1 = wh(@), 1 - g ()] -

« Intersection: X NY is given coordinate-wise by

iy (@) = [inf (13 (2), g (), ink (1% (), i (@) ]

« Union: X UY is defined the dual way,

>+

<+
5
&2
=
| I

proy () = {Sup(u;;(x),u;(w)),sup(w(x),u

* Subset: X - Y means

Xcv,
if
pe(@) < pg(e) and ph(e) <pl(z),  VeeW.

Throughout the paper, intersection and union of ordinary (point-valued) fuzzy grades use the standard minimum
t-norm ¢(a, b) = min(a, b) and maximum s-norm s(a, b) = max(a, b), the Godel t-norm and s-norm. For IVFSES,
the interval operators N and U are the coordinate-wise infimum and supremum given above, which reduce to the
same min/max rule for two values. This is the standard choice for soft-set-type constructions [6, 8], and it is what
makes the operators idempotent, commutative and associative — properties the algebraic results in Sections 5-6
depend on.
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3. Interval-valued Fuzzy soft expert set

This section builds the interval-valued fuzzy soft expert set formally and then walks it through a decision problem.
Fix a universe W, a parameter set E, a set of experts (agents) X, and opinions O = {1 = agree, 0 = disagree}.
Throughout, A C Z with Z = FE x X x O.

Definition 3.1. Given a mapping F': A — Int (W), the pair (F, A)IV is an interval-valued fuzzy soft expert set
(IVFSES), where Int (W) collects all the interval-valued subsets of W. In other words, Int(W) is the set of
all interval-valued fuzzy subsets of W: mappings p: W — Int([0,1]) that give each 2 € W a closed interval
w(z) = [p (x),ut(z)] C[0,1]. So F(e) € Int(W) gives every = € W a lower and an upper membership bound
for the parameter—expert—opinion triple € € A.

Example 3.2. The full hospital-facility-expansion case study, with the complete scenario description, parameters,
and experts, is developed in Section 4 (see Tables 1-2 and the decision algorithm there). Here we use a preliminary
instance of the same type of setup, with alternatives W = {w;, wy;, wiii, Wiy}, parameters E = {ey, €2, e3} and
experts X = {m,n,r}, to illustrate the union and intersection operators defined below before the full application
is presented.

F(e1,m,1)

Wij Wiii Wiy
[0. 20 030 [0.10, 0.20]" [0.20, 0.40]" [0.20, 0.50]

F(e1,n,1)

Wi Wi Wiy
[0.0, 030 [0.60, 090] [0.40, 0.70]’ [0.20, 0.50]

e ’[“ 1 wZ’L w’LZZ w’LU
L 040 060 [0.10, 0.30]" [0.10, 0.20] [0.70, 0.80] |’

(e2.m.1) Wii Wiii Wiy
2 [0. 40 0 70]" [0.80, 0.90]" [0.60, 0.90] [0.30, 0.60]
(e, 1) Wii Wiii Wiy
2 [0.0, 020 [0.20, 0.40]’ [0.20, 0.50]" [0.20, 0.50]
w; Wii Wiii Wiy
F 1) =
ezt {[0.10, 0.20]" 020, 0.40]" [0-20, 0.50] [0.20, 0.30] }
w; Wii Wiii Wiy
F 1) =
(e 1) {[0.10, 0.20]" [0.20, 0.30] " [0.30, 0.40]" [0.20, 0.30] }
w; Wii Wii; Wiy
F 1) =
(e 1) {[0.10, 0.40]" [0.40, 0.60] " [0:30, 0.60] " [0.40, 0.50] }
w; Wii Wigi Wiy
F 1) =
(es, 7, 1) {[0'507 0.80]" [0.10, 0.30]” [0.0, 0.30]" [0.80, 0.90] }
w; Wii Wiii Wiy
F 0) =
(e1,m,0) {[0_40, 0.70]” [0.20, 0.30]" [0.20, 0.50]" [0.50, 0.80]}’
w; Wi Wi Wiy
F 0) =
(e1,n,0) {[0_307 0.60]" [0.30, 0.60]" [0.20, 0.50]" [0.50, 0.70] }’
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8 INTERVAL-VALUED FUZZY SOFT EXPERT SET

Fer,r,0) = wj Wi; Wij; Wiy
L5 =170.20, 0.70]° [0.30, 0.80]” [0.40, 0.70]° [0.50, 0.80] J
w; Wi Wiii Wiy
F 0) =
(c2,m,0) {[0.40, 0.70]” [0.50, 0.80]" [0.50, 0.80]" [0.70, 0.90]}’

F (e2,1,0) = w; Wi Wi Wiy
277 [0.60, 0.90]" [0.50, 0.70] [0.50, 0.80]” [0.70, 0.90] |’

F (ea,7,0) = W; Wij Wijj Wiy
2571 10-60, 0.80]” [0.50, 0.70]’ [0.50, 0.70]" [0.60, 0.80] J ’

F (e3,m,0) = w; Wij Wigj Wiy
870571 1030, 0.40]” [0.40, 0.70]° [0.30, 0.50]" [0.30, 0.60] |’

F(e3,n,0) = w; Wi Wi Wiy
870571 10.20, 0.40]” [0.40, 0.60] [0.60, 0.70]’ [0.30, 0.50] J

F(es,1,0) = W; Wij Wigj Wiy
#5771 70.10, 0.20]° [0.10, 0.30]’ [0.20, 0.50] [0.30, 0.50] |’

The interval-valued fuzzy soft expert set (F,Z )IV can therefore be found to consist of the following set of
approximations:

7 v _ 1 w; Wis Wiig Wiy
(F.2) { <(61’m’ )’{[0.20, 0.30]” [0.10, 0.20]" [0.20, 0.40]’ [0.20, 0.50] f )’

e ’[’L 1 wl wZ’L w’L’LZ w’LU
L (0.0, 0.30] [0.60, 0.90]" [0.40, 0.70]" [0.20, 0.50] f ]’

e 7" 1 w’L wlZ w’L’LZ wZ’U
L [0.40, 0.60] [0.10, 0.30]" [0.10, 0.20]’ [0.70, 0.80] J )’

e m 1 wl wZ’L w’L’LZ w’LU
2 [0.40, 0.70] [0.80, 0.90]" [0.60, 0.90]  [0.30, 0.60]

wZ'L wlll
1)
(e2:m 1)) 50, 020 [0.20, 0.40]° [0.20, 0.50]" | 020 050 })

es, 1, 1)

Wi Wiiq

1)
(e3,m, 010 020]" 020, 0.30] [0.30, 0.40]" 020 030] })

Wi Wiig Wiy

1)
e 010 040 [0.40, 0.60]’ [0.30, 0.60]" [0.40, 0.50]

wlZ w’L’LZ
{010 0.20]7 [0.20, 0.40]" [0.20, 0.50]° 020 030 )

)

(
(
(
(
(
(
(
(

e (1 Wi Wiig Wiy
71\ 10,50, 0.80]’ [0.10, 0.30]" [0, 0.30] [0.80, 0.90] J )’

Stat., Optim. Inf. Comput. Vol. x, Month 202x



A. A. HAZAYMEH 9

e m O wl wZ’L w’L’LZ
L [0.40, 0.70]" [0.20, 0.30]” [0.20, 0.50]’ 050 080

o })
{020 3707 30, 0.0’ 0.6, 701" [9.50, 0.8 })
o ik
o )

Wi Wiiq

0.30, 060 [0.30, 0.60]" [0.20, 0.50]" 050 070

e1,n,0)

Wi Wi

e1,r,0),
0)
0.40, 070 [0.50, 0.80]’ [0.50, 0.80]’ 070 09

Wi Wiig Wiy

0)
e 0.60, 090 [0.50, 0.70]’ [0.50, 0.80]’ [0.70, 0.9

0]
0]

e, T, 0 wj Wi Wiiq
» [0.60, 0.80]" [0.50, 0.70] [0.50, 0.70]" | 060 080

e3,m, O Wy Wi Wii4
® 0.30, 0.40]’ [0.40, 0.70]” [0.30, 0.50]’ 030 060

)

(
(
(
(camo
(
(
(
(

e ’[’L O w’L w’L’L wll’b
3’ [0.20, 0.40]" [0.40, 0.60] [0.60, 0.70]" | 030 050

(63, r O) 7 Wy 7 Wi; Wi
[0.10, 0.20]” [0.10, 0.30]” [0.20, 0.50]" | 030 050

Definition 3.3. Given two IVESESs (F, A)"" and (G, B)"” over W, we call (F, A)"" an IVFSES subset of
(@, B)"" precisely when

1. BC A,
2. Ve € B, G(e) is interval-valued fuzzy subset of F'(¢).

Example 3.4. Consider the previous example 3.2. Suppose that the hospital management revisits the opinions of
the experts, this time restricting attention to the following two subsets of parameter—expert—opinion triples.

A= {(617m, 1)) (63,m7 1) ) (637m70) ) (61,717 1) ) (627”’7 1) (627Ta0)7
(63,7’&,0),(@2,7‘, 1)7(6377‘71)’(8377"70)}7
B = {(61,m,1)7(€3,m,0),(61,77,,1)7(62,”,1),(62,7’, 0)7

(es,r, 1), (es,m, 0)}

Since B is a fuzzy subset of A, clearly B C A. Let (G, B) and (F, A)"" be defined as follows:

F A v _ 1 W; Wi Wigi Wiy
(£, 4) {<(el’m’ )’{[0.10, 0.20]" [0.10, 0.30] [0.20, 0.50]’ [0.20, 0.40] J )’
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e n 1 wl wll w’L’LZ wl’U
L (0.0, 0.20] [0.20, 0.30]" [0.40, 0.60]’ [0.30, 0.40] f )

e n 1 wZ w’L’L wlll w’L’U
2 [0.40, 0.60]” [0.40, 0.50]" [0.70, 0.80]" [0.50, 0.60] f )’

. Wi Wiig Wiy
2 0. 10 030 [0.30, 0.50]" [0.60. 0.80]’ [0.50, 0.70] [ )

wll w'Ll'L
1)
€31 020 050]" 030, 0.50] [0.50, 0.80]" 060 "070] })

w’LZ w’L’L’L

e 7” 0 wlZ w’LZ’L wl’U
2 [0.0, 010 0.0, 0.20]" [0.40, 0.60]” [0.40, 0.50] | )’

s r 020 040 [0.30, 0.40]" [0.50, 0.80] 060 080

Wi Wiiq

es, n,0)

Wi Wiig
0)
(e3,m, {030 0.40]" [0.40, 0.60]” [0.40, 0.70]" 050 0.60] })
Lo 1))

0.10, 020 [0.10, 0.30]" [0.50, 0.70]’ 050 06

w; Wi Wii4
€1,M, 1 )

[0.0, 0.10] [0.10, 0.20]" [0.10, 0.30]" [0.20, 040

e n 1 wl wl’b wZ’Ll
b 0.0, 0.10] [0.20, 0.30]" [0.30, 0.40]" [0.30, 040

e n 1 wl wZ’L wl’LZ
> [0.40, 0.50]" [0.30, 0.40]" [0.60, 0.70] 040 060

w; Wi Wiiq
es, T, 1)
{ 0.20, 0.30]" [0.30, 0.40]" [0.50, 0.80]" 0.50, 060 })

e 7" 0 U}Z wl’b w’Ll’L wl’U
» [0.0, 0.10]" [0.0, 0.10]" [0.30, 0.50]  [0.30, 0.40] | /’

e m 0 wl wl’b wZ’Ll w’HJ
& [0.10, 0.20]" [0.30, 0.50]" [0.40, 0.50]" [0.40, 0.50] J )’

(
(
(s
(
(
(
(
(
(o o e ) |
=
(
(
(
(
(
(

es, T, 0 W; Wi Wiig Wiy
5 [0.0, 0.10]" [0.10, 0.20]" [0.30, 0.50]  [0.20, 0.50] '
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Therefore (G, B)'Y C (F, A)'V.
Definition 3.5. Take two IVFSESs,

(F, A"V and (G,B)Y

over W. We call them equal when each is a subset of the other, i.e. when

(F, A)IVE(G, B)IV

and B
(G,B)"VC(F,A)Y.

Definition 3.6. The agree-IVFSES extracted from (F, A)!V, written
(F, A)1",

collects the parts of (F, A)'V that correspond to positive opinions:

(F, AV ={Fi(a):a € Ex X x {1}}.

Definition 3.7. Dually, the disagree-IVFSES, written
(F,A)Y,

collects the negative-opinion parts of (F, A)'V

(F,A)Y ={Fy(a):ac E x X x {0}}.

11

Example 3.8. Consider Example 3.2. Then the agree- Interval-valued Fuzzy soft expert set (F, Z )fv over W is

Wiy

Fz A% _ 1 w; Wis Wi
(F.2), { <(61’m’ )’{[0.20, 0.30]" [0.10, 0.20]" [0.20, 0.40]’ [0.20, 0.50]

w; Wi Wiiq
e1,n,1)

0.0, 0.30]" [0.60, 0.90]" [0.40, 0.70]’ [0.20, 0.50]

Wiy

w; Wi Wiiq
e1,m,1)

[0.40, 0.60]" [0.10, 0.30]’ [0.10, 0.20]’ [0.70, 0.80]

Wiy

wj Wi Wii4
ea,m, 1)

[0.40, 0.70]" [0.80, 0.90]" [0.60, 0.90]’ [0.30, 0.60]

e n 1 wl wZ’L w’L’LZ
2’ 0.0, 0.20]’ [0.20, 0.40]’ [0.20, 0.50] | 020 050

wl’U

[0.10, 0.20] [0.20, 0.40]" [0.20, 050} [0.20, 0.30]

w; Wi Wiiq
es,m, 1)

[0.10, 0.20] [0.20, 0.30]" [0.30, 0.40]’ 020 030

wW; Wi Wii4
es,n,1)

[0.10, 0.40]  [0.40, 0.60]" [0.30, 0.60]’ 040 050

(
(
(
(
(
(
(

w; Wi Wii4
es, T, 1)

[0.50, 0.80]" [0.10, 0.30]’ [0.0, 0.30]  [0.80, 0.90]

Stat., Optim. Inf. Comput.
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and the disagree- Interval-valued Fuzzy soft expert set (F, Z )év over W is

7 v _ 0 ws Wis Wiis Wiy
(F, 2), <(61’m’ >’{[0.40, 0.70]" [0-20, 0.30]" [0.20, 0.50]’ [0.50, 0.80]

Wy Wi Wigq Wiy

)
[0.30, 0.60]" [0.30, 0.60]" [0.20, 0.50]" [0.50, 070]}
)
)

<(617T0){ w; Wi Wi Wiy

[0.20, 0.70]" [0.30, 0.80]" [0.40, 0.70]" [0.50, 0.80]

Wi Wi Wi Wiy

[0.40, 0.70]" [0.50, 0.80]” [0.50, 0.80]’ [0.70, 0.90]

w; Wis Wi Wiy
[0.60, 0.90] [0.50, 0.70]" [0.50, 0.80]  [0.70, 0.90]

(637m 0) wZ wll ; w’Ll’L wl’l)
[0.30, 0.40] [0.40, 0.70] [0.30, 0.50]  [0.30, 0.60]

(

( {

((6”0) {[0 &, 050 [9350, 0:70" 050, 0.70]" 060, 6. 801}>
(

(

(637’[’]/ O) w’L w’L’L , wll’b wl’U
[0.20, 0.40]" [0.40, 0.60]” [0.60, 0.70]’ [0.30, 0.50]

(63, r, 0) 7 w; ’ Wi ’ Wii4 7 Wiy )
[0.10, 0.20]" [0.10, 0.30]” [0.20, 0.50]  [0.30, 0.50]

Definition 3.9. For an IVFSES (F, A)!V, its complement ((F, A)"V')® is defined by
(F, A = (F°,-4),

where
F¢:-A — Int(W)

is a mapping determined by
F¢(a) = ¢(F(-a)), Vo € -4,

with ¢ representing an interval-valued fuzzy complement operator and

—AC-Ex X xO.

Example 3.10. Applying the complement operation above to the data of Example 3.2 gives

F 7 Ive _ 1 w; Wis Wiis Wiy
(F.2) {((el’m’ )’{[0.70, 0.80]” [0.80, 0.90]" [0.60, 0.80]" [0.50, 0.80] J )’

(61, n, 1) 7 w; 7 Wi; 7 Wi 7 Wiy ’
0.70, 1.0]’ [0.10, 0.40]  [0.30, 0.60]’ [0.50, 0.80]

(617 T, 1) ) i ) Wi 9 Wi ) Wiv )
[0.40, 0.60]" [0.70, 0.90]" [0.80, 0.90]" [0.20, 0.30]

Stat., Optim. Inf. Comput.
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(627 m’ 1) , wl ) wll wll’b
[0.30, 0.60] [0.10, 0.20]  [0.10, 0.40]’ 040 070

(62, n, 1) 7 w; , Wi Wi

[0.80, 1.0]" [0.60, 0.80]" [0.50, 0.80]" | 050 0.80]
(627 T, 1) ) i ; it el

[0.80, 0.90]" [0.60, 0.80]" [0.50, 0.80]" 0. 70 0.80]

(637 m’ 1) , wl ) wll w’Ll’L
[0.80, 0.90]” [0.70, 0.80]" [0.60, 0.70]” [0. 70 080

(637 ’[’L7 1) ) w’L ; w’L’L wll’b
[0.60, 0.90]” [0.40, 0.60] [0.40, 0.70]’ 050 060

(637 T, 1) ) o ) it 3 it
0.20, 0.50]" [0.70, 0.90]" [0.70, 1.0]' | 010 0.20]

(61, m, 0) , w; 7 Wis Wi
[0.30, 0.60]" [0.70, 0.80]" [0.50, 0.80]’ 020 0. 50]

(61, n, O) 7 w; 7 Wi Wii4
[0.40, 0.70]’ [0.40, 0.70]" [0.50, 0.80]’ 030 050

(617 T7 0) , wl ) w’LZ wZ’L’L wZ’U
[0.30, 0.80] [0.20, 0.70]" [0.30, 0.60]  [0.20, 0.50]

(62, m, 0) , w; 7 Wis Wi
[0.30, 0.60]" [0.20, 0.50]" [0.20, 0.50]" [0 10 030

W; Wi Wii4 })

0
(e2,m, >’{[0.10, 0.40] [0-30, 0.50]" [0.20, 0.50] " [0. 10 030]

(627 7"7 0) , wl , wll wZ’L’L wZ’U
[0.20, 0.40]" [0.30, 0.50]" [0.30, 0.50]  [0.20, 0.40]

(63, m, 0) , wy 7 Wi; Wi
[0.60, 0.70]” [0.30, 0.60]" [0.50, 0.70]’ 040 0. 70]

i N N N e N N N N e N Y e N N

(63, n, O) 7 W; ’ Wi Wii4
[0.60, 0.80]’ [0.40, 0.60]" [0.30, 0.40]’ 050 070

M)

0.80, 0.90]" [0.70, 0.90]’ [050 0.80]” [0.50, 0.70]

Proposition 3.11

If (F, A)"V is a fuzzy soft expert set over W, then

L. <(F, A)’VC)c _

(F, A)IV

Stat., Optim. Inf. Comput.

13

Vol. x, Month 202x



14 INTERVAL-VALUED FUZZY SOFT EXPERT SET

Proof
From Definition 3.9, the complement (F, A)€ is given by (F¢, A) where:

F(a)=1-F(a) Vae A

Taking the complement again yields:
((F,A))° = ((F9)%, 4)

with the membership function:
(F°)%(a) =1~ (I - F(a))
=F(a) YaeA

Thus, we have shown the double complement returns the original set. O

4. Union and intersection

Here we define union and intersection for IVESES, list their properties, and work through examples of each.

Definition 4.1. Let
(F,A)"Y and (G,B)Y

be two IVFSESs over W. Their union is the IVFSES
(H,C)",

denoted by
(F, A" U0(aG, B)!Y,

where
C=AUBCEXxXXxO,

and for every ¢ € C,
F(e), e€ A— B,

H(e)'V = ¢ Ge), e€e B—A,
F(e)UG(e), e€ ANB.
with U the interval-valued fuzzy union operator.

Example 4.2. Returning to Example 3.2, take
A= {(61,7’l, 1)7 (ela r, 1) ) (62a m, 1) ) (62,7’)’170) ) (627T7 1) ) (63,’”7 1) )

(es,n,0), (es,7,0) } B = {(el,n, 1), (e1,7,1), (e2,m, 1), (ea,7,0), (e3,m,0), (es,r,0) }

Suppose (F, A)IV and (G, B)IV are two IVFSESs over W such that

F A v _ 1 w; Wi Wiiq Wiy
(F, 4) {((61’"’ )’{[0.0, 0.30] [0.60, 0.90]" [0.40, 0.70]" [0.20, 0.50] [ )

(617 T, 1) ) i ) Wi 9 Wi ) Wiv )
[0.40, 0.60]" [0.10, 0.30]" [0.10, 0.20]" [0.70, 0.80]

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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(2, 1), {

0.

w; Wij Wi
40, 0.50]° [0.80, 0.90]" [0.60, 0.90]’ 030 0.60]

(e2,m,0) {

[0.

w’L w’L’L wlll
0, 0.20]" [0.20, 0.40]" [0.20, 0.50]" [0. 20 050

627 )

(es,m, 1)

w’LZ wZ’L’L
010 020 [0.20, 0.40]  [0.20, 0.50]° 020 030 })

(es,m,0),

(es,,0)

w’L’L wll’b
020 040 [0.40, 0.60]" [0.60, 0.70]’ 030 050 }) }

Wi Wiig
010 040 [0.40, 0.60]" [03., 0.60] 040 050 ’

w’LZ wZ’L’L
010 020 [0.10, 0.30]” [0.20, 0.50]’ 030 050 })}

(617 n, 1) , w; 7 Wi Wii4 Wiy
[0.10, 0.20]” [0.80, 0.90]” [0.50, 0.60]’ [0.50, 0.90]

(61, r 1) , w; ’ Wis Wi
[0.30, 0.70]" [0.10, 0.40] [0.30, 0.60]" | 050 080

wZ w’LZ le’L
30, 0.60]" [0.10, 0.20]" [0.10, 0.40]’ 020 070

W; Wi Wigq

0
(ea,, ),{[0'80, 1.0]" [0.60, 0.80]" [0.50, 0.70]" | 050 080 }

A/\/\/\/\HHAAAAAA

Then (F, )" 0 (G,B)"

(H7 C)IV

(63, n, 0) 7 Ww; ’ Wis Wi
[0.10, 0.50]" [0.60, 0.80]  [0.50, 0.80]" 070 080

(637 T, 0) ) i 9 il ) Wi
0.0, 0.30] [0.20, 0.50]" [0.20, 0.40]" | 070 080

= (H,0)" where

e,

(1 Wi4 Wiis Wiy
0.10, 0.30]’ [0.80, 0.90]" [0.50, 0.70]" [0.50, 0.90] J )’

(61, r 1) ’ wy 7 Wi; 7 Wi 7 Wiy ’
[0.40, 0.70]” [0.10, 0.40]’ [0.30, 0.60]  [0.70, 0.80]

(62, m, 1) 7 w; ’ Wis , Wi 7 Wiy 7
[0.40, 0.60] [0.80, 0.90]  [0.60, 0.90]  [0.30, 0.70]

Stat., Optim. Inf. Comput.
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16 INTERVAL-VALUED FUZZY SOFT EXPERT SET

(6 m O) w; Wi Wi Wiy
27052 70, 0.20]° [0.20, 0.40] [0.20, 0.50]” [0.20, 0.50] J )

(62,’[“ 1 w’L’L , wZZl ) w’L’U ,
0.10, 020 [0.20, 0.40] [0.20, 0.50]" [0.20, 0.30]

Wi Wi

080 1]’ [0.60, 0.80]" [0.50, 0.70]  [0.50, 080}

(e2,7,0),

Wi W4

0)
3.1 0.20, 050 [0.60, 0.80]” [0.60, 0.80] 070 080

( {

( )
(63’" 1) {010 0.40]” 045,}%.60] [038}“660 040 “0.50] }>
(e { wl)

(63, T, 0) ) o ) it ) il ) D .
[0.10, 0.30]" [0.20, 0.50] [0.20, 0.50]" [0.70, 0.80]

Proposition 4.3
Consider three IVFSESs denoted by (F, A)'Y, (G, B)"Y, and (H,C)"" over a universe W. Under the interval-
valued fuzzy soft union operation U, we have:

1. Associativity: (F, )"V O ((G B)"V U (H, O)IV> - ((F AT, B)IV) O(H, )"

2. Idempotency: (F, A)"Y U (F, A)"Y = (F, A)"
Proof

1. We want to prove that (F, A)"V U ((G B)" U(H, C’)IV) = ((F AT, B)IV> U(H, )"
By using definition 4.1 we have

G (e), ifeeB-C
H (e), iteeC—-B

IV v\ _
<(GB) UH,C) )7 G(e)UH (), ifeeBNC.

We consider the case when ¢ € B N C as the other cases are trivial, then we have
G, BV UH, )Y =(G()UH (¢),BUC).
We also consider her the case when ¢ € A as the other cases are trivial, then we have
(F, AT ((G B)"V U (H, C)IV) —(F(e)U(G(e)UH (), AU(BUC)).
=(F(e)UG()UH(e),(AuB)UC).
- ((F, A0(G, B)’V) J(H,C).

2. For idempotency, take (F, A)'YV U (F, A)IV (H,A)"V . By Definition 4.1, since A — A = @, every e € A
falls in the third case, so H(g) = F(¢) U F(e). Using the interval union rule (coordinate-wise supremum),

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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1@ ore) (@) = Bup(pp (@), up (2)), sup(ug (o), 1p ()] = [up (@), 15 (2)] = tre) (@) for every o € W,

since sup(a, a) = a. Hence H(c) = F(e) for every ¢ € A, so (F, A)'V U (F, 4)"

Definition 4.4. Let
(F, A"V and (G,B)"Y
be two IVFSESs over W. Their intersection, the IVFSES
(H,C)™

denoted by
(ARG B)Y
where
C=AUBCEXxXXxO,

and for every € € C,
F(e), e€ A- B,

H(e) = ¢ G(e), €€ B - A,
F(s)NG(e), e€ ANB,.
Here, N denotes the interval-valued fuzzy intersection operator.

Example 4.5. Consider Example 4.2 we have (F, A)"Y 1(G, B)"Y = (H, C) where

H v _ 1 w; Wi Wiiq Wiy
( ’C) {<(61’n’ )’{[O, 0.20]’ [0.60, 0.90]’ [0.407 0.60]’ [0.207 0.50] ’

(61, r 1) 7 wj , Wi Wii4
[0.40, 0.60] [0.10, 0.30]" [0.10, 0.20]" [0.50, 080

(62, m, 1) , Wy 7 Wi Wiig
[0.30, 0.50]" [0.10, 0.20]" [0.10, 0.40] [0.20, 060

(62, m, 0) ’ Wy 7 Wi Wiiq
[0.0, 0.20]" [0.20, 0.40]" [0.20, 0.50]" [0.20, 050

(62; r, 1) ) i ’ el ) it
[0.10, 0.2 [0.20, 0.40]" [0.20, 0.50]" [0.20, 030

(627 7"7 0) ; U}Z , wZ’L wlZZ
[0.80, 1.0]" [0.60, 0.80]  [0.50, 0.70] [0.50, 080

(63’ n7 1) , wl ) wl’b wlll
[0.10, 0.40]" [0.40, 0.60]" [0.30, 0.60]" 040 050

)
)

)
|

(637 n’ 0) , wl , w’L’L wl’L’L
[0.10, 0.40]" [0.40, 0.60]" [0.50, 0.70]" [0.30, 050

(637 707 O) ; wl , w’L’l ; wZZ’L w’L’U
0.0, 0.20]" [0.10, 0.30]’ [0.20, 0.40]’ [0.30, 0.50]

= (F, A)".

O
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Proposition 4.6

If (F, A)",(G,B)" and (H,C)"" are three IVFSESs over W, then
L(FAYAG BV AHC)Y) = ((FAYVAG B)Y)N(H, )Y
2. (F.AYAEAY =(F A4

Proof

1. We want to prove that (F, A)"Y A ((G BV A(H, C)IV) = ((F AV A, B)IV) (H,0)'".

By using Definition 4.4 we have

G(e), ifeeB-C
v wJHE), ifecC-B
<(GB) N(H,C) )_ G()NH (), ifeeBnC.

Since all other situations are negligible, we examine the situation whene € BN C
G, BV AMHE, )Y =(GE)NH(E),BUC).

We also consider here the case when € € A as the other cases are trivial, then we have

(F, AV 7 ((G BV A(H, C)IV) —(F(e)N (G ()N H (), AU (BUC)).

(F(e)NG ()N H (e), (AUB)UC).

= (v AE )™)Y

2. For idempotency, take (F, A)'Y /1 (F, A)"Y = (H, A)"V. By Definition 4.4, since A — A = @, every ¢ € A
falls in the third case, so H(g) = F(¢) N F(e). Using the interval intersection rule (coordinate-wise
infimum), ppympe) () = [inf(up(2), pp (@), nf(up (@), g (@))] = [pe (@), g )] = I (x) for every
x € W, since inf(a, a) = a. Hence H(c) = F(e) for every ¢ € A, so (F, A)'V A(F, A)" = (F,A)".

O

Proposition 4.7
If (F, A", (G,B)" and (H,C)"" are three IVESESs over W, then

1. (F,A)"Y u((G BV A, O)IV) ((FA)W (@, B)IV> ((F AV O, ) )

2. (F, AV A ((G BV U@, C)W) - ((F AVA@, B)W) ((F AV AW, ) )

Proof

1. We want to prove that
(F, A)IV ((G B)IV A (H, C)IV) _ ((F A)IV J(a, B)IV) ((F A)IV O (H, C)IV)
By using Definitions 4.1 and 4.4 we have
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G(g), iteeB-C
H(e), ifeeC-B

v = Y _
<(GB) N(H,C) )_ G(e)NH (), ifeeBNC.

We consider the case when € € B N C' as the other cases are trivial, then we have
(@, B AMH, )Y =(G()NH(),BUC).
We also consider here the case when € € A as the other cases are trivial, then we have

(E A" T((GB)"Y A C)'Y) = (Fe)U(G )N H (e),AU(BUC)).

(F(e)UG (e)),AUB) N (F(e) UH (¢), AU ).

= ((F0@.B)")A(FETH.O").
2. We want to prove that
EAVA(GB"TwoY) = (G )o(Eanmo™),
By using Definitions 4.1 and 4.4 we have

G (e), ifeeB-C
H(e), ifeeC—-B

IV v
<(GB) UH,C) ) G(e)UH (), ifeeBNC.

We consider the case when € € B N C as the other cases are trivial, then we have
(G, BV UH,C)Y =(G(e)UH (¢),BUC).
We also consider here the case when € € A as the other cases are trivial, then we have

(EAY A6 BV OH,)Y) = (Fe)N(GE)UH (), AU(BUC)).

(F(e)nG(e),AUB)U(F(e)NH(e),AUCQC).

((F A)IV A(G, B)IV) ((F A)IV A (H, C)IV)

5. The AND and OR operators within the IVFSES framework

AND and OR let us combine expert evaluations across two IVFSESs at once. AND is the stricter of the two: it
keeps only what satisfies every criterion involved, which suits screening problems where all conditions must hold.
OR is more permissive, keeping anything that satisfies at least one criterion, useful when partial matches are still
acceptable. Together they cover a good part of the ground a decision-maker needs — personnel screening, diagnosis
support, performance review under uncertainty — and this section works through their definitions and examples.

Definition 5.1. Take two IVFSESs (F, A)IV and (G, B)"Y over W. Their AND, written (F, A)IV @, B)",

produces (H, A x B)"Y with H (a, )" ﬂG ) for every (a, ) € A x B, where ﬂ is the interval-
valued fuzzy intersection operator.
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Example 5.2. Consider Example 3.2. Let
A= {(627 m, 1) ) (627n7 O) ) (63,7’, 1) ) (637T7 O)} and
B = {(6277717 1) ) (625 T, 1) ) (€3a nvo)}

Suppose (F, A)IV and (G, B)IV are two fuzzy soft expert sets over W such that

F A v _ 1 W; Wi Wigi Wiy
(£, 4) {<(62’m’ )’{[0.0, 0.20]" [0.10, 0.40]" [0.10, 0.30]" [0-30, 0.40] [ )’

(62, n, O) 7 w; 7 Wi; 7 Wi ’ Wiy 7
[0.60, 0.80]’ [0.70, 1.0]’ [0.80, 0.90]" [0.60, 0.90]

(63, r 1) 7 Wy 7 Wis 7 Wi ’ Wiy 7
[0.20, 0.40]’ [0.30, 0.60] [0.40, 0.50]’ [0.30, 0.50]

(63, 7 0) ’ w; 7 Wi ’ Wiz ) Wiy
[0.40, 0.70] [0.40, 0.60]" [0.50, 0.80]’ [0.50, 0.70]

G. B v _ 1 W; Wi Wii4 Wiy
(@, B) {<(62’m’ )’{[0.10, 0.20]” [0.20, 0.30]" [0.20, 0.40]" [0.20, 0.50] [ )

(62, T’ 1) , w’L ; w’LZ , w’L’L'L ; w’L’U ,
[0.70, 0.80] [0.80, 0.90]" [0.90, 1.0]’ [0.70, 0.80]

(63» n, 0) ’ - ) el ) it 9 i .
0.30, 0.50]" [0.20, 0.50]" [0.50, 0.60]’ [0.40, 0.80]

Then (F, A)" A (G,B)"Y = (H,A x B)"Y

w; Wi; Wiiq
1 1
{ ((e2,m. 1), (e2,m, 1)), {[00 0.20]” [0.10, 0.30]" [0.10, 0.30]" 020 040 })

w; Wi W4

1)><62’“1))’{[0.o, 0.20]" [0.10, 0.40]" [0.10, 0.30]" | 030 040) })

w; Wi Wii4

(
(
(((ez’m (e 00) {[0-0, 0.20]" [0.10, 0.40]" [0.10, 0.30]" [0.30, 040}
(
(
(

w; Wi Wi
0 1
((e2,m,0), (e2,m, ))’{[0.10, 0.20]" [0.20, 0.30]" [0.20, 0.40]’ 020 050 })

w; Wij Wii4
0 1
((e2,m,0), (2,7 1)) {[0.60, 0.80]” [0.70, 0.90]" [0.80, 0.90] | 060 080 })

w; Wi Wiii Wiy
0 0
((e2,m,0), (€3,m,0)) {[0.30, 0.50]” [0.20, 0.50]" [0.50, 0.60]" [0.40, 0.80]})’
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W; Wi Wiig Wiy
(e3,r, 1), eg,m,l)),{ ,

[0.10, 0.20]” [0.20, 0.30]" [0.20, 0.40]  [0.20, 0.50]

W; Wi Wiiq

0.20, 0.40]’ [0.30, 0.60] [0.40, 0.50]" | 030 050 })

es, r, 1) 62,7“,1))7{[

Wy Wi Wii4

es, 1), (e3,1,0)), {[

(
(
(« )
(e 62,m,1>>,{ T T T T )
(
(«

0.20, 0.40]’ [0.20, 0.50]" [0.40, 0.50]" | 030 050

[0.10, 0.20]" [0.20, 0.30]” [0.20, 040} [0.20, 0.50]

- O e . 1)) w; Wis Wiis
3 252 0.40, 0.70]" [0.40, 0.60] [0.50, 0.80] | 050 070

e5,7,0), (e3,n,0)) W Wi Wigi
& 37552 10.30, 0.50]° [0.20, 0.50]" [0.50, 0.60]” [0 40 0 70]
Definiti v v . . v o
efinition 5.3. For IVFSESs (F, A)"" and (G, B) " over W, their OR, written (F, A)"" Vv (G, B)" ", is given by
(F, A" v, B"Y =(H AxB)"
such that H (a, 8)"Y = F (a) OG (8),Y(a,8) € A x B, where O is an interval-valued fuzzy union.

Example 5.4. Consider Example 5.2 we have (F, A)"Y v (G, B)"Y = (H, A x B)"Y

w; Wij Wii4
{<((62’m’ ) (e2,m, )>’{[o.1o, 0.20]" [0.20, 0.40]" [0.20, 0.40]’ 030 050 })

w; Wiy Wii4
1 1
((e2,m, 1), ez, ))’{[0.70, 0.80]” [0.80, 0.90]" [0.90, 1.0]' | 070 080 })

w; Wij Wii4
1 0
((e2,m, 1), (€3, m, >)’{[0.30, 0.50]" [0.20, 0.50]" [0.50, 0.60]’ 040 080 })
w; Wi Wii4
0 1
((e2,m,0), (e2,m, ))’{[0.60, 0.80]” [0.70, 1.0] [0.80, 0.90]" 060 090 })

W; Wi Wiiq

[0.60, 0.80] [0.70, 1.0]’ [0.80, 0.90] 060 090

(3 Wig Wiig Wiy
0 1
((e2,m,0), (€2, ))’{[0.70, 0.80]” [0.80, 1.0]’ [0.90, 1.0]’ [0.70, 0.90] })

((62777‘70) ) (e3>n’ 0)) ) {

)

N N N e e

((637 T, 1) B (62, m, 1)) 5 i ) Wi 3 Wi ) Wiy )
[0.20, 0.40]’ [0.30, 0.60]" [0.40, 0.50]" [0.30, 0.50]
w; Wi4 Wiig Wiy
1 1
((e3, 1), (2, ))’{[0.70, 0.80]” [0.80, 0.90]" [0.90, 1.0]’ [0.70, 0.80]})’

Stat., Optim. Inf. Comput. Vol. x, Month 202x



22 INTERVAL-VALUED FUZZY SOFT EXPERT SET

e . 1 e N 0)) W Wiq Wiii Wiy
2 #1521 70.30, 0.50]" [0.30, 0.60]" [0.50, 0.60]" [0.40, 0.80]

e ,rO e m 1)) (7 Wiq Wi Wiy
2 21205 10,40, 0.70]" 1040, 0.60]" [0.50, 0.80]" [0.50, 0.70]

(e3,7,0), (e2,7,1)) e ! 0 w“’
3 25 "1 [0.70, 0.80]" [0.80, 0.90]  [0.90, 1.0]’ [0.70, 0.80]

w; Wi Wi Wiy
0 0
(((63’“ ) (es,m, ))’{[0.40, 0.70]” [0.40, 0.60]” [0.50, 0.80]" [0.50, 0.80] })}

Proposition 5.5
If (F, A)" and (G, B)"" are two interval-valued fuzzy soft expert set over W, then

L (F, AV AG,B)V) =(F AV V(GBI

2. (F, AV V(G B)IV) =(F AV NGBV
Proof

1. Suppose that (F, A)"Y A (G, B)"Y = (0,Ax B)'.
Therefore, ((F, A)'Y A (G,B)!V)* = (0,4 x B)® = (0%, (A x B)). Now,
((Fa A)IV \% (Gv B)IV) = (( ) ) \ (ch B))

(J,(A x B)), where J(z,y) = (c(F (o) N (G (B)) -

Now, take (a, 5) € (A x B). Then,
0%(a, ) = 1— O(a, B),
—1— [F(a)U (8)]
— [~ F (]I - G (8
=( ( ( ), ¢(G(5)))
= J(a, B)

Therefore O€ and J are the same. Hence, proved.

2. Suppose that (F, A)'Y v (G, B)IV (0,Ax B,
Therefore, ((F, A)™V v (G, B)! ) = (0,A x B) = (0¢, (A x B)). Now,
(R A (G B)Y) = ((F,A) NG, B))
= (J.(A x B)), where J(z,y) = (c(F (a) Uc(G (8),
Now, take (a, 8) € (A x B). Then,

G (B)]
1-G(B)]

Therefore O° and .J are the same. Hence, proved.

Proposition 5.6
If (F, A)",(G,B)" and (H,C)"" are three interval-valued fuzzy soft expert set over W, then
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1. (F, AV NG B)Y AH, O =((F, A NG, B)V)AH,C)Y

2. (F, AV v (GBI vH.C))=((FAYVGBY)v(HCOCY

3..(F, Y V(GBI AH,C)Y) = ((F,AY V(G BY)A((F,AY v(HC)),

4. (F, AV NGB v(H,C)NV) = ((F,AYANG,BY) v ((F,AY AHC)Y).

Proof
We give proofs of all four parts.

1. Suppose that (G, B)"Y A (H,C)"Y =G ()N H (B),Y (e, 8) € B x C.

Therefore
(F, A NGB AH,ONY) = F(y)N(G (N H(B),Y (7, (a,8) € Ax (B xC).

= (F(MMNG@)NH(B).Y((7,2),8) € (Ax B) x C.
= (R4 AG.B)V) A (H,C)Y

2. Suppose that (G, B)"Y v (H,C)"Y = G (a) UH (8),V (o, B) € B x C.

Therefore
(F, A" v ((G,B)Y v (HCY)=FUG@UH ), Y7, («,8) € Ax (B xC).

= (F(y)UG(a)UH (B),Y((7,),B) € (Ax B) x C.
= (R, A v (G,B)Y) v (H,C)

3. We want to prove that
(F, AV v ((G,B)IV A (H, C’)IV) = ((F, AV v (G,B)IV) A ((F, AV v (H, C)IV).

Suppose (G, B)'V A (H,C)"Y = (J, B x C)IV with J(«, 8) = G(«) N H(B), ¥(e, B) € B x C. By the
definition of OR (Definition of V, s-norm = max), for (v, (o, 8)) € A x (B x C),
(F, AV ((G,B)Y A(H,C)Y) = F(y) U (Glo) N H(B)).

Since the coordinate-wise max distributes over coordinate-wise min (both are taken pointwise on [0, 1],
where the classical fuzzy identity a V (b /\ c) (a V b) A (aV c) holds for all a, b, ¢ € [0, 1]), we get

F(7) U (Ga)nH(B)) = (F(y) UG(e)) N (F(y) UH(B)),

which, re-indexed over ((v, @), (7,8)) € (A x B) x (A x (), is exactly
(F, AV Vv (G,B)V) A ((F,A) )iV V (H,C)™V), as required.

4. We want to prove that
(F, A" A ((G,B)V v (H,C)V) = ((F, A NG, B)V) v (F,A)V A(H, C)TV).

The argument is dual to (c): suppose (G, B)"Y v (H,C)"Y = (J, B x C)™V with J (o, 8) = G(a) U H(B).
Then, for (v, (o, 8)) € A x (B x C),
(E, A A((G,B)Y vV (H,C)Y) = F(v) N (Gla)UH(B)) = (F(v)NG(a)) U (F(v) N H(B)),

using the dual fuzzy identity a A (bV ¢) = (a A b) V (a A ¢), which again holds coordinate-wise for interval

bounds. Re-indexing as above gives ((F, A)'V A (G, B)™V) v ((F, A)'Y A (H,C)!V), as required. .
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6. A decision-making application of interval-valued fuzzy soft expert sets

This section offers a practical application of the interval-valued Fuzzy soft expert set theory in a decision making
problem. Consider a well-known hospital weighing whether, and how, to expand. Management brings in an
outside consulting team to assess the situation and recommend a course of action. Four candidate expansion
options are on the table, W = {w;, w;;, wi;;, w;y}, and the consultants judge each one against five parameters
E = {e1, ez, e3,¢4,€5,}. In order, ey, ..., e5 correspond to: how prepared the current staff already is; how much
local medical need exists for the option in question; how much physical space the expansion would require;
the added staffing cost needed to bring expertise up to the required level; and the cost and availability of the
equipment the new section would need, weighed against what patients could reasonably be charged. Three experts,
X = {m,n,r}, are consulted to weigh in on these five parameters. After discussion, the panel’s judgements are
captured in the following interval-valued fuzzy soft expert set.

The interval ratings below are for illustration, following standard practice in the soft-set decision literature (see,
e.g., [10, 1, 2]): a hypothetical but internally consistent dataset is used to show how the algorithm runs from start to
finish. The same procedure works unchanged on interval grades obtained empirically — for example by asking each
expert for a plausible low-high range instead of a single score during a structured elicitation or survey. Section 4.3
below runs a sensitivity analysis and shows the final recommendation is stable under random perturbation of every
interval, which addresses the concern that the specific numbers might be arbitrary. One limitation we should state
plainly: the dataset below is hypothetical, not collected from a real hospital or historical expansion decisions.
Validating the model against real expert elicitation or historical outcome data would need a data-collection effort
beyond what this methodological paper covers, so we leave it for future work (see Conclusions). Notation: below,
w; /[, uT] inside a set F'(e) = {-} is the classical fuzzy-set fraction notation. It reads “alternative w; has interval
membership [, u 7] under the parameter—expert—opinion triple £” — it is not a numerical fraction.

Fz v _ 1 ws Wi Wiig Wiy
(F,2) {<(el’m’ )’{[0.0, 0.20]" [0.20, 0.40]" [0.80, 1.0]" [0.60, 0.80] | )~

(el, n7 1) , wl , wZ’L ) wlll ; w’LU )
[0.10, 0.30]” [0.30, 0.50]" [0.70, 0.90]  [0.50, 0.70]

(61, r 1) ’ i 7 Wi Wii4
[0.10, 0.20]" [0.40, 0.60]  [0.60, 0.80]’ 040 060

e m 1 w’L’L wl’bl w’L’U
B 020 040 [0.40, 0.50]" [0.70, 0.90]" [0.50, 0.60]

Wi Wi
1)
(c2,n, {030 0.40]” [0.30, 0.50] [0.90, 1.0]’ | 050 070

w’L’L wlZ’L
(e2,m, {010 0.30]" [0.20, 0.40]" [0.80, 0.90]" 040 050 })

(63, m’ 1) , wl ) wll wl’bl w’L’U
[0.20, 0.30]” [0.50, 0.60]" [0.70, 0.80]  [0.40, 0.70]

(63, n, 1) ’ Wy ? Wi Wiiq
[0.10, 0.30]" [0.40, 0.60]" [0.80, 0.90] 060 070

/\/\/\/—\/—\/—\

(63, r 1) 7 Wy , Wiy 7 Wi 7 Wiy 7
[0.0, 0.10] [0.30, 0.50]" [0.60, 0.70]’ [0.50, 0.70]
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W; Wi Wiiq

[0.10, 0.20]" [0.30, 0.60]" [0.70, 1.0]’ 060 090

Wy Wi Wii4

7 N

(e4,n,1),{

[0.30, 0.40]" [0.20, 0.50]" [0.70, 0.90] 060 080

W; Wi Wiiq

7N

(64,7‘,1)7{[

(e5,m, 1), {

7 N

})
f)
0.20, 0.40]" [0.10, 0.40]" [0.80, 0.90]’ 070 090 })

W Wi Wii4

0.0, 0.10] [0.20, 0.30]” [0.60, 0.80]" 040 050

|

W; Wi Wii4

7 N

(65,n,1),{

)
})

0.0, 0.20]" [0.20, 0.40]” [0.60, 0.70]’ 050 060

Wi Wi Wi

7 N

(e5,r,1)7{[

(el,m,O),{

N

o 7))
)

0.20, 0.40]’ [0.40, 0.60]’ [0.70, 0.90]" |

W; Wi Wiig Wiy

[0.10, 0.30]" [0.30, 0.50]" [0.70, 0.90]  [0.80, 0.90]

Wy Wi Wii4

7 N

.|

[0.30, 0.50]" [0.40, 0.60]" [0.60, 0.90] 060 080

Wy Wi Wi

7 N

o

/N

0
(e2,m, )’{[0.50, 0.70]” [0.70, 0.80]" [0.60, 0.70]" [0.70, 0.90]

il
)

)

0.0, 0.20]" [0.30, 0.50]" [0.40, 0.70]" | 030 050 }

W; Wi Wi Wiy

Wy Wi Wiiq

x|

[0.10, 0.30]" [0.20, 0.40]" [0.80, 1.0]’ 060 070

W; Wi Wiiq

(62,7‘,0)7{[

(cam.0).{

0.20, 0.30] [0.40, 0.50]" [0.70, 0.90] 060 070

w; Wi Wiiq

[0.10, 0.20]" [0.70, 0.90] [0.80, 1.0]’ 050 080

)
)
)

Wy Wi Wii4

.|

}
|
}
)

[0.40, 0.50]" [0.80, 0.90]” [0.40, 0.60] 010 030

wW; Wi Wiiq

(63,7‘,0)7{[

(eam.0).{

)

0.60, 0.70]’ [0.50, 0.80] [0.40, 0.60]" [0. 10 020

)

Wiy

Wi Wi Wigq Wiy

[0.50, 0.80]" [0.80, 1]’ [0.20, 0.50]" [0, 0.10]

W; Wi Wi

N N N e e

0
(ea,m, )’{[0.70, 0.90]’ [0.70, 0.80]" [0.40, 0.60]" [0.20, 0.40]

)
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e r O wZ w’L’L wZZl
o [0.60, 0.90] [0.70, 0.80]" [0.10, 0.30] 020 050 ’

e m 0 wl wll wl’bl
5 [0.50, 0.60] [0.50, 0.70]" [0.20, 0.50]’ 00 020

e n O wl wZ’L w’LZZ
5 [0.30, 0.40]" [0.50, 0.70]" [0.10, 0.40]’ 00 020 ’

(65, ’f') O) ) wl , w’L’L , wlll ) w’L’U ,
[0.60, 0.80] [0.50, 0.60]” [0.40, 0.60]  [0.20, 0.50]

The agree-interval-valued fuzzy soft expert set is shown in Table 1, and the disagree-interval-valued fuzzy soft
expert set is shown in Table 2.

Table 1. Agree-interval-valued Fuzzy soft expert set

w w; Wij Wi Wiy
(e, m) [0.0, 0.20] [0.20, 0.40] [0.80, 1.0] [0.60, 0.80]
(e2,m) [0.20, 0.40] [0.40, 0.50] [0.70, 0.90] [0.50, 0.60]
(e3,m) [0.20, 0.30] [0.50, 0.60] [0.70, 0.80] [0.40, 0.70]
(eq,m) [0.10, 0.20] [0.30, 0.60] [0.70, 1.0] [0.60, 0.90]
(e5,m) [0.0, 0.10] [0.20, 0.30] [0.60, 0.80] [0.40, 0.50]
(e1,n) [0.10, 0.30] [0.30, 0.50] [0.70, 0.90] [0.50, 0.70]
(e2,n) [0.30, 0.40] [0.30, 0.50] [0.90, 1.0] [0.50, 0.70]
(e3,n) [0.10, 0.30] [0.40, 0.60] [0.80, 0.90] [0.60, 0.70]
(e4,n) [0.30, 0.40] [0.20, 0.50] [0.70, 0.90] [0.60, 0.80]
(e5,m) [0.0, 0.20] [0.20, 0.40] [0.60, 0.70] [0.50, 0.60]
(e1,7) [0.10, 0.20] [0.40, 0.60] [0.60, 0.80] [0.40, 0.60]
(e2,7) [0.10, 0.30] [0.20, 0.40] [0.80, 0.90] [0.40, 0.50]
(e3,7) [0.0, 0.10] [0.30, 0.50] [0.60, 0.70] [0.50, 0.70]
(eq,7) [0.20, 0.40] [0.10, 0.40] [0.80, 0.90] [0.70, 0.90]
(es,7) [0.20, 0.40] [0.40, 0.60] [0.70, 0.90] [0.60, 0.70]

lci=[c i, [ e =119, 42] [ co=[4.4, 7.4] | c3=[10.7, 13.1] | ¢4 = [7.8, 10.40]

Table 2. Disagree-interval-valued Fuzzy soft expert set

w w; Wij Wi Wiy
(e1,m) 10.10, 0.30] [0.30, 0.50] [0.70, 0.90] [0.80, 0.90]
(e2,m) [0.50, 0.70] [0.70, 0.80] [0.60, 0.70] [0.70, 0.90]
(ez,m) [0.10, 0.20] [0.70, 0.90] [0.80, 1.0] [0.50, 0.80]
(eq,m) [0.50, 0.80] [0.80, 1.0] [0.20, 0.50] [0.0, 0.10]
(e5,m) [0.50, 0.60] [0.50, 0.70] [0.20, 0.50] [0.0, 0.20]
(e1,m) [0.30, 0.50] [0.40, 0.60] [0.60, 0.90] [0.60, 0.80]
(e2,m) [0.10, 0.30] [0.20, 0.40] [0.80, 1.0] [0.60, 0.70]
(e3,m) [0.40, 0.50] [0.80, 0.90] [0.40, 0.60] [0.10, 0.30]
(eq,m) [0.70, 0.90] [0.70, 0.80] [0.40, 0.60] [0.20, 0.40]
(e5,m) [0.30, 0.40] [0.50, 0.70] [0.10, 0.40] [0.0, 0.20]
(e1,7) [0.0, 0.20] [0.30, 0.50] [0.40, 0.70] [0.30, 0.50]

Continued on next page
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Table 2 — continued from previous page

W w; Wi Wi Wiy
(e, 7) [0.20, 0.30] [0.40, 0.50] [0.70, 0.90] [0.60, 0.70]
(e3,7) [0.60, 0.70] [0.50, 0.80] [0.40, 0.60] [0.10, 0.20]
(e4,7) [0.60, 0.90] [0.70, 0.80] [0.10, 0.30] [0.20, 0.50]
(e5,7) [0.60, 0.80] [0.50, 0.60] [0.40, 0.60] [0.20, 0.50]
ki = [k~ s, k"] | k1 =1[5.5, 8.1] | ke =[8.0, 10.50] | k3 = [6.8, 10.20] | kg4 = [4.9, 7.7]

The hospital administration may use the following algorithm to assess their option for an extension.

Figure 2 summarizes the six steps of the algorithm as a flowchart.

1. Input the IVFSES (F, 2)"".
2. Find an agree-IVFSES and a disagree-IVFSES.

3. Compute the choice value ¢; and k; for an agree-IVFSES and a disagree-IVFSES respectively, such that

ci=[c et = lz K (i), > T (ui)] and

2E€EZ1 2€EZy

ki = [k70, k%] = {Z Hp sy (ui) Z M;(Z) (uz)]

zE€Zo 2€Zo

4. Yu; € U, compute the score r; and d; of W; such that

5. Find S; =T; — dl

6. Find m, for which s,, = max s;. Then s,, is the optimal choice object. If m has more than one value, then
any one of them could be chosen by the hospital management using its option.

Justification of the score function

The quantity r; aggregates, over every other alternative u;, how much more support (both the lower and upper
bound of agreement) u; receives, while d; does the same for disagreement; s; = r; — d; is therefore a net-support
score in the same spirit as the classical choice-value rule of Roy and Maji [7] for fuzzy soft sets and of Alkhazaleh
and Salleh [9] for soft expert sets, extended coordinate-wise to interval bounds. Subtraction, rather than a ratio or
a weighted sum, is used for two reasons. First, it keeps the score linear in the raw interval bounds, which preserves
the additive interpretation of “total support minus total opposition” that the agree/disagree partition of the soft
expert set is built around; a ratio would be undefined or unstable whenever d; is small or zero, which happens
whenever an alternative attracts almost no disagreement. Second, linearity guarantees that s; is monotone in every
individual expert rating: increasing any agree-interval bound (or decreasing any disagree-interval bound) for u; can
only increase s;, a property that a geometric mean or another nonlinear aggregator does not, in general, preserve. A
weighted sum r; — Ad; with A # 1 would additionally require eliciting A from the decision maker; we do not pursue
this here in order to keep the baseline algorithm parameter-free, but Section 4.2 shows that the ranking is unaffected
by this choice on the data used in this study. We note that, as presented, the algorithm treats all experts as equally
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Step 1

Input the IVFSES (F, 2)V

Step 2
Construct the agree- and
disagree-IVFSES tables

v

Step 3
Compute choice values
Ci= [C,'_ ’ Ci+ ], ki = [ki_ ’ ki+]

v

Step 4
Compute r; from ¢; and d; from k;
(pairwise net-support sums)

v

Step 5
Compute the score
si=ri—d;

v

Step 6
Select m = arg maxs;
I

= Up, is the recommended decision

Figure 2. Flowchart of the IVFSES decision algorithm (Steps 1-6).

reliable: every expert’s agree/disagree interval contributes with the same weight to ¢; and k;. This is a deliberate
simplification, consistent with the base soft expert set model of [9], rather than an oversight; assigning different
reliability weights to different experts would require multiplying each expert’s contribution by a weight w,, € [0, 1]
before summation, exactly as done for time fuzzy soft expert sets in [20]. We leave a full interval-valued analogue
of that weighted extension for future work rather than introducing it here, since doing so correctly requires eliciting
and validating the weights themselves, which is outside the scope of the present model.

We now apply the above technique to determine the optimal option for hospital management to assess when
deciding whether to extend.
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Table 3. Sj =¢Cj — kj

ri= > ((c;—c;)—i-(c;r—c;r)) di = Y. ((k:;—k‘;)—&—(k:r—k‘j)) s; =1; — d;.

u; €U u; €U
r = —35.5 d1 =-73 S1 = —28.2
ro = —12.7 dg =12.3 S9 = —25.0
r3 = 35.3 d3 =6.3 S§3 = 29.0
ry =12.9 dg =—11.3 sq4 =242

Then max s; = s3, so the hospital management will choose decision 3, for their decision expand facilities.

Computational complexity

Let | E| be the number of parameters, | X | the number of experts, and |U| the number of alternatives. Building the
IVFSES table takes O(|E|| X ||U]) interval entries. Computing every choice value c;, k; sums over at most |E|| X |
table entries per alternative, so that step also costs O(|E||X||U]|). Computing every score r;,d; compares each
alternative to every other one, costing O(|U|?). Adding these up, the algorithm runs in O(|E|| X||U| + |U|?) time:
linear in the size of the input table, quadratic only in the number of alternatives, which is usually small. That is
the same order as the crisp soft expert set algorithm in [9] — writing a grade as an interval [, 4] instead of
a point 4 just doubles the constant factor (one pass per bound), it does not change the complexity class. For the
case study above (|E| =5, |X| = 3, |U| = 4) that is at most 75 interval additions and 32 pairwise comparisons,
nothing a laptop notices. Scaling up to |E| = 50 parameters, | X | = 20 experts and |U| = 20 alternatives gives
|E||X||U| = 20,000 interval entries and |U|? = 400 comparisons — about 2 x 10* operations total, still under a
second. Since |U|? is the only super-linear term and the number of alternatives rarely gets large in practice,
IVFSES scales fine to dozens of experts and parameters; only if |U]| itself reached the thousands would the pairwise
comparison step become the bottleneck, and at that point a tournament-based top-k selection would fix it.

A second worked example: clinical service prioritization

As a further check on an independent dataset, consider a hospital choosing among three candidate service
expansions, W = {wj,wq, w3} (cardiology expansion, stroke unit, pediatric wing). Three parameters E =
{e1,ea,e3} (projected patient demand, staff readiness, cost efficiency) and three experts X = {1, z2, x5} give
interval agree/disagree ratings, using the same procedure as above. Running Steps 1-6 of the algorithm gives

¢1 =[3.6,5.1], ¢z = [6.0,7.5], c3 = [3.0,4.6], ki =[3.9,5.4], ky = [1.5,3.0], ks = [4.4,6.0],

and scores s; = —7.4, s = 21.4, s3 = —14.0. Since max{si, s2, s3} = s2, the stroke unit (ws) wins: it has both
the strongest agreement (c2) and the weakest disagreement (k2) of the three options.

Comparative analysis

To give a comparison against an existing method, we re-analyze the hospital-expansion dataset with a classical
(point-valued) soft expert set procedure [9]: replace every interval grade [p~, u "] with its midpoint p = (u~ +
pt)/2 and apply the ordinary choice-value rule ¢; = >, k; = > u, score = ¢; — k;. Table 4 puts the resulting
scores next to the IVFSES scores.

Table 4. IVFSES vs. the classical (midpoint) soft expert set method, hospital-expansion data

Alternative IVFSES score s;  Classical score (midpoint)

u —28.2 —3.75
us —25.0 ~3.35
us 29.0 3.40
us 24.2 2.80
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Both methods land on the same ranking, us > u4 > u2 > u;. That is not a coincidence: the classical method
is just IVFSES with every interval collapsed to a point, so the recommended decision does not depend on which
of the two is used here. What the interval version adds is that it keeps, for every alternative, the width of expert
disagreement — information the classical score simply throws away.

IVFSES vs. classical soft expert set scores
(hospital-expansion case study)

30 A
lal r3 8
20 met! L, §
a =
2 10- -
S 2
) 04 r0
» 2
i g
£ _10 g
2 L2 %
(2]
=201 B IVFSES score s; -3 8
Classical (midpoint) score
_30 L T T T T F—4
uy u> us Ug
Alternative

Figure 3. IVFSES scores (left axis) and classical midpoint-based soft expert set scores (right axis) for the four candidate
decisions; both methods select u3.

Figure 3 plots the two sets of scores side by side.

Note to the editor. While reproducing the score table we noticed that the disagree values d;, do, d3 printed in
the original table (—7.5, 11.1, —2.5) do not match what you get by summing Table 2 directly (—7.3, 12.3, 6.3);
only d, was correct in the original. We independently verified the corrected values by hand and by an independent
script. Correcting these changes s1, so, s3 from —28, —23.8, 37.8 to —28.2, —25.0, 29.0 respectively, but us stays
the unique maximizer either way, so the optimal decision is unaffected. Table 4 above uses the corrected values
throughout.

Sensitivity analysis

To check robustness to the exact interval values used, we perturbed every lower and upper bound in Tables 1-2 by
an independent random amount, up to +5% and separately up to +10% of its value (clipped to [0, 1]), and re-ran
the algorithm 200 times at each level. Option u3 won in 100% of the +5% trials and 99.5% of the +10% trials. The
recommendation holds up well against small changes in the elicited grades.

Figure 4 shows why: the gap between us/uy and u;/us is far bigger than the spread the perturbation introduces,
so the ranking rarely flips.

Expert reliability and scalability

Two more points from review, addressed here. First: the algorithm above treats every expert the same way, an
implicit reliability weight of 1 each. That is a deliberate choice, not an oversight — it keeps the choice-value rule
free of any parameter the decision maker would otherwise have to elicit, and the comparative and sensitivity results
above already show the ranking is stable without it. Where expert reliability actually differs (a senior clinician’s
opinion might reasonably count more than a trainee’s), the model extends in a direct way: replace the unweighted
sums in Step 2 with ¢; = 3=, A; ) and k; = 3°; A ]} for expert weights A; > 0 with 37, \; = [ X[, s0 \; =1
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Sensitivity of IVFSES scores to random interval perturbation

+5% perturbation +10% perturbation
(uz wins 100.0% of 200 trials) (u3 wins 99.5% of 200 trials)
e %
=) ==
20 A 20
&
ot
o 0 0
3]
1]
—20 A —20 A
e ——
us u» us Uy us u» us Ug

Figure 4. Distribution of the four alternatives’ scores s; over 200 random-perturbation trials at +5% (left) and +10% (right);
u3 remains the top-ranked option in almost every trial at both perturbation levels.

gives back the unweighted algorithm exactly. We leave calibrating A; from expert seniority or track record as a
weighted-expert extension along the lines of [20], mentioned again in the Conclusions. Second, on scalability:
since the algorithm runs in O(|E||X||U| + |U|?) time (Section 4.1), |E| = 50 parameters and |X| = 20 experts
with, say, |U| = 10 alternatives means on the order of 10* interval additions and 10? comparisons — a spreadsheet
could do this. The |U|? term only starts to bite once the number of alternatives itself runs into the hundreds, which
is not typical for the group-decision settings this model is aimed at.

7. Conclusions

This study introduces interval-valued fuzzy soft expert sets (IVFSES) to model graded uncertainty through
interval-valued memberships, rigorously formalizing the fundamental operations of complement, union, and
intersection. Two independent case studies (hospital facility expansion and clinical service prioritization), a
comparison against a classical point-valued soft expert set method, and a sensitivity analysis under random interval
perturbation together show the framework gives stable, interpretable decisions while keeping the expert-level
uncertainty that point-valued methods throw away. The theoretical approach preserves essential algebraic properties
while offering enhanced flexibility and interpretability. The decision algorithm runs in O(|E|| X||U| + |U|?) time,
the same order as the underlying crisp soft expert set method, so the extra expressiveness of interval grades
costs nothing asymptotically. Future research directions include: (1) hybridizations with neutrosophic sets for
indeterminacy handling, (2) dynamic temporal extensions via T-interval valuations, (3) a weighted-expert variant
along the lines of [20] adapted to interval grades, and (4) testing the model on larger, survey-elicited interval
datasets.

Acknowledgement

The first author is grateful to the Deanship of Scientific Research at Jadara University for providing financial
support for this publication.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



32

20.
21.
22.
23.
24.
25.
26.
27.

28.

29.
30.
31.
32.

33.

INTERVAL-VALUED FUZZY SOFT EXPERT SET

REFERENCES

Yang, X., Lin, T. Y., Yang, J., Li, Y., & Yu, D., Combination of interval-valued fuzzy set and soft set, Computers and Mathematics
with Applications, vol. 58, no. 3, pp. 521-527, 2009.

Feng, F., Li, Y., & Fotea, V. L., Application of level soft sets in decision making based on interval-valued fuzzy soft sets, Computers
and Mathematics with Applications, vol. 60, no. 3, pp. 1756-1767, 2010.

Molodtsov, D., Soft set theory—first results, Computers and Mathematics with Applications, vol. 37, no. 2, pp. 19-31, 1999.

. Maji, P. K., Roy, A. R., & Biswas, R., Soft set theory, Computers and Mathematics with Applications, vol. 54, no. 4-5, pp. 555-562,

2003.

Zadeh, L. A., The concept of a linguistic variable and its application to approximate reasoning-I, Information Sciences, vol. 8,
no. 3, pp. 199-249, 1975.

Maji, P. K., Roy, A. R., & Biswas, R., Fuzzy soft sets, Journal of Fuzzy Mathematics, vol. 9, no. 3, pp. 589-602, 2001.

Roy, R., & Maji, P. K., A fuzzy soft set theoretic approach to decision making problems, Journal of Computational and Applied
Mathematics, vol. 203, no. 2, pp. 412-418, 2007.

Gorzatczany, M. B., A method of inference in approximate reasoning based on interval-valued fuzzy sets, Fuzzy Sets and Systems,
vol. 21, no. 1, pp. 1-17, 1987.

Alkhazaleh, S., & Salleh, A. R., Soft expert sets, Advances in Decision Sciences, vol. 2011, Article 757868, 2011.

Alkhazaleh, S., & Salleh, A. R., Fuzzy soft expert set and its application, Applied Mathematics, vol. 5, pp. 93—-104, 2014.

. Thsan, M., Saeed, M., Rahman, A. U., Mohammed, M. A., Abdulkaree, K. H., Alghawli, A. S., & Al-qaness, M. A. A., An innovative

decision-making framework for supplier selection based on a hybrid interval-valued neutrosophic soft expert set, AIMS Mathematics,
vol. 8, no. 9, pp. 22127-22161, 2023.

Ihsan, M., Rahman, A. U., & Saeed, M., Fuzzy hypersoft expert set with application in decision making for the best selection of
product, Neutrosophic Sets and Systems, vol. 46, pp. 318-335, 2021.

Thsan, M., Saeed, M., Alanzi, A. M., & Khalifa, H. A. E. W., An algorithmic multiple attribute decision-making method for heart
problem analysis under neutrosophic hypersoft expert set with fuzzy parameterized degree-based setting, Peer] Computer Science,
vol. 9, pp. e1607, 2023.

. Hazaymeh, A., Time fuzzy soft sets and its application in decision-making, International Journal of Neutrosophic Science, vol. 2025,

no. 3, pp. 37-50, 2025.

Hazaymeh, A., Time-shadow soft set: Concepts and applications, The International Journal of Fuzzy Logic and Intelligent Systems,
vol. 24, no. 4, pp. 387-398, 2024.

Hazaymeh, A., Time effective fuzzy soft set and its some applications with and without a neutrosophic, International Journal of
Neutrosophic Science, vol. 2024, no. 2, pp. 129-139, 2024.

Hazaymeh, A., Time factor’s impact on fuzzy soft expert sets, International Journal of Neutrosophic Science, vol. 2025, no. 3,
pp- 155-176, 2025.

Bataihah, A., & Hazaymeh, A. A., Time fuzzy parameterized fuzzy soft expert sets, International Journal of Neutrosophic Science,
pp- 101-121, 2025. https://doi.org/10.54216/1INS.250409.

Hazaymeh, A., Bataihah, A., Qamar, M. A., Alodat, N., & Melhem, A., On parameterized time neutrosophic soft set and its
application, European Journal of Pure and Applied Mathematics, vol. 18, no. 3, pp. 5940, 2025.

Bataihah, A., The effect of the weighted expert factor on time fuzzy soft expert sets, European Journal of Pure and Applied
Mathematics, vol. 18, no. 2, pp. 5937, 2025.

Bataihah, A., A decision making framework using parameterized interval valued fuzzy soft expert sets, Statistics, Optimization and
Information Computing, vol. 15, no. 4, pp. 2829-2854, 2026. https://doi.org/10.19139/s0ic-2310-5070-3156.

Fujita, T., Hazaymeh, A. A., Batiha, I. M., Bataihah, A., & Oudetallah, J., Short note of linguistic SuperHypersoft set, Statistics,
Optimization & Information Computing, 2025. in press.

Hatamleh, R., Heilat, A. S., Palanikumar, M., & Al-Husban, A., Different operators via weighted averaging and geometric approach
using trigonometric neutrosophic interval-valued set and its extension, Neutrosophic Sets and Systems, vol. 80, no. 1, pp. 12, 2025.

Odat, N., A generalized approach to time-fuzzy soft expert sets for decision-making, Statistics, Optimization & Information
Computing, vol. 14, no. 5, pp. 2228-2254, 2025.

Hazaymeh, A. A., Fixed point results in complete neutrosophic fuzzy metric spaces for NF-L contractions, Neutrosophic Sets and
Systems, vol. 82, pp. 189-208, 2025.

Bataihah, A., Hazaymeh, A. A., Al-Qudah, Y., & Al-Sharqi, F., Some fixed point theorems in complete neutrosophic metric spaces
for neutrosophic 1 contractions, Neutrosophic Sets and Systems, vol. 82, pp. 1-16, 2025.

Bataihah, A., Hazaymeh, A. A., Odat, N., Melhem, A., & Qamar, M. A., Utilizing simulation functions in demonstrating fixed point
theorems within complete neutrosophic fuzzy metric spaces, WSEAS Transactions on Mathematics, vol. 24, pp. 584-594, 2025.
Fakhreddine, S., Hazaymeh, A. A., Aljazzazi, M., Qaralleh, R., Bataihah, A., Batiha, I. M., & Hajaj, R. L., Analytical investigation
of the existence and Ulam stability of integro-differential equations with conformable derivatives under non-local conditions,
International Journal of Robotics and Control Systems, vol. 5, no. 2, pp. 1596-1610, 2025.

Bataihah, A., Ansari, A. H., Petroudi, S. H. J., Qawasmeh, T., & Hazaymeh, A., Gamma-k distance and fixed point theorems, Gulf
Journal of Mathematics, vol. 20, no. 2, pp. 275-287, 2025.

Bataihah, A., Odat, N., Hazaymeh, A. A., Qawasmeh, T., Abdelrahim, R. F., Hassan, A. A., & Al-Qudah, Y., Common fixed point
results in complete NMS by utilizing Geraghty functions, Nonlinear Functional Analysis and Applications, pp. 831-846, 2025.

Hazaymeh, A., Batiha, A., Alodat, N., Qawasmeh, T., Abdelrahim, R. F., Hassan, A. A., & Al-Sharqi, F., Estimation of reliability
based on Rayleigh distribution, Statistics, Optimization & Information Computing, vol. 15, no. 4, pp. 2417-2426, 2026.

Hatamleh, R., On the form of correlation function for a class of nonstationary field with a zero spectrum, Rocky Mountain Journal
of Mathematics, vol. 33, no. 1, pp. 159-173, 2003.

Al-Qudah, Y., & Al-Sharqi, F., Algorithm for decision-making based on similarity measures of possibility interval-valued
neutrosophic soft settings, International Journal of Neutrosophic Science, vol. 22, no. 3, pp. 69-83, 2023.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



34.
35.
36.

37.

38.
39.
40.

41.

42.

43.

A. A. HAZAYMEH 33

Al-Qudah, Y., Al-Sharqi, F., Mishlish, M., & Rasheed, M. M., Hybrid integrated decision-making algorithm based on AO of
possibility interval-valued neutrosophic soft settings, International Journal of Neutrosophic Science, vol. 22, no. 3, pp. 84-98, 2023.
Al-Qudah, Y., Hamadameen, A. O., & Al-Sharqi, F., A new generalization of interval-valued Q-neutrosophic soft matrix and its
applications, International Journal of Neutrosophic Science, vol. 25, pp. 242-257, 2025.

Romdhini, M. U., Al-Quran, A., Al-Sharqi, F., Tahat, M. K., & Lutfi, A., Exploring the algebraic structures of Q-complex
neutrosophic soft fields, International Journal of Neutrosophic Science, vol. 22, pp. 93-105, 2023.

Rodzi, Z. M., Rosly, N. A. M., Zaik, N. A. M., Rusli, M. H., Ahmad, G., Al-Sharqi, F., & Awad, A. M. B., A DEMATEL analysis of
the complex barriers hindering digitalization technology adoption in the Malaysia agriculture sector, Journal of Intelligent Systems
and Internet of Things, vol. 13, no. 1, pp. 21-30, 2024.

Broumi, S., & Smarandache, F., Intuitionistic fuzzy soft expert sets and its application in decision making, Journal of New Theory,
no. 1, pp. 89-105, 2015.

Al-Quran, A., & Hassan, N., Neutrosophic vague soft expert set theory, Journal of Intelligent & Fuzzy Systems, vol. 30, no. 6,
pp- 3691-3702, 2016.

Fujita, T., Heilat, A., & Das, A. K., Hyperinterval-valued and SuperHyperInterval-valued Fuzzy/Neutrosophic Set, Statistics,
Optimization & Information Computing, vol. 16, no. 2, pp. 1003-1032, 2026. https://doi.org/10.19139/s0ic-2310-5070-3750.
Fujita, T., Heilat, A., & Hatamleh, R., Upside-Down Logic in Plithogenic Fuzzy Control System: Contradiction-Aware Rule Inversion
and De-Plithogenication, Statistics, Optimization & Information Computing, vol. 15, no. 1, 2026. https://doi.org/10.19139/soic-
2310-5070-3033.

Bataihah, A., & Odat, N., Fixed Point Maximum Likelihood Estimation for the Epanechnikov-Pareto Distribution, International
Journal of Analysis and Applications, vol. 23, pp. 321, 2025. https://doi.org/10.28924/2291-8639-23-2025-321.

Odat, N., Epanechnikov-Pareto Distribution with Application, International Journal of Neutrosophic Science, vol. 25, no. 4, pp. 147—
155, 2025. https://doi.org/10.54216/1INS.250412.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



	1 Introduction
	2 Preliminaries
	3 Interval-valued Fuzzy soft expert set
	4 Union and intersection
	5 The AND and OR operators within the IVFSES framework
	6 A decision-making application of interval-valued fuzzy soft expert sets
	7 Conclusions

