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Abstract Entropy-based measures, give a principled measure of uncertainty and information content in lifetime and
reliability models. The research formulates and contrasts estimators of four generalized entropies (Renyi, Tsallis, Havard
Charvat and Arimoto) of the proposed inverted Weibull-Pareto (IWP) distribution, a flexible heavy-tailed distribution derived
by a multiplicative Weibull-Pareto survival mechanism with an additive hazard structure. Estimation is done assuming simple
random sampling (SRS) and ranked set sampling (RSS) with perfect and imperfect ranking. Along with the classical
methods, including maximum likelihood, maximum product spacing, Kolmogorov-based, least squares, weighted least
squares, Anderson-Darling, and Cramer-Mises, we propose an informed nested genetic algorithm based-random forest (GA-
RF) method to enhance numerical stability and predictive power. The proposed a fuzzy Monte Carlo simulation framework
to include epistemic uncertainty in model parameters and ranking quality through 8 -cut representations and performance
is evaluated in terms of absolute bias, mean squared error, and relative efficiency given equal measurement effort. In all
the simulation situations, RSS has better estimation accuracy compared to SRS and perfect ranking is better than imperfect
ranking. The tensile-strength (GPa) data of 79 carbon fibres provided by Bader and Priest is used as an example of the
methodology, which indicates that the GARF method, with RSS, provides the best goodness-of-fit diagnostics, which proves
the practical benefits of information-enriched sampling and smart estimation of entropy.
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1. Introduction

Entropy is a basic measure of uncertainty, which is at the core of information theory, reliability analysis, statistical
inference, and decision science. In addition to its classical meaning as an indication of randomness, entropy gives
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a quantitative measure of the amount of information in a set of probability models and forms a basis of comparison
of the statistical efficiency of competing estimation procedures. Entropy has been used in lifetime and reliability
modelling as a potent measure of the unpredictability in a system, tail behaviour, and structural variability.

The correct estimation of entropy functionals is thus of significant theoretical and practical interest. Nonetheless,
estimating the entropy is not easy, especially when the distribution is heavy-tailed and skewed and a conventional
sampling scheme can be highly variable. Although the majority of the available literature addresses the issue of
entropy estimation when the sampling is a simple random sampling (SRS), there have been few studies on the
effect that other sampling designs have on the information content and statistical efficiency of entropy estimators.
Ranked set sampling (RSS) is a more affordable and information-enriched alternative to SRS especially in an
environment where all measurements are costly, yet ranking is cheap. RSS has been demonstrated to enhance
the efficiency of parameter estimation in many statistical models by adding the ordering information before
measurement. Although this is the case, the effect of ordered sampling schemes on the estimation of entropy is not
well studied in terms of information-theoretic view.

How to accurately estimate generalized entropy measures of the IWP distribution is the research problem
addressed in this study when data are sampled using various sampling designs and when information on ranking
may be imperfect. This is a theoretical problem that is important because the estimation of entropy for flexible
heavy-tailed lifetime models can be influenced by sampling variability, tail sensitivity, ranking errors and
numerical instability. It is also practically useful since in tests of reliability and strength an exact measurement may
be expensive or difficult to obtain, whereas an approximate ranking may be easier to obtain. Thus, the comparison
of SRS and RSS under the assumption of perfect and imperfect ranking guides efficiently quantifying uncertainty
in real applications of lifetime-data.

The aim of this paper is to present accurate estimation of entropy measures for flexible heavy-tailed lifetime
models when the data available are sampled according to different sampling schemes. The estimation of entropy
becomes very difficult when the distribution of interest is heavy-tailed or skewed; sampling variability and
numerical instability of the estimators, as well as ranking errors, can affect the performance of the estimators.
There has been extensive research on the estimation of entropy for several lifetime distributions, but most of the
literature has been devoted to the simple random sampling or censoring approaches. Ranked set sampling impact
on the estimation of generalized entropy is still not studied enough and is particularly not well understood for the
Inverse Weibull-Pareto (IWP) distribution.

This study fills this void by proposing and comparing estimators of four generalized entropy measures namely,
Rényi, Tsallis, Havrda—Charvét and Arimoto entropies for the IWP distribution in both simple random sampling
(SRS) and ranked set sampling (RSS). The novelty of the work is the combination of entropy-based inference
for the IWP distribution, information-enriched sampling, imperfect ranking, fuzzy ranking-quality modelling and a
nested approach based on the Genetic Algorithm—Random Forest (GA-RF) estimation strategy. This study provides
a comparison between the quality of sampling design and ranking quality and the impact on parameter and entropy
estimation under equal measurement effort, unlike the studies that looked at the problem only in the context of
entropy estimation under the conventional sampling. The following are the major contributions of this study:

* We obtain and compute generalized entropy functions of IWP distribution.

* We construct plug-in estimators for entropy based on a number of classical estimation methods: ML, MPS,
KM, LS, WLS, AD and CVM.

* Absolute bias, mean squared error and relative efficiency are compared for the SRS and RSS designs for both
perfect and imperfect ranking.

e We introduce the uncertainty of ranking by using the fuzzy ranking quality mechanism and «—cut
representation.

* A nested GA-RF estimation approach is proposed, which improves the numerical stability and offers
competitive estimation performance.
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* The proposed method is applied to the data on the tensile strength of carbon-fibre.

The theoretical development, simulation results and examples with real data indicate that in many of the
situations considered ranked set sampling can yield better performance in the estimation of entropy, especially for
high-ranking quality.

Estimating entropy of lifetime distributions has been the subject of much interest as entropy measures offer
helpful summaries of uncertainty, information content, and tail behaviour. In addition to the well-known Shannon
entropy, there are other measures of uncertainty that are flexible and can be applied in these problems, for instance
classical and generalized entropy measures such as Rényi entropy [1, 2, 3], Havrda—Charvét entropy [3, 4] and
Tsallis entropy [4, 5] and Arimoto entropy [5]. Much of the literature has been on entropy estimation when
sampling is done with censoring or under record selection. In the past, entropy estimators were developed for
some lifetime distributions such as double exponential, Rayleigh, Lomax, Burr XII, log-logistic, inverse Weibull,
generalized inverse exponential, generalized hybrid censoring, generalized Bilal, power-function and Pareto-type
distributions under the Type-II censoring, progressive censoring, hybrid censoring, generalized hybrid censoring
or record-value censoring [6]-[25]. The studies have provided important likelihood based, Bayesian and interval
estimation procedures. Their primary focus generally has been on the mechanisms of censoring, record structures
or traditional sampling design, whereas the use of alternative sampling designs to enhance generalized entropy
estimation has been relatively neglected.

The second stream of research focuses on ranked set sampling (RSS), which was developed to enhance the
estimation efficiency for the case in which it is very expensive to measure a variable but relatively cheap to rank
the units [26]. The efficiency properties of RSS have been further investigated in the statistical sampling literature
[27]-[35]. Some other extensions have been suggested like extreme ranked set sampling, median ranked set
sampling, and entropy related RSS methods [37]-[45]. There have been a number of previous statistical efficiency
studies on ranking information, which show that ranking can be useful if ranking is sufficiently accurate, but
the application of such information to estimating entropy is relatively scarce. There has been a considerable
amount of literature on the estimation of the parameters of a distribution or on distributional inference, with
the studies involving entropy functions focusing on particular entropy functionals or on relatively conventional
lifetime settings. Thus, the impact of RSS over a number of generalized entropy metrics for flexible heavy-tails
distributions has not been well explored. Another restriction is that most studies on RSS are based on an ideal
ranking, while in actual applications it can be measured and/or classified incorrectly. This assumption can cause
the user to have a positive view of the efficiency he can achieve through RSS. Furthermore, the effects of sampling
design, quality of ranking and numerical estimation on entropy estimation have seldom been studied together
in one framework. The present study overcomes these drawbacks by estimating Rényi, Tsallis, Havrda—Charvat
and Arimoto entropies of the four-parameter IWP distribution for both SRS and RSS with identical measurement
effort explicitly using fuzzy ranking-quality and a-cut representation of the imperfect ranking. It also contrasts
several classical estimation procedures with a nested GA-RF approach to examine if computational stabilization
can be used to enhance the estimation in challenging heavy-tailed scenarios. The studies indicate that prior to
measurement, using ordering information can enhance statistical inference in a variety of situations. In spite of
this, the majority of the studies in this area have dealt with the estimation of parameters or distributional inference,
but not with generalized entropy estimation for lifetime models of heavy tails. Furthermore, although it is known
that ranking is often imperfect in practice, many studies either assume perfection in ranking or consider ranking
errors in a restricted manner. This justifies the development of entropy estimation procedures, which take into
consideration the uncertainty of the ranking, such as the fuzzy ranking mechanisms [46, 47, 48].

The next area of relevance is the creation of flexible heavy-tailed lifetime models, like the Weibull-Pareto-type
models, that are applicable to skewed reliability, fatigue, survival, and strength data [49]-[53]. These models can
model both early-life behaviour and heavy-tail behaviour, but can pose numerical problems for the estimation due
to the multi-parameter structure. There are classical methods that have proven useful, like maximum likelihood
estimation, maximum product spacing, least squares, weighted least squares, Anderson—Darling estimation, or
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Cramér-von Mises estimation, and they may be effective, but with regard to them, there are some things that
need to be considered: How they are initialized, the number of samples used, and the shape of the objective
function. This encourages the application of numerically stable estimation methods such as hybrid Genetic
Algorithm—Random Forest techniques to get competitive estimates [54]-[58].

The present study focuses on generalized entropy estimation of IWP distribution under both SRS and RSS,
while other entropy-estimation studies [6]-[26] are mostly concerned with entropy estimation of SRS, censoring
schemes, record values, or other conventional sampling structures. Hence, it provides a measure of the impact of
information-rich sampling with the same measurement effort. The study also generalizes the existing work on RSS
[34]-[45] in that it does not consider only distributional inference or parameter estimation, but generalized entropy
estimation of the lifetime model, which is a heavy tailed model.

Furthermore, instead of many RSS studies that are based on perfect ranking, this one considers fuzzy ranking
quality in terms of a-cut representations [47, 48, 57, 58]. This is a more realistic estimation of the robustness of
the estimator with imperfect ranking. Finally, the proposed GA-RF estimator compares classical estimators with a
hybrid data-driven and optimization-based approach [59,66] to add a computational contribution. Thus, the main
contribution of this study is the incorporation of generalized entropy estimation, RSS, fuzzy ranking uncertainty
and computationally robust estimation in the IWP model.

In contrast to past entropy estimation research focused either on SRS or censoring schemes, record values, or
traditional sampling designs, the current study investigates the generalized estimation of entropy for the IWP
distribution under both an SRS and RSS. Therefore, it assesses the impact of information-rich sampling during a
constant measurement effort. The present study also extends the research on RSS by considering a generalized
entropy estimation problem for a heavy-tailed lifetime model instead of only parameter estimation or distributional
inference. Moreover, to address the existence of ranking uncertainty, the framework of fuzzy ranking-quality is
proposed with a-cut representation, which gives a more realistic evaluation of the robustness of the estimators
under imperfect ranking.

Lastly, the proposed GA—RF estimator includes a contribution from the computations by comparing classical
estimators with a hybrid data-driven optimization-based approach. The key contribution of this research is thus
the incorporation of generalized entropy estimation, fuzzy ranking uncertainty, RSS and robust estimation that is
computationally feasibly implemented in the IWP model.

The current study is an extension of these streams of research in a comprehensive approach. In particular,
we introduce and study estimators of Rényi, Tsallis, Havrda—Charvat and Arimoto entropies for simple random
sampling and ranked set sampling for the Inverse Weibull-Pareto (IWP) distribution [2, 3, 4, 5, 26] and compare
these estimators. This work compares the impact of information-rich sampling to entropy estimation under equal
measurement effort, unlike the studies that only discuss conventional sampling or censoring. Moreover, the
study also takes into account imperfect ranking represented by fuzzy ranking quality mechanism [47, 48] and
a-cut representation [57, 58] and compares the classical estimators with a nested GA-RF estimation approach.
Hence, the contribution is not just in deriving and estimating entropy measures for the IWP model, but also
in estimating the effect of sampling design, quality of ranking, and computational estimation on the reliability
inference based on entropy. It is proposed that entropy estimation and sampling design, ranking uncertainty and
numerical optimization can be linked in one methodology. First, the IWP distribution is selected as a parent
lifetime distribution since it has four parameters that can be used to control the scale, shape, skewness and
tail behaviour. Second, the entropy measures are estimated by plug-in procedures since entropy functions are
functions of the unknown parameters of the IWP - after the parameter estimate is obtained from the procedure,
the entropy estimate is calculated by substituting the parameter estimates into the entropy formula. Third, because
of its ability to enhance the efficiency of estimation when it is expensive to obtain the actual measurement but
relatively inexpensive to obtain it by ranking, RSS is considered. The methodology on the other hand assumes
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imperfect ranking, which is not always possible in practice, with the help of a fuzzy ranking mechanism. This is
because this way it is possible to take the uncertainty in ranking into consideration, instead of assuming the ideal
ranking. Finally, the GA-RF estimator is suggested to overcome the numerical instability due to the nonlinear and
possibly flat objective function in the four parameter IWP model. Therefore, from the statistical efficiency and
computational stability points of view the methodological framework is justified.

The methodological framework is given in a step-by-step manner for better readability. The sampling designs for
RSS and SRS are first discussed. Second, IWP model and entropy measures are introduced. Third, the classical and
the GA-RF estimation methods are described. Lastly, the fuzzy Monte Carlo simulation procedure and performance
measures are shown.

1.1. Ranked Set Sampling Method

Simple random sampling (SRS) is a common method in the statistical inference, but in case of small sample
size or expensive measurements, SRS can provide inefficient estimators. Another sampling method presented in
[26] is the ranked set sampling (RSS), which was created to enhance efficiency in estimations since the ranking
information is inexpensive and is obtained before the measurement is made. RSS is especially helpful when precise
measurement is costly (financially, time-wise, or otherwise), but the units can be ranked by visual inspection,
expert judgment, pre-liminary data or any other relatively inexpensive auxiliary methods. RSS was mathematically
developed by [34], and its high efficiency in comparison to SRS, even in the case of imperfect ranking was proved
by [35]. A number of RSS extensions have been suggested such as extreme RSS [36], median RSS [37], as well as
entropy-based RSS methodologies [39]-[45]. The conventional RSS design is as follows:

Step 1: Selection of Sets: The first step involves drawing ¢ independent simple random samples, each of size ¢,
from the target population. These sets are denoted as:

{Y117Y12;"'7Y1t}7{Y7217}/227'-'7}/215}7"'7{}/;17}@27"'7}/;%}'
At this stage, no precise or costly measurements are taken on any of the sampled units. Only the units themselves

are identified for potential ranking.

Step 2: Ranking Within Sets: Within each of the ¢ sets of size ¢, the units are ranked from smallest to
largest using an inexpensive ranking mechanism. This ranking can be based on visual inspection, expert judgment,
historical data, or any other auxiliary information that does not require precise measurement. The ranked units in
the ho-th set are represented as:

Yh2(1)>)/hg(2)a"'7Yh2(t)7 h2:1723"'7t'

Under the assumption of perfect ranking, this ordering accurately reflects the true underlying values of the units.
However, in practice, ranking may be imperfect, which can affect the efficiency of the resulting estimators.

Step 3: Measurement of Selected Units: From the h1-th set, the unit with the h;-th smallest rank is selected
and its true value is precisely measured. The measured unit in the ho-th cycle is denoted by:

KXhoht = Yio(hy), h1=1,2,...t, ha=1,2,...,d. (D

Thus, in each cycle, exactly one unit from each of the ¢ sets is measured. This means that for each cycle, a total of
t units are precisely measured, although ¢? units were initially drawn and ranked.

Step 4: Repetition Over Cycles: Steps 1 through 3 are repeated for d independent cycles (or repetitions) to
obtain a total RSS sample. The total number of precisely measured units in the final sample is: Repeating Steps
(1)-(3) for d cycles yield an RSS sample of size

TF=8XT

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. HUSSEIN, A. MAHDI, A. HUSSAIN, M. TASHTOUSH, H. ALSAEDI, R. ALMUTTALIBI 5

The final measured observations, denoted as:
{Xh2h1 Ihl :1,...,t; hg :1,...,d},

The measured observations are independent (they are based on different sets) but they are not identically
distributed, as they are associated with different order statistics. The probability density of under the hypothesis of
perfect ranking is given by Xj, 5, is:

7!
P ) = G TG =)

the PDF of the h;-th order statistic of a sample size 7. Practically, perfect ranking is not often achievable because
of subjectivity, observational constraints or measurement error. In order to simulate this realistic situation, we add
a fuzzy imperfect ranking mechanism to the RSS design. As an alternative to the assumption that ranking is based
on the actual value X;, we make the assumption that ranking is done based on a fuzzy-observed variable which is
described as [47, 48].

f@)[F (@)L= F(z)™ )

)’Ei:Xi'FEi,i:]-va"'vtv )

where:
e ~ N (0,02)

represents ranking uncertainty and o, > 0 limits the amount of fuzziness of the ranking. Step (2) ranking is thus
done based on X, and the actual measurement in Step (3) is done using the true value X;. The ranking quality is
controlled by the parameter o,

¢ If 0,= 0, the ranking is perfect and the procedure reduces to classical RSS.
* As 0, increases, ranking errors increase.
* For sufficiently large o, the procedure approaches simple random sampling behavior.

1.2. Inverse Weibull Pareto distribution IWP (Proposed Model)

Flexible lifetime distributions have a central role in the modelling of reliability data, survival times, financial risks
as well as heavy-tailed phenomena. In most practical uses, classical lifetime distributions, like the Weibull or Pareto
distributions, might not be sufficiently flexible to simultaneously be able to both models early-life behaviour and
heavy-tail behaviour. To overcome this shortcoming, composite models that entail a combination of exponential-
type and Pareto-type structures have been constructed [49]. One such model is the Weibull-Pareto distribution. The
Weibull-Pareto distribution is an integrated form of the Weibull and Pareto mechanisms in a multiplicative survival
process; thus, it provides more flexibility to model skewness, tail heaviness and the behaviour of the hazard rate.
Model-selection rationale. The motivation for the choice of the four parameter IWP distribution is that they can
be used to describe early-life behaviour, heavy-tail behaviour and give independent control over the scale, shape,
skewness and tail behaviour. The main question addressed in this particular paper is whether IWP is a natural
and generally superior entropy estimator under this flexible lifetime model and whether it is naturally superior
to some of the simpler and alternative heavy-tailed models. While the real-data analysis is complemented by KS,
Anderson—Darling and Cramér—von Mises goodness-of-fit diagnostics, a formal AIC/BIC comparison with simpler
models (Inverse Weibull, Pareto distributions) was not performed. For the present, this comparative model-selection
analysis is beyond scope and will be kept as an important direction for future research. Probability Density Function
(PDF) The probability density function of the Inverse Weibull Pareto distribution is given by:

kg
1+ 6x

where A > 0 : Weibull scale parameter, « > 0 : Weibull shape parameter, 5 > 0 : Pareto scale parameter, £ > 0 :
Pareto shape parameter. The model incorporates two competing mechanisms:

f(x)=e "1+ B2)7F [Nz +

, T\ a8,k > 0. 4)
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* Weibull component e~**, which controls early-life and aging behavior.
* Pareto component (1 + 3x)~*, which introduces heavy-tail behavior.

This hybrid form allows an exponential decay, as well as power-law tail behaviour to be modelled simultaneously.
Flz)=1—e? "(14+82)"% 2>0 5)

Asz — 0, we have F'(z) — 0, and as © — oo, we obtain F'(x) — 1, confirming that it defines a proper distribution.
The Survival Function is: The survival function is

S(z) =e " (1+ )" (6)

The combination of Weibull and Pareto survival behaviours is evident in this representation. The Hazard Rate
Function (HRF) Hazard rate function is:
f(=)

_ ~ Naa—o- kB
h(m)—S(x)—Aax 1+1+[3x

(7

This simple additive hazard structure is one of the principal advantages of the Inverse Weibull Pareto model [50]-
[53].

18 : : : 2 v : : : : :
\ —— 05, a=12, 308 k=15 —— 03, a=05, 305, k=10
16+ —— =1, a=15, 05, k=2 |1 18 —— 3=0.75. a=0.5, 0.8, k=15 |
\ — =08, 0=2, =1 k=1 16 — =25 0=15 =10 k=2.0
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Figure 1. Plots of the PDF and HRF for the IWP distribution

1.3. Motivation of the Study

As far as we understand, no current study has taken the systematic approach of studying the estimation of the
uncertainty quanta of the Inverse Weibull-Pareto (IWP) distribution on the basis of ranked set sampling (RSS).
Even though entropy-based measures and RSS methodologies have been extensively investigated separately, the
combination of both has not been investigated with respect to the WP distribution. The Weibull Pareto distribution
is a versatile lifetime model that can be used to explain aging behaviour and heavy-tail behaviour. Due to this
flexibility, it finds useful applications in mortality analysis, fatigue failure modelling, degradation testing and
reliability assessment of mechanical and electrical systems. In this case, it is important to quantify uncertainty in
order to make sound inferences and decisions. Entropy measures give a strict mathematical procedure of evaluating
uncertainty and information content of probabilistic models. Based on such considerations, the current research
seeks to formulate and compare entropy estimators of the IWP distribution when using simple random sampling
(SRS) or ranked set sampling (RSS) plans. Inverse Weibull-Pareto (IWP) distribution is selected because of its
capability of modelling lifetime and reliability data with nonstandard hazard behaviour, heavy tails and skewness.
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It is a Weibull-Pareto survival structure that has both an exponential-type and a Pareto-type component, which
makes it suitable to model early-life behaviour and heavy-tail behaviour. The additive hazard-rate form is also
convenient for applications in reliability: in such cases, multiple risk mechanisms can be working at the same
time. Hence, the distribution of the IWP can be used in strength data, fatigue failure, degradation modelling and
reliability assessment etc.

Four entropy measures are examined in this work, some researchers generalized and complementary descriptions
of uncertainty. These measures, unlike a single entropy index, enable an analysis of the uncertainty and information
content at different entropy orders and sensitivity structures. This is of particular interest for heavy-tailed lifetime
distributions where tail behavior can have a significant impact on uncertainty quantification.

Ranked set sampling (RSS) is warranted in practice where the cost or time of exact measurement is high, but
the cost or time of ranking the units is not. If so, RSS can utilize additional ordering information to enhance
the performance of the estimators under the same measurement effort. But in reality, it is difficult to guarantee
a perfect rank. Hence, this study adopts fuzzy ranking mechanism as a representation of the uncertainty of
ranking. Imperfect ranking quality can be modelled more realistically with a— cut representations and the fuzzy
ranking approach gives more flexibility in assessing the robustness of the estimators when uncertainty is present.
The present study extends the existing literature in various aspects, by combining three fields which are mostly
investigated separately: generalized entropy estimation, ranked set sampling, and flexible heavy-tailed lifetime
modelling. More specifically, it introduces the idea of entropy-based inference to the IWP distribution in both
SRS and RSS designs, and can assess the impact of information enriched sampling under equal measurement
effort. It also includes imperfect ranking using the fuzzy ranking-quality framework, which offers a more realistic
measure of the performance of the estimators when there is uncertainty in ranking. Besides that, several classical
estimation methods are compared with a nested GA-RF estimator, thus testing the statistical accuracy as well as
numerical stability. The contribution of this work is thus not just on the derivation of entropy estimators, but also
in the development of a systematic understanding of the implications of sampling design, ranking uncertainty and
computational estimation techniques for entropy-based inference for heavy-tailed reliability data.

The research contribution is this work could be as follows:

e To come up with parameter estimators of the IWP distribution and to produce plug-in estimators of four
information measures, viz. the Rényi, Tsallis, Havard Charvat, and Arimoto entropies.

» To apply and compare classical estimation methods, namely maximum likelihood (ML), maximum product
spacing (MPS), Kolmogorov-based (KM), least squares (L.S), weighted least squares (WLS), and Anderson
Darling (AD) and Cramer von Mises (CVM) in both SRS and RSS designs.

» To suggest and test a smart hybrid estimator on the basis of a nested genetic algorithm-random forest (GA-
RF) design and to measure its practical performance in comparison with the traditional ones in the real-data
analysis Table 4 -Table 6

* To study the impact of imperfect ranking using a fuzzy ranking-quality mechanism in the simulation study,
through modelling the ranking correlation as a fuzzy variable and presenting the performance via a-cut
envelopes.

To examine finite sample performance with SRS and RSS in the presence of perfect and imperfect ranking in terms
of bias, mean squared error (MSE) and relative efficiency (RE), and to illustrate the usefulness of the procedures
for real data with the routine goodness-of-fit tests. Thus, the main research question of this study is: How does
ranked set sampling (RSS) help to improve the quality of estimation of generalized entropy measures for the
distribution of IWP, compared with simple random sampling (SRS), under equal measurement effort, and how is
this gain influenced by the quality of the ranking and the type of estimation method? Another question is whether
the proposed GA-RF approach can achieve competitive estimation accuracy and numerical stability compared with
the conventional estimators in the same sampling and parameter conditions.
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Table 1. Differentiation of the present study from closely related prior work sharing overlapping authorship [58]

Study Distribution/ Estimand Sampling Ranking Estimation Al / hybrid
process design  uncertainty methods component

compared

This Inverse Rényi, SRS Fuzzy ML, MPS, KM, Nested

Study Weibull- Tsallis, and ranking- LS, WLS, AD, GA-RF
Pareto Havrda— RSS quality CVM, GA-RF (GA-tuned
(4-parameter, Charvat, mechanism, random-
heavy-tailed) Arimoto a-cut, p = forest

entropy 0,0.7,0.9,1 surrogate +
(plug-in) inner GA
refinement)

[42] Rayleigh Point/interval SRS Not Classical Single meta-
process parameter  only considered (ML/LS-type) vs.  heuristic, not
(occurrence- estimates “intelligent” GA-RF
rate parameter) methods

[50] Non- Process- SRS Not Classical vs. Al Al method
homogeneous  rate only considered  methods used
Poisson parame- (comparative) individually,
process ters, no RF
(Gompertz) reliability surrogate

function

[36] Truncated Process SRS Not Not the focus Hybrid
Nadarajah— parameters  only considered (single hybrid SVM-GA
Haghighi estimator) (no random-
inverse forest stage)
Rayleigh
(NHPP)

[28] DUS- Distribution SRS Not Not the focus Hybrid
transformed parameters only considered (single hybrid SVM-GA
generalized estimator) (no random-
polynomial forest stage)
quadratic
failure-rate
model

[32] Maxwell Occurrence- SRS Not Classical vs. Single
distribution rate only considered artificial bee metaheuristic
(alpha-series parameter colony algorithm  (ABC), no
process) GA-RF

[55] Logistic Distribution SRS Not Classical vs. ML used
extreme value  parameters only considered  machine-learning  individually,
distribution estimation no nested

GA-RF

[58] Inverted Rényi- RSS Not ML and classical ~ None (no
exponentiated  type (perfect  modelled distance-based hybrid/Al
Pareto entropy rank- (ranking methods estimator)

(compara- ing) vs.  assumed
tive study) SRS perfect)
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2. Entropy Metrics

The analytical expressions of the Rényi entropy, denoted by 3;, Havard Charvat entropy, denoted by 5, Tsallis
entropy, denoted by 3, and Arimoto entropy, denoted by denoted by f4, f or Inverse Weibull-Pareto distribution.
The Rényi entropy of order u, where v > 0, and u # 1, is defined in Equation 8 as follows:

e | [ tartad] ®)

By inserting Equation 4 in Equation 8, the entropy of IWP distribution, based on the Rényi entropy, is obtained
as follows:

B =

e

> —udz —uk —a—1 k/B “
log [/0 e (1+ Bx) {/\ax + . 595] dy} 9

The generalized binomial expansion of the integrand in the equation below, (9) provides:

:1—u

fla) = e (14 Ba) Y (?) (Aa)* Iz DO=D (kB)T (14 )~ (10)
j=0

Combining powers of (1 + Bx) gives (1 + Bz)~**~J. Thus:
S [e%s}
I(u) = ZCj / glmemDu=g)eude™% (1 4 Bx) "R dy (11
j=0 70

Where:
C; = (j) (M) (k) (12)

After transformation, we obtain

> _(e=1)(u=—j)+1
I(u) =) Cj(u)) a
j=0

N . 1/a —ku—j

1) (e i) 41
[ s () e o
; U

Define

_(a=D(u—j)+1
(e

Jji(u, A\, o, B, k) = (uX)

X a—D)(u—j)+1 £\ e hud
/ t & “le—t 1+5<> dt (14)
0 U

I(u) =Y CjJj(u, Ao, B, k)

=0

Then

By replacing the form of the equation in (14) in the equation in (9) the Rényi entropy of the Weibull-Pareto (WP)
distribution will be obtained as:

1 1 >
=1 log[I(u)] = —log <Z% Cij> (15)
iz
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The Tsallis entropy of order u,u > 0, and u # 1, is defined by:

1
u—1

B =

(1= I(u)] 16)

The Havard and Charvét Entropy of order u, where u« > 0, and u # 1, is defined by:

1

By = s

[ (u) —1] 17

The Arimoto entropy of order u,u > 0, and u # 1, is defined by:

u

Br = [1(w)"/ 1] (18)

1—wu

3. Maximum Likelihood Estimator

3.1. Estimators Based on RSS

Let the RSS design has set size m and cycles r, and measured observations

{Xi(f%:z':l,...,m;jzl,...,r} (19)

with observed values x;; for X f% Total measured sample size is n = mr. Under perfect ranking, X, f% has the
distribution of the ¢ th order statistic from an SRS of size m from the parent model. For = (\, o, 3, k), the i th

order statistic density is

m!

_ 0) — NI C\Im—i g
gim(230) = e F@ 01 [ = 0] f(36) 20)
Substitute F'(z) =1 — S(x) and f(z) = S(x) [Aaaz—“ 4 1+ﬁz}'
() = (1= S(a) (@) (@) |azot 4 D @)
Jism ) = 1) m — 4)) 1+ Bz
Assuming independence across cycles and sets:
)\Oé,ﬂ, Hngm IU,)\OL,[37 )
j=1li=1
- ki et o\ it ot kB
_Jl_[“r[l{l—l o (1—6 (1+ Bzij) ) ( i (14 Baiy) ) Aoy +1+6~T1j:|
(22)
Taking logs

r

T\ a,B,k) =log L = Z {log

+ (i —1)log (1 —e A (14 ﬂxij)_k)
j=11i=1

,1 —)!

+(m —1i+1)log (e”‘:”% 1+ ﬁxij)ik) + log ()\axa T chg;)} @y
ij
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we can write

T m

- S S B e ()

Jj=11=1 j=1 =1

3

+(m —i+1) (=Azf; — klog (1 4 Bzy;)) + log (Aaxa L 1_&?;)} 24
ij

Taking partial derivatives of the log-likelihood with respect to A, a, 5 and k yields the score equations.

[ 5S4 . N ax;-"j_l
j=11:=1 L v v
o1 L Az In (2i5) Sij ) N )\x” (1—|—o<ln (wij))
7 | ki S , ks k
— = i—1 Yt —(m—-i+1 Y =0 (27
g j_1; _( )(1+ﬁxij)(1_sij) ( )1+ﬁxi1 (14 Bwiy)* H ZJ]

N - 1) ) )

The MLEs (X, aQ, B\, E) are obtained by solving the nonlinear system, %\ =0, % =0, g—g =0, g—i =0, or

equivalently by numerically maximizing J(), a, 8, k) (e.g., Newton-Raphson, BFGS, etc.).

3.2. Estimators Based on SRS

Letz4,...,x, be an i.i.d. simple random sample from the IWP model. The likelihood is

n

L\ a,8,k) =[] f (@i A, 8, k)

i=1

[e”? (1+ Bx)™" <>\a9:?_1 + a2 )] : (29)

1+ Bx;

i=1

Taking logs gives

I\, B,k) =log LA\, o, B, k) = ; [—)\xf‘ — klog (14 Bx;) + log </\aa:?_1 + 1 fﬁﬁxlﬂ . 30)

Differentiate § and set the derivatives to zero.

ai - a . a 1 a—1
i=1 i=1 T 1+Bx;
Differentiate v and set the derivatives to zero.
Z Az Inz; + % Az 1+ alnz))| =0 32)
Aoz + ngi
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The parameters 5 and k and setting these derivatives to zero:

kx; k
- =0, (33)
Z T 1 (haas " + )
Z —log (1 + Bz;) + b =0. (34)

. a—1 kB
) o )

Further, the ML estimators of entropy measures 3ME of 8y, BML of By, BML of B3, and BML of 4 are obtained

after inserting AME, ML, ML and kML in Equations the invariance property of the ML estimators is used in
Equation 9 and Equation 16 - Equation 18 respectively.

4. Maximum Product Spacing

The maximum product spacing (MPS) method is used instead of maximum likelihood estimation. We find that, in
MPS \MPS GMPS - gMPS 4nq EMPS for the IWP distribution under both RSS and SRS. These estimates are then used
to construct MPS-based estimators of 31, 82, 83 and 34 [55, 56].

4.1. Estimators Based on RSS

Assume that X (q.4+y, ..., X(4=¢+) is an RSS of size t* = ¢ x d, where d is the number of cycles and ¢ is the set size.
Let H(- | 7) = F(- | 7). The spacings for a sample of size t* are defined by

Ak(T):H(l‘( . 7') —H(I(k—lzt*) \T), k=1,2,...,t"+1,

with boundary conditions H (x(g) | 7) =0, H (@(+41.¢+) | 7) = 1. For the IWP CDF, an explicit form of the
spacings is

Ak(T) _ [1 o e—)\y&-) (1 +By(k))7ki| _ |:1 . e—AyE"k—l) (]_ +By(k_1))7k]

_ ef)\yf‘k,l) (1 + By(kfl))ik _ e*)\y?k) (1 _’_By(k))fk
The MPS criterion is
41
M*(r) t*+1ZInAk 35)
and the MPS estimators are
(XJMPS7&ZVIPS’B\MPS7EJVIPS) = arg max M*(\, , B, k).
For any 6 € {\, o, 8, k}:
t*+1
oM* 1 1 OAg(r)
00 tr+1 ; Ax(T) 00 =0 (36)
Since A (1) = H (y(k) | 7') - H (y(k,l) | T), define
0
mo(y | 7) = 7,H(y | 7) (37

00
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So that:

oA
50(7) =m0 (yay | 7) =m0 (Yoe—1y | 7)

Hence the four score equations are:

oM* 1 Rm (v | 7) —m (ye-y [ 1) 0 (38)
N Ag(7)
oM _ 1 N7 | 7) = me (e | 7) (39)
do T 1 e
41
oM 1 tz s (oo | 7) =75 (v | 7) _ (40)
08 41 Ag(7)
OM* 1 CRome(yoo | ) —me (g | 7) 0 41)
okt 1 Ay ()

Closed forms of 7, 7o, 75, . For H(y | 7) =1— S(y | 7) with S(y | 7) = e " (1 + By)~*, we have 7y (y |
T) = %H(y | 7) = —%S(y | 7). Thus:

OH o
my|7) = % =yt W (1+ By) " (42)
OH o
raly 1 7) = UL o e (14 y) #3)
COHWIT) By gy g
My 7)== = 15 65° (1+ By) (44)
maly | 7) = PP a4 gy a4y 43)

The quantities my (y(k_l) | 7') have the same expressions with y;) replaced by y_1). Under the standard

MPS boundary convention, 7y (y(0) | 7) = g (y(t-+1) | 7) = 0. The MPS estimators (\MPS_ZMPS BMPS MPS) 40

obtained by solving (S)) (Sk) numerically, or equivalently maximizing M *(7).

4.2. Estimators Based on SRS

To obtain the MPS estimators, let z(1y, . .., z(4) be an SRS of size t* from the IWP model, arranged in increasing
order: x(1) < () < -+ < x«). The spacing of a random sample of size t* is defined by

Aj(T):H(.T(j) |T)*H(£E(j_1) ‘T),j:].,2,...,t*+].,

with boundary conditions H (z(gy | 7) = 0, H (2(4-+1) | 7) = 1. For the IWP model, this can be written explicitly
as:

Ai(r) = [1=5 (yoy | 7)] = [1 = 8 (g | 7)] = €00 (14 Bymny) ™" — M0 (14 By) " (46)
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The MPS estimators (XMPS, GMPS | gMPS %MPS) are obtained by maximizing the average log-spacing function.
Differentiating M7 (7) with respect to each parameter § € {\, a, §, k}. Hence the 4-MPS estimating equations are:

.
oMy 1 NNmolr) -m e l7) (50)
ok tr+1 - Aq(T)

=1

Because H(z | 1) =1—S(z|7), we have mg(z | 7) = —ZS(x | 7). With S(z | 7) =e " (14 Bx)", it
follows:

H «
(Y [ 1) = W =y e M (L4 By) 7, 5D
raly | 1) = ZEULD (e (14 ), (52)
_ OH(y | ) _ ky Ay —k
maly | 1) = I - e (1 ), (53
maly [ 7) = PP a1 gy 14y (54)

The quantities g (y(;—1) | 7) are obtained by replacing y(;) with y(;_1) in the above expressions.

5. Least Squares and Weighted Least Squares

Suppose that X(q.4+), ..., X(¢=~) is the ordered measured RSS sample of size t* = ¢ x d, where d is the number of
cycles and ¢ is the set size. Let x(,.¢+) denote the u th ordered observation, u = 1,...,t*. LS and WLS estimators
of the unknown parameters of the IWP distribution are obtained by minimizing the weighted sum of squared errors.

+*

u 12
1a(r) = 3 b [H (v | 7) = s | - (55)
~ t*+1
Equivalently, using the IWP CDF explicitly:
t* . 7k u 9
u=1

The LS estimators correspond to ¢,, = 1 for all u, whereas the WLS estimators use

4+ 1)t + 2)

ou= u(t* —u+1)

(57

Define the residual w

CESY o9

ry(7)=H (y(u:t*) | T) —
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M. HUSSEIN, A. MAHDI, A. HUSSAIN, M. TASHTOUSH, H. ALSAEDI, R. ALMUTTALIBI 15
Minimization of J3(7) yields the normal equations

%_QZ@M (Yeutry | T) =0, 0 € {\, a, B, k} (59

we obtain the system

t* - .

D 6w [H (e 17) = g | o (W) 1 7) =0, (60)
u=1 ) .

t* B ”

> bu [ H (g | 7) = 5 | e (W) | 7) =0, (61)
u=1 - -

t* _ u

Z% H (Yury | ) — o] s ( 7) =0, (62)
u=1 ) .

t* _ u

D 0u | H (v | 7) = g 7 7) =0. (63)
u=1 ) .

These equations are solved numerically to obtain the LS estimates (XLS , QLS LS LS ) (for ¢, = 1) or the WLS

estimates (AWS,aWVs, BWS kW) (for weighted ¢,). Since H(y | 7) =1— S(y|7) with S(y|7) =e 2" (1 +
By)~*, we have mo(y | 7) = — 2 S(y | 7), leading to

OH (y | 7)

my 7)== =y 1+ y) 7 (64)
H o
Tal(y | T) = % = Ay In(y)e ™" (1+ By) ™", (65)
_OH(ylT)  ky e —k
maly |1 = s = gt (AT (66)
wuly | 7) = ZEULT i1 4 e (14 ) (©7)

If entropy measures 31(7), ..., S4(7) are available for the IWP model, then
BLS — g, (’):LS als grs %LS)
j — Mg ) 9 ) )

B\}/VS = /67 (XWS,&WS7B\WS7EWS) ’ ] = 1a27374'

The LS and WLS estimators under SRS are obtained by minimizing

t* . 2
o —k i
_ 11— =Gy (1 ) R — 68
;:1¢> [ e (1+ Byw)) t*+1} (68)
The LS estimators correspond to ¢; = 1, whereas the WLS estimators use

(t* +1)* (t* +2)
i(tr—i+1)

b = (69)

Then for 6 € {\, «, 5, k}

Zd%[ (yoy | 7) — t*il 7o (yiy | 7) =0 (70)
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where 7y(y | 7) is given above. These equations are solved numerically to obtain (XLS aks pLs ,ELS> or
(XWS’ aws, BWS’ Ews)'

6. Estimators of Minimum Distance for the IWP Model

We consider AD- and CVM-based minimum-distance estimators of the IWP parameters 7 = (\, «, 8, k), which
are obtained by minimizing goodness-of-fit statistics of the distance between the sample ECDF and the fitted IWP
CDF Let X (;.4+), ..., X(4=:4~) be the ordered measured RSS sample of size t* = ¢ x d. The CVM objective function
is:

. 2
27 —-1
tovm(r) = oo + Z [ (G | 7) = =5 } (1)
Substituting the IWP CDF H(z | 7) =1 — e " (1 + Bz)~* yields:

t* . 2
1 Xl -k 25—1
iCVM(T) = 1ot + E |:1 —e€ AT (jipn) (1 + 5x(j;t*)) — JQt* ] (72)
i=1

The RSS-CVM estimators are obtained by: (ACVM qCVM BOVM ECVM) = argminy o g1 Jovar (7). Let
T(1),---,%~) be an ordered SRS of size t*. The SRS-CVM objective is:

. 2
—k 2]—1] 73)

iCV]\/[ 12t* + Z |: —e (J) 1 + BZ‘(J ) — o

The SRS-CVM estimators are: (XCVM, acvM BCVM,ECVM) = argminy o .1 3oy 17 (7). If entropy measures

B1(T),...,Bs(T) are available for the IWP model, then BJ-CVM& = B, (XCVM,EJZCVM,BCVM,@CVM) . j=
1,2,3,4. Letn = t* and let 7 (1) < - -+ < x(5,). The Anderson-Darling objective is:

n

Tap(t) = —n — %Z(Qﬂ' — 1) [InH (z¢) | 7) +In (1= H (z(ns1-5) | 7))] (74)

Since 1 — H(y | 7) = S(y | 7) for the IWP model, where S(y | 7) = e=*¥ " (1 + Sy) ¥, the objective can also be
written as:

n

Tap(r) = —n — %Z@j —) [m (1 — e MG (14 Bygy) ) ln ( N0 (14 Byggry) )] . (75)

j=1
Let Y(1:¢+), - -, Y{(4=;=) be the ordered measured RSS sample and set n = ¢*. Using Equation 9 and Equation 10,
the RSS-AD estimators are (AAD GAD BAD, kAD) — argminy o 5.4 ap () [57].

7. Estimation of Genetic Algorithm-Random Forest (GA-RF) Proposed Method

Classical inferential procedures that will be addressed in this research (ML, MPS, LS, WLS, AD, CVM, and
KM) are all parametric and based on objective functions based on the assumed distribution. In the case of flexible
multi-parameter models like the inverted Weibull-Pareto (IWP), numerical optimization might be initialization-
sensitive, and can have flat or multi-modal objective surfaces. We will solve these problems by suggesting a
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smart hybrid model that combines (i) the Random Forest (RF) surrogate model and (ii) a Genetic Algorithm
(GA). The RF offers a rapid, information-based prediction, and serves as a global surrogate and GA offers a
derivative-free global optimization mechanism. Notably, the suggested framework uses the nested GA: an outer
GA optimizes RF hyperparameters, and an inner GA optimizes the IWP parameter estimates on the RF-guided
initializer. Given observed data y = (y1, ..., yn), The reason for using the GA-RF approach is the computational
problems that stem from the parameter estimation of the IWP distribution. There are a number of parameters in the
IWP model that collaboratively determine scale, shape, skewness and tail behaviour. The consequence is that the
likelihood-based, spacing based, least-squares, and minimum-distance objective functions can be very non-linear
and have flat regions and/or multiple local optima. Thus, conventional numerical optimization techniques (like
Newton—Raphson, quasi-Newton, or minimization by gradient) can be sensitive to the choice of initial values and
can fail to converge to a stable solution, particularly in small sample sizes, the presence of heavy tailed data, or
imperfectly ranked samples.

The suggested GA-RF method is designed to alleviate such limitations. The latter is employed as a surrogate
learner which maps informative sample features like moments or empirical quantiles to approximate the values
of the parameters of IWP. This gives a data driven initial estimate, rather than a guess. The Genetic Algorithm
component, in turn, performs derivative-free global optimization for refining estimates of the parameters in the
log-parameter space. GA does not need to have a derivative of the objective function, and is not as likely to get
stuck in poor local optima as conventional gradient-based methods are. Therefore, the GA-RF scheme is a global
stochastic optimization with the use of a predictive initialization.

However, there are some drawbacks to each estimation method. Under regularity conditions, ML can be
efficient, however, it can be sensitive to the starting values and extreme observations. MPS can provide more
stability in certain scenarios of irregular likelihoods, but may be sensitive to the very small spacings near
the sample extremes. LS and WLS are not difficult to compute, but require plots and weights to be chosen.
Both AD and CVM are minimum-distance estimates that are useful, but the estimate from AD may be more
sensitive to the observations in the tails of the distribution, and CVM may be less sensitive toward differences
in the tails. Even though it is easy to interpret, KM could be affected by the largest empirical distribution
discrepancy. In RSS, another source of instability can be introduced when the rankings are not perfect, since errors
in ranking will diminish the information advantage of RSS, and increase the variability of the estimation procedure.

This means that the GA-RF estimator is not intended to be a general solution for the classical estimators, but
rather a method to supplement them when they do not perform well in certain situations. It comes with a significant
improvement in numerical stability because of data-driven initialisation and derivative-free global refinement. It
is, however, much more computationally intensive than classical approach, and relies on the training ranges, the
hyperparameters of the RF, the settings of the GA, and the representativeness of the simulated training data. This
is the reason why its performance is compared to that of ML, MPS, KM, LS, WLS, AD and CVM in both SRS and
RSS design. The log-likelihood is [57, 58]:

U7 |y)=> log f(yi| 7). (76)
=1

The target criterion based on likelihood is the negative log-likelihood 7 (7)= —¢(7|y). The goal
is to obtain 7 that minimizes J(7), subject to A, «,B3,k>0. To link the samples to the parame-
ters, each dataset y is mapped to a feature vector s(y). A robust, tail-sensitive choice is s(y) =
(7, Var(y), Skew(y), Kurt(y), Qo.10, Qo.25, Qo.50, Qo.75, Qo.90, Qo.05,10g y, Var(log y)), where @, denotes the
empirical p-quantile. To ensure positivity during learning and optimization, we use the log-parameterization
0 = (01,02,03,0,) = (log \,log a, log B,log k), 7 =exp(d) = (e%,e%, €% ). The RF is trained to predict 0
from s(y). Since the real parameters are not known in real data, the RF is trained with synthetic data produced
using the IWP model in a prescribed parameter space qin. Form =1,..., M:

1. Sample 7(™) = (A(™) (™) g(m) E(m)) € Q.
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2. Generate a dataset y(™) of size n from IWP(7(™)).
3. Compute features s(™ = s(y(™).
4. Store the training pair (s, (™)), where §(™) = log(7(™)).

The RF model is then fitted to approximate 6 = grp(s). Let the RF hyperparameter vector be

h = (Nirees, max, min, min, max ). 7
depth  split leaf features

The outer GA finds the hyperparameter setting h which minimizes a validation loss:

£y =5 S| a0 5w = geets™: ), 78)
mey

M val 2

where V is a set of validation subsets of simulated datasets. The hyperparameters that are tuned are h* =
argminy, £(h). The RF is then refit with 2* on the full training set (or training-validation) with k. Given observed
data y, compute sops = s(y). Using the tuned RF, obtain an initial estimate

-~

O = gre(sobs; 1*), 7o = exp(bo). (79)

The inner GA conducts a limited global search in the log-parameter space about 50 by minimizing

TO) == log f(yi | e, %, %) + P(6), (80)

i=1

where P(0) is a weak penalty which may be optional (e.g., quadratic regularization of the extreme log-parameters)

~

to aid stability. The final estimator is = argmingeo J(0), 7 = exp().

Algorithm: Nested GA-RF estimation of IWP parameters
Input: Observed Data y; training range (,in; number of simulated datasets M; RF hyperparameter search space
‘H; GA settings (population size, generations, crossover/mutation); log-parameter bounds ©.

1. Simulate training datasets: generate (y(m), T(m)) from IWP over Qain.

2. Compute features and targets: s(™ = s (y(™)) and 6™ = log (7(™)).

3. Outer GA (hyperparameter tuning):
* Initialize a GA population over h € H.
* For each candidate A, train an RF on the training subset and compute £(h) on a validation subset.
* Evolve the GA until convergence and return h*.

4. Fit final RF: train grp (-; h*) on all simulated training data.

5. Warm-start for observed data: Compute sops = s(y), then 0g = grr (Sobs; h*).

* Initialize a GA population in #-space around 50.
* Minimize 7 (6) to obtain 6.

~

6. Return estimates: 7 = exp(6).

7.1. Computational Settings for the GA-RF Estimator

In order to guarantee the reproducibility of the proposed GA-RF estimator, the computational parameters,
employed in the numerical study, are fixed as follows. The synthetic datasets from the IWP distribution in the
parameter space were used to train the RF surrogate model.

A € [0.10,5.00], o € [0.20,5.00], 8 € [0.05,3.00], k € [0.20, 5.00].

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. HUSSEIN, A. MAHDI, A. HUSSAIN, M. TASHTOUSH, H. ALSAEDI, R. ALMUTTALIBI 19

The ranges chosen to represent these parameters were chosen to represent the parameters considered in the
simulation study and also to have moderate variation in scale, shape, and tail behaviour. The positive nature of the
IWP parameters was ensured by training the RF to predict the log-parameter vector.

n = (log A, log «, log 3, log k).

For each sample-size configuration, Ng;,,=10000 synthetic datasets were generated. The data were divided into
80% training data and 20% validation data. For each generated dataset, the feature vector included the sample
mean, standard deviation, median, interquartile range, coefficient of variation, skewness, kurtosis, minimum,
maximum, and empirical quantiles at probabilities.

0.05, 0.10, 0.25, 0.50, 0.75, 0.90, 0.95

The GA-RF estimator was trained and validated with different synthetic datasets to avoid overfitting. The
hyperparameters of the RF surrogate were optimized on the validation subset to minimize prediction error, while it
was fitted on the training subset. Then, the final GA-RF estimates were tested on Monte Carlo scenarios that were
not included in the RF training process. The separation between training, tuning and evaluation helps to ensure that
the performance reported is a general predictive ability rather than a memorization of simulated training samples.
The usefulness of the GA-RF method is evaluated against the other estimation methods, namely ML, MPS, KM,
LS, WLS, AD and CVM, based on estimation accuracy, computational stability performance and goodness-of-fit
performance. It is useful if it yields values of AB and MSE similar to or lower than those of GA, doesn’t result
in estimations in the boundary regions, has better convergence stability, or yields good goodness-of-fit values. It
thus improves the accuracy of the points in specific situations, while at the same time providing the numerical
robustness of the flexible four-parameter IWP model.

The features were chosen to reflect location, dispersion, skewness and tail behaviour in the samples of the IWP.
The hyperparameters of the RF were tuned using the outer GA. The values of the hyperparameter space for the RF
model were npces €{200, 500, 1000}, my,, €{/P,0.5p, p}, dmax €{5, 10, 20, None},ny,in €{1, 3,5, 10}.

Where p is the number of input features, nyyccs is the number of trees, 1., is the number of candidate predictors
considered at each split, d,, 4, is the maximum tree depth, and 7,,;, is the minimum number of observations in
a terminal node. The RF model was selected by minimizing the validation mean squared error of the predicted
log-parameters.

The outer GA used a population size of 40 chromosomes and was run for a maximum of 50 generations. The
tournament selection with tournament size 3 was employed. The crossover probability was 0.80, the mutation
probability was 0.10 and elitism was implemented by keeping the 2 best chromosomes at each generation. The
outer GA terminated when the maximum number of generations was reached or if the validation loss was not
decreased by 107 for 10 generations in a row. Once the RF was tuned, the final RF model was trained on the
entire synthetic training set with the hyperparameters that were selected. For an observed dataset, the fitted RF was
used to give the initial log-parameter estimate, nzy. The inner GA then fine-tuned this estimate by maximizing
the negative log-likelihood in the space of the log-parameters. The GA search was limited to the inner bounds
on the log-parameters corresponding to the training ranges above for the inner GA search. Initial population was
generated around the value of nzr with a normal perturbation of standard deviation 0.10 on the log scale.

The inner GA had 60 individuals and a maximum number of generations of 100. The number of generations
was set at 100, the probability of crossover was 0.85, the probability of mutation was 0.15, and elitism was set
to keep the top two candidate solutions at each generation. A Gaussian perturbation was added to the chosen
log-parameter to generate mutation. The inner GA stopped if the relative difference log-likelihood in the negative
log-likelihood was less than 10~ for the last 20 generations or after the maximum number of generations was
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reached. The optimized log-parameter vector was back-transformed to get the final estimate 6 = (e, 2, /s ).

To ensure reproducible results, a fixed random seed was used for all random number generation in the simulation
study and training of the GA-RF. The computational settings were identical for the SRS and RSS, with the
differences in the sampling designs being the differences in the sampling information only.

7.2. Computational Efficiency and Running-Time Comparison

The computational cost of the proposed GA-RF estimator was compared with the running times of the conventional
estimators, and the same simulation environment was used for these times. All methods were performed on the
same programming platform and on the same computer to make it easier to compare methods. The reported
running time for each simulation scenario was the average CPU time of the Monte Carlo replications. The classical
estimators such as ML, MPS, KM, LS, WLS, AD or CVM generally were less time consuming, since each of
them entailed the numerical optimization of just one objective function. The GA-RF estimator, on the other hand,
consists of two computational steps: (1) training the RF surrogate model with synthetic datasets generated from
the IWP distribution; (2) derivative-free refinement of the parameter estimates by the GA in the log-parameter
space. Thus, it is likely that the GA—RF method will involve a higher start-up computational cost compared to
classical methods.

This extra complexity in computation is somewhat compensated for by the greater numerical stability of the
GA-RF procedure. The RF component gives an initial estimate based on the data, which avoids the need to use
arbitrary initial values, and the GA component is designed to refine the solution stochastically at a global level, and
less sensitive to non-smooth, flat, or multimodal objective surfaces. Therefore, GA—RF is an alternative that is more
stable and robust, especially when the samples are heavy tailed, have a small number of samples, and/or the RSS
conditions are not optimal, and should be considered a more robust and computationally demanding alternative.
A summary of the running-time comparison is given in Table 2. The average CPU time for each estimator in
representative SRS and RSS cases is reported. The results indicate that the classical methods are faster; however,
the training stage and the global search stage are extra sources of computational time for GA-RF. However, GA-RF
is still computationally feasible for the sample size sizes that are being discussed in this study and yields competitive
estimation and goodness-of-fit performance.

Table 2. Average computational time of the estimation methods under representative simulation settings

Sampling Design Sample Size (t*) ML MPS KM LS WLS AD CVM GA-RF

SRS 20 0.046 0.020 0.015 0.022 0.027 0.032 0.022 0.079
SRS 80 0.017 0.019 0.020 0.028 0.027 0.033 0.026  0.132
SRS 200 0.025 0.022 0.021 0.025 0.033 0.043 0.030 0.242
RSS (p=0.7) 20 0.043 0.022 0.012 0.019 0.024 0.030 0.021 0.085
RSS (p =0.9) 80 0.029 0.022 0.012 0.024 0.028 0.033 0.028 0.139
RSS(p=1) 200 0.037 0.023 0.021 0.024 0.029 0.039 0.028 0.256

8. Numerical Evaluation and Fuzzy Ranking Quality

The finite-sample performance of the proposed estimators of the inverted Weibull-Pareto (IWP) model under
Ranked Set Sampling (RSS) and Simple Random Sampling (SRS) is tested in this section with the help of fuzzy-
Monte Carlo simulation framework. Besides variability in sampling, the design has (i) epistemic uncertainty in
the model parameters and (ii) uncertainty in the quality of ranking. Absolute Bias (AB), Mean Squared Error
(MSE), and Relative Efficiency (RE) are used to summarize estimator performance, reported as interval-valued
quantities, in the form of interval-valued a—cuts. The following flowchart gives a step-by-step process of creating

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. HUSSEIN, A. MAHDI, A. HUSSAIN, M. TASHTOUSH, H. ALSAEDI, R. ALMUTTALIBI 21

imperfectly fuzzy ranked set samples of the IWP distribution with the Probability Integral Transform (PIT) and the
RSS concomitant based ranking mechanism, as outlined in Steps 1-6 of the simulation design.

Step 1. Sampling configurations

To explore the influence of sample size with equal measurement costs, we examine a fixed set size ¢ and different
cycle numbers d. Specifically:
t=3,4,5,6, d € {5,10, 20, 30, 50} 81)

So that the number of measured units is

t* =t x d € {20, 40, 80, 120, 200} (82)

Step 2. IWP parameter scenarios (Sets 1-4)

To ensure that we cover a range of different distributional shapes, we consider four typical parameter settings for
the IWP model:

Set 1 = (A = 0.60,a = 1.20, 3 = 0.50, k = 1.00),
Set2 = (A= 0.35,a = 2.00, 3 = 0.80, k = 2.00),
Set3 = (A =0.10,a = 0.70, 8 = 0.40, k = 0.80),
Set4 = (A =0.25,a = 1.50, 8 = 1.20, k = 3.00)

The parameter settings were chosen not for any particular numerical combination, but so as to reflect a variety
of distributional and reliability conditions. The parameters related to Weibull have the main influence on the scale
and shape of the early-life and aging component, while the parameters related to Pareto influence the scale and
heaviness of the upper tail. The configurations chosen are therefore relatively moderate and more extreme tail
behaviours and varying amounts of skewness and hazard-rate variation. These scenarios are meant to illustrate
reliability settings where the reliability is relatively stable across the lifetime through to cases where a few extreme
observations are recorded in the lifetime, and have significant impact on estimation and entropy. The combinations
of parameters are also consistent with the representative PDF and HRF patterns shown in Figure 2. In this context
this design is important because besides comparing the performance of estimators for various sample sizes and
ranking qualities, it is also important to study their numerical and statistical properties when different distributional
shapes are employed. Sensitivity to the tail parameters is crucial since the generalized entropies used in this
study are highly sensitive to tail behaviour and distributional spread. These sets are chosen to represent different
regimes (e.g. slower vs. faster decay, different impact of the Pareto-type component (1 + 3y)~* ), thus providing a
meaningful stress-test of the estimators under different data-generating conditions. The way these sets are utilized
in the simulation. The entire simulation experiment is carried out under each set s € {1, 2, 3,4}, Specifically, we
simulate each set in:

» sample-design configurations
(t,d) = t* =t x d € {20, 40,80, 120, 200}

* ranking regimes (crisp or fuzzy)
p €{1,0.9,0.7,0} or p,

where p = 1 denotes perfect ranking, p € {0.9,0.7} denotes imperfect ranking, and p = 0 corresponds to the
SRS-equivalent baseline,
¢ estimation methods (ML/MPS/LS/WLS/AD/CVM/KM).
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{ Start )
\ /
Step 1— define fuzzy IWP parameters eq. (65)

Triangular fuzzy numbers: X, o ; k each as (6_L, 6_M, 6_U)

l

Step 2 — define fuzzy ranking quality g’ eq. (64)

Triangular §'= (p_L, p_M, p_U), modal p_M € {1, 0.9, 0.7, 0}

l

Step 3 — compute a-cut intervals
6(c) = [6_L + a(6_M - 6_L), 6_U - a(B_U - 8_M)]
Obtain crisp intervals T_s(a) and p(a) for chosen a € [0, 1]

U Repeat for each Lpll(atlon r=1.R

Replication loop

Step 4 — sample crisp values from a-cuts

Draw (A, o, B, k) ~ Uniform(t_s(a)), draw p ~ Uniform(p(ct))

l

Step 5a — generate concomitant pair (X, Z)
X, 2r~BVN(O,0;1, %90 [
X = ranking variable, Z = latent IWP-linked normal

l

Step 5b — apply PIT to Z
U = ®(Z) ~ Uniform(0, 1)
Standard normal CDF maps Z to a uniform variate

l

Step 5¢ — generate IWP observation
Y=F'(U[AoB K

Solve F(Y | 1) = U numerically if no closed form

l

Step 5d — construct imperfect RSS

Within each set of t units: rank by X, measure Y at prescribed rank

Yes — next o / set

Repeat for d cycles — RSS sample of size t* =t x d

Ifp~1 Ifp~0
Near-perfect ranking SRS-equivalent baseline

Step 6 — compute performance measures
AB©) = [E@) - 6], MSE(®) = E@ - 6)?
RE(6) = MSE_SRS / MSE_RSS, reported as a-cut intervals

l

% More a-levels or sets? ‘

Increment o or move to next parameter set s

No

( Output results \‘

l _/

AB, MSE, RE tables

a-cut interval envelopes for all estimators x sets x p

([ Fuzzy / a-cut [[) sampling setup (O] PIT steps (C) RSS construction () Output

Figure 2. Flowchart for generating imperfectly fuzzy (RSS) from the (IWP) distribution using the (PIT)
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Step 3. Fuzzy ranking quality

The imperfect ranking in RSS is controlled by a correlation parameter p € [0,1]. In the fuzzy design, ranking
quality is represented by a fuzzy number p (e.g., triangular):

ﬁ:(pL7p]WapU)7 OSPL SPM SPU < 17

where pys is the modal ranking level and [pr,, py] captures uncertainty. For comparability with the classical
simulation design, we consider fuzzy regimes centred at py; € {1,0.9,0.7}, while p = 0 is retained as the SRS
baseline. The a-cut interval of the fuzzy ranking-quality parameter is a range of ranking-quality values that can be
considered possible to accommodate the given membership degree within the proposed framework. These intervals
should not be interpreted as confidence intervals for the entropy estimators. The fuzzy framework does not only
vary a fixed value of the sensitivity parameter, but also provides a quantification of the impact of imprecise ranking
information, resulting in an uncertainty envelope for measures like AB, MSE and RE, for a given value of p when it
is represented by a fuzzy number. It is a different kind of sensitivity analysis since the uncertainty in quality ranking
is clearly reflected and carried forward using the fuzzy Monte Carlo process. The ranking uncertainty is added by
using a fuzzy ranking-quality parameter p. For imperfect RSS, p is the magnitude of the correlation between the
true and auxiliary ranking variables. The ranking-quality parameter is fuzzy as represented by

ﬁ: (PL7P07PU)>

where pg is the modal ranking quality and p;, and p;; define the uncertainty range around it. Its a-cut interval is

[pla = [pL +a(po = pL), pu — a(pu — po)] .

The cases p =1,p = 0.9,p = 0.7, and p = 0 correspond to perfect RSS, high-quality imperfect RSS, moderate
imperfect RSS, and the SRS-equivalent baseline, respectively. A value of p is chosen from the relevant a-cut
interval and the value of the concomitant ranking variable is obtained by a correlated normal process, for each

replication.
Y =pZ++/1—-p3

where Z and ¢ are independent standard normal variables. The units are sorted by the accompanying variable Y,
and the actual values measured are obtained by applying the probability integral transform to the IWP distribution.
So, p = 1 indicates perfect ranking, lower positive values of p indicate ranking errors and p = 0 indicates that there
is no useful ranking information. Absolute bias, mean squared error and relative efficiency are calculated for each
a-level and each scenario of simulation.

Step 4. Fuzzy parameters and «-cut implementation

The parameter vector is considered to be fuzzy in order to add epistemic uncertainty in the IWP parameters. We
set a set of fuzzy neighbourhoods 7, around the modal value 7,. As an illustration, with triangular fuzzy numbers:

gs = ()\S,La)\s,]\/fa)\S,U) 5 62s = (aS7L7aS,MaaS,U) 5 (83)
Bs = (ﬂs,Lv ﬁs,M; 5S,U) ) ks = (ks,Lv ks,M; ks,U) .
We propagate fuzziness using the a-cut method. For a triangular fuzzy number 0= (0r,0n,0y), the a-cut
interval is _
0(“) = [9[, + (91»[ — QL),QU - (GU — 9]\/[)] , o€ [0, 1]. (84)

At each a-level, we obtain crisp intervals ﬂ(a) and p(®); parameters are then sampled from these intervals to

generate datasets. The epistemic uncertainty of the IWP parameters and ranking quality is captured as triangular
fuzzy numbers in order to be able to fully reproduce the fuzzy Monte Carlo framework. If the value of an uncertain
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quantity is denoted as 6, then the triangular fuzzy number is represented as:
5: (elm 60) 9[]) 3

where 61,60y, and 0y The lower bound, the mode and the upper bound, respectively. It has the following
membership function:
0, 0 <0
PbL G <6 <6
mp0) =4 0k g <<
0u—0g° 0=V =VUu
0, 0 > 0y

For each model parameter §; € {\, «, 8, k}, the fuzzy parameter is specified as

0; = (09(1—9;),09,0%(1+9))),

Y50V
where 9? is the modal parameter value in the corresponding simulation set and d; controls the degree of epistemic
uncertainty. The a-cut interval of @; is given by
10;], = [99(1—@)—&—@{00 60 1-46 } 00 1+44;) —a{@?(l—i—@)—@?}] ,
for 0 < o < 1. In the simulation study, the a-cut levels are taken as

a €{0,0.1,0.2,...,0.9,1.0}.

At each a-level, crisp parameter values are generated from the corresponding a-cut intervals and are then used
to simulate IWP samples.

Step 5. Data generation and imperfect ranking mechanism (IWP)

For each replication, each set s, each configuration (¢, d), each ranking regime, and each a-level:
1. Sample crisp values from a-cuts. Draw (A, «, 3, k) from 7 and draw p from p().
2. Generate correlated normal (concomitant mechanism). Generate (X, Z) from

(2)~(G) G 2) ®)

where X is the concomitant variable (used for ranking) and Z is a latent normal variable.
3. Apply probability integral transform (PIT). Set

U=9®(Z)~Uniform(0,1)

where ®(-) is the standard normal CDF.
4. Generate IWP observations. Obtain
Y =FYU|1).

If a closed form of F~! is unavailable, compute ¥ numerically as the unique solution of F(y | 7) = U for
y > 0.

5. Construct RSS in imperfect ranking. Design RSS with set size ¢ and cycles d where each unit is ranked on X
and the rank obtained in the desired order is noted, thus generating an RSS sample of size t* = td. Ranking is
perfect when p ~ 1 and becomes more imperfect as p decreases. The SRS baseline is generated by sampling
t* independent Y -values from the IWP model (equivalently p = 0).
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Step 6. Performance measures under fuzziness

For any estimate and 0 € {\, o, 8, k, 81, B2, B3, B4}, performance is assessed using

-~

AB(®0) = |[E®) — 0|, MSE(d) = E [(5— 9)2} :

and relative efficiency

RE(0) MSEgrs(0)
MSEgss(0)

25

In the fuzzy framework, AB, MSE, and RE are evaluated across «-cuts and reported as interval envelopes, e.g.

MSE® () e [MSE(L“)(g),MSEg])(@)} :

with analogous expressions for AB and RE. The interval-valued summaries of the fuzzy performance measures

are reported across the a-cuts. If only one representative value is needed, defuzzification is done by the centroid

method. Let « be a triangular fuzzy number. A = (A, Ap, Ay), the centroid defuzzified value is:

AL+ Ao+ Ay
N 3

A*

For interval-valued «a-cut results, the final summary may also be reported as the midpoint

AL 4+ AU

id
At = Zel e

together with the interval bounds to preserve the uncertainty information. The results from the simulations are
presented as point estimates and as the a-cut interval summaries for AB, MSE and RE. These intervals represent
the change in performance of the estimators when the ranking-quality parameter and the model parameters of IWP
are uncertain. Larger intervals mean a greater sensitivity to fuzzy ranking uncertainty, while smaller intervals mean
more stable performance. The fuzzy-based results thus offer more than just the crisp ranking of the cases, and can
demonstrate the tolerance of the estimators to uncertain ranking situations.

* The above criteria offer quantifiable measures of the estimators’ accuracy and precision. Taken together, they
allow for a detailed examination of the performance of the estimators and provide compelling evidence of
the efficiency and practical feasibility of each of the estimation techniques for the model at hand.

Steps (1) and (2) are repeated 5,000 times to obtain robust empirical estimates of the performance measures.
The results of the numerical study are reported in Table 13 - Table 24 and Figure 3 - Figure 9, which altogether
give a full picture of the performance of the estimators under the studied scenarios.

The full numerical simulation results on the performance of parameter estimation are provided in the
Appendix to preserve the flow of the main text and to focus on interpretation. In particular, this study
compares the absolute bias and mean squared error of the IWP parameter estimates of the various estimation
methods outlined for the four sets (Sets 1-4) of data for SRS, imperfect RSS and perfect RSS. The tables in
the appendix give the details of the numbers that form the basis for the main findings discussed in this section.
In the main text, the predominant trends across these tables are summarized, but the numerical entries are
not reproduced. In general, the results indicate that the more samples that are measured, the more accurate
the estimates will be, that RSS will outperform SRS when ranking quality is high, and that the advantages of
RSS will decrease as ranking quality decreases.

* Asillustrated in Table 13 - Table 24 and Figure 3 - Figure 9, we note the following:

1. Consistency with increasing measurement effort. For both SRS (p = 0) and RSS (p € {1, 0.9, 0.7}), the
absolute bias (AB) and mean squared error (MSE) are decreasing with the increase of the effective
measured sample size t*, suggesting the expected convergence to the true parameter/entropy values.
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2. Entropy estimators show the same monotone improvement. For all four entropy measures
(81, B2, B3, Pa), AB and MSE generally decline with ¢* under both perfect and imperfect RSS and
under SRS (See the Appendix).

3. Different targets (parameters vs. entropies) lead to different rankings. In the tables of entropies, the KM
method is not always the best; in a number of cases, likelihood/distance-based methods (most often AD,
ML, or MPS) are competitive for some 3; and t*. Thus, KM can be considered competitive in many,
but not all, cases.

4. The ranking quality is important as expected. Comparing SRS (p = 0), imperfect RSS (p = 0.7,0.9)
and perfect RSS (p = 1), we generally observe increased accuracy (smaller AB/MSE), with improved
ranking resulting in more efficient estimation for the same cost.

5. Relative efficiency (RE) confirms gains of RSS. The RE summaries confirm the potential of RSS over
SRS at fixed sample size (measured), with the greatest gains under perfect ranking (parameters: Table 9
- Table 10, entropies: Table 5 - Table 11).

6. Error magnitude scales with the entropy level. Across sets with larger entropy values, MSEs tend to
be larger, while smaller true entropy levels are associated with smaller MSEs; this pattern appears
consistently across p regimes and sample sizes in the entropy AB/MSE tables.

Within-set directional claims should be tied to the simulation sets. More granular statements (e.g., how &
and g change as a or 3 vary, or differences between v = 0.7 and v = 2) should be reported only where the
corresponding set definitions and tables directly support them.

8.1. Analytical interpretation of the simulation results

A combination of the interaction of the four factors sample size, ranking quality, tail behaviour and numerical
optimization stability can explain the observed simulation patterns. The general decrease in AB and MSE as
the sample size n measured is increased. The expectation is that it will increase as samples get larger, as this
will give more information about the IWP distribution and will decrease the random sampling variability in the
IWP distribution. Because of the plug-in nature of the entropy estimators as a function of the estimated model
parameters, better estimates of the model parameters result directly in better estimates of the entropy. This is
why the estimates of the parameters and the entropy tend to be more stable, as the measurement is increased.
The improvement of RSS over SRS is primarily because of ordering information added prior to measuring. If the
ranking is perfect or very accurate, the observations that are measured by RSS are more evenly distributed across
the distribution than the ordinary SRS observations. This enhances the information for the central part of the IWP
distribution, and particularly for heavy-tailed models, the information for the tail of the distribution. Therefore,
in certain instances, parameter estimates and entropy estimates may be lower under RSS than under SRS when
the quality of the samples is good. If the quality of the unranked units decreases, however, the rank positions of
the units selected no longer closely match the positions for which they were ranked. This reduces the information
advantage of RSS and why ranking’s efficiency decline under sub-optimal ranking.

The objective functions of each estimation method are also of different structure, which affects the difference
between the methods as well. When the model is correctly specified, likelihood-based methods can do a good job,
but can be sensitive to high outliers and to the initial values due to the heavy tails of the IWP distribution and
the fact that several of the parameters in the model interact. MPS can yield more numerical stability in certain
situations because it is computed based on spacings of the distribution instead of directly on the likelihood;
however, very small spacings in the tails of the sample can still have an impact on MPS. Both LS and WLS
methods are relatively easy to compute but their accuracy relies on the approximation of the empirical distribution
function by the fitted distribution function, which can be poor. The minimum-distance methods are the AD and
CVM estimators, the latter emphasizing the fit more globally over the distribution, and the former more toward
the tails. Hence, there is no classical estimators which outperform all others in any setting of the parameters.
The behaviour of the entropy estimates shows sensitivity of the entropy measures to tail behaviour and parameter
uncertainty. In this regard, the reasons why MSE may be larger with higher entropy settings for some parameter
settings are due to the fact that the estimated tail parameters can vary significantly for small changes in the
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parameter settings. This type of pattern is in line with the idea that measures of generalized entropy should reflect
uncertainty and distributional spread, the latter of which is heavily affected by the tail of the IWP distribution.

The performance of the GA-RF estimator is competitive, as it includes data-driven initialization and derivative-
free global refinement. The RF component gives a very stable initial estimate, derived from simulated IWP samples,
and informative summary features, and the GA component fine tunes the estimate in the log-parameter space.
This will minimize sensitivity to bad starting points and to inconsistent objective surfaces. The advantage of
the GA-RF method over the classical estimators is however due to the additional computational effort needed
and not to its universal superiority. In general, the results of the simulations suggest that a compromise between
statistical information and numerical stability control the performance of the estimator. When ranking is reliable
RSS enhances the statistical information; when the sample size measured is large, sampling variability is decreased
and when the situation is heavy-tailed and the number of objects is large, a computationally powerful approach like
GA-RF can assist in stabilization of the estimation. In general, RSS is useful only in the case of reliable ranking
information and large sample size. If the quality of the data drops, the efficiency benefit of RSS can become less
pronounced or even go away. Likewise, GA-RF is claimed to be a numerically stable and competitive estimator
rather than a general alternative to ML, MPS, KM, LS, WLS, AD, and CVM methods, particularly for the unstable
optimization settings.

8.2. Discussion of findings, comparison, implications, and limitations

The key results of this study indicate that RSS generally is superior under high-quality ranking but fails to do the
same under imperfect ranking. Further, it is seen that the performance of the estimators depends on the sample
size, the setting of the parameters, the quality of the ranking and the method of optimization. In no case is one
classical estimator uniformly best and in some cases GA-RF is a more accurate and numerically more stable
estimator.

This study deals with generalized entropy estimation of the IWP distribution in both SRS and RSS-based
censoring schemes compared with the earlier studies on entropy estimation where the focus was exclusively on
SRS, censoring schemes, record values, and conventional sampling structures. It also improves the concept of
RSS research in two aspects: (1) It adopts the point of view of generalized entropy estimation for a heavy-tailed
lifetime model; (2) It considers the fuzzy ranking uncertainty by using «-cut representation.

The results suggest that under the assumption of reliable ranking information, and of a high cost of exact
measurement, RSS may be helpful in reliability inference related to entropy. But it is not universally agreed that
RSS is better than SRS, as it is only efficient when it comes to ranking accuracy and estimator stability. Likewise,
GA-RF can be employed as a numerically stable and robust complementary estimator when the classical objective
functions are flat or unstable, or when they are sensitive to initial values.

The significant advantages of this study are the synthesis of an entropy estimation, RSS, fuzzy ranking
uncertainty and GA-RF estimation in one framework. The limitations are small number of simulation settings,
potential for numerical instability of the four-parameter IWP model, incomplete validation of GA-RF, and the use
of a single real dataset.

9. Real Data Analysis

This section presents an analysis of real data to confirm the applicability of the estimation methodologies proposed.
We use an empirical dataset to show how the competing estimators can be used in practice and under what
circumstances each of them can be beneficial. The data include tensile strength (GPa) measurements of 79
carbon fibres that were investigated by [58]. The values of these estimated entropies in reliability engineering
are considered as measures of uncertainty with regard to lifetime or strength distribution. A reliable estimate of
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entropy can, therefore, be used in conjunction with the traditional parameter estimates, goodness of fit, etc., to
evaluate the predictability of the material failure behaviour when considering the tensile strength data from carbon
fibre. When testing individual components is expensive, but it is possible to rank the units comparatively, the use
of RSS can reduce the number of measurements while maintaining information that is relevant to the uncertainty
quantification. Therefore, the estimates of entropy under RSS can help in decisions related to reliability screening,
prioritizing inspection, degradation monitoring and allocation of experiments. The present analysis proves that this
is statically feasible but it is not claimed that a specific maintenance or clinical decision can be made based on
entropy alone.

Table 3. Summary descriptive measures and exploratory visualizations for the tensile-strength dataset.

Dataset | Sample size | Mean | Median | Variance | Skewness | Kurtosis | Range | Minimum | Maximum

79 3.544 | 3.5870 0.3561 -0.0393 3.9508 3.374 1.4231 3.6961

To supplement the exploratory analysis summarized in Table 3, descriptive statistics and the graphical
diagnostics presented in Figure 10 are analysed to support the exploratory analysis. The graphical representations,
such as histograms, kernel density estimates, quantile-quantile (Q-Q) plots, box plots, and the violin plots together
with the total time on test (TTT) plot, complement the distributional characteristics of the tensile-strength data.
The dataset in general seems to be about symmetric, and has at most weak skew. There are no evident outliers or
structural aberrations. Moreover, the TTT plot indicates that the hazard rate increases with hazard rate function
(HRF), which is in line with the modelling assumptions taken into account in this study. All these diagnostic plots
suggest that the data is well-behaved and can be used in parametric modelling and other inferential analysis. In
order to formally determine the goodness of the IWP model, we also use the Kolmogorov-Smirnov (KS) goodness-
of-fit test. The test value is 0.0403 with the p-value of 1.000, which does not give any indication against the
IWP distribution and instead indicates that it can be used to model the current dataset. The competing estimation
methods were evaluated using the Kolmogorov—Smirnov (KS), Anderson-Darling (AD) and Cramér—von Mises
(CvM) goodness-of-fit statistics to test the adequacy of the fitted IWP model. These are reported in Table 6. The
p values generated by the IWP parameters are approximate goodness of fit indicators, because they are based on
the same data set.The p values calculated with the IWP parameters should not be interpreted as distribution-free
p values because these are computed with the same set of data. The KS statistic of the fitted IWP model is small,
which suggests that the fitted distribution is close to the empirical distribution. It is recommended, however, that the
goodness-of-fit evidence be considered together based on the KS, AD, and CvM statistics along with their p-values.
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As can be seen in the results tabulated in Table 6, several of the estimation methods are acceptable fits for the
tensile-strength data of the carbon-fibres. In particular, the distance-based methods generally yield small values
of KS, AD, and CvM, and relatively large p-values, suggesting that the fitted IWP distribution is well-fit to
the empirical distribution. However, some methods yield higher AD or CvM statistics, indicating less tail fit.
Hence, the real-data analysis validates the ability of the IWP model to be used in this data set, and should be
interpreted comparatively from one estimation method to another rather than based on one KS p-value. This is
further supported by the fitted-distribution diagnostics as shown in Figure 11. The point estimates of the four

Histogram Kernel density Violin plot
3.5 1
15 A
0.6 4 3.0 4
g =
§ 197 i 2.5
= E 0.4 4
£
5 2.0 1
0.2 4
1.5 4
04 . . - T .
15 2.0 2.5 3.0 35 1.5 2.0 2.5 3.0 35
data N =62 Bandwidthgst§.2123
Box plot TTT Plot QQ plot
10
g 3.5
0.8 o u\
y 2 3.0
- €
_ 0.6 " 5
£ P 325
= ler” 2
0.4 s [
: L E 2.01
0.2 oo “
- 15
: : . . . 0.0 £ . . . y . v . .
15 2.0 2.5 3.0 35 0.0 0.2 0.4 0.6 0.8 1.0 -2 -1 0 1 2
in Theoretical Quantiles

Figure 10. Exploratory graphical diagnostics for the real dataset
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Figure 11. Estimated PDF and CDF for IWP

generalized entropy measures are provided in Table 15 for the various estimation procedures. Reported values
are not standard errors or confidence intervals. The GA-RF entries are in particular the resulting point-estimates
after the application of the suggested hybrid estimator. As the GA-RF procedure is not based on the traditional
maximum-likelihood asymptotic theory, standard errors and confidence intervals are not reported in this table.
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Table 4. Estimated parameter values of the IWP distribution calculated through different estimation approaches utilizing the

RSS and SRS dataset.

p Method Parameters
A «@ B8 k
ML 0.028289 3.486549 3.000e-6 2728.135000
MPS 0.005935 5.220615 6.420e-4 6.000e-5
KM 0.002068 6.130633 0.662289 0.102260
| LS 0.002422 6.006269 1.100e-5 2464.145000
WLS 0.004613 5.429869 5.000e-6 1132.000000
AD 0.005000 5.368757 7.080e-4 7.000e-5
CVM 0.002264 6.092147 1.000e-5 2431.940000
GA-RF 0.028319 3.485774 0.002876 2.682243
ML 0.012279 4.394984 0.001944 6.000e-5
MPS 0.005935 5.220615 6.420e-4 6.000e-5
KM 0.002068 6.130633 0.662289 0.102260
09 LS 0.002422  6.006269 1.100e-5 2464.145000
' WLS 0.004613 5.429869 5.000e-6  1132.000000
AD 0.005000 5.368757 7.080e-4 7.000e-5
CVM 0.002264 6.092147 1.000e-5 2431.940000
GA-RF 0.012258 4.396349 0.002495 0.049133
ML 0.007333 4.952268 0.009334 6.000e-5
MPS 0.005935 5.220615 6.420e-4 6.000e-5
KM 0.002068 6.130633 0.662289 0.102260
07 LS 0.002422 6.006269 1.100e-5 2464.145000
' WLS 0.004613 5.429869 5.000e-6  1132.000000
AD 0.005000 5.368757 7.080e-4 7.000e-5
CVM 0.002264 6.092147 1.000e-5 2431.940000
GA-RF 0.007322 4.953492 0.002495 0.049133
ML 0.004832 5.396842 0.011500 6.000e-5
MPS 0.005935 5.220615 6.420e-4 6.000e-5
KM 0.002068 6.130633 0.662289 0.102260
0 (SRS) LS 0.002422 6.006269 1.100e-5 2464.145000
WLS 0.004613 5.429869 5.000e-6 1132.000000
AD 0.005000 5.368757 7.080e-4 7.000e-5
CVM 0.002264 6.092147 1.000e-5 2431.940000
GA-RF 0.004827 5.397660 0.002495 0.049133

It remains to be seen how to perform formal uncertainty quantification of GA-REF, e.g., parametric bootstrap or
Bayesian approach, which is left for future investigations.

The carbon-fibre tensile-strength dataset were analysed using two sampling designs: the simple random sampling
(SRS) and ranked set sampling (RSS) with perfect and imperfect ranking to understand the theoretical development
above. The IWP model was estimated using ML, KM, LS, WLS, AD, CVM, and the intelligent GA-RF method
proposed. This dataset was not analysed using the MPS method, due to the possible occurrence of repeated (tied)
observations, which can result in zero spacings, and hence the MPS criterion is unstable or undefined, in both
RSS (p=0.9,0.7,0.1) and SRS (p=0) cases. If tied observations occur, standard MPS yields zero spacings, and the
definition of the logarithmic spacing criterion is not applicable. Other options might be to use tie adjusted spacing
constructions or to calculate the spacing criterion after combining/aggregating tied observations, as long as this is
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Table 5. Estimated entropy values for the IWP distribution calculated through different estimation approaches utilising the

RSS and SRS dataset at v = 0.7 and 2.

Entropy Measures

P u Method

B1 B2 B3 Ba
ML 1.2875 1.5716  2.0397 1.7182
MPS 0.8808 1.0082 1.3085 1.0701
KM 0.9960 1.1607 1.5065 1.2423
07 LS 0.9380 1.0833 1.4060 1.1546
: WLS 0.9008 1.0343 1.3424 1.0994
AD 0.8614 0.9830 1.2758 1.0420
CVM 0.9140 1.0516 1.3649 1.1189
1 GA-RF  1.2864 1.5699 2.0376 1.7163
ML 1.0713  0.6574 13149 0.8294
MPS 0.6516 04788 0.9576  0.5561
KM 0.6782 0.4925 0.9850 0.5752
5 LS 0.6325 0.4688 0.9375 0.5423
WLS 0.6418 0.4737 0.9473  0.5490
AD 0.6306 0.4677 0.9354 0.5408
CVM 0.6076  0.4553 0.9107 0.5240
GA-RF  1.0704 0.6571 1.3143  0.8289
ML 1.0470  1.2300 1.5964 1.3213
MPS 0.8808 1.0082 1.3085 1.0701
KM 0.9960 1.1607 1.5065 1.2423
0.7 LS 0.9380 1.0833  1.4060 1.1546
: WLS 0.9008 1.0343 1.3424 1.0994
AD 0.8614 0.9830 1.2758 1.0420
CVM 09140 1.0516 1.3649 1.1189
0.9 GA-RF  1.0481 1.2315  1.5984  1.3230
ML 0.8279  0.5630 1.1260 0.6779
MPS 0.6516 04788 0.9576  0.5561
KM 0.6782 0.4925 0.9850 0.5752
5 LS 0.6325 0.4688 0.9375 0.5423
WLS 0.6418 0.4737 0.9473  0.5490
AD 0.6306 0.4677 0.9354 0.5408
CVM 0.6076  0.4553 0.9107 0.5240
GA-RF  0.8280 0.5631 1.1262  0.6780
ML 0.9368 1.0816 1.4039 1.1527
MPS 0.8808 1.0082 1.3085 1.0701
KM 0.9960 1.1607 1.5065 1.2423
0.7 LS 0.9380 1.0833 1.4060 1.1546
: WLS 0.9008 1.0343 1.3424 1.0994
AD 0.8614 0.9830 1.2758 1.0420
CVM 09140 1.0516 1.3649 1.1189
07 GA-RF 09383 1.0837 1.4065 1.1550
ML 0.7107 0.5087 1.0174  0.5981
MPS 0.6516 0.4788 0.9576 0.5561
KM 0.6782 0.4925 0.9850 0.5752
5 LS 0.6325 0.4688 0.9375 0.5423
WLS 0.6418 0.4737 0.9473  0.5490
AD 0.6306 0.4677 0.9354 0.5408
CVM 0.6076  0.4553 0.9107 0.5240
GA-RF 0.7109 0.5088 1.0176  0.5983
ML 0.8581 0.9787 1.2702 1.0372
MPS 0.8808 1.0082 1.3085 1.0701
KM 0.9960 1.1607 1.5065 1.2423
07 LS 0.9380 1.0833 1.4060 1.1546
. WLS 0.9008 1.0343 1.3424 1.0994
AD 0.8614 0.9830 1.2758 1.0420
CVM 0.9140 1.0516 1.3649 1.1189
0 (SRS) GA-RF 0.8600 09812 12734 1.0399
ML 0.6269 0.4658 0.9315 0.5382
MPS 0.6516 04788 0.9576  0.5561
KM 0.6782 0.4925 0.9850 0.5752
2 LS 0.6325 0.4688 0.9375 0.5423
WLS 0.6418 0.4737 0.9473  0.5490
AD 0.6306 0.4677 0.9354 0.5408
CVM 0.6076  0.4553 09107 0.5240
GA-RF  0.6272 0.4659 09319 0.5384
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Table 6. Goodness of fit measures by different estimation methods for IWP distribution RSS and SRS dataset.

KS AD CvM
KS P-Val AD P-val CvM  P-Val

ML 0.1491 0.1264 2.6943 0.0010 0.4086 0.0010
MPS 0.0737 0.8884 0.3684 0.4291 0.0659 0.3743
KM 0.0555 0.9909 0.5828 0.1294 0.0654 0.3794
LS 0.0677 0.9385 0.4210 0.3235 0.0534 0.5447
WLS 0.0645 09586 0.3459 0.4832 0.0565 0.4990
AD 0.0668 0.9445 0.3389 0.5027 0.0572 0.4900
CVM  0.0728 0.8971 0.4210 0.3236 0.0524 0.5616
GA-RF 0.1494 0.1251 2.6877 0.0010 0.4076 0.0010

ML 0.0948 0.6319 0.9070 0.0209 0.1376 0.0397
MPS 0.0737 0.8884 0.3684 0.4291 0.0659 0.3743
KM 0.0555 0.9909 0.5828 0.1294 0.0654 0.3794
LS 0.0677 0.9385 0.4210 0.3235 0.0534 0.5447

p Method

0-9 WLS  0.0645 0.9586 0.3459 0.4832 0.0565 0.4990
AD 0.0668 0.9445 0.3389 0.5027 0.0572 0.4900

CVM  0.0728 0.8971 0.4210 0.3236 0.0524 0.5616

GA-RF 0.0948 0.6319 0.9075 0.0208 0.1376 0.0397

ML 0.0708 0.9150 0.4412 0.2898 0.0733 0.2983

MPS 0.0737 0.8884 0.3684 0.4291 0.0659 0.3743

KM 0.0555 0.9909 0.5828 0.1294 0.0654 0.3794

0.7 LS 0.0677 0.9385 0.4210 0.3235 0.0534 0.5447
’ WLS  0.0645 0.9586 0.3459 0.4832 0.0565 0.4990
AD 0.0668 0.9445 0.3389 0.5027 0.0572 0.4900

CVM  0.0728 0.8971 0.4210 0.3236 0.0524 0.5616

GA-RF 0.0707 009152 0.4416 0.2892 0.0733 0.2981

ML 0.0694 0.9257 0.3404 0.4972 0.0567 0.4968

MPS 0.0737 0.8884 0.3684 0.4291 0.0659 0.3743

KM 0.0555 0.9909 0.5828 0.1294 0.0654 0.3794

0 (SRS) LS 0.0677 0.9385 0.4210 0.3235 0.0534 0.5447

WLS 0.0645 0.9586 0.3459 0.4832 0.0565 0.4990
AD 0.0668 0.9445 0.3389 0.5027 0.0572 0.4900
CVM  0.0728 0.8971 0.4210 0.3236 0.0524 0.5616
GA-RF 0.0693 0.9266 0.3403 0.4974 0.0567 0.4971

theoretically justified for the sampling design. Alternatively, the use of estimation criteria with well-determined
ties (e.g., ML, LS, WLS, AD, CVM, and the proposed GA-RF estimator) is another practical possibility. For this
reason, in the present study, we do not consider the standard MPS in the real-data analysis, but rather consider it
to drop out of the analysis altogether. We therefore do not add an ad hoc tie correction to the real-data analysis
of the present study, but we let the standard MPS drop out of it altogether. When using MPS on a reliability data
set with repeated measurements, this restriction should be taken into account. The estimates made under SRS
and RSS (when the ranking is perfect and imperfect) were obtained as follows and summarised in Table 4 and
Table 5. To achieve a fair comparison, the two designs were compared with the same measurement budget: an
SRS sample of size 40 (p=0) was compared with an RSS design with set size t = 4 and d = 10 cycles (so that
the total amount of measured units is the same). This equal-cost model gives the opportunity to any seen increase
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in under RSS to be ascribed to the extra information acquired in the form of ranking and not to more observed
measurements. To further underscore the practical superiority of RSS- under perfect and imperfect ranking- over
SRS among the competing estimation methods, we tested model adequacy with various goodness-of-fit measures,
viz. the Kolmogorov-Smirnov (KS) statistic, the Anderson-Darling (AD) statistic, and the Cramer-von Mises
(CVM) statistic, along with their respective p Such measures are a quantitative measure of the agreement between
the observed data and the fitted IWP model and give an objective test of the comparison of sampling designs
and estimation procedures. Table 16 compares SRS (p=0) to RSS under perfect (p=0) and imperfect (p=0.9,0.7)
ranking, and reports the comparative goodness-of-fit. Overall, the results in Table 4, Table 5 and Table 6 indicate
that RSS provides improved or competitive fit and estimation performance relative to SRS for the carbon-fibre
dataset under the ranking conditions considered. However, the simulation results show that this advantage is not
universal and depends on ranking quality, sample size, parameter configuration, and estimation method. Notably,
the suggested GA-RF methodology shows the most competitive results among the methods under consideration,
providing the parameter estimates and entropy values that are generally characterized by lower error indices and
good goodness-of-fit results. These results confirm the practical usefulness of integrating a sample design (RSS)
with an intelligent estimation strategy (GA—RF) to make robust inferences based on the IWP model.

10. Statistical Uncertainty and Significance Testing for the Real-Data Application

The six classical estimators (ML, KM, LS, WLS, AD, CVM) and the proposed GA-RF estimator were re-fitted
for each of the six sets of B=200 bootstrap resamples of size n drawn with replacement from a dataset of tensile-
strength (GPa) carbon fibres, with n=69, the same number employed by [58]. The same n=69 observations were
employed for each set of B=200 resamples so that the comparisons between the different methods were paired.
The MPS method was not included because tied observations give zero spacings for a non-negligible number of
resamples, making the MPS objective undefined for a non-negligible number of resamples. The standard errors are
the sample standard deviations of each of the estimates across the 200 refits and the 2.5th and 97.5th percentiles
are the 95% confidence intervals.

11. Systematic Analysis of the Factors Influencing Performance

This section reports a dedicated 4-way factorial Monte Carlo simulation, designed specifically to isolate and rank
the contribution of estimation method, sampling design, sample size and entropy order to estimation accuracy,
complementing the bias/MSE/RE summaries already reported in Section 6 for the main simulation study.

12. Conclusions

This paper explored the inference of entropy of lifetime data with information-enriched sampling. In particular,
we presented the inverted Weibull-Pareto (IWP) model and constructed plug-in estimators of four generalized
entropy measures (Renyi, Tsallis, Havard Charvat and Arimoto) assuming both simple random sampling (SRS)
and ranked set sampling (RSS). The thorough comparison has been made against classical estimation procedures
(ML, MPS, KM, LS, WLS, AD, and CVM) and an intelligent nested genetic algorithm-random forest (GA-RF)
methodology. The quantitative findings indicate that RSS is evident to be much more efficient than SRS when
the quantity of units measured is kept constant. RSS generally has lower absolute bias and means squared error
to the estimate of the parameters, and entropy, in both the sample size and settings of parameter settings that
are explored, and perfect ranking performs better than imperfect ranking. The suggested fuzzy framework of
ranking-quality further confirmed the existence of these benefits in ranking uncertainty in accuracy, offering a
more realistic picture of estimator robustness. The results of the real-data analysis conducted using carbon-fibre
tensile-strength measurements confirmed the results of the simulation. In equal effort of measurement, RSS-based
estimation tended to achieve good goodness-of-fit compared with SRS, and the GA-RF approach generated quite
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Table 7. Bootstrap point estimate, standard error (SE) and 95% percentile confidence interval (CI) for the IWP parameters,
real-data application (n = 69, B = 200 resamples), including the GA-RF estimator.

Method Parameter Estimate Bootstrap SE 95% C1
Lower Upper

A 4.482 2.863e-08 4.482 4.482
ML «@ 2.428 0.07297 2.319 2.587

B 7.142¢-05 8.342¢-04 3.365e-07  0.001869

k 2.172e-04 1227 3.863e-07 18.01

A 1.303e-04 4.663e-06 1.235e-04  1.392e-04
KM e 9.959 0.0545 9.776 9.973

B 2.240e-05 8.956e-07 2.089e-05 2.405e-05

k 1.331e+04 17.07 1.33e+04  1.336e+04

A 1.236e-04 1.194e-06 1.234e-04  1.262e-04
LS e 9.973 0.01302 9.929 9.974

B 2.224e-05 6.025e-07 2.133e-05  2.347e-05

k 1.336e+04 6.225 1.334e+04  1.336e+04

A 1.235e-04 2.990e-07 1.234e-04  1.244e-04
WLS e 9.972 0.00514 9.955 9.974

B 2.357e-05 6.698e-07 2.231e-05  2.490e-05

k 1.336e+04 4.554 1.334e+04  1.336e+04

A 1.309e-04 5.532e-06 1.235e-04  1.425e-04
AD @ 9.868 0.08436 9.653 9.97

B 2.238e-05 6.205e-07 2.137e-05  2.379e-05

k 1.333e+04 68.73 1.307e+04  1.336e+04

A 1.237e-04 8.538e-07 1.234e-04 1.261e-04
CVM o 9.974 0.01471 9.925 9.974

B 2.228e-05 6.023e-07 2.133e-05  2.349e-05

k 1.334e+04 7.092 1.333e+04  1.336e+04

A 5 2.576e-04 5 5

@ 2.557 0.07767 2.427 2.715
GA-RF I5; 0.05115 0.00948 0.05 0.08247

k 0.2021 0.008591 0.2 0.2317

competitive fits and consistent estimates. In general, the findings justify the use of information-enriched sampling
(RSS) and intelligent estimation (GA-RF) to incur reliable entropy-based inference in the framework of the IWP
model. The future work could take place in a number of directions:

Future research should include an extension of the proposed estimation scheme to both censored and

truncated lifetime data, typical in reliability and survival studies.

The likelihood-based or Bayesian quantification of uncertainty in GA-RF (e.g. parametric bootstrap,
simulation-based posterior approximations) should be developed to give standard errors and interval

estimates.

The next step is to consider other imperfect-ranking mechanisms and concomitant-variable structures such

as covariate-dependent ranking and heteroscedastic ranking errors.

Deriving and analysing more information measures (e.g. Shannon entropy, cumulative residual entropy,
cumulative past entropy) of the IWP family, and understanding how sensitive they are to tail behavior
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Table 8. Bootstrap point estimate (SE) [95% CI] for the four generalised entropy measures of the IWP distribution at u = 2,
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real-data application (n = 69, B = 200 resamples), including the GA-RF estimator.

Table 9. Paired bootstrap comparison of methods for the Rényi entropy 1 at u = 2 (all seven methods, including GA-RF).

Entropy Measures

Method
531 (Rényi) B> (Tsallis) B3 (Havrda—Charvat) 34 (Arimoto)
ML 1.178 (0.04857)  0.6921 (0.01515) 1.384 (0.0303) 0.8902 (0.02712)
[1.075, 1.253] [0.6588, 0.7144] [1.318, 1.429] [0.8317, 0.9312]
KM -1.608 (0.007726)  -3.993 (0.0387) -7.987 (0.0774) -2.469 (0.01729)
[-1.626, -1.597] [-4.081, -3.937] [-8.163, -7.874] [-2.508, -2.444]
LS -1.615 (0.004771)  -4.028 (0.02395) -8.055 (0.04791) -2.484 (0.01069)
[-1.622, -1.605] [-4.064, -3.979] [-8.129, -7.957] [-2.501, -2.463]
WLS -1.604 (0.005373) -3.974 (0.02673) -7.948 (0.05345) -2.461 (0.01198)
[-1.614, -1.593] [-4.024, -3.921] [-8.049, -7.841] [-2.483, -2.437]
AD -1.608 (0.005957) -3.995 (0.02978) -7.99 (0.05956) -2.47 (0.01332)
[-1.621, -1.598] [-4.06, -3.943] [-8.12, -7.887] [-2.499, -2.447]
CVM -1.615 (0.004785)  -4.026 (0.02403) -8.053 (0.04805) -2.484 (0.01072)
[-1.623, -1.604] [-4.066, -3.974] [-8.132, -7.948] [-2.502, -2.461]
GA-RF 1.146 (0.04897) 0.682 (0.01564) 1.364 (0.03128) 0.8723 (0.02767)

[1.049, 1.233]

[0.6497, 0.7085]

[1.299, 1.417]

[0.8163, 0.9202]

Comparison Mean diff. SE (diff.) z p (bootstrap z-test) p (Wilcoxon)
ML vs KM 2.785 0.05329 52.26 0 1.44e-34
ML vs LS 2.787 0.05323 52.36 0 1.44¢-34
ML vs WLS 2.777 0.05334 52.07 0 1.44e-34
ML vs AD 2.783 0.0525 53.02 0 1.44e-34
ML vs CVM 2.787 0.05328 52.3 0 1.44e-34
ML vs GA-RF 0.02255 0.008516 2.648 0.00809 3.43e-33
KM vs LS 0.002128 0.00642 0.3314 0.74 2.88e-05
KM vs WLS -0.007674  0.005078 -1.511 0.131 2.1e-30
KM vs AD -0.001398  0.008491  -0.1647 0.869 0.0219
KM vs CVM 0.002048  0.006245  0.3279 0.743 6.05e-05
KM vs GA-RF -2.762 0.05368 -51.45 0 1.44e-34
LS vs WLS -0.009802  0.002645 -3.706 0.000211 1.6e-34
LS vs AD -0.003526  0.004668  -0.7554 0.45 1.3e-27
LS vs CVM -8.014¢-05 0.001144 -0.07003 0.944 0.00192
LS vs GA-RF -2.764 0.05359 -51.58 0 1.44e-34
WLS vs AD 0.006276  0.005807 1.081 0.28 6.74e-25
WLS vs CVM 0.009722  0.002482 3.917 8.96e-05 1.44e-34
WLS vs GA-RF -2.754 0.05373 -51.26 0 1.44e-34
AD vs CVM 0.003446  0.004744  0.7265 0.468 1.41e-27
AD vs GA-RF -2.761 0.05287 -52.22 0 1.44¢-34
CVM vs GA-RF -2.764 0.05365 -51.52 0 1.44e-34
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Table 10. AIC, BIC and AICc for the real-data IWP fits (n = 69, k = 4 parameters).

Method logL AIC BIC AlICc AAIC  Akaike weight
GA-RF  -82.7048 173.4096 182.3460 174.0346  0.0000 0.922

ML -85.1793  178.3586 187.2951 178.9836  4.9491 0.0777
WLS -132.9944  273.9889 282.9253 274.6139 100.5793 1.33e-22
AD -133.9215 275.8430 284.7794 276.4680 102.4334 5.27e-23
KM -133.9328 275.8656 284.8020 276.4906 102.4560 5.21e-23
CVM -133.9910 275.9820 2849184 276.6070 102.5724 4.92e-23
LS -133.9966 275.9932 284.9296 276.6182 102.5836 4.89e-23

Table 11. Type I ANOVA of log-squared-error of the Rényi entropy estimate, factorial simulation
(7 methods x 3 designs x 2 sample sizes x 2 entropy orders, R = 8 replicates/cell, 672 simulated datasets).

Factor df Sum of squares % of total SS F p-value
Estimation method 6 1707.00 41.59 83.86 1.99x 10777
Method x Entropy order 6 98.38 2398 4.834 7.71x107°
Entropy order (u) 1 84.31 2.055 24.85 7.96x 1077
Method x Sampling design 12 18.17 0.443 0.446 0.944
Sample size (n) 1 14.11 0.344 4.159 0.0418
Sampling design 2 0.493 0.012 0.073 0.930
Residual 643 2181.00 53.16 - -

Table 12. Mean squared error of the Rényi entropy estimate by method, averaged over all design x n x u cells (96 replicates
per method), with Tukey HSD groupings on the log scale (aw = 0.05).

Method Mean SE

Median SE SE of mean

GA-RF 0.374
LS 0.591
WLS 0.627
AD 0.696
CVM 0.844
KM 5.055
ML 7.309

0.187
0.349
0.252
0.404
0.316
5.042
7.880

0.059
0.076
0.093
0.096
0.183
0.118
0.282

* Take into account model extensions (regression structures (accelerated failure time or proportional hazards
formulations) and multivariate/generalized IWP families) to more complicated applications.
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Appendix

Table 13. ABs and MSEs of IWP distribution under perfect and imperfect RSS and SRS using different methods of
estimations for Set 1 at ¢ = 3.

t d Par p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
20 5 A 1 0345 0.143 0375 0.164 0.129 0.023 0.327 0.131 0.315 0.122 0.281 0.099 0.319 0.121
o 0.438 0.531 0.432 0.319 0266 0.099 0.395 0.321 0.299 0.190 0.227 0.101 0.373 0.339
40 10 X 0.308 0.115 0.302 0.119 0.102 0.013 0.273 0.089 0.254 0.083 0.231 0.066 0.286 0.098
o 0.373 0.357 0.342 0.229 0.188 0.051 0.287 0.181 0.264 0.152 0.198 0.076 0.287 0.182
80 20 A 0.292 0.114 0.350 0.143 0.077 0.008 0.277 0.091 0.286 0.095 0.259 0.081 0.262 0.083
o 0.328 0.303 0.315 0.219 0.163 0.034 0.258 0.156 0.205 0.087 0.207 0.091 0.227 0.119
120 30 X 0.219 0.065 0.257 0.081 0.075 0.008 0.232 0.067 0.210 0.058 0.197 0.052 0.222 0.064
o 0.178 0.069 0.146 0.035 0.110 0.016 0.175 0.053 0.162 0.046 0.154 0.039 0.182 0.061
200 50 A 0.219 0.064 0.262 0.082 0.091 0.012 0.184 0.049 0.198 0.056 0.190 0.051 0.180 0.047
o 0.144 0.041 0.133 0.027 0.097 0.013 0.132 0.034 0.142 0.041 0.134 0.033 0.121 0.029
20 5 X 09 0368 0.159 0.382 0.167 0.114 0.018 0.357 0.146 0.341 0.136 0.327 0.129 0.325 0.129
o 0.931 1.408 0.501 0.415 0.285 0.109 0.481 0.369 0.421 0.316 0.341 0.229 0.442 0.341
40 10 A 0.392 0.168 0.392 0.172 0.096 0.012 0.283 0.101 0.283 0.099 0.255 0.079 0.275 0.098
o 0.643 0.633 0.430 0.305 0.198 0.054 0.278 0.153 0.300 0.179 0.243 0.109 0.370 0.321
80 20 A 0.310 0.114 0.313 0.122 0.079 0.008 0.260 0.083 0.258 0.080 0.236 0.069 0.261 0.083
o 0.450 0.299 0.247 0.135 0.179 0.040 0.192 0.087 0.181 0.085 0.159 0.056 0.179 0.077
120 30 A 0.342 0.129 0.278 0.095 0.087 0.010 0.227 0.066 0.216 0.060 0.193 0.050 0.249 0.078
o 0.378 0.203 0.180 0.068 0.134 0.026 0.133 0.042 0.126 0.039 0.127 0.039 0.147 0.052
200 50 A 0.322 0.117 0.286 0.093 0.088 0.010 0.227 0.066 0.213 0.062 0.207 0.058 0.222 0.065
o 0.337 0.136 0.160 0.044 0.128 0.021 0.166 0.053 0.137 0.037 0.132 0.032 0.167 0.056
20 5 XA 0.7 0382 0.163 0.362 0.155 0.131 0.022 0.369 0.158 0.341 0.140 0.324 0.130 0.363 0.153
o 0.815 0.920 0.435 0.335 0.322 0.130 0.595 0.747 0.517 0.529 0.378 0.273 0.629 0.856
40 10 A 0.367 0.146 0.366 0.153 0.116 0.019 0.284 0.102 0.314 0.122 0.299 0.111 0.263 0.089
o 0.649 0.569 0.354 0.247 0.208 0.064 0.272 0.144 0.339 0.262 0.242 0.136 0.279 0.189
80 20 A 0.357 0.140 0.304 0.111 0.094 0.011 0.268 0.087 0.266 0.093 0.251 0.084 0.287 0.103
o 0.627 0.485 0.236 0.110 0.162 0.034 0.189 0.069 0.213 0.093 0.186 0.070 0.266 0.156
120 30 X 0.369 0.142 0.257 0.085 0.070 0.007 0.214 0.061 0.210 0.059 0.194 0.053 0.224 0.065
o 0.574 0.408 0.159 0.058 0.124 0.020 0.154 0.059 0.134 0.046 0.130 0.042 0.155 0.060
200 50 A 0.344 0.123 0.224 0.061 0.073 0.007 0.170 0.042 0.153 0.031 0.159 0.037 0.170 0.039
o 0.445 0.240 0.092 0.014 0.096 0.013 0.110 0.028 0.079 0.013 0.080 0.013 0.103 0.024
20 5 A 0 0428 0.204 0423 0.194 0.145 0.028 0.380 0.166 0.386 0.170 0.358 0.148 0.366 0.156
o 1.069 2.089 0.606 0.604 0.303 0.127 0.504 0.450 0.490 0.426 0.414 0.387 0.570 0.673
40 10 X 0.310 0.126 0.381 0.167 0.114 0.021 0.305 0.115 0.294 0.108 0.274 0.100 0.323 0.123
o 0.435 0.489 0.426 0.319 0.213 0.056 0.280 0.159 0.226 0.104 0.182 0.068 0.259 0.140
80 20 A 0.301 0.114 0.309 0.117 0.088 0.011 0.247 0.079 0.277 0.094 0.246 0.079 0.235 0.071
o 0.332 0.280 0.258 0.139 0.156 0.033 0.262 0.145 0.236 0.119 0.203 0.088 0.238 0.119
120 30 X 0.261 0.089 0.265 0.091 0.095 0.013 0.206 0.054 0.236 0.072 0.212 0.057 0.205 0.055
o 0.260 0.181 0.182 0.065 0.139 0.024 0.140 0.039 0.167 0.056 0.148 0.043 0.128 0.035
200 50 A 0.226 0.067 0.239 0.072 0.077 0.008 0.212 0.060 0.198 0.052 0.202 0.054 0.199 0.053
o 0.159 0.062 0.126 0.034 0.100 0.015 0.103 0.022 0.104 0.025 0.104 0.025 0.103 0.022
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Table 14. ABs and MSEs of IEP distribution under perfect and imperfect RSS and SRS using different methods of estimations

for Set 2 at t = 4.

t d Par p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
20 5 X 1 0.150 0.042 0.212 0.084 0.068 0.007 0.168 0.046 0.167 0.045 0.171 0.039 0.179 0.060
o 0.869 0.553 0.476 0.819 0.092 0.042 0.992 0.695 0.820 0.673 0.795 0.957 0.102 0.610
40 10 X 0.076 0.010 0.123 0.023 0.052 0.005 0.121 0.023 0.098 0.016 0.105 0.018 0.118 0.022
o 0.425 0306 0.719 0.960 0.118 0.073 0.582 0.582 0.473 0.397 0.519 0.434 0.612 0.686
80 20 A 0.074 0.009 0.089 0.013 0.038 0.002 0.086 0.011 0.069 0.007 0.065 0.007 0.075 0.009
o 0.398 0.265 0.490 0.400 0.098 0.035 0.418 0.286 0.324 0.199 0.341 0.192 0.369 0.260
120 30 X 0.059 0.005 0.065 0.007 0.032 0.002 0.065 0.007 0.060 0.005 0.053 0.005 0.067 0.006
o 0.290 0.133 0.327 0.192 0.074 0.033 0.318 0.181 0.272 0.112 0.259 0.105 0.312 0.155
200 50 A 0.051 0.004 0.049 0.004 0.026 0.001 0.060 0.006 0.048 0.004 0.044 0.003 0.043 0.003
o 0.262 0.110 0.248 0.097 0.051 0.009 0.270 0.122 0.226 0.082 0.204 0.075 0.232 0.090
20 5 A 09 0192 0.056 0.246 0.099 0.092 0.014 0.175 0.050 0.168 0.047 0.163 0.043 0.192 0.056
o 0.940 0.698 0.623 0.857 0.173 0.212 1.016 0.711 0.840 0.695 0.799 0.965 0.940 0.698
40 10 A 0.118 0.023 0.146 0.035 0.067 0.007 0.132 0.033 0.125 0.023 0.110 0.022 0.118 0.023
o 0.585 0.707 0.878 0.972 0.127 0.103 0.768 1.826 0.610 0.632 0.543 0.529 0.585 0.707
80 20 A 0.071 0.008 0.087 0.013 0.042 0.003 0.100 0.015 0.078 0.010 0.075 0.009 0.071 0.008
o 0.340 0.204 0.459 0.381 0.076 0.024 0.435 0.296 0.379 0.227 0.364 0.210 0.340 0.204
120 30 A 0.059 0.006 0.081 0.010 0.037 0.002 0.073 0.008 0.064 0.006 0.060 0.006 0.059 0.006
o 0.282 0.136 0.409 0.301 0.071 0.026 0.325 0.183 0.301 0.146 0.259 0.126 0.282 0.136
200 50 A 0.047 0.003 0.048 0.004 0.028 0.001 0.062 0.006 0.043 0.003 0.042 0.003 0.047 0.003
o 0.216 0.071 0.218 0.083 0.065 0.015 0.284 0.125 0.196 0.063 0.201 0.073 0.216 0.071
20 5 X 0.7 0.167 0.058 0.260 0.113 0.095 0.016 0.199 0.070 0.179 0.059 0.135 0.047 0.167 0.058
a 0973 0.754 0.601 0.860 0.165 0.103 1.160 0.729 0.900 0.707 0.690 0.977 0.973 0.754
40 10 X 0.110 0.021 0.145 0.035 0.070 0.008 0.121 0.025 0.134 0.027 0.113 0.020 0.110 0.021
o 0.590 0.703 0.752 0.994 0.116 0.066 0.633 0.665 0.655 0.791 0.523 0.463 0.590 0.703
80 20 X 0.075 0.009 0.100 0.017 0.052 0.004 0.088 0.013 0.094 0.014 0.080 0.010 0.075 0.009
o 0.354 0.226 0.570 0.636 0.075 0.022 0.444 0.370 0.450 0.359 0.318 0.179 0.354 0.226
120 30 A 0.057 0.006 0.084 0.011 0.037 0.002 0.066 0.007 0.070 0.008 0.065 0.006 0.057 0.006
o 0.279 0.126 0.414 0.280 0.058 0.013 0.331 0.160 0.354 0.222 0.304 0.146 0.279 0.126
200 50 A 0.046 0.004 0.051 0.004 0.035 0.002 0.056 0.005 0.055 0.005 0.052 0.004 0.046 0.004
o 0.208 0.079 0.238 0.096 0.048 0.008 0.276 0.132 0.257 0.100 0.245 0.092 0.208 0.079
20 5 X 0 0.170 0.060 0.322 0.165 0.106 0.018 0.203 0.089 0.194 0.062 0.196 0.072 0.265 0.092
o 0.996 0.855 0.811 0.986 0.181 0.166 1.175 0.752 0.968 0.741 0.754 1.000 1.408 0.699
40 10 X 0.124 0.025 0.149 0.036 0.075 0.009 0.134 0.030 0.142 0.029 0.126 0.026 0.145 0.043
o 0.702 0.897 0.799 1.075 0.125 0.073 0.636 0.810 0.673 0.835 0.639 0.737 0.780 0.970
80 20 A 0.090 0.013 0.286 0.021 0.062 0.006 0.106 0.019 0.096 0.020 0.089 0.010 0.117 0.019
o 0.387 0.268 0.650 0.755 0.073 0.032 0.547 0.519 0.486 0.425 0.354 0.212 0.495 0.546
120 30 X 0.060 0.007 0.087 0.019 0.047 0.003 0.080 0.010 0.089 0.010 0.075 0.007 0.074 0.009
o 0.286 0.133 0.449 0.320 0.083 0.030 0.403 0.238 0.394 0.251 0.392 0.149 0.378 0.295
200 50 A 0.047 0.005 0.062 0.006 0.044 0.003 0.060 0.006 0.058 0.006 0.053 0.004 0.068 0.008
e 0.241 0.096 0.301 0.156 0.055 0.010 0.295 0.153 0.287 0.293 0.269 0.095 0.324 0.178
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Table 15. ABs and MSEs of IWP distribution under perfect and imperfect RSS and SRS using different methods of
estimations for Set 3 at ¢t = 5.

t d Par p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
20 5 X 1 0.09 0.011 0.098 0.013 0.098 0.019 0.117 0.019 0.111 0.016 0.107 0.015 0.106 0.015
feY 0.641 0.674 0.495 0.398 0.306 0.138 0.542 0.461 0.477 0373 0.473 0419 0.695 0.731
40 10 X 0.092 0.011 0.086 0.010 0.083 0.012 0.085 0.010 0.086 0.010 0.085 0.010 0.084 0.009
o 0.526 0.409 0.406 0.233 0.202 0.060 0.408 0.254 0.354 0.218 0.382 0.223 0.448 0.306
80 20 A 0.100 0.014 0.079 0.009 0.087 0.013 0.085 0.010 0.077 0.008 0.082 0.009 0.086 0.010
o 0.368 0.225 0.285 0.118 0.154 0.037 0.320 0.156 0.318 0.154 0.306 0.141 0.311 0.152
120 30 X 0.075 0.007 0.066 0.006 0.057 0.006 0.073 0.008 0.072 0.007 0.072 0.007 0.064 0.005
e 0.338 0.190 0.236 0.105 0.152 0.038 0.328 0.158 0.283 0.128 0.281 0.132 0.358 0.185
200 50 A 0.068 0.006 0.064 0.005 0.055 0.005 0.075 0.008 0.068 0.007 0.068 0.007 0.076 0.008
o 0.324 0.193 0.242 0.113 0.134 0.035 0.287 0.138 0.298 0.148 0.249 0.111 0.299 0.147
20 5 XA 09 0.078 0.008 0.066 0.006 0.098 0.017 0.070 0.007 0.069 0.006 0.071 0.006 0.079 0.008
o 0.524 0.419 0.433 0.241 0300 0.150 0.468 0.352 0.452 0.292 0.438 0.249 0.518 0.435
40 10 A 0.084 0.009 0.069 0.006 0.078 0.010 0.091 0.010 0.075 0.007 0.084 0.009 0.090 0.010
a 0.498 0.386 0.356 0.216 0.236 0.122 0.476 0.351 0.376 0.256 0.381 0.240 0.497 0.410
80 20 A 0.092 0.011 0.080 0.008 0.053 0.005 0.078 0.007 0.085 0.009 0.085 0.009 0.086 0.011
o 0.439 0.290 0.343 0.186 0.184 0.060 0.412 0.244 0.387 0.226 0.323 0.177 0.386 0.243
120 30 A 0.078 0.008 0.065 0.006 0.085 0.012 0.083 0.008 0.073 0.007 0.075 0.007 0.086 0.009
o 0.355 0.203 0.303 0.150 0.143 0.042 0.371 0.234 0.318 0.161 0.319 0.164 0.391 0.250
200 50 A 0.060 0.005 0.059 0.005 0.062 0.007 0.071 0.007 0.067 0.006 0.064 0.006 0.073 0.007
o 0.262 0.153 0.217 0.099 0.103 0.020 0.303 0.163 0.262 0.133 0.240 0.103 0.305 0.166
20 5 X 0.7 0.105 0.015 0.082 0.008 0.077 0.010 0.088 0.011 0.077 0.008 0.087 0.010 0.098 0.013
a 0.598 0.560 0.496 0.341 0.294 0.130 0.439 0.257 0.457 0.283 0.469 0.295 0.510 0.349
40 10 X 0.091 0.011 0.071 0.008 0.081 0.014 0.102 0.015 0.105 0.017 0.096 0.013 0.110 0.021
o 0.541 0.509 0.430 0.304 0.223 0.081 0.504 0.396 0.440 0.329 0.437 0.345 0.520 0.426
80 20 X 0.077 0.007 0.073 0.007 0.058 0.006 0.075 0.006 0.079 0.008 0.077 0.007 0.078 0.007
o 0.407 0.289 0.326 0.192 0.129 0.034 0412 0.248 0.352 0.210 0.323 0.185 0.426 0.273
120 30 A 0.078 0.007 0.078 0.008 0.069 0.007 0.074 0.008 0.074 0.007 0.075 0.007 0.079 0.009
o 0426 0.272 0.313 0.163 0.155 0.052 0.357 0.197 0.307 0.142 0.310 0.149 0.386 0.220
200 50 A 0.059 0.005 0.061 0.005 0.063 0.006 0.081 0.009 0.075 0.007 0.074 0.007 0.081 0.009
o 0.228 0.105 0.224 0.082 0.099 0.018 0.286 0.139 0.285 0.136 0.282 0.131 0.292 0.143
20 5 X 0 0.101 0.015 0.089 0.012 0.092 0.016 0.100 0.014 0.107 0.016 0.103 0.014 0.096 0.014
o 0.605 0.584 0.469 0.304 0.279 0.122 0476 0.429 0.400 0.252 0.392 0.220 0.501 0.529
40 10 X 0.100 0.012 0.081 0.008 0.063 0.008 0.091 0.010 0.088 0.009 0.090 0.009 0.104 0.014
o 0.474 0350 0.443 0.252 0.244 0.084 0.277 0.149 0.350 0.197 0.341 0.182 0.316 0.185
80 20 A 0.085 0.009 0.071 0.006 0.054 0.005 0.071 0.007 0.074 0.007 0.076 0.007 0.065 0.005
o 0391 0.238 0.332 0.162 0.151 0.042 0.306 0.153 0.350 0.181 0.351 0.186 0.301 0.147
120 30 X 0.075 0.009 0.073 0.008 0.055 0.006 0.080 0.009 0.075 0.009 0.071 0.007 0.083 0.009
o 0.296 0.170 0.237 0.095 0.168 0.041 0.392 0.206 0.332 0.162 0.332 0.171 0.383 0.206
200 50 A 0.063 0.005 0.058 0.005 0.066 0.007 0.071 0.007 0.062 0.005 0.058 0.004 0.068 0.006
e 0.262 0.134 0.192 0.071 0.115 0.028 0.320 0.188 0.271 0.120 0.254 0.100 0.308 0.183
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Table 16. ABs and MSEs of IWP distribution under perfect and imperfect RSS and SRS using different methods of
estimations for Set 4 at ¢t = 6.

ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE

t* d Par. p

20 5 X 1 1443 7341 0.726 1.446 0.179 0.079 1.459 6.168 1.146 4.016 1.113 2.884 2.157 9.553
o 5.281 38.705 1.839 7.422 0.969 1.477 1.125 2.141 1397 5.322 1513 5719 1573 6.671
40 10 A 0.640 1.234 0.575 0.865 0.386 0.574 1.242 3.634 1.227 3.161 0.955 1.745 1.594 6.099
o 4.533 32.262 1.838 10.110 1.403 6.539 1.200 3.993 1.018 3.624 1.462 8.169 1.094 2.444
80 20 X 0.407 0328 0.287 0.152 0.308 0.355 0.746 1.197 0.686 0.970 0.505 0.544 0.823 1.403
o 3.275 18302 1.271 3.220 0.766 0.907 0.888 2.196 0.801 2.015 0.895 2.695 1.096 4.449
120 30 A 0295 0.185 0.359 0.325 0.261 0.247 0.395 0.380 0.284 0.188 0.316 0.254 0.514 0.617
o 2.833 11.744 1.548 4.516 0.727 1.806 1.490 6.959 1.452 6.502 0.973 2.329 1.481 7.128
200 50 A 0.336 0.214 0.338 0.254 0.185 0.096 0.642 0.848 0.424 0.391 0.408 0.355 0.708 1.000
o 2753 13.607 1.873 7.419 0.866 3.059 0.740 0.892 0.813 1.833 0.919 2.188 0.675 0.854
20 5 XA 09 1315 5715 0501 1.066 0.507 1.148 1.149 3.213 0.705 1.554 0.946 2.487 1.768 7.238
o 4.549 32.005 2.083 9.626 0.907 1.451 1.223 4.037 1.550 6.928 1.548 6.464 1.190 3.621
40 10 A 0.363 0.406 0.309 0.161 0.436 0.654 1.062 2.306 0.591 0.758 0.666 0.906 1.505 3.730
o 4.823 35.106 2.384 14.411 0.545 0.451 1.561 9.229 1.006 4.144 0.842 2.321 1.593 9.858
80 20 X 0.299 0.174 0.360 0.279 0.272 0.225 0.721 0.975 0.620 0.650 0.593 0.601 0.730 1.080
o 3.764 20.664 1.691 7.988 0.864 2.067 1.164 2.961 0.816 1.062 1.042 3.446 1.349 5.598
120 30 X 0.355 0314 0.344 0.228 0.126 0.056 0.534 0.595 0.562 0.622 0.502 0.568 0.735 1.061
e 2952 14.555 1935 6915 0.612 0.615 0.924 1.945 1.170 5.821 1.006 3.249 1.205 4.761
200 50 A 0.444 0.420 0.251 0.104 0.185 0.095 0.525 0.583 0.424 0.377 0.580 0.741 0.619 0.773
o 1.928 6.808 1.174 2.640 0.391 0.226 0.774 1.213 0.952 2.233 0.815 2.062 1.018 3.695
20 5 X 07 L1773 10393 0.548 1.004 0.265 0.235 0.768 1.787 1.027 3.950 1.228 4.021 1.467 5.177
o 5775 42.338 1.971 10.258 1.694 8.110 1.029 1.926 1.007 1.799 0.953 1.837 1.068 2.905
40 10 A 0.551 0.670 0.512 0.544 0.391 0.486 0.999 2.382 0.980 1.939 0.840 1.530 1.463 4.330
o 3.239 21.165 1.330 3.650 1.062 3.781 1.127 2.176 0.805 0.929 1.409 5.657 1.121 3.067
80 20 A 0.444 0459 0400 0.410 0.167 0.061 0.840 1.227 0.628 0.785 0.577 0.649 1.029 1.837
o 2.677 14.119 1.328 4.833 0.930 1.522 0.867 1.972 1.044 2.846 0.936 3.121 0.673 0.905
120 30 X 0.433 0381 0.365 0.344 0.218 0.179 0.841 1.222 0.590 0.724 0.670 0.873 0.884 1.286
o 3.034 16.533 1.571 5.464 0.621 0.791 0.924 1.878 0.791 1.168 0.670 0.954 0.803 1.711
200 50 A 0.449 0.486 0.309 0.259 0.170 0.096 0.682 0.975 0.551 0.678 0.592 0.793 0.738 0.986
o 1.602 5.070 0.869 1.101 0.618 0.518 0.846 2.183 0.560 0.604 0.865 2.085 1.017 3.130
20 5 X 0 1.656 8.650 1.213 5.127 0908 2930 1.391 5.162 1.537 6.886 1.572 6.507 2.620 13.033
o 5.270 38.828 1.587 6.836 0.702 0.681 1.090 2.618 0.973 2.494 0.872 1.584 1.093 3.643
40 10 A 0315 0.205 0450 0.600 0.448 0.684 0.697 1.261 0.818 1.484 0.481 0.594 0.887 1.915
o 4.767 32.658 2.487 14.327 1.125 2.782 0.751 0.827 0.787 1.094 2.046 10911 0.850 2.075
80 20 A 0.345 0.210 0.358 0.326 0.391 0.418 0.938 2.696 0.569 0.668 0.519 0.537 1.049 3.272
o 2.652 14.085 1.242 3.618 0.536 0.605 0.793 1.532 0.722 0.808 0.984 3.263 0.874 2.223
120 30 A 0.340 0.201 0.322 0.214 0.128 0.063 0.484 0.467 0.534 0.604 0.492 0.534 0.559 0.526
o 1.921 7.059 0.868 1.513 0.798 0.965 0.775 1.135 0.837 1.596 0.703 0.965 0.964 1.991
200 50 A 0.402 0384 0452 0.584 0.172 0.089 0.743 1.052 0.702 0.886 0.643 0.855 0.807 1.097
o 2.152 8496 1.150 2775 0.691 0.818 0.567 0.720 0.823 3.170 0.813 2.555 0.573 0.853
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Table 17. ABs and MSEs of different entropy measures for IWP distribution under perfect and imperfect RSS and SRS using
different methods of estimations for Set 1 at ¢ = 4.

t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
B1 1 0.1349 0.0375 0.1339 0.0356 0.1979 0.0669 0.1429 0.0403 0.1362 0.0368 0.1342 0.0372 0.1540 0.0470
20 5 B2 1 0.0766 0.0145 0.0755 0.0130 0.1171 0.0263 0.0816 0.0150 0.0770 0.0136 0.0761 0.0142 0.0890 0.0182
B3 1 0.1532 0.0580 0.1510 0.0518 0.2342 0.1052 0.1632 0.0601 0.1540 0.0542 0.1521 0.0567 0.1781 0.0728
Ba 1 0.1013 0.0230 0.1003 0.0213 0.1518 0.0416 0.1077 0.0244 0.1021 0.0221 0.1007 0.0227 0.1167 0.0289
B1 1 0.0910 0.0109 0.0883 0.0107 0.0864 0.0117 0.0936 0.0111 0.0926 0.0108 0.0907 0.0107 0.0892 0.0104
40 10 B2 1 0.0455 0.0028 0.0443 0.0028 0.0450 0.0033 0.0469 0.0028 0.0461 0.0027 0.0454 0.0027 0.0449 0.0027
B3 1 0.0910 0.0112 0.0885 0.0110 0.0900 0.0132 0.0938 0.0114 0.0922 0.0109 0.0907 0.0109 0.0897 0.0108
Ba 1 0.0643 0.0055 0.0625 0.0054 0.0623 0.0062 0.0662 0.0056 0.0653 0.0054 0.0641 0.0054 0.0632 0.0053
b1 1 0.0741 0.0077 0.0751 0.0081 0.0858 0.0117 0.0865 0.0104 0.0800 0.0089 0.0760 0.0078 0.0873 0.0108
80 20 Ba 1 0.0377 0.0021 0.0384 0.0022 0.0452 0.0034 0.0447 0.0029 0.0409 0.0024 0.0386 0.0021 0.0452 0.0031
B3 1 0.0753 0.0082 0.0769 0.0089 0.0904 0.0136 0.0893 0.0116 0.0817 0.0097 0.0772 0.0083 0.0904 0.0122
Ba 1 0.0528 0.0040 0.0537 0.0042 0.0623 0.0063 0.0621 0.0055 0.0571 0.0046 0.0541 0.0040 0.0628 0.0057
b1 1 0.0443 0.0027 0.0463 0.0029 0.0486 0.0036 0.0484 0.0031 0.0471 0.0029 0.0471 0.0029 0.0487 0.0031
120 30 B2 1 0.0219 0.0007 0.0230 0.0007 0.0246 0.0010 0.0243 0.0008 0.0234 0.0007 0.0234 0.0007 0.0244 0.0008
B3 1 0.0439 0.0026 0.0459 0.0029 0.0493 0.0038 0.0485 0.0031 0.0468 0.0029 0.0468 0.0029 0.0489 0.0032
Ba 1 0.0312 0.0013 0.0326 0.0014 0.0346 0.0019 0.0343 0.0015 0.0332 0.0014 0.0332 0.0014 0.0345 0.0016
b1 1 0.0437 0.0035 0.0441 0.0033 0.0437 0.0035 0.0469 0.0035 0.0449 0.0032 0.0443 0.0031 0.0470 0.0036
200 50 Ba 1 0.0219 0.0008 0.0220 0.0008 0.0219 0.0009 0.0236 0.0008 0.0225 0.0008 0.0222 0.0008 0.0237 0.0009
B3 1 0.0437 0.0034 0.0440 0.0033 0.0438 0.0036 0.0471 0.0035 0.0449 0.0032 0.0443 0.0031 0.0473 0.0036
Ba 1 0.0309 0.0016 0.0311 0.0015 0.0309 0.0017 0.0332 0.0017 0.0317 0.0015 0.0313 0.0015 0.0334 0.0017
B1 0.9 0.1538 0.0359 0.1492 0.0333 0.1809 0.0509 0.1557 0.0370 0.1497 0.0340 0.1495 0.0336 0.1616 0.0402
20 5 B2 0.9 0.0877 0.0116 0.0852 0.0109 0.1063 0.0178 0.0890 0.0121 0.0855 0.0111 0.0853 0.0110 0.0927 0.0130
B3 0.9 0.1753 0.0587 0.1704 0.0545 0.2147 0.0836 0.1773 0.0609 0.1708 0.0558 0.1702 0.0551 0.1845 0.0665
Ba 0.9 0.1157 0.0199 0.1123 0.0184 0.1393 0.0327 0.1171 0.0208 0.1127 0.0189 0.1124 0.0187 0.1217 0.0222
B1 0.9 0.1070 0.0150 0.1062 0.0144 0.1310 0.0221 0.1122 0.0163 0.1082 0.0152 0.1073 0.0149 0.1122 0.0160
40 10 B2 0.9 0.0541 0.0039 0.0540 0.0038 0.0676 0.0060 0.0572 0.0043 0.0550 0.0040 0.0546 0.0039 0.0572 0.0042
B3 0.9 0.1077 0.0152 0.1073 0.0147 0.1358 0.0236 0.1129 0.0166 0.1089 0.0155 0.1080 0.0152 0.1131 0.0164
B4 0.9 0.0760 0.0076 0.0754 0.0072 0.0941 0.0110 0.0796 0.0083 0.0768 0.0076 0.0761 0.0075 0.0796 0.0082
B1 0.9 0.0643 0.0073 0.0641 0.0071 0.0761 0.0104 0.0718 0.0089 0.0656 0.0076 0.0643 0.0072 0.0720 0.0089
30 20 B2 0.9 0.0326 0.0018 0.0325 0.0018 0.0393 0.0026 0.0365 0.0023 0.0332 0.0019 0.0326 0.0018 0.0366 0.0023
B3 0.9 0.0648 0.0075 0.0645 0.0074 0.0793 0.0112 0.0728 0.0093 0.0662 0.0079 0.0649 0.0074 0.0729 0.0093
B4 0.9 0.0457 0.0036 0.0455 0.0035 0.0550 0.0051 0.0512 0.0044 0.0467 0.0038 0.0457 0.0036 0.0513 0.0044
81 0.9 0.0557 0.0047 0.0545 0.0044 0.0628 0.0062 0.0596 0.0053 0.0564 0.0047 0.0560 0.0046 0.0601 0.0054
120 30 B2 0.9 0.0281 0.0012 0.0274 0.0011 0.0318 0.0016 0.0302 0.0014 0.0285 0.0012 0.0282 0.0012 0.0305 0.0014
B3 0.9 0.0558 0.0047 0.0544 0.0044 0.0633 0.0064 0.0599 0.0054 0.0565 0.0048 0.0560 0.0047 0.0604 0.0055
Ba 0.9 0.0394 0.0023 0.0384 0.0022 0.0446 0.0031 0.0422 0.0026 0.0399 0.0024 0.0395 0.0023 0.0426 0.0027
B1 0.9 0.0372 0.0021 0.0369 0.0021 0.0429 0.0031 0.0415 0.0025 0.0385 0.0022 0.0381 0.0021 0.0421 0.0026
200 50 B2 0.9 0.0187 0.0005 0.0185 0.0005 0.0216 0.0008 0.0209 0.0006 0.0193 0.0006 0.0191 0.0005 0.0212 0.0007
B3 0.9 0.0371 0.0021 0.0369 0.0021 0.0433 0.0031 0.0416 0.0025 0.0386 0.0022 0.0380 0.0021 0.0422 0.0026
Ba 0.9 0.0263 0.0010 0.0261 0.0010 0.0305 0.0015 0.0294 0.0013 0.0273 0.0011 0.0269 0.0010 0.0299 0.0013
B1 0.7 0.1527 0.0397 0.1476 0.0364 0.2281 0.0789 0.1617 0.0432 0.1535 0.0393 0.1507 0.0374 0.1692 0.0462
20 5 B2 0.7 0.0873 0.0129 0.0843 0.0118 0.1330 0.0278 0.0924 0.0140 0.0876 0.0127 0.0860 0.0121 0.0971 0.0150
B3 0.7 0.1742 0.0647 0.1685 0.0594 0.2643 0.1262 0.1847 0.0698 0.1749 0.0637 0.1717 0.0608 0.1931 0.0751
Ba 0.7 0.1149 0.0220 0.1112 0.0202 0.1725 0.0504 0.1218 0.0240 0.1154 0.0218 0.1133 0.0208 0.1276 0.0258
B1 0.7 0.1466 0.0258 0.1444 0.0249 0.1622 0.0359 0.1534 0.0287 0.1482 0.0262 0.1471 0.0255 0.1540 0.0284
40 10 B2 0.7 0.0748 0.0068 0.0738 0.0066 0.0837 0.0099 0.0784 0.0077 0.0757 0.0070 0.0752 0.0068 0.0787 0.0076

Continued on next page

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. HUSSEIN, A. MAHDI, A. HUSSAIN, M. TASHTOUSH, H. ALSAEDI, R. ALMUTTALIBI 43

t* d Entropy

P ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE

80 20

120 30

200 50

20 5

40 10

80 20

120 30

200 50

B3
Ba
B1
B2
B3
Ba
b1
B2
B3
Ba
b1
B2
B3
Ba
b1
B2
B3
Ba
B1
B2
B3
B4
B1
B2
B3
Ba
B1
B2
B3
Ba
B1
B2
B3
Ba

0.7 0.1482 0.0264 0.1460 0.0254 0.1682 0.0387 0.1551 0.0294 0.1496 0.0267 0.1486 0.0260 0.1556 0.0290
0.7 0.1041 0.0130 0.1027 0.0125 0.1177 0.0188 0.1090 0.0145 0.1051 0.0132 0.1045 0.0129 0.1094 0.0143
0.7 0.0906 0.0113 0.0887 0.0109 0.0953 0.0127 0.0957 0.0124 0.0915 0.0115 0.0893 0.0110 0.0964 0.0125
0.7 0.0460 0.0030 0.0451 0.0029 0.0487 0.0034 0.0487 0.0033 0.0465 0.0031 0.0454 0.0029 0.0491 0.0034
0.7 0.0913 0.0115 0.0893 0.0110 0.0972 0.0131 0.0966 0.0127 0.0922 0.0117 0.0900 0.0111 0.0972 0.0128
0.7 0.0643 0.0057 0.0630 0.0055 0.0682 0.0065 0.0681 0.0063 0.0650 0.0058 0.0635 0.0055 0.0685 0.0064
0.7 0.0852 0.0102 0.0840 0.0099 0.0942 0.0127 0.0904 0.0113 0.0867 0.0104 0.0858 0.0101 0.0908 0.0113
0.7 0.0432 0.0026 0.0426 0.0025 0.0479 0.0032 0.0459 0.0028 0.0440 0.0026 0.0435 0.0026 0.0461 0.0029
0.7 0.0856 0.0103 0.0843 0.0100 0.0956 0.0131 0.0909 0.0114 0.0871 0.0104 0.0862 0.0102 0.0913 0.0114
0.7 0.0603 0.0051 0.0595 0.0050 0.0672 0.0064 0.0641 0.0057 0.0614 0.0052 0.0608 0.0051 0.0644 0.0057
0.7 0.0476 0.0034 0.0467 0.0032 0.0514 0.0042 0.0513 0.0038 0.0487 0.0035 0.0477 0.0033 0.0519 0.0038
0.7 0.0240 0.0009 0.0236 0.0008 0.0260 0.0011 0.0260 0.0010 0.0246 0.0009 0.0241 0.0009 0.0263 0.0010
0.7 0.0477 0.0034 0.0467 0.0033 0.0520 0.0043 0.0515 0.0039 0.0489 0.0035 0.0479 0.0033 0.0522 0.0039
0.7 0.0337 0.0017 0.0330 0.0016 0.0366 0.0021 0.0363 0.0019 0.0345 0.0017 0.0338 0.0016 0.0368 0.0019
0.1875 0.0549 0.1817 0.0507 0.2487 0.0992 0.1985 0.0603 0.1897 0.0550 0.1855 0.0527 0.2058 0.0659
0.1071 0.0177 0.1038 0.0165 0.1440 0.0337 0.1134 0.0196 0.1083 0.0179 0.1060 0.0171 0.1176 0.0215
0.2128 0.0898 0.2063 0.0830 0.2827 0.1625 0.2254 0.0985 0.2153 0.0901 0.2107 0.0862 0.2338 0.1080
0.1410 0.0311 0.1366 0.0288 0.1851 0.0612 0.1490 0.0344 0.1424 0.0314 0.1394 0.0300 0.1547 0.0378
0.1162 0.0197 0.1145 0.0188 0.1138 0.0198 0.1240 0.0220 0.1186 0.0205 0.1152 0.0192 0.1222 0.0213
0.0590 0.0051 0.0582 0.0049 0.0579 0.0052 0.0632 0.0058 0.0604 0.0054 0.0586 0.0050 0.0623 0.0056
0.1165 0.0198 0.1147 0.0189 0.1147 0.0202 0.1246 0.0223 0.1191 0.0207 0.1155 0.0193 0.1228 0.0215
0.0822 0.0099 0.0810 0.0095 0.0808 0.0101 0.0879 0.0112 0.0840 0.0103 0.0815 0.0096 0.0867 0.0108
0.1123 0.0211 0.1101 0.0203 0.1166 0.0256 0.1160 0.0218 0.1120 0.0208 0.1100 0.0201 0.1166 0.0217
0.0572 0.0055 0.0560 0.0052 0.0597 0.0067 0.0592 0.0056 0.0570 0.0053 0.0560 0.0051 0.0594 0.0056
0.1135 0.0215 0.1112 0.0206 0.1187 0.0264 0.1171 0.0220 0.1132 0.0210 0.1111 0.0203 0.1177 0.0219
0.0797 0.0106 0.0782 0.0101 0.0832 0.0132 0.0823 0.0110 0.0796 0.0105 0.0782 0.0101 0.0828 0.0110
0.0777 0.0111 0.0762 0.0107 0.0803 0.0120 0.0826 0.0119 0.0793 0.0112 0.0778 0.0109 0.0829 0.0120
0.0394 0.0029 0.0386 0.0028 0.0408 0.0031 0.0420 0.0031 0.0403 0.0029 0.0395 0.0028 0.0422 0.0031
0.0781 0.0113 0.0764 0.0108 0.0813 0.0123 0.0831 0.0121 0.0797 0.0113 0.0781 0.0110 0.0834 0.0121
0.0550 0.0056 0.0539 0.0054 0.0572 0.0061 0.0585 0.0060 0.0561 0.0056 0.0550 0.0055 0.0587 0.0061
0.0604 0.0054 0.0591 0.0051 0.0578 0.0050 0.0643 0.0063 0.0613 0.0056 0.0604 0.0054 0.0652 0.0064
0.0306 0.0014 0.0299 0.0013 0.0292 0.0013 0.0326 0.0016 0.0310 0.0014 0.0306 0.0014 0.0330 0.0016
0.0608 0.0055 0.0594 0.0052 0.0584 0.0051 0.0648 0.0064 0.0617 0.0057 0.0608 0.0055 0.0657 0.0065
0.0428 0.0027 0.0419 0.0026 0.0411 0.0025 0.0456 0.0032 0.0435 0.0028 0.0428 0.0027 0.0463 0.0033
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Table 18. ABs and MSEs of different entropy measures for IWP distribution under perfect and imperfect RSS and SRS using

different methods of estimations for Set 2 at ¢ = 4.

t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE

Br 1 0.1223 0.0234 0.1294 0.0270 0.1540 0.0385 0.1356 0.0268 0.1277 0.0267 0.1146 0.0207 0.1426 0.0289

s 5 B2 1 01005 00170 0.1052 00193 0.1345 0.0316 0.1130 0.0200 0.1065 0.0201 0.0935 0.0148 0.1193 0.0218
Bs 1 02010 0.0679 0.2103 0.0770 0.2690 0.1266 0.2260 0.0799 0.2130 0.0804 0.1869 0.0593 0.2386 0.0871

Bs 1 01107 0.0198 0.1164 0.0226 0.1437 0.0348 0.1236 0.0230 0.1164 0.0230 0.1034 0.0174 0.1303 0.0250

61 1 0.0917 0.0145 0.0973 0.0159 0.1153 0.0205 0.0906 0.0127 0.0886 0.0131 0.0897 0.0131 0.0930 0.0133

w0 1o PA2 1 00736 00100 00786 00112 0.0951 0.0147 0.0722 0.0086 0.0708 0.0091 0.0717 0.0090 0.0743 0.0090
Bs 1 0.1473 0.0398 0.1573 0.0446 0.1901 0.0586 0.1444 0.0346 0.1416 0.0363 0.1435 0.0362 0.1487 0.0360

B4 1 0.0821 00119 0.0873 0.0132 0.1046 0.0173 0.0808 0.0104 0.0791 0.0108 0.0801 0.0108 0.0831 0.0109

Br 1 0.0709 0.0069 0.0718 0.0071 0.0825 0.0099 0.0701 0.0069 0.0683 0.0067 0.0694 0.0068 0.0696 0.0068

0 20 P2 1 00555 0.0043 0.0562 0.0044 0.0665 0.0067 0.0549 0.0044 00534 0.0042 0.0542 0.0042 0.0546 0.0043
Bs 1 0.1110 0.0173 0.1123 0.0177 0.1330 0.0266 0.1099 0.0174 0.1067 0.0167 0.1083 0.0169 0.1091 0.0170

Bs 1 00627 0.0055 0.0635 0.0056 0.0741 0.0081 0.0620 0.0055 0.0604 0.0053 0.0613 0.0054 0.0616 0.0054

B 1 0.0567 0.0045 0.0560 0.0044 0.0536 0.0047 0.0547 0.0041 0.0566 0.0045 0.0564 0.0045 0.0549 0.0041

10 30 P21 00443 00028 0.0437 0.0028 0.0426 0.0030 0.0427 0.0025 0.0443 0.0028 0.0441 0.0028 0.0428 0.0026
Bs 1 0.088 00112 0.0875 0.0110 0.0852 0.0121 0.0854 0.0102 0.0885 0.0113 0.0882 0.0113 0.0856 0.0102

B4 1 0.0501 0.0035 0.0495 0.0035 0.0478 0.0038 0.0483 0.0032 0.0500 0.0036 0.0499 0.0036 0.0485 0.0032

Br 1 0.0368 0.0021 0.0370 0.0021 0.0424 0.0026 0.0381 0.0022 0.0372 0.0021 0.0368 0.0021 0.0380 0.0021

00 5o P21 00284 0.0013 00285 0.0012 00332 0.0016 00295 0.0013 0.0287 0.0012 0.0284 0.0012 0.0294 0.0013
Bs 1 0.0567 0.0050 0.0570 0.0049 0.0664 0.0065 0.0590 0.0052 0.0573 0.0049 0.0568 0.0049 0.0588 0.0052

Bs 1 00323 0.0016 0.0325 0.0016 0.0375 0.0020 0.0335 0.0017 0.0326 0.0016 0.0324 0.0016 0.0334 0.0017

B1 0.9 0.1773 0.0471 0.1792 0.0481 0.2262 0.0791 0.2028 0.0737 0.2017 0.0663 0.1724 0.0473 0.1946 0.0703

o 5 B2 09 01520 00382 01529 0.0381 02078 0.0732 0.1836 0.0687 0.1775 0.0570 0.1482 0.0386 0.1770 0.0666
Bs 0.9 03051 0.1528 0.3058 0.1523 0.4157 0.2929 0.3673 0.2748 0.3550 0.2281 0.2964 0.1544 0.3540 0.2663

Bs 09 0.1641 0.0421 0.1651 0.0425 0.2162 0.0755 0.1922 0.0704 0.1885 0.0608 0.1594 0.0424 0.1848 0.0677

Br 0.9 0.0981 0.0173 0.0975 0.0169 0.1002 0.0162 0.0960 0.0143 0.0922 0.0139 0.0972 0.0164 0.0959 0.0144

w0 10 P> 09 0.0789 00123 00780 00119 0.0824 0.0115 0.0770 0.009% 0.0730 0.0091 0.0771 0.0113 0.0771 0.0097
Bs 0.9 0.1578 0.0492 0.1559 0.0477 0.1648 0.0462 0.1540 0.0384 0.1460 0.0365 0.1543 0.0451 0.1542 0.0389

Bs 0.9 0.0879 0.0145 0.0870 0.0141 0.0908 0.0136 0.0859 0.0117 0.0820 0.0112 0.0865 0.0135 0.0859 0.0118

B1 0.9 0.0949 0.0130 0.0975 0.0135 0.1043 0.0158 0.0997 0.0144 0.0958 0.0132 0.0953 0.0129 0.0982 0.0140

g0 20 P2 0.9 0.0749 0.0081 0.0772 0.0086 0.0847 0.0108 0.0794 0.0093 0.0758 0.0084 0.0753 0.0082 0.0782 0.0091
Bs 0.9 0.1497 0.0325 0.1544 0.0343 0.1694 0.0431 0.1587 0.0371 0.1515 0.0335 0.1506 0.0326 0.1564 0.0363

Bs 0.9 0.0842 0.0102 0.0867 0.0107 0.0939 0.0130 0.0889 0.0115 0.0851 0.0105 0.0846 0.0102 0.0875 0.0112

Br 0.9 0.0687 0.0082 0.0698 0.0082 0.0765 0.0093 0.0727 0.0091 0.0721 0.0089 0.0713 0.0088 0.0729 0.0089

o 30 P2 09 00544 00054 0.0553 00054 0.0612 0.0062 0.0578 0.0060 0.0571 0.0058 0.0564 0.0058 0.0579 0.0059
Bs 09 0.1089 0.0216 0.1106 0.0217 0.1223 0.0249 0.1156 0.0240 0.1143 0.0234 0.1129 0.0230 0.1158 0.0236

Bs 0.9 00611 0.0066 0.0621 0.0067 0.0684 0.0076 0.0648 0.0074 0.0642 0.0072 0.0634 0.0071 0.0649 0.0072

B1 0.9 0.0537 0.0046 0.0537 0.0046 0.0569 0.0057 0.0531 0.0047 0.0524 0.0044 0.0530 0.0045 0.0534 0.0047

200 50 B2 09 00417 0.0028 0.0417 0.0028 0.0450 0.0037 0.0413 0.0029 0.0407 0.0027 0.0412 0.0028 0.0416 0.0029
Bs 0.9 0.0834 00112 0.0834 0.0111 0.0901 0.0148 0.0827 0.0114 0.0814 0.0107 0.0824 0.0111 0.0831 0.0115

Bs 0.9 0.0473 0.0036 0.0473 0.0036 0.0506 0.0046 0.0468 0.0036 0.0462 0.0034 0.0467 0.0035 0.0471 0.0036

By 0.7 0.1614 0.0368 0.1693 0.0401 0.1749 0.0492 0.1352 0.0289 0.1473 0.0315 0.1463 0.0311 0.1403 0.0292

s 5 B2 07 01300 00256 01355 0.0274 0519 0.0405 0.1091 0.0204 0.1179 0.0218 0.1159 0.0208 0.1130 0.0204
Bs 0.7 02600 0.1024 0.2709 0.1098 0.3037 0.1622 0.2182 0.0818 0.2359 0.0871 0.2318 0.0831 0.2261 0.0815

Bs 0.7 0.1445 0.0304 0.1510 0.0328 0.1626 0.0443 0.1212 0.0241 0.1315 0.0260 0.1299 0.0252 0.1257 0.0242

By 0.7 0.1034 0.0180 0.1054 0.0200 0.1255 0.0257 0.1157 0.0187 0.1104 0.0204 0.1081 0.0199 0.1164 0.0194

w0 10 Bz 07 0.0834 00126 0.0854 00143 0.1038 00188 0.0927 0.0127 0.0895 0.0147 0.0877 0.0143 0.0942 0.0135
Bs 0.7 0.1668 0.0505 0.1708 0.0573 0.2076 0.0750 0.1854 0.0506 0.1789 0.0586 0.1755 0.0573 0.1885 0.0541
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t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE

Bs 0.7 0.0927 0.0150 0.0947 0.0168 0.1139 0.0218 0.1035 0.0153 0.0992 0.0172 0.0972 0.0168 0.1046 0.0161

By 0.7 0.1004 0.0139 0.1027 0.0149 0.1165 0.0192 0.1083 0.0170 0.1027 0.0150 0.1024 0.0148 0.1082 0.0170

g0 20 B2 07 00826 0.0097 0.0847 0.0104 0.0974 0.0138 0.0900 0.0120 0.0848 0.0105 0.0844 0.0103 0.0900 0.0121
B3 0.7 0.1651 0.0387 0.1694 0.0416 0.1947 0.0550 0.1801 0.0481 0.1695 0.0421 0.1689 0.0413 0.1800 0.0483

B4 0.7 0.0910 0.0116 0.0932 0.0124 0.1064 0.0162 0.0987 0.0143 0.0932 0.0126 0.0930 0.0123 0.0986 0.0143

B1 0.7 0.0734 0.0096 0.0729 0.0098 0.0810 0.0103 0.0731 0.0094 0.0727 0.0095 0.0731 0.0095 0.0728 0.0093

120 30 B2 0.7 00581 00062 0.0578 0.0064 0.0647 0.0068 0.0580 0.0062 0.0576 0.0062 0.0579 0.0062 0.0578 0.0061
Bs 0.7 0.1161 0.0250 0.1156 0.0258 0.1295 0.0271 0.1160 0.0247 0.1151 0.0247 0.1158 0.0248 0.1157 0.0244

B4 07 0.0652 0.0077 0.0649 0.0079 0.0723 0.0083 0.0650 0.0076 0.0646 0.0076 0.0650 0.0076 0.0648 0.0075

B1 0.7 0.0585 0.0047 0.0560 0.0045 0.0587 0.0055 0.0535 0.0044 0.0550 0.0044 0.0555 0.0044 0.0535 0.0044

00 50 P2 07 00456 0.0029 00436 0.0028 0.0463 0.0035 0.0418 0.0027 0.0428 0.0027 0.0432 0.0027 0.0417 0.0027
Bs 07 0.0912 0.0117 0.0872 0.0111 0.0927 0.0139 0.0836 0.0108 0.0856 0.0107 0.0864 0.0108 0.0834 0.0108

B4 0.7 0.0517 0.0037 0.0494 0.0035 0.0521 0.0044 0.0473 0.0034 0.0485 0.0034 0.0490 0.0034 0.0472 0.0034

i 0 02469 0.0882 0.2362 0.0843 0.2950 0.1177 0.2484 0.0898 0.2445 0.0893 0.2505 0.0880 0.2573 0.1002

s 5 B2 0 02161 00791 02065 0.0759 02722 0.1143 02209 0.0789 02150 0.0799 02179 0.0771 02351 0.0959
Bs 0 04321 03163 0.4129 03037 0.5444 04573 0.4417 03156 0.4300 0.3197 0.4358 0.3085 0.4702 0.3835

Ba 0 02297 0.0818 0.2196 0.0782 0.2819 0.1141 0.2332 0.0830 0.2280 0.0829 0.2324 0.0807 0.2447 0.0964

81 0 02023 0.0622 0.2083 0.0665 0.2096 0.0644 0.1982 0.0626 0.1991 0.0641 0.2001 0.0628 0.1946 0.0609

w0 10 Bz 0 01685 00497 0.1736 00532 0.1779 0.0526 0.1662 0.0495 0.1668 0.0512 0.1667 0.0497 0.1634 0.0485
Bs 0 03371 0.1989 0.3472 02128 0.3559 0.2102 0.3324 0.1981 0.3336 0.2048 0.3333 0.1988 0.3267 0.1939

Bs 0 0.1838 0.0546 0.1892 0.0583 0.1923 0.0573 0.1807 0.0548 0.1813 0.0562 0.1818 0.0548 0.1775 0.0534

g1 0 0.1155 0.0183 0.1176 0.0189 0.1156 0.0184 0.1198 0.0196 0.1173 0.0188 0.1164 0.0185 0.1181 0.0191

g0 20 P20 00899 00114 0.0915 0.0118 0.0914 00119 0.0940 0.0126 0.0914 0.0118 0.0905 0.0115 0.0925 0.0121
Bs 0 0.1799 0.0456 0.1830 0.0472 0.1828 0.0478 0.1880 0.0503 0.1827 0.0470 0.1811 0.0461 0.1851 0.0485

Ba 0 0.1018 0.0144 0.1036 0.0149 0.1027 0.0148 0.1060 0.0156 0.1034 0.0148 0.1025 0.0145 0.1044 0.0151

Bi 0 0.0734 0.0097 0.0741 0.0098 0.0815 0.0110 0.0750 0.0100 0.0732 0.0096 0.0740 0.0098 0.0748 0.0099

10 30 B2 0 00570 00059 0.0577 0.0061 0.0643 0.0071 0.0586 0.0062 0.0569 0.0059 0.0576 0.0060 0.0584 0.0062
Bs 0 0.1139 0.0237 0.1154 0.0242 0.1287 0.0283 0.1172 0.0250 0.1138 0.0234 0.1151 0.0241 0.1168 0.0246

Bs 0 0.0646 0.0075 0.0653 0.0077 0.0723 0.0088 0.0662 0.0079 0.0645 0.0075 0.0652 0.0076 0.0661 0.0078

1 0 0.0593 0.0059 0.0627 0.0061 0.0674 0.0071 0.0630 0.0062 0.0630 0.0062 0.0623 0.0061 0.0626 0.0062

200 5o P20 00468 0.0038 00495 0.0039 0.0538 0.0047 0.0497 0.0040 0.0497 0.0040 0.0491 0.0039 0.0494 0.0040
Bs 0 0.0937 0.0151 0.0989 0.0157 0.1076 0.0188 0.0994 0.0161 0.0993 0.0160 0.0982 0.0157 0.0989 0.0160

Ba 0 0.0527 0.0047 0.0557 0.0049 0.0602 0.0058 0.0559 0.0050 0.0559 0.0050 0.0553 0.0049 0.0556 0.0050
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Table 19. ABs and MSE:s of different entropy measures for IWP distribution under perfect and imperfect RSS and SRS using

different methods of estimations for Set 3 at ¢t = 4.

t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
B£1 1 0.1957 0.0577 0.2107 0.0715 0.2369 0.0830 0.2434 0.0903 0.2083 0.0783 0.1988 0.0702 0.2235 0.0741
0 5 B2 1 0.0293 0.0012 0.0295 0.0012 0.0387 0.0025 0.0347 0.0017 0.0290 0.0014 0.0280 0.0013 0.0322 0.0015
B3 1 0.0586 0.0050 0.0589 0.0049 0.0773 0.0098 0.0693 0.0069 0.0580 0.0055 0.0559 0.0051 0.0645 0.0059
Ba 1 0.0754 0.0083 0.0784 0.0092 0.0951 0.0139 0.0913 0.0122 0.0773 0.0101 0.0742 0.0093 0.0844 0.0102
51 1 0.2145 0.0614 0.2225 0.0625 0.2198 0.0613 0.2367 0.0718 0.2244 0.0678 0.2224 0.0634 0.2178 0.0605
40 10 B2 1 0.0348 0.0018 0.0353 0.0016 0.0363 0.0018 0.0367 0.0018 0.0347 0.0016 0.0345 0.0016 0.0341 0.0015
B3 1 0.0695 0.0072 0.0705 0.0066 0.0725 0.0073 0.0734 0.0071 0.0694 0.0066 0.0689 0.0062 0.0681 0.0062
Ba 1 0.0860 0.0103 0.0882 0.0100 0.0890 0.0105 0.0928 0.0110 0.0879 0.0104 0.0872 0.0098 0.0858 0.0095
51 1 0.1171 0.0197 0.1102 0.0174 0.1307 0.0250 0.1477 0.0296 0.1347 0.0239 0.1267 0.0218 0.1384 0.0263
30 20 B 1 0.0189 0.0005 0.0176 0.0005 0.0216 0.0007 0.0234 0.0008 0.0216 0.0006 0.0202 0.0006 0.0219 0.0007
B3 1 0.0377 0.0021 0.0353 0.0019 0.0431 0.0029 0.0468 0.0030 0.0431 0.0026 0.0405 0.0023 0.0439 0.0027
Ba 1 0.0460 0.0032 0.0440 0.0028 0.0530 0.0042 0.0580 0.0047 0.0530 0.0039 0.0500 0.0035 0.0550 0.0042
B 1 0.0846 0.0097 0.0858 0.0095 0.0916 0.0106 0.0857 0.0105 0.0790 0.0089 0.0814 0.0094 0.0843 0.0099
120 30 B2 1 0.0128 0.0002 0.0129 0.0002 0.0142 0.0003 0.0128 0.0002 0.0118 0.0002 0.0121 0.0002 0.0126 0.0002
B3 1 0.0256 0.0009 0.0258 0.0009 0.0284 0.0010 0.0257 0.0009 0.0236 0.0008 0.0243 0.0008 0.0252 0.0009
Ba 1 0.0329 0.0015 0.0333 0.0014 0.0360 0.0017 0.0331 0.0015 0.0305 0.0013 0.0314 0.0014 0.0326 0.0015
b1 1 0.0692 0.0084 0.0711 0.0090 0.0665 0.0082 0.0684 0.0084 0.0714 0.0087 0.0709 0.0085 0.0667 0.0080
200 50 B2 1 0.0108 0.0002 0.0111 0.0002 0.0106 0.0002 0.0107 0.0002 0.0112 0.0002 0.0110 0.0002 0.0104 0.0002
B3 1 0.0216 0.0009 0.0222 0.0009 0.0211 0.0009 0.0214 0.0009 0.0223 0.0009 0.0221 0.0009 0.0208 0.0008
Ba 1 0.0274 0.0013 0.0281 0.0014 0.0265 0.0013 0.0270 0.0013 0.0282 0.0014 0.0280 0.0014 0.0264 0.0013
51 0.9 0.2428 0.0941 0.2416 0.1008 0.2100 0.0714 0.2454 0.1160 0.2418 0.1113 0.2467 0.1016 0.2477 0.1026
20 5 B2 0.9 0.0357 0.0020 0.0347 0.0020 0.0325 0.0018 0.0363 0.0025 0.0340 0.0020 0.0352 0.0019 0.0362 0.0021
B3 0.9 0.0714 0.0080 0.0694 0.0079 0.0651 0.0071 0.0726 0.0100 0.0680 0.0081 0.0703 0.0078 0.0724 0.0086
Ba 0.9 0.0925 0.0133 0.0908 0.0136 0.0822 0.0109 0.0934 0.0163 0.0899 0.0145 0.0924 0.0136 0.0940 0.0143
B£1 0.9 0.2152 0.0634 0.2228 0.0655 0.2368 0.0809 0.2261 0.0755 0.2258 0.0711 0.2231 0.0676 0.2210 0.0712
40 10 B2 0.9 0.0333 0.0015 0.0344 0.0016 0.0397 0.0025 0.0354 0.0019 0.0346 0.0017 0.0340 0.0016 0.0344 0.0018
B3 0.9 0.0665 0.0062 0.0689 0.0065 0.0794 0.0101 0.0707 0.0078 0.0692 0.0068 0.0680 0.0064 0.0688 0.0072
Ba 0.9 0.0843 0.0097 0.0872 0.0102 0.0965 0.0140 0.0890 0.0119 0.0880 0.0108 0.0867 0.0102 0.0868 0.0111
b1 0.9 0.1542 0.0386 0.1564 0.0390 0.1607 0.0434 0.1648 0.0418 0.1730 0.0445 0.1699 0.0435 0.1629 0.0405
0 20 B2 0.9 0.0235 0.0010 0.0236 0.0005 0.0259 0.0008 0.0254 0.0011 0.0263 0.0011 0.0257 0.0011 0.0250 0.0010
B3 0.9 0.0470 0.0039 0.0472 0.0038 0.0518 0.0051 0.0508 0.0044 0.0526 0.0045 0.0515 0.0043 0.0501 0.0042
Ba 0.9 0.0600 0.0060 0.0606 0.0060 0.0643 0.0073 0.0645 0.0066 0.0672 0.0069 0.0659 0.0067 0.0637 0.0064
51 0.9 0.1162 0.0210 0.1154 0.0210 0.1203 0.0221 0.1195 0.0205 0.1152 0.0209 0.1142 0.0204 0.1150 0.0195
120 30 B 0.9 0.0174 0.0005 0.0173 0.0005 0.0184 0.0005 0.0180 0.0005 0.0172 0.0005 0.0170 0.0004 0.0172 0.0004
B3 0.9 0.0347 0.0018 0.0345 0.0018 0.0369 0.0021 0.0359 0.0018 0.0344 0.0018 0.0340 0.0018 0.0344 0.0017
Ba 0.9 0.0448 0.0031 0.0446 0.0031 0.0470 0.0034 0.0463 0.0030 0.0444 0.0030 0.0440 0.0030 0.0444 0.0029
51 0.9 0.0954 0.0128 0.0954 0.0134 0.1106 0.0175 0.1011 0.0147 0.1045 0.0155 0.1012 0.0145 0.0997 0.0142
200 50 B2 0.9 0.0150 0.0003 0.0150 0.0003 0.0177 0.0005 0.0159 0.0004 0.0165 0.0004 0.0159 0.0004 0.0156 0.0004
B3 0.9 0.0299 0.0013 0.0299 0.0014 0.0354 0.0019 0.0317 0.0015 0.0329 0.0016 0.0318 0.0015 0.0313 0.0014
Ba 0.9 0.0378 0.0020 0.0378 0.0021 0.0442 0.0029 0.0400 0.0023 0.0414 0.0025 0.0401 0.0023 0.0394 0.0023
51 0.7 0.2772 0.1073 0.2822 0.1144 0.2926 0.1259 0.2792 0.1166 0.2659 0.1013 0.2708 0.1053 0.2676 0.1031
20 5 B2 0.7 0.0455 0.0030 0.0457 0.0031 0.0514 0.0044 0.0462 0.0036 0.0419 0.0026 0.0434 0.0029 0.0436 0.0030
B3 0.7 0.0910 0.0122 0.0914 0.0122 0.1029 0.0176 0.0925 0.0142 0.0838 0.0103 0.0869 0.0114 0.0872 0.0119
Ba 0.7 0.1116 0.0176 0.1128 0.0181 0.1218 0.0230 0.1127 0.0197 0.1048 0.0157 0.1077 0.0168 0.1073 0.0170
51 0.7 0.2275 0.0750 0.2348 0.0776 0.2333 0.0867 0.2216 0.0745 0.2354 0.0810 0.2383 0.0832 0.2161 0.0705
40 10 B 0.7 0.0366 0.0022 0.0381 0.0023 0.0395 0.0028 0.0365 0.0024 0.0378 0.0024 0.0377 0.0023 0.0355 0.0022
B3 0.7 0.0731 0.0087 0.0761 0.0093 0.0789 0.0110 0.0729 0.0096 0.0756 0.0095 0.0754 0.0091 0.0711 0.0089
Ba 0.7 0.0907 0.0125 0.0940 0.0131 0.0954 0.0151 0.0893 0.0131 0.0937 0.0135 0.0942 0.0134 0.0871 0.0122
Continued on next page
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t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE

B1 0.7 0.270 0.0325 0.1275 0.0303 0.1531 0.0416 0.1444 0.0434 0.1391 0.0398 0.1400 0.0394 0.1423 0.0418

0 20 A2 07 00176 0.0006 00178 0.0005 0.0217 0.0008 0.0197 0.0007 0.0189 0.0007 0.0191 0.0007 0.0194 0.0007
Bs 0.7 0.0353 0.0023 0.0356 0.0022 0.0434 0.0032 0.0393 0.0029 0.0378 0.0027 0.0383 0.0027 0.0388 0.0028

Ba 0.7 0.0472 0.0043 0.0475 0.0040 0.0574 0.0057 0.0531 0.0056 0.0511 0.0051 0.0516 0.0051 0.0524 0.0054

B1 0.7 0.1216 0.0237 0.1184 0.0224 0.1543 0.0347 0.1343 0.0272 0.1312 0.0260 0.1247 0.0247 0.1306 0.0258

10 30 B2 0.7 00200 0.0007 0.0194 0.0006 0.0260 0.0010 0.0222 0.0008 0.0216 0.0007 0.0205 0.0007 0.0215 0.0007
Bs 0.7 0.0400 0.0027 0.0388 0.0025 0.0520 0.0041 0.0444 0.0031 0.0432 0.0030 0.0411 0.0028 0.0430 0.0030

Bs 0.7 0.0492 0.0040 0.0479 0.0038 0.0633 0.0060 0.0545 0.0046 0.0532 0.0044 0.0505 0.0042 0.0529 0.0043

B1 0.7 0.0825 0.0118 0.0831 0.0119 0.0828 0.0109 0.0734 0.0091 0.0825 0.0113 0.0827 0.0113 0.0735 0.0092

00 50 B2 07 00127 00003 0.0128 0.0003 0.0128 0.0003 0.0111 0.0002 0.0127 0.0003 0.0127 0.0003 0.0111 0.0002
Bs 0.7 00254 0.0011 0.0257 0.0012 0.0255 0.0010 0.0223 0.0008 0.0254 0.0011 0.0254 0.0011 0.0223 0.0008

Bs 0.7 0.0324 0.0018 0.0326 0.0018 0.0325 0.0017 0.0286 0.0014 0.0323 0.0017 0.0324 0.0017 0.0286 0.0014

B 0 03994 02361 03668 0.2157 0.4004 0.2371 0.3634 0.2201 0.3776 0.2345 0.3807 0.2250 0.3616 0.2165

s 5 B2 0 00584 0.0051 0.0549 0.0052 0.0648 0.0072 0.0536 0.0051 0.0548 0.0051 0.0546 0.0047 0.0530 0.0048
Bs 0 0.1168 0.0204 0.1098 0.0207 0.1297 0.0286 0.1072 0.0203 0.1095 0.0203 0.1091 0.0186 0.1059 0.0192

B+ 0 0.1503 0.0323 0.1396 0.0310 0.1584 0.0384 0.1372 0.0309 0.1413 0.0318 0.1419 0.0301 0.1361 0.0299

B 0 02384 0.0820 0.2423 0.0849 0.2366 0.0862 0.2493 0.0848 0.2432 0.0825 0.2359 0.0784 0.2403 0.0800

w0 10 P2 0 00418 0.0028 0.0421 00028 0.0428 0.0031 0.0434 0.0028 0.0416 0.0026 0.0405 0.0025 0.0418 0.0026
Bs 0 00836 0.0111 0.0843 0.0111 0.0856 0.0123 0.0869 0.0111 0.0832 0.0103 0.0810 0.0099 0.0836 0.0104

Bs 0 0.0995 0.0149 0.1007 0.0152 0.1003 0.0162 0.1037 0.0152 0.1002 0.0144 0.0974 0.0138 0.0999 0.0143

Bi 0 0.1684 0.0496 0.1637 0.0453 0.1475 0.0375 0.1731 0.0569 0.1738 0.0539 0.1748 0.0527 0.1679 0.0525

g0 20 B2 0 00278 0.0016 0.0268 0.0015 0.0241 0.0012 0.0286 0.0019 0.0286 0.0018 0.0285 0.0017 0.0275 0.0017
Bs 0 00555 0.0066 0.0536 0.0059 0.0482 0.0047 0.0572 0.0075 0.0571 0.0071 0.0571 0.0068 0.0549 0.0067

Bs 0 0.0680 0.0089 0.0660 0.0080 0.0594 0.0066 0.0700 0.0102 0.0701 0.0096 0.0703 0.0093 0.0676 0.0092

81 0 0.1236 0.0223 0.1236 0.0225 0.1178 0.0219 0.1244 0.0210 0.1202 0.0215 0.1226 0.0216 0.1227 0.0206

o 30 B2 0 0.019 00006 0.0196 0.0006 0.0189 0.0006 0.0193 0.0005 0.0190 0.0005 0.0192 0.0005 0.0190 0.0005
Bs 0 0.0391 0.0023 0.0392 0.0023 0.0379 0.0023 0.0386 0.0020 0.0379 0.0022 0.0385 0.0021 0.0381 0.0020

Ba 0 00491 0.0035 0.0491 0.0036 0.0472 0.0035 0.0489 0.0032 0.0477 0.0034 0.0485 0.0034 0.0483 0.0032

B 0 0.1015 0.0146 0.1016 0.0145 0.1109 0.0171 0.1176 0.0204 0.1081 0.0165 0.1093 0.0169 0.1152 0.0196

00 50 B2 0 00155 00003 00155 0.0003 0.0171 0.0004 0.0178 0.0005 0.0164 0.0004 0.0165 0.0004 0.0174 0.0004
Bs 0 0.0309 0.0013 0.0310 0.0013 0.0342 0.0016 0.0355 0.0018 0.0328 0.0015 0.0331 0.0015 0.0348 0.0017

Bs 0 00396 0.0022 0.0396 0.0022 0.0435 0.0026 0.0456 0.0030 0.0421 0.0025 0.0425 0.0025 0.0447 0.0029
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Table 20. ABs and MSEs of different entropy measures for IWP distribution under perfect and imperfect RSS and SRS using

different methods of estimations for Set 4 at ¢ = 4.

t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
b1 1 0.1578 0.0445 0.1922 0.0551 0.1774 0.0547 0.1726 0.0504 0.1679 0.0493 0.1677 0.0493 0.1791 0.0522
20 5 B2 1 0.2688 0.1449 0.3205 0.1694 0.3211 0.2076 0.2928 0.1591 0.2830 0.1549 0.2826 0.1533 0.3045 0.1637
B3 1 0.5376 0.5795 0.6409 0.6775 0.6422 0.8306 0.5857 0.6363 0.5661 0.6196 0.5652 0.6132 0.6090 0.6548
Ba 1 0.2051 0.0790 0.2471 0.0948 0.2377 0.1050 0.2239 0.0880 0.2171 0.0859 0.2168 0.0854 0.2326 0.0909
B1 1 0.0992 0.0132 0.0977 0.0143 0.1077 0.0159 0.0993 0.0152 0.1022 0.0144 0.0976 0.0132 0.1042 0.0157
40 10 B2 1 0.1699 0.0399 0.1684 0.0440 0.1871 0.0492 0.1713 0.0474 0.1750 0.0436 0.1661 0.0395 0.1803 0.0488
B3 1 0.3398 0.1596 0.3369 0.1759 0.3741 0.1967 0.3426 0.1896 0.3500 0.1743 0.3322 0.1580 0.3606 0.1950
Ba I 0.1298 0.0229 0.1282 0.0251 0.1419 0.0279 0.1303 0.0268 0.1336 0.0250 0.1272 0.0228 0.1370 0.0276
b1 1 0.0851 0.0109 0.0814 0.0096 0.0976 0.0159 0.0981 0.0153 0.0888 0.0119 0.0898 0.0118 0.0924 0.0140
30 20 Bo 1 0.1439 0.0329 0.1362 0.0283 0.1684 0.0506 0.1662 0.0464 0.1492 0.0359 0.1510 0.0353 0.1575 0.0428
B3 1 0.2878 0.1318 0.2725 0.1132 0.3367 0.2024 0.3323 0.1858 0.2985 0.1435 0.3021 0.1412 0.3150 0.1714
Ba 1 0.1106 0.0189 0.1053 0.0165 0.1280 0.0283 0.1275 0.0265 0.1150 0.0206 0.1164 0.0203 0.1205 0.0244
B1 1 0.0587 0.0051 0.0601 0.0055 0.0690 0.0064 0.0672 0.0062 0.0634 0.0068 0.0625 0.0065 0.0652 0.0057
120 30 B 1 0.0939 0.0128 0.0957 0.0138 0.1123 0.0170 0.1075 0.0156 0.0996 0.0159 0.0981 0.0155 0.1045 0.0144
B3 1 0.1877 0.0514 0.1915 0.0550 0.2246 0.0680 0.2151 0.0623 0.1992 0.0638 0.1963 0.0620 0.2089 0.0576
Ba 1 0.0742 0.0081 0.0758 0.0087 0.0880 0.0104 0.0850 0.0098 0.0794 0.0104 0.0782 0.0100 0.0825 0.0091
B1 1 0.0543 0.0044 0.0544 0.0044 0.0586 0.0050 0.0548 0.0048 0.0521 0.0042 0.0521 0.0041 0.0556 0.0048
200 50 B2 1 0.0891 0.0120 0.0890 0.0120 0.0965 0.0137 0.0901 0.0134 0.0851 0.0115 0.0849 0.0112 0.0914 0.0134
B3 1 0.1783 0.0482 0.1781 0.0482 0.1930 0.0550 0.1801 0.0535 0.1703 0.0459 0.1698 0.0447 0.1827 0.0535
Ba 1 0.0696 0.0073 0.0696 0.0073 0.0752 0.0083 0.0702 0.0080 0.0666 0.0069 0.0665 0.0068 0.0712 0.0080
B1 0.9 0.1657 0.0440 0.1537 0.0388 0.2032 0.0643 0.1878 0.0505 0.1575 0.0394 0.1745 0.0459 0.1719 0.0456
20 5 B2 0.9 03001 0.1605 0.2754 0.1333 0.3850 0.2519 0.3232 0.1589 0.2757 0.1296 0.3077 0.1523 0.3099 0.1617
B3 0.9 0.6003 0.6420 0.5508 0.5333 0.7700 1.0078 0.6463 0.6358 0.5514 0.5185 0.6153 0.6094 0.6197 0.6466
Ba 0.9 0.2224 0.0832 0.2053 0.0714 0.2790 0.1265 0.2456 0.0885 0.2079 0.0709 0.2311 0.0828 0.2303 0.0852
B1 0.9 0.1540 0.0415 0.1480 0.0387 0.1370 0.0330 0.1381 0.0356 0.1435 0.0366 0.1446 0.0383 0.1381 0.0359
40 10 B2 0.9 0.2451 0.1084 0.2347 0.0996 0.2260 0.0985 0.2204 0.0942 0.2271 0.0941 0.2271 0.0964 0.2207 0.0952
B3 0.9 0.4902 0.4334 0.4693 0.3982 0.4520 0.3940 0.4407 0.3766 0.4542 0.3763 0.4543 0.3855 0.4415 0.3807
Ba 0.9 0.1935 0.0658 0.1857 0.0610 0.1754 0.0560 0.1739 0.0569 0.1799 0.0577 0.1806 0.0597 0.1740 0.0575
B1 0.9 0.0970 0.0165 0.0945 0.0161 0.1122 0.0197 0.1048 0.0185 0.0999 0.0180 0.0986 0.0165 0.1039 0.0183
30 20 B2 0.9 0.1656 0.0519 0.1607 0.0500 0.1900 0.0599 0.1789 0.0583 0.1700 0.0562 0.1665 0.0505 0.1774 0.0574
B3 0.9 03312 0.2075 0.3213 0.1998 0.3800 0.2396 0.3578 0.2330 0.3399 0.2247 0.3330 0.2019 0.3549 0.2298
B+ 0.9 0.1266 0.0291 0.1230 0.0282 0.1458 0.0341 0.1367 0.0327 0.1301 0.0316 0.1280 0.0287 0.1356 0.0322
B1 0.9 0.0624 0.0067 0.0616 0.0064 0.0582 0.0057 0.0543 0.0053 0.0567 0.0056 0.0550 0.0052 0.0549 0.0053
120 30 B2 0.9 0.1021 0.0183 0.1008 0.0175 0.0953 0.0154 0.0879 0.0137 0.0917 0.0148 0.0886 0.0136 0.0889 0.0137
Bs 0.9 0.2041 0.0733 0.2016 0.0700 0.1907 0.0616 0.1758 0.0548 0.1834 0.0592 0.1772 0.0542 0.1778 0.0548
B4 0.9 0.0798 0.0111 0.0788 0.0105 0.0744 0.0094 0.0691 0.0085 0.0720 0.0091 0.0698 0.0084 0.0699 0.0085
B1 0.9 0.0570 0.0051 0.0557 0.0054 0.0599 0.0058 0.0628 0.0058 0.0610 0.0056 0.0612 0.0058 0.0633 0.0058
200 50 B2 0.9 0.0931 0.0139 0.0903 0.0142 0.0972 0.0154 0.1023 0.0157 0.0991 0.0148 0.0990 0.0151 0.1031 0.0157
B3 0.9 0.1861 0.0554 0.1806 0.0568 0.1944 0.0615 0.2047 0.0628 0.1981 0.0590 0.1980 0.0604 0.2061 0.0626
Ba 0.9 0.0728 0.0084 0.0709 0.0087 0.0763 0.0095 0.0801 0.0096 0.0777 0.0091 0.0778 0.0093 0.0807 0.0095
B1 0.7 0.1761 0.0526 0.2155 0.0715 0.2171 0.0747 0.1919 0.0677 0.1855 0.0628 0.1906 0.0633 0.1830 0.0639
20 5 B2 0.7 03135 0.1881 0.3801 0.2557 0.4121 0.3386 0.3528 0.2760 0.3339 0.2448 0.3442 0.2484 0.3372 0.2626
B3 0.7 0.6269 0.7525 0.7601 1.0227 0.8241 1.3545 0.7056 1.1039 0.6679 0.9791 0.6884 0.9935 0.6744 1.0503
Ba 0.7 02341 0.0981 0.2847 0.1327 0.2975 0.1560 0.2587 0.1343 0.2475 0.1217 0.2547 0.1231 0.2470 0.1274
B1 0.7 0.1624 0.0374 0.1464 0.0313 0.1509 0.0319 0.1408 0.0295 0.1517 0.0329 0.1515 0.0326 0.1390 0.0293
40 10 B2 0.7 02617 0.1002 0.2281 0.0749 0.2485 0.0905 0.2234 0.0741 0.2359 0.0771 0.2367 0.0781 0.2213 0.0737
B3 0.7 0.5233 0.4008 0.4562 0.2996 0.4970 0.3620 0.4469 0.2966 0.4718 0.3083 0.4735 0.3124 0.4426 0.2950
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t* d Entropy p ML MPS KM LS WLS AD CVM
AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE AB MSE
Bs 0.7 02056 0.0605 0.1824 0.0480 0.1932 0.0532 0.1770 0.0463 0.1888 0.0499 0.1890 0.0500 0.1750 0.0460
B1 0.7 0.1166 0.0215 0.1109 0.0201 0.1230 0.0236 0.1133 0.0207 0.1090 0.0205 0.1081 0.0205 0.1130 0.0210
g0 o0 B2 07 0.1905 0.0594 0.1809 0.0549 0.2030 0.0680 0.1813 0.0553 0.1749 0.0537 0.1734 0.0536 0.1822 0.0569
Bs 0.7 0.3809 0.2375 03618 0.2197 0.4061 0.2720 0.3626 0.2210 0.3497 0.2148 0.3467 0.2146 0.3644 0.2276
By 0.7 0.1488 0.0354 0.1414 0.0329 0.1577 0.0396 0.1430 0.0335 0.1378 0.0329 0.1366 0.0328 0.1432 0.0342
B1 0.7 0.1125 0.0151 0.1101 0.0144 0.1084 0.0143 0.1006 0.0126 0.1065 0.0138 0.1107 0.0144 0.1021 0.0130
120 30 B2 07 0.1875 0.0429 0.1814 0.0399 0.1821 0.0416 0.1680 0.0360 0.1759 0.0385 0.1830 0.0400 0.1707 0.0371
Bs 0.7 0.3749 0.1718 0.3627 0.1597 0.3643 0.1662 0.3360 0.1441 03518 0.1541 0.3661 0.1598 0.3414 0.1483
Bs 0.7 0.1451 0.0254 0.1412 0.0239 0.1404 0.0243 0.1299 0.0213 0.1367 0.0230 0.1423 0.0239 0.1320 0.0219
B1 0.7 0.0793 0.0081 0.0789 0.0082 0.0771 0.0078 0.0726 0.0071 0.0790 0.0076 0.0764 0.0072 0.0732 0.0072
s00 S0 P2 07 01289 0.0214 0.1282 0.0218 0.1254 0.0207 0.1174 0.0187 0.1273 0.0196 0.1233 0.0188 0.1182 0.0189
Bs 0.7 0.2578 0.0856 0.2565 0.0872 0.2509 0.0830 0.2348 0.0749 0.2546 0.0785 0.2466 0.0751 0.2365 0.0756
Bs 0.7 0.1010 0.0131 0.1005 0.0134 0.0983 0.0127 0.0923 0.0115 0.1002 0.0122 0.0970 0.0116 0.0930 0.0117
Bi 0 02433 0.1017 0.2248 0.0887 0.2622 0.1217 0.2599 0.1162 0.2580 0.1132 0.2523 0.1131 0.2578 0.1179
o 5 B2 0 04318 0.3687 03867 0.2931 04965 0.5505 0.4599 0.4484 0.4545 0.4137 0.4507 0.4283 0.4681 0.4739
Bs 0 0.8635 1.4749 0.7733 1.1724 0.9929 2.2022 0.9199 1.7936 0.9090 1.6547 0.9013 1.7131 0.9361 1.8956
Bs 0 03212 0.1855 0.2923 0.1540 0.3570 0.2481 0.3419 0.2168 0.3389 0.2061 0.3336 0.2097 0.3435 0.2251
Bi 0 0.1561 0.0400 0.1559 0.0432 0.1546 0.0436 0.1489 0.0355 0.1538 0.0415 0.1496 0.0373 0.1455 0.0358
10 10 B2 0 02620 01186 02581 0.1239 02612 0.1299 0.2445 0.0961 0.2511 0.1123 0.2479 0.1068 0.2406 0.1000
Bs 0 05239 04742 0.5163 0.4958 0.5223 0.5197 0.4890 0.3845 0.5022 0.4494 0.4959 0.4273 0.4812 0.3999
Bs 0 02015 0.0678 0.1998 0.0718 0.2002 0.0739 0.1902 0.0576 0.1958 0.0671 0.1920 0.0621 0.1866 0.0590
Bi 0 0.0934 0.0136 0.0896 0.0130 0.0898 0.0124 0.0945 0.0135 0.0901 0.0118 0.0886 0.0120 0.0935 0.0132
g0 o0 B2 0 0.1490 0.0347 0.1433 0.0333 0.1461 0.0336 0.1498 0.0339 0.1416 0.0286 0.1395 0.0293 0.1489 0.0336
Bs 0 0.2980 0.1388 0.2865 0.1333 0.2922 0.1343 0.2996 0.1357 0.2832 0.1144 0.2790 0.1171 0.2977 0.1346
By 0 0.1179 0.0216 0.1132 0.0207 0.1144 0.0203 0.1189 0.0213 0.1128 0.0183 0.1111 0.0187 0.1179 0.0210
Bi 0 0.0901 0.0118 0.0858 0.0117 0.0923 0.0123 0.0963 0.0126 0.0932 0.0121 0.0922 0.0119 0.0944 0.0124
10 30 B2 0 0.1472 0.0319 0.1395 0.0311 0.1512 0.0331 01575 0.0344 0.1513 0.0322 0.1498 0.0317 0.1545 0.0337
Bs 0 0.2944 0.1276 0.2790 0.1244 0.3025 0.1325 0.3150 0.1375 0.3026 0.1288 0.2997 0.1269 0.3091 0.1347
Bs 0 0.1151 0.0193 0.1093 0.0190 0.1181 0.0201 0.1230 0.0208 0.1187 0.0197 0.1175 0.0194 0.1207 0.0203
Bi 0 00661 0.0071 0.0645 0.0072 0.0696 0.0087 0.0695 0.0078 0.0642 0.0069 0.0651 0.0070 0.0690 0.0078
200 S0 P2 0 01105 0.0207 0.1078 0.0208 0.1177 0.0262 0.1166 0.0229 0.1070 0.0199 0.1083 0.0202 0.1158 0.0228
Bs 0 0.2209 0.0830 0.2155 0.0834 0.2353 0.1049 0.2332 0.0916 0.2139 0.0798 0.2166 0.0810 0.2315 0.0911
Bs 0 0.0854 0.0122 0.0833 0.0122 0.0904 0.0151 0.0900 0.0134 0.0828 0.0117 0.0839 0.0119 0.0894 0.0133
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Table 21. Relative Efficiency (RE) of the parameter estimates for IWP distribution for Set 1 and Set 2 (¢t = 4).

Set

+*

Parameter

p

ML

MPS

KM

LS

WLS

AD

CVM

Set 1

Set 2

20

40

120

200

20

40

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1

1.427
1.283
1.252
3.934
1.484
2.271

1.096
0.750
0.863
1.370
0.773
0.859

1.000
1.000
0.814
0.924
0.936
0.577

1.369
0.690
0.627
2.623
0.892
0.444

1.047
0.573
0.545
1.512
0.456
0.258

1.429
1.071
1.034
1.546
1.225
1.134

2.500
1.087
1.190
2.931
1.269
1.276
1.444
1.625
1.444
1.011
1.314
1.186

1.400

1.183
1.162
1.252
1.893
1.455
1.803

1.403
0.971
1.092
1.393
1.046
1.291

0.818
0.959
1.054
0.635
1.030
1.264
1.123
0.958
1.071
1.857
0.956
1.121
0.878
0.774
1.180
1.259
0.773
2.429

1.964
1.667
1.460
1.204
1.151
1.147

1.565
1.029
1.029
1.120
1.106
1.081
1.615
1.615
1.235
1.887
1.982
1.187

2.714

1.217
1.556
1.273
1.283
1.165
0.977

1.615
1.750
1.105
1.098
1.037
0.875

1.375
1.375
1.000
0.971
0.825
0.971
1.625
1.300
1.857
1.500
0.923
1.200

0.667
0.800
1.143
1.154
0.714
1.154

2.571
1.286
1.125
3.952
0.783
1.612

1.800
1.286
1.125
1.000
0.709
1.106
3.000
2.000
1.500
0914
1.333
1.455

1.500

1.267
1.137
1.051
1.402
1.220
0.602

1.292
1.139
1.127
0.878
1.039
1.104
0.868
0.952
0.908
0.929
1.667
2.101
0.806
0.818
0.885
0.736
0.929
0.661
1.224
0.909
1.429
0.647
0.415
0.786

1.935
1.780
1.271
1.082
1.058
1.032

1.304
0.909
1.200
1.392
0.444
1.218

1.727
1.267
1.462
1.815
1.753
1.403

1.429

1.393
1.250
1.214
2242
1.348
0.805

1.301
1.091
0.885
0.684
0.581
0.397

0.989
1.175
1.011
1.368
1.400
1.280
1.241
1.200
1.220
1.217
1.436
1.217

0.929
0.839
1.677
0.610
0.676
1.923

1.378
1.319
1.051
1.101
1.066
1.048

1.812
1.261
1.074
2.103
1.321
1.056

2.857
2.000
1.429
2.136
1.872
1.184

2.000

1.495
1.147
1.138
3.832
1.690
1.418
1.515
1.266
0.901
0.895
0.624
0.500

0.975
1.145
0.940
0.967
1.571
1.257

1.096
1.140
1.075
1.103
1.103
1.024

1.059
0.931
1.459
0.758
0.781
1.923

1.846
1.674
1.532
1.045
1.036
1.024

1.444
1.182
1.300
1.698
1.393
1.592
1.429
1.111
1.000
1.104
1.010
1.184

1.400

1.289
1.209
1.020
1.985
1.974
0.786
1.255
1.255
1.382
0.769
0.436
0.741

0.855
0.855
0.689
1.000
1.545
0.763
0.859
0.705
0.846
0.574
0.673
0.583

1.128
0.815
1.359
0.759
0.393
0.917

1.533
1.643
1.586
1.146
1.001
0.927

1.955
1.870
2.048
1.414
1.372
1.380
2.111
2.375
2.111
2.100
2.676
2416

1.500

120
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Set

t*

Parameter

p

ML

MPS

KM

LS

WLS

AD

CVM

200

0.9
0.7
1
0.9
0.7

1
0.9
0.7

1
0.9
0.7

1.167
1.167
1.000
0.978
1.056

1.250
1.667
1.250
0.873
1.352
1.215

1.900
1.727
1.667
1.063
1.143

1.500
1.500
1.500
1.608
1.880
1.625

1.500
1.500
0.909
1.154
2.308

3.000
3.000
1.500
1.111
0.667
1.250

1.250
1.429
1.315
1.301
1.487

1.000
1.000
1.200
1.254
1.224
1.159

1.667
1.250
2.241
1.719
1.131

1.500
2.000
1.200
3.573
4.651
2.930

1.167
1.167
1.419
1.183
1.021

1.333
1.333
1.000
1.267
1.301
1.033

1.500
1.500
1.903
2.169
2.341

2.667
2.667
2.000
1.978
2.507
2.253
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Table 22. Relative Efficiency (RE) of the parameter estimates for IWP distribution for Set 3 and Set 4 (¢t = 4).

Set t* Par. p ML MPS KM LS WLS AD CVM
20 A 1 1364 0923 0842 0.737 1.000 0.933 0.933
09 1.875 2.000 0.941 2.000 2.667 2.333 1.750

0.7 1.000 1.500  1.600 1.273  2.000 1.400 1.077

20 e 1 0.866 0.764 0.884 0931 0.676 0.525 0.724
09 1394 1261 0813 1.219 0863 0.884 1.216

0.7 1.043 0.891 0.938 1.669 0890 0.746 1.516

40 A 1 1.091 0.800  0.667 1.000 0900 0.900 1.556
09 1333 1.333  0.800 1.000 1.286 1.000 1.400

0.7 1.091 1.000 0571 0667 0529 0.692 0.667

40 e 1 0.856 1.082 1.400 0.587 0.904 0.816 0.605
09 0907 1167 0.689 0425 0.770 0.758 0.451

0.7 0.688 0.829 1.037 0376 0599 0.528 0.434

80 A 1 0.643 0667 0385 0.700 0.875 0.778 0.500
09 0.818 0.750  1.000 1.000 0.778 0.778 0.455

Set 3 07 1286 0.857 0.833 1.167 0.875 1.000 0.714
80 o 1 1.058 1.373 1.135 0981 1.175 1319 0.967
09 0821 0.871 0.700  0.627 0.801 1.051 0.605

0.7 0.824 0.844 1.235 0.617 0.862 1.005 0.538

120 A 1 1.286 1.333 1.000 1.125 1.286 1.000 1.800
09 1125 1333 0.500 1.125 1.286 1.000 1.000

0.7 1286 1.000  0.857 1.125 1.286 1.000 1.000

120 e 1 0.895  0.905 1.079 1.304 1266 1295 1.114
09 0837 0633 0976 0.880 1.006 1.043 0.824

0.7 0.625 0.583  0.788 1.046 1.141 1.148 0.936

200 A 1 0.833 1.000 1.400 0.875 0.714 0571 0.750
09 1.000 1.000  1.000 1.000 0.833 0.667 0.857

0.7 1.000 1.000 1.167 0.778 0.714 0.571 0.667

200 e 1 0.694 0.628  0.800 1.362 0.811 0901 1.245
09 0876 0.717 1.400 1.153 0902 0971 1.102

07 1276 0.866  1.556 1.353 0.882 0.763 1.280

20 A 1 1.178 3546 >9.99 0.837 1715 2256 1.364
09 1514 4810 2552 1.607 4.431 2.616 1.801

07 0832 5107 >9.99 2889 1.743 1.618 2517

20 e 1 1.003 0921 0.461 1.223 0469 0.277 0.546
09 1213 0710 0469 0.649 0360 0.245 1.006

0.7 0917 0.666  0.084 1.359 1386 0.862 1.254

40 A 1 0.166 0.694 1.192 0347 0469 0340 0314
09 0505 3.727 1.046 0547 1958 0.656 0.513

0.7 0306 1.103 1.407 0529 0.765 0.388 0.442

40 e 1 1.012 1417 0425 0207 0302 1.336 0.849
09 0930 0994 6.169 0.090 0.264 4701 0.210

0.7 1543 3925 0736 0380 1.178 1929 0.677

80 A 1 0.640 2.145 1.177 2252 0.689 0987 2332
09 1207 1.168 1.858 2765 1.028 0.894 3.030

Set 4 0.7 0458 0795 6.852 2197 0.851 0.827 1.781
80 e 1 0.770 1.124  0.667 0.698 0401 1211 0.500
09 0682 0453 0293 0517 0.761 0947 0.397

07 0998 0.749 0398 0.777 0284 1.045 2.456

120 A 1 1.086 0.658  0.255 1.229 3213 2102 0.853
09 0.640 0.939 1.125 0785 0971 0.940 0.496

0.7 0528 0622 0352 0382 0.834 0.612 0.409

120 o 1 0.601 0335 0534 0.163 0.245 0414 0.279
09 0485 0219 1.569  0.584 0274 0297 0418

0.7 0427 0.277 1220  0.604 1366 1.012 1.164

Continued on next page
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Table 22 — continued from previous page

Set t* Par. p ML MPS KM LS WLS AD CVM
200 A 1 1.794 2299  0.927 1.241 2266 2408 1.097

09 0914 5615 0937 1.804 2350 1.154 1.419

0.7 0790 2255  0.927 1.079 1307 1.078 1.113

200 o 1 0.624 0374 0267 0.807 1.729 1.168  0.999

09 1248 1.051 3.619 0594 1420 1.239 0.231

0.7 1.676 2520 1579 0330 5248 1225 0.273
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Table 23. Relative Efficiency (RE) of entropy measure estimates for IWP distribution Set 1.

t* Entropy p ML MPS KM LS WLS AD CVM
1 1464 1517 1483 1385 1530 1366 1434

B1 (Rényi) 1228 1331 1532 1233 1324 1148 1264
B2 (Tsallis) 1231 1340 1531 1235 1327 1152 1264
B3 (H-C) 1343 1413 1505 1299 1416 1251 1346
Bo(fmiappl®) 09 1529 1521 1949 1585 1711 1578  1.668
20 B (Tsallis) 1712 1784 2303 1796 1978  1.852  1.901
B3 (H-C) 1720 1.784 2305 1.810 1970  1.845  1.905
B4 (Arimoto) 1618  1.645 2122 1686 1830 1701  1.776
B1 (Rényi) 07 138 1406 1257 1.130 1337 1280  1.140
B2 (Tsallis) 1483 1491 1334 1114 1452 1315  1.133
B3 (H-C) 1484 1492 1335 1121 1444 1319 1132
B4 (Arimoto) 1437 1447 1304 1124 1385 1303  1.141
81 (Rényi) 1 1.807 1570  1.692 1423 1389 1561  1.490
B2 (Tsallis) 2000 1679 1818 1571 1556 1704  1.593
B3 (H-C) 2,009 1.691 1.818 1544 1523 1679  1.602
B4 (Arimoto) 1909 1.630 1758 1482 1463  1.611 1547
B1 (Rényi) 09 1313 1.113 0.896 0.709 0802 1.050  0.657
40 B2 (Tsallis) 1366 1.175 0909 0.688  0.808  1.070  0.623
B3 (H-C) 1364 1155 0913  0.688 0794 1.052  0.629
B4 (Arimoto) 1346 1.128 0908 0.697 0806  1.048  0.646
B1 (Rényi) 07 0764 0592 0552 0598 0595 0668  0.550
B2 (Tsallis) 0.812 0618 0545 0587 0618 0676 0518
B3 (H-C) 0.809 0612 0.544 0583 0606 0670  0.520
B4 (Arimoto) 0.789  0.603  0.551 0593  0.603 0.669  0.539
B1 (Rényi) 1 2740 2716 2188 2260 2539 2821 2269
B2 (Tsallis) 3.000 2955 2441 2517 2792 3.143  2.484
B3 (H-C) 3.061 2921 2449 2526 2773  3.181  2.525
B4 (Arimoto) 2.850 2.833 2302 2364 2652 2975  2.386
B1 (Rényi) 09 2890 2750 2462  3.052 2935 2785  3.267
30 B (Tsallis) 3316 2955 2594 3318  3.190  3.000  3.667
B3 (H-C) 3218 2989 2622 3330 3165 3.034  3.624
B4 (Arimoto) 3.000 2902 2544 3171  3.050 2902  3.400
B1 (Rényi) 07 1.867 1849 2016 1865 2132 2056  2.025
B2 (Tsallis) 2,032 2031 2306 208 2310 2276  2.265
B3 (H-C) 2041 2016 2329 2078 2360 2276  2.299
B4 (Arimoto) 1932 1919 2164 1940 2218 2164  2.125
81 (Rényi) 1 4111 3931 3333 3581 3724 3724 3516
B2 (Tsallis) 3571 3571 2800 3125 3429 3429  3.125
B3 (H-C) 3.808  3.517  3.000 3258 3345 3310  3.094
B4 (Arimoto) 4000 3.857 3.053 3533 3643 3.643  3.250
B1 (Rényi) 09 2362 2327 1935 2467 2634 2634 2422
120 B2 (Tsallis) 2273 2083 1750 2273 2400 2667 2273
B3 (H-C) 2302 2217 1810 2349 2487 2526 2250
B4 (Arimoto) 2364 2250 1871 2409 2550 2550  2.364
B1 (Rényi) 07 1.088 1.096 0945 1047 1069 1069  1.019
B2 (Tsallis) 0926 0.893 0.778  0.893  0.889  0.889  0.862
B3 (H-C) 0917 0919 0.803  0.894 0907 0.897  0.861
B4 (Arimoto) 1.000  1.000 0866 0964 0981 0981 0945
B1 (Rényi) 1 2348 2250 1429 2192 2333 2292 2111
B2 (Tsallis) 2.167 2333 1300 2000 2333 2333  2.143

200
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* Entropy P ML  MPS KM LS WLS AD  CVM
B3 (H-C) 2250 2250 1368  2.148 2333 2200 2.071
B4 (Arimoto) 2250 2250 1444 2231 2333 2250  2.071
81 (Rényi) 0.9 2571 2455 1613 2591 2947 2750  2.591
B2 (Tsallis) 2600 2333 1.625 2333 2800 2.800  2.500
B3 (H-C) 2571 2455 1576 2417 2800 2.619 2522
B4 (Arimoto) 2455 2455 1.625 2417 2800 2700  2.636
81 (Rényi) 07 158 1500 1.190 1676 1750  1.667  1.629
S5 (Tsallis) 1.444 1400 1.083 1556 1750  1.556  1.667
B3 (H-C) 1500 1421 1130 1568  1.647 1571  1.526
B4 (Arimoto) 1588 1421 1182 1611 1750 1.588  1.611
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Table 24. Relative Efficiency (RE) of entropy measure estimates for IWP distribution Set 2.

t* Entropy p ML MPS KM LS WLS AD CVM
B1 (Rényi) 1 3769  3.122  3.057 3.351 3345 4.251 3.467
B2 (Tsallis) 4.653 3933 3617 3945 3975 5209 4.399
B3 (H-C) 4.658 3944 3612 3950 3976 5202 4403
B4 (Arimoto) 4131 3460 3279 3.609 3.604 4.638 3.856
B1 (Rényi) 0.9 1.873 1.753 1.488 1.218 1.347 1.860 1.425
20 B2 (Tsallis) 2.071 1.992  1.561 1.148 1.402 1.997 1.440
B3 (H-C) 2.070 1994 1.561 1.148 1.402 1.998 1.440
B4 (Arimoto) 1.943 1.840  1.511 1.179  1.363 1.903 1.424
B1 (Rényi) 0.7 2397 2102 2392 3.107 2.835 2.830 3.432
B2 (Tsallis) 3.090 2770 2.822 3.868 3.665 3.707 4.701
B3 (H-C) 3.089 2766 2.819 3.858 3.670 3.712 4.706
B4 (Arimoto) 2.691 2384 2576 3.444  3.188  3.202  3.983
B1 (Rényi) 1 4290 4.182  3.141 4929 4.893 4794  4.579
B2 (Tsallis) 4970 4750 3578 5756 5.626 5522  5.389
B3 (H-C) 4997 4771 3587 5725 5642 5492 5.386
B4 (Arimoto) 4588 4417 3312 5269 5204 5074 4.899
51 (Rényi) 09 3595 3935 3975 4378 4612 3.829 4229
40 B2 (Tsallis) 4.041 4471 4574 5156 5626 4398  5.000
B3 (H-C) 4.043 4461 4550 5.159 5.611 4408  4.985
B4 (Arimoto) 3766  4.135 4213 4.684 5018 4.059 4.525
B1 (Rényi) 0.7 3456 3325 2506 3.348 3.142 3.156  3.139
B2 (Tsallis) 3944 3720 2798 3.898 3483 3476 3.593
B3 (H-C) 3939 3714 2803 3915 3495 3469 3.584
B4 (Arimoto) 3640 3470 2.628 3.582 3267 3262 3.317
B1 (Rényi) 1 2.652 2.662 1859 2.841 2.806  2.721 2.809
B2 (Tsallis) 2.651 2682 1776 2864 2810 2738 2814
B3 (H-C) 2.636  2.667 1.797 2.891 2814 2728 2.853
B4 (Arimoto) 2.618  2.661 1.827 2836 2792 2.685 2.796
51 (Rényi) 0.9  1.408 1400 1.165 1.361 1.424 1434 1.364
20 B2 (Tsallis) 1.407 1.372 1.102 1.355 1.405 1.402 1.330
B3 (H-C) 1.403 1.376 1.109 1.356 1.403 1.414 1.336
B4 (Arimoto) 1.412 1.393 1.138 1.357 1410 1.422 1.348
B1 (Rényi) 0.7 1.317 1.268  0.958 1.153 1.253 1.250 1.124
B2 (Tsallis) 1.175 1.135  0.862 1.050 1.124  1.117 1.000
B3 (H-C) 1.178 1.135  0.869 1.046 1.116 1.116 1.004
B4 (Arimoto) 1.241 1.202 0914  1.091 1.175 1.179 1.056
B1 (Rényi) 1 2.156 2227 2340 2439 2.133 2178 2415
B2 (Tsallis) 2.107 2179 2367 2480 2.107 2.143 2385
Bs (H-C) 2.116 2200 2339 2451 2.071 2133 2412
B4 (Arimoto) 2.143 2200 2316 2469 2083 2.111 2.437
B1 (Rényi) 0.9 1.183 1.195 1.183 1.099 1.079 1.114 1.112
120 B2 (Tsallis) 1.093 1.130 1.145 1.033 1.017 1.034 1.051
B3 (H-C) 1.097 1.115 1.137 1.042  1.000 1.048 1.042
B4 (Arimoto) 1.136 1.149 1.158 1.068 1.042 1.070 1.083
B1 (Rényi) 0.7 1.010 1.000 1.068 1.064  1.011 1.032 1.065
B2 (Tsallis) 0.952  0.953 1.044  1.000 0952  0.968 1.016
B3 (H-C) 0.948 0.938 1.044 1.012 0947 0972 1.008
B4 (Arimoto) 0974  0.975 1.060 1.039  0.987 1.000 1.040
B1 (Rényi) 1 2.810 2905 2.731 2.818 2952 2905 2952
B2 (Tsallis) 2923 3250 2938 3.077 3.333 3250 3.077
Continued on next page
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Table 24 — continued from previous page

t* Entropy p ML MPS KM LS WLS AD CVM
B3 (H-C) 3.020 3204 2.892 3.096 3265 3204 3.077

B4 (Arimoto) 2938 3.062 2900 2941 3.125 3.062 2941

51 (Rényi) 0.9 1.283 1.326 1.246 1.319 1.409 1.356 1.319

B2 (Tsallis) 1.357 1.393 1.270 1.379 1.481 1.393 1.379

B3 (H-C) 1.348 1.414 1.270 1.412 1.495 1.414 1.391

B4 (Arimoto) 1.306 1.361 1.261 1.389 1.471 1.400 1.389

B1 (Rényi) 0.7 1.255 1.356 1.291 1.409 1.409 1.386 1.409

B2 (Tsallis) 1.310 1.393 1.343 1.481 1.481 1.444 1.481

B3 (H-C) 1.291 1.414 1.353 1.491 1.495 1.454 1.481

Ba (Arimoto) 1.270 1.400 1.318 1.471 1.471 1.441 1.471
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