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Abstract In this paper, we investigate a fractional compartmental model for community-level infectious disease
transmission. By employing Caputo fractional derivatives, we formulate an SETAQR epidemic model. Using fixed-
point theory, we establish the existence and uniqueness of solutions for the proposed system. Through a comprehensive
mathematical approach, we first establish essential properties of the solutions, including non-negativity and boundedness.
The basic reproduction number R is evaluated using the next-generation matrix method to determine the potential
for disease spread in the community. Stability analysis, we investigate local and global stability existence by applying
Matignon’s theorem and constructing an appropriate Lyapunov function. The local stability for disease-free equilibrium point
is proved by applying the Routh—Hurwitz criterion. For Sensitivity analysis of the basic reproduction number is conducted,
elucidating the most influential model parameters. Finally, a dedicated numerical technique is applied to solve the proposed
model. We also present a comparison of the root mean square error (RMSE) for different values of the fractional order a.
The results show that o = 0.97 yields a smaller RMSE, suggesting that this value should be considered by the government
as a strategy to reduce diphtheria outbreaks and enhance vaccination coverage.
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1. Introduction

Diphtheria is a vaccine-preventable disease characterized by an acute bacterial infection primarily caused by
Corynebacterium diphtheriae [1]. Transmission occurs primarily through respiratory droplets in the air, direct
contact with infected skin lesions, or contact with contaminated surfaces [2]. Timely medical care dramatically
improves survival, reducing the case fatality rate from a potential 50% in unprotected individuals to around 10% [3].
After 2-5 days of incubation, symptoms range from mild to severe, such as trouble breathing, difficulty swallowing,
and a lasting cough. Severe cases can result in myocarditis, nerve damage, or kidney failure [4]. A significant hurdle
in controlling outbreaks is the risk posed by infected individuals who show no symptoms but can still spread the
disease for many weeks [5]. Consequently, prevention centers on vaccination, beginning with a three-dose primary
series in infancy, followed by scheduled booster doses throughout childhood and adolescence [6].Therefore, public

*Correspondence to: Fatmawati (Email: fatmawati @fst.unair.ac.id). Department of Mathematics, Faculty of Science and Technology,
Airlangga University, Surabaya, 60115, East Java, Indonesia.

ISSN 2310-5070 (online) ISSN 2311-004X (print)
Copyright © 202x International Academic Press



M. TAFRIKAN, FATMAWATI, WINDARTO, AND CHIWENDU EMADUBUEZE 1

health initiatives must prioritize educating parents on how complete immunization is critical to interrupting disease
transmission [7].

Epidemiological data from 2012-2023 shows Indonesia experienced 7,886 diphtheria cases resulting in 339
deaths. Case incidence peaked in 2018 (1,386 infections), whereas mortality was highest in 2022 (46 deaths). The
persistence of outbreaks is linked to suboptimal vaccination coverage under the national program, with rates as low
as 29.6% in Papua and 49.6% in Aceh [8]. In addition to vaccination, the Indonesian Ministry of Health promotes
a holistic preventive strategy that includes maintaining a healthy lifestyle, adequate nutrition, and proper sanitation
to strengthen immunity. To understand how these measures affect disease transmission dynamics, a systematic
evaluation is needed. Mathematical modeling serves as a key method in this regard, enabling the simulation of
outbreak scenarios and the assessment of public health intervention effectiveness.

Mathematical modeling is the method of representing real-world systems through mathematical formulations,
translating observable phenomena into equations to enable the analysis and comprehension of complex dynamics
[9]. In epidemiology, mathematical models play a vital role by simulating disease spread, elucidating transmission
mechanisms, and forecasting outbreaks. This offers a quantitative foundation for optimizing public health
interventions and strategies [10]. The seminal Susceptible-Infected-Recovered (SIR) model by Kermack and
McKendrick [11] provides a core epidemiological framework. Its development continued with Hethcote [12],
who formalized it for a closed population. This modeling tradition is now standard for analyzing diphtheria’s
transmission dynamics.

A model-based study by Puspita et al. shows that a combination of vaccination and quarantine is an effective
strategy for containing a diphtheria outbreak [13]. For this strategy to be effective, certain conditions must be
met: vaccination coverage must exceed 88.4%, and the recovery rate must be at least 4%. The effectiveness
of vaccination alone is supported by historical evidence from the Soviet Union in 1990, which recorded an
11.31% decrease in infections [14], and is reinforced by an epidemiological analysis from Thailand confirming that
immunization is a key factor in reducing the number of cases [15, 16, 17, 18]. Meanwhile, other studies highlight
the role of quarantine, where isolating exposed individuals has proven effective in curbing transmission, especially
when combined with strategies to boost population immunity [19, 20]. Furthermore, increased vaccination rates
also contribute significantly to reducing the rate of disease spread [21]. However, the challenge of diphtheria
persistence remains a concern; SEIR modeling studies show that when reinfection plays a role in sustaining
transmission, quarantine strategies alone are unable to completely halt the spread and risk causing the disease
to become endemic [22].

In recent decades, fractional-order models have gained increasing attention due to their ability to capture memory
effects, thereby providing a more realistic representation of biological dynamics than ordinary differential equation
models [23]. These models have been widely applied in various fields, including ecology, epidemiology, and eco-
epidemiology [24]. This memory property is mathematically embodied through the concept of nonlocality, whereby
the solution to a system depends not only on current conditions but also on its entire past history [25]. To represent
fractional derivatives, several commonly used definitions exist, namely the Riemann-Liouville, Caputo, Caputo-
Fabrizio, and Atangana-Baleanu-Caputo definitions [26, 27]. Among these definitions, the Caputo derivative is
most frequently chosen due to its superiority in terms of dynamic effectiveness, primarily thanks to its non-
singular kernel, which has been shown to yield better performance than other definitions [28]. Nevertheless, the
main challenge in fractional-order models is the difficulty of obtaining analytical solutions, especially for complex
systems, making numerical approaches crucial. One effective numerical method for solving fractional differential
equations with Caputo derivatives is the Polynomial Least Squares method introduced by Shakeel et al., which is
known to produce highly accurate solutions while also exhibiting a fast rate of convergence [29].

The diphtheria epidemic model developed by [30] employs the Caputo fractional derivative as its framework.
In their analysis, the authors focused on establishing the existence and uniqueness of solutions and performing
numerical simulations, reflecting the limited literature on Caputo-based epidemiological models at the time of
their work. We propose a new nonlinear fractional model to study diphtheria dynamics, employing the Caputo
fractional derivative within a six-compartment framework (Susceptible, Exposed, Infected, Symptomatic Infected,
Quarantined, Recovered). The objective is to investigate community transmission patterns using this numerical
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approach. The study will establish the model’s qualitative properties, prove the local and global asymptotic
stability of its equilibrium points, and conduct a sensitivity analysis to pinpoint the parameters most critical to
the reproduction number. These findings are intended to guide successful disease intervention.

2. Preliminaries

Here we explain some fundamental aspects of fractional calculus related to Caputo fractional derivative.

Definition 2.1. [31] Assume that « > 0 and let £, denote the Lebesgue space associated with the Taxicab norm.
The Riemann-Liouville fractional integral of function X with order « is expressed as follows

1

X0 = / (t— )21 X (s) ds,

fort € [0,7] and J* € L£41([0,T]).

Definition 2.2. [31] For a > 0, the Caputo fractional derivative of order « of a function f € C" is defined as

A B IO
D f(t) - I‘(n _ Oé) /O (t _ S)l+a—n d ’

where I' is the Gamma function and n = [«a/]. In particular, if 0 < o < 1, then the expression for D® f(¢) becomes

appy 1 tf(s)
D f(t)_F(l—a)/O (t—s)ads'

Next this section, we present some lemmas, theorems, and corollary which are useful to prove the main results
of our paper. We first give the comparison theorem which is useful to establish the boundedness.

Theorem 2.1. [32, 33] Let v(t) € C ([0, +00)), a € (0,1], ®, ¥ € R, and ® # 0. If v(t) satisfies
Dgo(t) < —Pu(t) + T, v(0) = v € R,

then
)\ )\
U(t) < (UO — @) Ma(—(l)to‘) + 6’

where M, (k) is said to be the Mittag-Leffler function of one parameter and is defined by

Mal(k) = ;O T(aj+1)

For the special, if o = 1 then the equation above becomes the exponential function which has an important role
in the classical calculus

In [34], the correlations between the Mittag-Leffler and Wright functions are studied. The further lemma and
corollary are presented to show the non-negativity of the solution in the system (2).
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Lemma 2.1. [35] Let (v, va) (t) € C’([O, C]) and 0 < a < 1. Then, one has

1

v(t) = v(0) + o)

DZo(§) 7,

where £ € [0,y], forall y € [0, ).

Corollary 2.1. [35] Let (v, D2v)(t) € C[0,¢] and 0 < o < 1. The function v(t) is increasing for all t € (0,¢) if
D2u(t) > 0, and it is decreased for all t € (0, () if DYv(t) < 0.

Lemma 2.2. [36] We consider v(t) € C(R.) and for any 0 < o < 1 the fractional system of order « exist. Then,
one has

t *
D¢ v(t) —v* —v*In o )} < (1 . > Dgo(t),
v* v(t)
v* € Ry, foranyt > 0.
Lemma 2.3. [37] Suppose Q is a set that is bounded and closed and every solution of
D(t) = f(v(1)),

start from and remain in Q for all time. If there exists a continuous function V (v) : Q — R satisfying
DV ()| pay(ty=f (o)) < 0

where K is the largest set of variants of E := {v

DV ()| po(ty=f (o)) = 0}. Then, for each solution v(t)
starting from ) approaches to K as t — oc.

3. Model Formulation

In this section, we describe the SEIAQR biological model to study the dynamic behavior of diphtheria disease
spread. The total population is divided into six compartments, namely susceptible individuals S(t), exposed
individuals E(t), symptomatic infected individuals I(¢), asymptomatic infected individuals A(t), quarantined
infected individuals Q(t), and recovered individuals R(¢). All of these compartments are time-dependent and
the total population is given by N(t) = S(t) + E(¢t) + I(t) + A(t) + Q(¢) + R(t). The flow of infection between
compartments of the model is visualized in Figure 1, and the related parameter details are presented in Table 1.

N (0

(6 +6)

- pA
(1 -w)BE
Vo

Figure 1. The compartmental structure of SEIAQR model
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Table 1. Model parameters and their descriptions

Parameter Description
w Proportion of infected individuals who are symptomatic
Natural growth rate
Natural death rate
Interaction probability between susceptible and infected sub-populations
Infection (transmission) rate
Quarantine rate of symptomatic infected individuals
Recovery rate
Disease-induced death rate due to diphtheria
Quarantine rate of asymptomatic infected individuals

VDM I o

The model is expressed in the form of a system of ordinary differential equations as follows:

%ﬁt)=u—(5+7ﬂ)5,

B0 51— 3+ 0)8,

%t):wﬁE—(wMe)I, "
PO _ (1~ w)sE (o +0)4,

%?@:PA+’YI*(5+5)Q7

B0 _ o sn.

It can be observed that the growth rate in model (1) only depends on the current state. In reality, however, the
population growth rate is not only influenced by current conditions, but also by memory effects and long-term
interactions inherent in the diphtheria transmission model, which are ignored when using integer-order derivatives.
These memory effects are particularly relevant because disease transmission processes, immune responses, and
population behavioral dynamics all depend on the history of previous exposures and interactions [38].

The fractional order parameter o« = 0.97 has a concrete biological interpretation in the context of diphtheria.
This parameter reflects three main aspects: (i) the duration of immunity acquired from vaccination or natural
infection has a long duration and affects current individual susceptibility, where a value of « close to 1 indicates
that past immunity still strongly influences current susceptibility; (ii) reporting delays and the incubation period
of diphtheria (2-5 days) cause current transmission events to depend on conditions from several days earlier,
so the memory effect is reflected in the delay of epidemic response; and (iii) population behavioral memory,
where community adherence to health protocols such as quarantine, vaccination, and mask usage is shaped by
past outbreak experiences, so current preventive behavior is determined not only by current conditions but also by
the history of previous interventions. Ignoring memory effects in integer-order models can lead to inaccuracies in
predicting epidemic trajectories, especially during the early and late stages of an outbreak. Therefore, fractional
derivatives are applied to incorporate these memory effects and long-term interactions into the biological system
more realistically [38].

In this paper, we consider the Caputo fractional derivative. Since the Caputo fractional derivative of order « is
the nonlocal operator (involving both the initial state and the current state), then the Caputo derivative is used in
the dynamical system of model (2) to represent the influence of memory effects and long-term interactions. Thus,
the growth rate in model (2) not only reflects the current conditions but also the initial conditions, so that memory
effects and long-term interactions can be taken into account. The first derivative of model (2) is then replaced by
the Caputo fractional derivative of order «, resulting in
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DiS(t) = p— (6 +nl)S,

Dy E(t) =nSI — (5 + 6)E,

DyI(t) =wBE — (y+ 6+ 0)I, 2
D A(t) = (1 - w)BE — (p+8)A,

DiQ(t) = pA+~I — (6 +¢)Q,

D{R(t) =eQ — OR.

with the initial conditions
5(0) =S80 =0, E(0) = Ep >0, 1(0) = Ip = 0, A(0) = Ao = 0, Q(0) = Qo =0, R(0) =Ry > 0.
The feasible biological region for the governed model (2) is recognized as:

Q= {(S(t),E(t),](t),A(t),Q(t),R(t)) ERS :0< N(t) < %} .

4. Qualitative Analysis

In this section, an analysis will be conducted on the existence, uniqueness, non-negativity, and boundedness of the
solutions of model (2) to ensure the validity of the model in representing real-world phenomena.

4.1. Boundedness and Non-negativity

The developed model describes the transmission mechanism among subpopulations in the dynamics of diphtheria
spread. Each subpopulation is represented by dependent variables such as S, F, I, A, @, and R. The developed
model considers that the dynamics of diphtheria spread are influenced by resource constraints, such as health
service capacity, food availability, and environmental carrying capacity. Therefore, each solution from the model
must be limited to reflect the reality. Thus, this section examines nonnegativity, and boundedness of the solutions
of model (2) to ensure that the proposed model is valid in representing the real phenomenon of diphtheria
transmission.

Theorem 4.1. Given the initial conditions
{(5(0), £(0), 1(0), A(0), Q(0), R(0)) = 0} € Q,
the solutions of model (2) are bounded in the biologically feasible region

Q= {(S,E,LA,Q,R) eRS :N(t) <

=

Proof

Let N(t) denote the total population of the dynamical system in model (2), defined as N(t) = S(¢t) + E(t) +
I(t) + A(t) + Q(t) + R(t). Applying the fractional derivative D{* to both sides and summing the equations in (2),
we obtain

DYN(t) = DYS(t) + DEE(t) + D I(t) + D A(t) + DeQ(t) + D R(¢)
=pu—O0N(t)—0I(t).

Since # > 0 and I(t) > 0 for all t > 0, we have —61(t) < 0. Hence,
DIN(t) < p—dN(1).
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Based on the standard comparison theorem for fractional derivatives of order « at Theorem (2.1), DN (t) <
@ — N(t)d leads to

N < (No = 2) Mal-0t7] + &,
where M,, is the Mittag-Leffler function. Moreover, Lemma 5 and Corollary 6 are applied in (See [39]) to get

M [—0t%] — 0 ast — co. As a result, we obtain

limsup N (t) <

t—o00

fad
5
0

The positivity of the solutions for the diphtheria model (2) will be verified for all non-negative initial conditions
of the compartments for ¢ > 0. The proof showing the non-negativity of the solutions for all state variables of the
model (2) is presented below.

Theorem 4.2. Given the initial values {(S(0), E(0),1(0), A(0),Q(0), R(0)) > 0} € ¢ of dynamical system of
model (2), the solution set {S(t), E(t),1(t), A(t), Q(t), R(t)} of the system is non-negative for all t > 0.

Proof
Consider (2)1, one can derive

D}S(t) =p— (0 +nl)S,
Ny
— > —_
(64+nl)S > ((H— 5)5, 3)
which implies that

D?S@y+(6+g§

By the standard comparison at Theorem (2.1), it follows that
S(t) > — [(5(0) —0) M, {f (5 n %) t"‘} + o} ,
> (5O -0 Mo {- 5+ %) 12}] o)

since M., {— ((5 + %) t“} ~ 0 as t — oo, it can be concluded that S(¢) > 0. In addition, we can use a similar
method to (2),, and one has

)Szo

DYE(t)=nSI— (B+0)E
—(B+0)E, (&)
which gives

DYE(t)+ (B+d)E > 0. (6)

By the standard comparison at Theorem (2.1), it follows that

E(t) > = [(E(0) = 0) Mo {=(B+6) 17} + 0],
> [(E(0) = 0) Mo {=(B+0)t"}], ()
Because M, {—(8+d)t“} ~0 as ¢t — oo, then the positivity of E(t) >0 is achieved. Consequently,
we have the same results for (2);, (2),, (2)5, and (2)g, by having I(t) 2 IOMo{—=(y+d+0)t*} >
0, A(t) =2 A(OMa{—(p+6)t°} 20, Qt) = QO)Ma{— (5 +&)t*} >0, R(t) = R(0)Mo{—dt} =0, and
Mo{=(v+0+0)t*} =0, Mo {—(p+9)t*} = 0, Mo {— (6 + &) t*} = 0, My {—0t*} ~ 0 as t — co. Then,
we can conclude that I(¢) > 0, A(¢) >0, Q(t) >0, R(t) > 0. O
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4.2. Existence and Uniqueness

This section discusses the existence and uniqueness of fractional dynamic system solutions (2) through maximality
conditions. This existence and uniqueness are necessary to ensure that the first-order fractional system has
solutions that are consistent with the given initial conditions.

Lemma 4.1. Consider the constant ¢y, and E_k, such that

(i t) = Fu(fis ) < il fi = £ ®)
forall (f,t) € (RS x (0,7)), and
| (fist)* < 01+ | ful?) ©)
forall (f,t) € (R® x (0,7)).

Inequality (8) is the Lipschitz condition, and inequality (9) is the linear growth condition. Before we prove the
existence and uniqueness of our dynamical system of model (2) through (8) and (9), then as the first step, we

assume that
F(t,S,E, I,A,Q,R

(t,
Fy(t,S,E,I,A,Q,R
F3(t,S,E,I,A,Q,R
(
(t,

£5(t) =p— (6 +nl)S,
D;‘E(t) = nSI (B+0E
DYI(t) =wBE — (y+ 6+ 0)I,
DiA(t) = (1 —w)BE — (p+ )4,
P
i R

):
):
):
Fy(t,S,E,I,A,Q,R) = ( (10)
F5(t,S,E,I,A,Q,R) = DfQ(t) = pA+~I — (§ +¢)Q,
Fs(t,S,E,I,A,Q,R) = D}R(t) =eQ — OR,
(f1: f2, f3, fas f5, f6) = (S, E, 1, A, Q, R),
(15 f3, f3, fis 5, ) = (57, EX, I, A7, Q7 RY).
then, we first establish the following inequality
[F1(S,) = Fu (", D) < ]S = 5" (11)

it follows from (10), one has
[PL(S, ) = Fu(S™, 0" = = (§ +nD)S — p— (5 +0I)S**,
< [6+nI*|S -5,
< (6 +nI))*|S = S*7,
<2+ P[P IS - 87,

<2 (52 +n* sup |1|2) 1S —S*?,
0<t<k
<05 — 5.
where ¢1 = 2 (62 + 1% supg<,<,. [1]?). In the same way, we obtain

\Fy(E,t) — Fy(E*,t
|F3(1,t) — F3(I7,t

W <b|E-Ef, t=2(8%+4%),

)l
|Fa(A,t) — Fy(A*, )]

)l

)P <

GII-T, =2+ +67),
U]A— AP, ty=2(p*+8%),
G1Q - Q*f, t5=2(8%+¢?),
<Uls|R—R**, fg=25>

2

\/\ IN

‘F5(Q7t) - F5(Q*7t 2
(Es(R,1) — Fo(R", 1

I A
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Based on the above calculations, we can conclude that the first inequality (8) in Lemma (4.1) is satisfied. We

2 2 2
continue to prove the second inequality (9). For Fy, assuming that % < 1, we obtain

[PL(S )7 = | — (8 +nI)S|,
< (lul + 16 +nI)S))?,

2 <u2 +2 <§2 +n? sup |I|2> |S|2> ,
0<t<r

20° +4 (0% +n*|111%) IS,

G +1]5%),

IA

IAIA

where ¢, = 212, Applying the same strategy for Fb, assuming that % < 1, we obtain

|Eo(E, 1)) = [nSI — (B +0)E|*,
< (InSI|+1(8 + 5)E?,
S2<n2 sup |SI? sup |I|2+<5+5>2|E|2),

0<t<r 0<t<w
<2 (1PP[ISIZ 15 + (B +0)°|E)
< 2 (PISIZILI%) +2(8 + )| B,
< b1+ B,

(y+35+6)*

with £ = 2 (n?||S||% || 1||%). Furthermore, for F, assuming that w3 Ez < 1, we obtain

|F5(I,0)* = [wBE — (v +6 + )1,
< ([wBE| + |(v + 5+ 0)I))*,

IA

) <w2ﬂ2 sup |E]? + (7+5+9)2|II2> ,

0<t<kr
2 (B E|Z + (v + 6+ 0|17,
2w B%|| B2, (1 + 1),

C3(1+ |1%),

ININIA

. - . +68)2 .
with /3 = 2w?B2%||E||%,. For F}, assuming that W < 1, we obtain

|[Fa(A, )] —w)BE — (p+ ) A%,

1
(1—w)BE| +|(p+ 6)A])?,

|

<

<2 ((1 w8 sup |EP 4+ (ot 6>2A|2> ,
0<t<k

< 2((1— w2 BB + (o + 0)°/AP)

< 21— WA B (1 + |AP),

=
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with £, = 2(1 — w)?3?||E||% . Next, For Fs, assuming that < 1, we obtain

(o2
Y212, 42| AllZ,
F5(Q )2 = |pA + 41 — (5+2)QI*,
< (|pA] + VI + (6 +2)Q)>,
gz(;ﬂ sup A 417 sup |I|2+(5+5)2|Q|2>,

0<t<wr 0<t<kr
2 (PP IAIZ + 2115 + (6 +2)%1Q1%)
2 (P AIZ + 2 IT11%) (1 +1QP),
G(1+1Q),

IAN A IA

with 05 = 2 (p?[|A||2, +~+*[|1||%,)- Finally, for Fg, assuming that % < 1, we obtain

|F5(R,t)]” = [eQ — 6R|?,
< (|eQ| + |0R])?,
2 <52 sup \Q|2 + (52|R|2) ,
0<t<k
<2(?|QlI% + 0% RI),
< 2e%)| Q|5 (1+ |RP?),
S Z6(1 + ‘R|2)7

IN

with Zs = 252 Q|2..

Finally, the second inequality (9) can be established in the following maximality condition

202 +?3) B+ (v+d+0)°
12 CPSIENE T wB? B
(p+9)? (0+e)? &2

(1 —w)2BE[Z" 2% + 2lAR QI

0 = max < 1.

The maximality condition (¢ < 1) is a sufficient condition for the linear growth condition (the second inequality in
(9)) to hold. Thus, the integral operator we have defined is contractive. By the Picard-Lindel6f theorem (see [40]),
this guarantees the existence and uniqueness of a solution to the model (2) for any initial conditions.

5. Equilibrium Analysis

5.1. Disease-free and Endemic Equilibria

In this section, we determine the equilibrium points of the proposed Caputo fractional-order system. There are two
types of equilibrium points: the disease-free equilibrium point and the endemic equilibrium point. The disease-free
equilibrium point is denoted by g9 = (S, Eo, Io, 4o, Qo, Ro). To find this equilibrium, weset E =1 = A =Q =
R = 0 and solve for S, yielding Sy = &. Thus, we obtain

€0 = (S07E07107A03Q0aR0) = (§7O,0,0,0,0) .
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10 FRACTIONAL DYNAMICS AND SENSITIVITY ANALYSIS OF A DIPHTHERIA SPREAD MODEL

The endemic equilibrium point, denoted by e* = (S*, E*, I*, A*, Q*, R*), is obtained by setting the right-hand
side of the fractional-order model (FOM) (2) to zero.

p—(6+nl)S =0,
nSI— (8 +6)E =0,

wBE — (y+ 6+ 6)I =0,
(1= w)BE — (p+8)A =0,
pPA+~yI—(6+2)Q =0,

e@Q — IR =0.
where
_ E*:m [*:m A* — (1 —w)Bu(Ro — 1)
§+0(Ro— 1) Ro(B+0)’ n Ro(p+6)(B+0)
O - (Ro — 1) [p(1 — w)Bun + v6Ro(p + 0) (8 + 6)] . e(Ro — 1) [p(1 — w)Bun + ¥Ro(p + 6)(B + 6)]

Ron(p+6)(B+0)(6 +¢) T IRon(p +06)(B +6)(6 +€)

5.2. Basic Reproduction Number

When examining the prospects or dynamics of any infection, a threshold parameter called the basic reproduction
number (RRp) is very important. An outbreak will begin as soon as an infected individual appears within a group
where the entire system is vulnerable. General estimates regarding new infections caused by a clinical disease are
usually given by Ry. We evaluate R using the next-generation matrix technique for the structured model (2), and
the next-generation matrix method is carried out as follows:

JE)=F-V,

nSI (B+0)E
where ¢ = (E,I,A),F(&) =] 0 |,and V()= | —(wBE)+ (y+0+6)]
0 —1-w)BE+ (p+9)A

The Jacobian matrices of F' and V" at the infection-free steady state ¢, are given by:

o % 0 i B+6 0 0
F=1po 0 o and V = —wf v+46+6 0
0 0 0 —(1-w)B 0 p+4é

The dominant eigenvalue of the matrix product FV ~! is R and is given by

npwp
(B+0)(y+d5+06)

Rozé

6. Local Stability Analysis

This section examines the local stability of the equilibrium points by linearizing the model (2) around the
equilibrium point, which has the Jacobian matrix
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— (5 +nl) 0 -ns 0 0 0

nl —(B+9) ns 0 0 0

B 0 wf —(v+6+6) 0 0 0
T=1 (1—w)8 0 —(p+d) 0 0 a2)

0 0 ¥ p —(d+e) O

0 0 0 0 £ )

To analyze the local stability of the equilibrium points, the Jacobian matrix of the system is evaluated at the
corresponding equilibrium. According to the stability criterion for fractional-order systems of order « given by
[41, 42], an equilibrium point is asymptotically stable if all eigenvalues \; of the Jacobian matrix satisfy the
condition |arg(A;)| > <. This criterion, known as the Matignon condition, is applied to the eigenvalues obtained
from the Jacobian matrix at the disease-free and endemic equilibrium points to determine their stability.

6.1. The Free Disease Equilibrium Point

In this section, the local stability analysis of model (2) is mentioned at disease-free [43] ¢y =
(S0, Eo, 1o, Ao, Qo, Ro) = (%5,0,0,0,0,0). The Jacobian matrix (12) evaluated at £ is then determined as follows:

-5 0 — 0 0 0

0 —(B+9) U 0 0 0

1o wB  —(y+35+0) 0 0 0
Jleo) =1 (1—w)s 0 —(p+9) 0 0|’ (13

0 0 v p ~(6+e) 0

0 0 0 0 £ )

we now demonstrate the critical assumption for the SETAQR epidemic models local stability at disease-free
equilibrium point.

Theorem 6.1. If Ry < 1, the suggested model (2) is considered to be locally asymptotically stable at disease-free
equilibrium point £y, while the model is unstable if Ry > 1.

Proof
We have the Jacobian matrix at ¢ equation (13). By using cofactor expansion method, we see that the Jacobian
matrix J(g¢) has the following eigenvalues

AL = Ay = =0, (14)
A= —6—e, (15)
M= -8 p, (16)

the other eigenvalues are determined from the following characteristic equation:
A+ mid+my =0, (17)
with

mi=(y+4d+0)+ 0+ P),
mo = (v +0+6)(0+ B)(1 —Ro).

From equations (14), (15), and (16), we obtain A\; = Ay = =6, \3 = —d — ¢, and Ay = —§ — p. Since all
parameters J, €, p are positive, we have \; < 0 for i = 1,2, 3, 4, which implies |arg();)| = 7 > %*. Consequently,
the equilibrium point is asymptotically stable. By equation (17), based on the modified Routh-Hurwitz criterion
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for fractional-order systems, all roots of (17) have negative real parts if and only if m; > 0 and mg > 0. Since
all parameters are positive, the condition m; > 0 is always satisfied. Furthermore, mg > 0 holds if and only if
Ro < 1. Consequently, for the remaining eigenvalues A5 and A\g, we have |arg()\;)| = © > SF fori = 5,6 whenever
Ro < 1, which guarantees the local asymptotic stability of the equilibrium £y. Conversely, if Ry > 1, then mg < 0,
implying that the characteristic equation (17) has at least one root with a positive real part. Hence, the equilibrium
€p is unstable when Ry > 1. O

6.2. The Endemic Equilibrium Point

The Jacobian matrix (12) evaluated at £* is given as follows:

- ) T ]
(8 +nI*) 0 e 0 0 0
nl* —(B+9) e 0 0
. 0+ nl*
J (") = 0 wf —(y+3+06) 0 0 01l- (18)
0 (1-w)B 0 —(p+9) 0 0
0 0 v P —(0+e) O
L0 0 0 0 € —5]

Now, the following important results for the local stability analysis of the epidemiological model at the endemic
equilibrium point are presented.

Theorem 6.2. The model (2) is locally asymptotically stable at the endemic equilibrium point of €* if Ro > 1, but
the system will be unstable if it is Ry < 1.

Proof
The Jacobian matrix of the model (2) ate* = (S*, E*, I*, A*, Q*, R*) is evaluated. The eigenvalue of the Jacobian
matrix J(¢*) (18) has been determined and given as follows:

A1 = =90, )\2:—(5-1-6), )\3:—<p+(§).

Since 4§, €, p > 0, then all of these eigenvalues have a negative real part. Hence, the eigenvalues satisfy |arg(\;)| =
m > &t foralli=1,2,3, which is a stable region of equilibrium point. The other eigenvalues are determined
from the following characteristic equation

A3 4+ b1 A2 + bo A + by = 0, (19)
with
by =0+~ +6Rg+ S+ 26,

by =0Ro(B+0+25+7),

Based on the Routh—Hurwitz criterion for third order polynomial, the system with characteristic equation (19) is
stable at the equilibrium point £* if by > 0, b > 0, b3 > 0 and b1 by > b3. Based on equation (19), it can be shown
that b; > 0, by > 0 and b3 > 0 if Ry > 1. Therefore, the condition b;b, — b3 > 0 is equivalent to

5[5723 (5 + 25) +Ro (52 402 442+ B0+ By + 20 + 30% + 386 + 400 + 475) + Ro(Ro — 1) (57 v 59)
+(6+6)(w+9+6)} > 0.

Hence, b1b2 — b3 > 0 is satisfied only if Ry > 1. Thus, all Routh—-Hurwitz criteria are satisfied, so all eigenvalues
have negative real parts, and hence |arg(\;)| = 7 > < forall i = 1, 2, 3. Therefore, the endemic equilibrium point

is locally asymptotically stable if Rg > 1. O
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7. Global Stability Analysis

7.1. The Disease-free Equilibrium Point

The Theorem (7.1) will be proven based on the method of the Goh-Volterra lyapunov function to demonstrate
the global stability of the disease-free steady state. Based on this method, the system of equation (2) is written as
follows: Suppose

Q={MeQ:E=I=A=Q=R=0},

with M = (S(t), E(t),I(t), A(t),Q(t), R(t)). The global stability of disease-free equilibrium is given in the
following theorem.

Theorem 7.1. The disease-free equilibrium (o) in special case is globally asymptotically stable in the interior of
Q\ Qo if Rp < 1.

Proof
We use Goh-Volterra type Lyapunov function £y : Q \ Qp — R:

Lo=(S—SomS)+E+I+A+Q+R.
by differentiating £, with respect to time, we have

DL = (1 - ‘?) D§S + DEE + DT + Do A+ DPQ + D§R.

utilizing the values from the fractional order model (2), we get

DLy = (1 - ‘Z?) [t — (6 +0I)S] + [nST — (B + 6)E] + [wBE — (y+ 6 + 0)I] + [(1 — w)BE — (p + 6)A]

+pA+yI = (6+2)Q] +[eQ - IR],

implies that

(S — Sp)?
S

It is clear that DLy < 0, with Df*Ly = 0if and only if S = Sy, E =1 = A = ) = R = 0. Therefore, according

to La Salle’s invariance principle [44], the disease-free equilibrium ¢ is globally asymptotically stable in Q \ €.

Consequently, the infection dies out from the community. O

D?ﬁoz[—d +nlSy—0[E+I+A+Q+R]—0I|. (20)

7.2. The Endemic Equilibrium Point

In this subsection, we analyze the global asymptotic stability of the endemic equilibrium of system (2). For that
purpose, the invariant set ) is first defined as follows. Suppose

QW={MecQ:E=I=A=Q=0},

with M = (S(t), E(¢), I(t), A(t), Q(t), R(t)). The global stability of endemic equilibrium is given in the following
theorem.

Theorem 7.2. The endemic equilibrium (c*) in special case is globally asymptotically stable in the interior of
Q \ Qo lfR() > 1.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



14 FRACTIONAL DYNAMICS AND SENSITIVITY ANALYSIS OF A DIPHTHERIA SPREAD MODEL

Proof
We use Goh-Volterra type Lyapunov function £ : Q\ Qp — R:

ﬁ—(S—S - S lnS*>—|—<E—E —F lnE*>+<I—I -1 lnI*>+<A—A —A lnA*>

<Q Q -0’ mCS{).

The time derivative of L is

e S* (0% E* e I* (0% A* (0} Q* e

Subtituted model (2) into equation (21) we get

*

D?Lz(l—ij) = (6 +n1)S] + <1—E*)[n51—(6+6)E]+ (1—?) [WBE — (v + 5+ 0)1]

E
A* Q*
+ 1_Z (1—w)BE—(p+0)A]+ | 1— 0 [pPA+~I — (0 +)Q]. (22)
At the equilibrium state, the model (2) yields the following relationship:
S*I* E* 1-— E* A* I*
p=64nr)s (340 =L a0 = Wy gy = UWOET 5oy 2 PAEOT )
E* I* A* Q*
Using the steady-state relation (23) in equation (22) and after some simplification we have:
ap (S —5%)2 . S IS I* I I
DL =—-9§ 5 +nl 3 T T T 2 T
- SIE* E  S*IF ST S*I*
TS [(3_ ST°E B 81 > - <2_ ST SI >]
. E* 1 FE* E* E
+wpE [(3‘1;*1‘1*‘ E> - (2‘ E _Eﬂ
. EA* A E* E* FE
+ (1 -w)bE K“m‘m‘ E> ( ~F _Eﬂ
< AQ*r Q@ AF A A
o (-3 )~ (%))
. 1Q* Q@ I* I I*
|G-t T)(oro )]
o QrR* R Q*> < Q Q)]
v [(s- 2 m @) (5 |
I QR R Q Q@ Q
Given that the arithmetic mean is always greater than or equal to the geometric mean, implies:
I I E FE* A QR QF ST S*I* S* 1S5 I*
4y >9 4L >9 > > >9 2 >
I*+ 1 _2’E*+ E _Q’A*+ Q*+ Q ~ ’S*I*+ ST =2 S +I*S*+ I 23,
7SIE*+£+S*I*>3EI*+i+E* SEA*+£+E* Z’)AQ*—&—Q+£ >3
S*I*E E* SI — E*I I*  E ExA A AQ Q@ ’
Q" @Q QR" Q"
+ = + — >3, G By

Stat., Optim. Inf. Comput. Vol. x, Month 202x



M. TAFRIKAN, FATMAWATI, WINDARTO, AND CHIWENDU E.MADUBUEZE 15
and (S — S*)? > 0, also S > 0. Hence, it is clear that
(S — 5%)2 . S IS I* I
== < - ) —-(2-==| <
LN €yl -l s 2= 7)) =0
SIE* E S*I* ST S*I*
*I* 2 22 ) (2 - <
3 [(3 SI'E B+ SI > ( S*I+ "SI )] =0,
g EU T EY (, BN
ExI  I* E E E* -7
FEA* A E* E* FE
_ * = 2 =) _ _ <
(I - w)BE K?’ EA A+ E > (2 E E>] =0,

T AQ*  Q  A* A A7
o |(s-Fe-a %) (-5 -F)

x QR" R Q*) ( Q Q*)}
eQF [(3- 2= - = — —(2- = - <0.
( QR R Q Q Q
Clear that DL < 0, with D¥L = Oifandonlyif S=S5*, E=FE*, I =1I*, A= A*, Q =Q* and R = R*. The
endemic equilibrium point £* is special and unique if Ry > 1, and the singleton set ¢* is the largest compact
invariant set in {(S(t), E(t), 1(t), A(t),Q(t) ,R(t)) € Q: D@L = 0}. Based on La Salle’s invariance principle
[44], * is globally asymptotically stable in the interior of region (Q \ Q) if Ry > 1. O

IN
=

8. Sensitivity Analysis of Model Parameters

Change in RU (%)

Figure 2. Sensitivity of Parameters towards R

Based on the sensitivity analysis results shown in Figure 2, we can understand which parameters have the most
significant impact on the spread of diphtheria. This sensitivity analysis measures how much change in a parameter,
such as birth rate, death rate, or contact rate affects the change in the number of diphtheria cases. The higher the
sensitivity value (both positive and negative), the greater the influence of that parameter. The sensitivity index for
each parameter was calculated using the equation I';,, = %757;’ %, where m is the parameter being analyzed. This
index measures the relative change in R resulting from a small change in parameter m. A positive value indicates

that an increase in the parameter will increase R, while a negative value indicates the opposite.To quantify the
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uncertainty in these estimates, we provide 95% confidence intervals for each sensitivity index, as shown in Table

2. The following table shows the sensitivity values for each parameter:
Table 2. Parameter Values and Sensitivity Indices of the Model

Notation Sensitivity Index CI Lower 95% CI Upper 95%

! 1 0.99 1.01
0 -1.4603 -1.4749 -1.4457
7 1 0.99 1.01
w 1 0.99 1.01
B 0.241 0.2386 0.2434
vy -0.6487 -0.6552 -0.6422
0 -0.11 -0.1111 -0.1089

From Table 2 above, the natural death rate (¢) exhibits the largest sensitivity index (—1.4603%). Mathematically,
an increase in § leads to a decrease in R because a higher natural death rate accelerates the removal of susceptible
individuals from the population. However, from an epidemiological perspective, this parameter is not a modifiable
intervention target for disease control. This parameter reflects demographic characteristics such as age structure
and population turnover. Demography influences transmission dynamics through age structure, which determines
contact patterns and susceptibility, as well as through birth rate, which regulates the inflow of new susceptible
individuals. This finding indicates that population characteristics need to be considered in health program planning,
while control strategies should focus on parameters that can be directly intervened upon.

Parameters such as the contact rate (n) have a positive sensitivity index of +1.0%. Mathematically, this positive
value means that R is an increasing function of 7, so that any increase in the contact rate will cause a proportional
increase in R, and conversely any decrease in the contact rate will decrease Ry. This large influence indicates that
small changes in the contact rate will produce significant changes in R, so that interventions aimed at reducing
contact between individuals are the most effective strategy for suppressing the spread of diphtheria.

Meanwhile, the quarantine rate (y) has a negative sensitivity index of —0.6487 (95% CI: -0.6552 to -0.6422),
which mathematically means that R is inversely related to +. Any increase in the quarantine rate will decrease
Ro, while any decrease in the quarantine rate will increase Ry. Thus, mathematically, quarantine is proven to be
effective in suppressing the spread of diphtheria. However, the magnitude of the index indicates that the influence
of the quarantine rate on R is relatively low compared to parameters such as the contact rate (n = 1.0000), where a
one percent change in the quarantine rate only produces a decrease in R of approximately 0.6487%. This indicates
that the influence of the quarantine rate on Ry is shared with other parameters, so its impact is relatively small
compared to parameters such as the contact rate. It should be emphasized that the negative sensitivity index only
indicates an inverse mathematical relationship between the quarantine rate and R, and should not be interpreted
as evidence that quarantine is carried out too late or is ineffective.

The disease progression rate () has a sensitivity index of +0.241%. Mathematically, this positive value means
that Ry is an increasing function of 3, so that any increase in the disease progression rate will cause an increase
in R, and conversely any decrease in 5 will decrease Ro. However, the relatively small magnitude of the index at
+0.241% indicates that the influence of 5 on R is not as large as other parameters such as the contact rate (1) which
has an index of 4+1.0. A one percent change in 3 only produces an increase in R of approximately 0.241%, whereas
the same change in 7 produces an increase in R of one percent. Epidemiologically, this finding has profound
implications. The disease progression rate (3) reflects the speed at which individuals move from the exposed
stage to the infectious stage. Although this parameter is important in determining how quickly a person becomes
infectious after exposure, its influence on the overall potential for disease spread is actually smaller compared to
parameters that regulate the frequency of interaction between individuals (). This indicates that the biological
characteristics of the disease agent, such as the incubation period and the speed of infection development, have
a more limited role in determining the magnitude of an outbreak compared to behavioral factors and population
social structure. In other words, although diphtheria has a relatively short incubation period, the most determining
factor in whether an outbreak will spread widely is how often susceptible individuals come into contact with
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infected individuals. This finding confirms that interventions targeting the reduction of contact between individuals
will have a much greater impact on reducing Ry compared to interventions that only target clinical aspects of the
disease.

Overall, the results of this sensitivity analysis indicate that diphtheria control efforts should prioritize
interventions targeting parameters with the greatest mathematical influence on R, particularly reducing the contact
rate () and significantly increasing the quarantine rate () in a measurable way. Although the natural death rate
(8) shows a strong negative influence, this parameter cannot be intervened upon and only reflects demographic
dynamics. Therefore, public health programs should focus on modifiable parameters, such as strengthening early
detection and isolation systems, reducing contact between individuals through activity restrictions and mask
use, increasing public awareness, and increasing vaccination coverage. By understanding which parameters have
the most significant mathematical impact, interventions can be designed more precisely to achieve maximum
effectiveness in suppressing the spread of diphtheria.

9. Parameter Estimation

5 <10

@ Dala Aktual 2012-2023
@  Data Aktual 2024-2028
18- WModel o = 0.80
Madel o = 0.85
------- Madel o = 0.87
1.6 —|===—"Model « = 0.90
Model o = 0.95
Madel o = 0.97
14 | Madel o = 1.00
= = =Batas Training-Forecast

Infected Cases (l)

06—

Figure 3. Parameter estimation and forecasting of diphtheria cases

Based on the parameter estimation results of the SEIAQR model for diphtheria shown in Figure 3 using the
fractional derivative approach, a number of values were obtained that mathematically describe how this disease
spreads and how the health system responds to it. This estimation was carried out by calibrating the model against
diphtheria case data from 2012 to 2023 [8]. The parameter estimation process was performed by minimizing the
squared error between model predictions and actual data using a nonlinear least squares optimization algorithm.
The objective function minimized is J(©) = Y | (v; — §:(©))?, where y; is the actual data, §;(0) is the model
prediction with parameter vector © = (u, 6,7, 5,7, ¢, 0, p, w, «), and n is the number of data points. To find the
optimal parameter values, an iterative algorithm was used with a convergence criterion when the change in the
objective function between two consecutive iterations was less than 1076, The fractional order o was selected
by minimizing the Root Mean Square Error (RMSE) between the model and data, where oo = 0.97 yielded the
best RMSE of 357.61. The quality of model fit for each fractional order is presented in Table 4, which shows
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that the fractional-order model with o« = 0.97 provides a better fit compared to the integer-order model (a = 1.00)
with RMSE = 398.21. The measurable parameters provide a strong foundation for understanding the transmission
mechanisms, severity levels, and the effectiveness of control efforts that have been implemented so far.

The demographic parameters, namely the natural growth rate (1) and the natural death rate (), were calculated
based on Indonesian demographic data and remain constant across all fractional orders «. In 2023, the population
of Indonesia aged 0 to 9 years (V) was estimated at 30,395,671 and the number of births (u) was 2,805,024
[8]. Based on these data, y is calculated as the ratio of births to total population, ie., u = & = 32(57%5’%2741 ~
0.09 per year. Meanwhile, the average life expectancy in Indonesia is 72.175 years, so J is calculated as the
reciprocal of life expectancy, i.e., § = ﬁ ~ 0.0141 per year. The value of p, which appears higher than
the national crude birth rate, can be attributed to the fitting procedure also accommodating factors such as
population age structure or migration inflows that are not explicitly modeled within the compartmental framework,
while § = 0.014 per year corresponds to a life expectancy of approximately 72.175 years. To further validate
the superiority of the fractional-order model, we compared the model outputs for various fractional orders
(o =10.80,0.85,0.87,0.90,0.95,0.97,1.00) against the actual diphtheria case data from 2012 to 2023 [8]. Table 3
presents the comparison results, where the values represent the cumulative number of cases predicted by the model
for each year. The Root Mean Square Error (RMSE) values clearly demonstrate that the fractional-order model

Table 3. Comparison of Model Predictions with Actual Diphtheria Cases in Indonesia (2012-2023) for Various Fractional
Orders «

Year Actual Data Fractional Order o

0.80 0.85 0.87 0.90 0.95 0.97 1.00
2012 1192 1192 1192 1192 1192 1192 1192 1192
2013 1970 1985 1959 1947 1930 1895 1894 2036
2014 2366 2498 2484 2477 2468 2439 2446 2499
2015 2618 3002 2999 2999 2997 2979 2992 2945
2016 3033 3516 3524 3528 3534 3526 3542 3432
2017 3987 4053 4067 4075 4086 4087 4104 3971
2018 5373 4621 4638 4648 4662 4668 4684 4563
2019 5902 5228 5244 5253 5267 5277 5288 5206
2020 6161 5879 5889 5896 5907 5918 5922 5900
2021 6396 6582 6581 6584 6588 6597 6591 6639
2022 6937 7342 7325 7321 7316 7319 7301 7417
2023 7886 8167 8127 8114 8095 8090 8058 8226
RMSE - | 385.02 | 375.90 | 372.19 | 366.67 | 361.53 | 357.61 | 398.21

Note: Bold value indicates the best fit (lowest RMSE).
provides a good fit to the data. Based on the RMSE values, the fractional order oz = 0.97 was selected because
it provides the best balance between prediction accuracy (RMSE = 357.61) and numerical stability, while still
maintaining a significant memory effect. This finding confirms that the fractional-order model captures the memory
effects inherent in diphtheria transmission dynamics more effectively, leading to more accurate predictions. The
following is a table of the estimated parameter values in Table 4.
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Table 4. Model parameters, estimated values for & = 0.97, sources, and units

Parameter  Value  Unit Source

w 0.464564 - Estimated from diphtheria data 2012-2023 [8]
L 0.09 per year Calculated from [8]: u = &

) 0.0141  per year Calculated from [8]: 6 = —1—

n 0.01 per day  Estimated from diphtheria data 2012-2023 [8]
8 0.043958 perday Estimated from diphtheria data 2012-2023 [8]
~y 0.039383 perday Estimated from diphtheria data 2012-2023 [8]
€ 0.2 perday  Estimated from diphtheria data 2012-2023 [8]
0 0.006830 perday Estimated from diphtheria data 2012-2023 [8]

0.4 perday  Estimated from diphtheria data 2012-2023 [8]

hS)

The estimated parameter values provide important epidemiological insights. For o = 0.97, the parameter
w = 0.464564 indicates that 46.5% of cases are asymptomatic. Although this proportion has the potential to
enhance transmission, the basic reproduction number is Ry = 0.3737 < 1, meaning that the disease is extinction.
This condition occurs because the memory effect, low contact rate (n = 0.01), and quarantine (y = 0.039383)
collectively suppress transmission. Global stability when Ry < 1 ensures that the system returns to the disease-free
state as long as interventions are maintained. Therefore, control strategies must be sustained, namely maintaining
high vaccination coverage and effective quarantine, because relaxing interventions could potentially increase R
again.

The quarantine rate for symptomatic cases (y = 0.039383) should not be interpreted literally as health system
performance, but rather as an artifact of model identifiability limitations and data constraints, due to overlap with
other transmission parameters (3, 7, p) and limited data for compartments ) and A. The low natural recovery rate
(e = 0.2) and significant disease-induced death rate (¢ = 0.006830) confirm that diphtheria is not a self-limiting
disease and requires active medical intervention, such as the availability of antitoxin, rapid detection, and healthcare
worker training.

The fractional parameter o = 0.97 reflects a strong memory effect, where past transmission events influence
current dynamics. This is biologically plausible because vaccine-induced immunity has long duration, community
behavior is shaped by past outbreak experiences, and the incubation period makes current transmission dependent
on past conditions. The fractional approach captures the reality that diphtheria elimination depends on the
accumulation of past control efforts, not only current interventions. For forecasting, predictions using o« = 0.97
are more accurate (RMSE = 357.61) than integer-order predictions (RMSE = 398.21), suggesting that memory
effects should be incorporated into forecasting models.

10. Numerical Simulation

In this study, the fractional model (2) is solved numerically for various values of «, with constant parameters
taken from previous studies and listed in Table 4. Simulations are conducted to observe the dynamics of infection
over time, while also analyzing the effect of the recovery rate on the progression of infection under various coverage
levels of intervention. To gain a deeper understanding of the outbreak dynamics, we modify the SEIAQ R model
from integer order to fractional order using the Caputo derivative, as applied in model (2).

We recall that the general form of the fractional system is expressed as
DX(t) = H(t, X (1)), (24)

where 0 < o < 1 denotes the fractional order.

Based on Definition (2.1), equation (24) can be represented in the Volterra integral form as
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[o]-1

(4) 45 t
x@y= S Xt 1 )/O(t—s)o‘lH(s,X(s))ds, 25)

20—
= N

which, upon integration and discretization using the predictor-corrector method, yields

D Cnist H(tn, X (1)), (26)

n=0

fol 7t Gy
Xt he p he
H(tigr, X (t; —
T Ty (b1 (+1>)+r(a+2)

X(t) =
j=0

with
ti=ih, i=0,1,2,...,M € Z",

and the predictor given by

[a]—1
XP(ti) =
=0

x4 h
+

1 T+ ;d’“i“H (tn, X (t2))- @7

Using the numerical approach described above as a guideline, the proposed model can be referred to as the
fractional SEIAQR model solved via the predictor-corrector method. Subsequently, the discretization results of
our model (2) are presented in the following equation:

Sn(Tit1) 5(0) Fi(7ig1, SE (Tng1), B (Taga), IF (Tns1), AR (Tng1), QF (Trg1), Ry, (Tng1)
En(7iy1) E(0) Fo(7it1, S}ILD(TnH)’E;ILD(TnJrl)vI;}:(TnH),Aﬁ(TnH)v Qf(TnH), th(TnH)
In(riva) | _ | 1(0) i h* F5(Tis1, ST (Tas1), BE (Tog1), IE (Tog1), AF (Tas1), Q1 (Tng1), RY (Tag1)
Ap(rigr) |~ [AO)| " T(a+2) | Fa(Tis1, SE(Tng1), B (Taga), If (Tos1), AR (Tag1), QF (Tg1), R, (Tng1)
Qn(Tit1) Q(0) F5(Tis1, SE (Tng1)s B (Tng1)y IF (Tns1), AL (Tng1), Q7 (Trg1), R, (Tng)
Rp(Tiy1) R(0) _F6 Ti+1, S;ILD(TnH), Ef(Tn+1)7 I}I:(Tn+1)»A5(Tn+1)a Qﬁ(TnH), Ri(TnJrl)
Fy (15,87 (15), B (1), I}, (75), AL, (13), Q4 (1), Ry, (75)
N Fy (75, 84 (75), By, (m5), 1y (m3), A (75), Q1 (1), Ry, (75)
h~ S i F3 (75,87 (15), BE (1), 1) (75), A}, (13), QF, (1), Rf (75) 28)
D(a+2) &7 Fy(ry, 7 (), By (). 1y (7). Ay (7), Q1) (7). By (7)) |
! F5 (15,87 (15), B (1), I}, (75), A}, (13), QF, (1), Ry, (75)
| Fo (75, Sy (1), B (13), I (75), A7 (), Q% (1), Ry, (7)) |
with the predictor values given by
Sy (Tita) S(0) Fy(75,Sn(15), Bn(15), In(75), An(75), Qn(75), Ra(75))
By (1i41) E(0) N Fy (75, 50(75), En(75); In(75), An(75), Qn(75), Bin(7;)
L (mi) | _ | 1O0) ], 1 S dj F3(75, Sn(75), En(75), In(75), An(75), Qn(75), Bi(75) 29)
A (7ig1) A(0) () <=7 Fa(1, Sn(7)), En(7), In(77), An(75), Qu(75), Bi(77)) | ©
Qj, (Ti+1) Q(0) ! F5 (75, Sn(75), Ea(75), In(75), An(75), Qn(75), Ri(75)
Ry (Tiy1) R(0) Fs (75, Sn(75), En(75), In(75), An(75), Qn(75), Rn(75)) |

Let Sy, Ep, I, Ap,Qn, and Ry denote the corrector schemes for the susceptible, exposed, infected,
asymptomatic, quarantined, and recovered individuals, respectively. Similarly, S, EF 1P AP QF and RY
represent the corresponding predictor schemes for the same compartments.

The parameter h denotes the step size. The coefficients used in the numerical scheme are defined as follows:
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i*H = (i = a) (i + )7, j=0,
Civ1 = (= +2)%T (i —j)*H =26 —j+ 1)H, 1<j<i,
]‘7 ]:Z+1,

and

The initial conditions for the simulation are S(0) = 0.9, E(0) = 0.05, I(0) = 0.02, A(0) = 0.02, Q(0) = 0.01,
and R(0) = 0. The simulation is conducted over a period of 1000 days. The numerical results are presented in
Figure 4 and discussed as follows.
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Figure 4. Numerical simulation are illustrated which represent the dynamics of S, E, I, A, Q, R at infection-free steady state
for various values of fractional derivative «, with Rg < 1.

Numerical simulations are performed for various fractional orders: a = 0.80,0.85,0.87,0.90,0.95,0.97, and
1.00. The selection of this range of « values aims to demonstrate the influence of memory effects on the
transmission dynamics of diphtheria, where smaller values of « represent stronger memory effects. The condition
of Ry < 1, the susceptible population exhibits a consistent increase throughout the simulation period for all values
of the fractional order o shown in the Figure 4a. This increase occurs because the low transmission rate fails
to generate a significant epidemic, so individuals remain in the susceptible compartment without transitioning to
exposed or infected compartments. The birth rate ;= 0.09 per year exceeds the natural death rate 6 = 0.0141
per year, resulting in the accumulation of susceptible individuals over time. The memory effect represented by
smaller fractional orders (o < 1) slows the rate of increase in the susceptible population compared to the integer-
order model (o = 1.00). At day 1000, for « = 0.80, the susceptible population reaches approximately 5.8, whereas
for o = 1.00, it reaches approximately 6.2. This difference indicates that the fractional model provides a more
conservative estimate than the integer model. The continuous growth of the susceptible population suggests that
any relaxation of interventions may trigger a new wave of transmission. Vaccination programs should not be
discontinued even as cases decline significantly. The growing susceptible population represents potential fuel
for future outbreaks if interventions are relaxed. The government must maintain high vaccination coverage and
continuously monitor the dynamics of the susceptible population, particularly among children who are the primary
targets of the diphtheria immunization program.

Figure 4b shows the dynamics of the exposed population (£) over 1000 days of simulation for various fractional
order. The exposed population shows a consistent decline throughout the simulation period for all values of «.
The condition of Ry < 1, each exposed individual does not progress to a significant infection case and eventually
recovers without transmitting the disease. The rate of decline in the exposed population is strongly influenced by
the value of a.. At day 1000, for o = 0.80, the exposed population remains around 0.0025, while for & = 1.00, it has
declined to near zero. A stronger memory effect (smaller «) slows the decline of the exposed population, meaning
that exposed individuals remain longer in this compartment when memory effects are considered. The longer
individuals stay in the exposed phase, the greater the chance they may progress to infection cases if interventions
are relaxed. The fractional model warns that the decline in exposed cases is slower than estimated by the integer
model, so surveillance of the exposed population must be maintained even as infection cases begin to decline.
Aggressive contact tracing and early isolation of exposed individuals remain essential despite the low transmission
rate. Exposed individuals who persist longer in the population remain potential sources of transmission. The
epidemiological surveillance system must have the capacity to detect and isolate exposed individuals quickly,
especially in populations with strong memory characteristics such as communities with high adherence to health
protocols based on previous outbreak experiences.

Figure 4c shows the dynamics of the symptomatic infected population (I) over 1000 days of simulation for
various fractional order values o = 0.7;0.8;0.9; and 1.0. The symptomatic infected population exhibits a sharp
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decline at the beginning of the simulation for all values of the fractional order «, decreasing from the initial
value of 0.02 to near zero by day 1000. The differences among « values are not substantial in this compartment,
as the disease no longer spreads effectively under the condition Ry < 1, leading all models to predict rapid
disease extinction. A slightly slower decline is observed for o = 0.80 compared to o = 1.00, indicating that
the memory effect marginally slows the reduction of symptomatic cases. Symptomatic cases disappear quickly
when Ry < 1, resulting in a significant reduction in hospital burden and the demand for intensive care within a
short period. However, this rapid decline should not lead to complacency among the public and policymakers.
Evidence from various outbreaks demonstrates that a swift decrease in cases is often followed by a second wave
if interventions are relaxed prematurely. Although symptomatic cases decline rapidly, the healthcare system must
maintain preparedness to manage cases arising from undetected asymptomatic transmission. The availability of
diphtheria antitoxin, antibiotics, and intensive care facilities must be sustained, as diphtheria has a high severity
level and can be fatal if not treated promptly.

Figure 4d shows the dynamics of the asymptomatic population (A) over 1000 days of simulation for various
fractional order values a.. The asymptomatic population shows a decline pattern that is strongly influenced by the
value of a.. For a = 0.80, the asymptomatic population declines from the initial value of 0.02 to approximately
0.0015 at day 1000, while for o = 1.00, it declines to near zero. The memory effect has the most significant
influence on the asymptomatic compartment compared to other compartments. Asymptomatic individuals persist
longer in the population when memory effects are considered, meaning they continue to have the potential to
transmit disease undetected for a longer period. Asymptomatic individuals are hidden sources of transmission
because they do not show symptoms and do not seek treatment, allowing them to continue transmitting the disease
without identification. The fractional model warns that the decline in asymptomatic cases is slower than estimated
by the integer model, so surveillance strategies must include mass testing and aggressive contact tracing, even
when symptomatic cases have begun to decline. The substantial proportion of asymptomatic cases (w = 0.464564
or 46.5% of cases are asymptomatic) further emphasizes the importance of early detection of asymptomatic cases.

Figure 4e shows the dynamics of the quarantined population (@) over 1000 days of simulation for various
fractional order values «, the quarantined population exhibits an initial increase followed by a gradual decline,
reflecting that a number of infected individuals enter quarantine in the early phase, but as infection cases decline,
the number of individuals entering quarantine also decreases. The integer model (« = 1.00) shows a quarantined
population that remains constant throughout the simulation period, which is epidemiologically unrealistic because
it assumes that the number of quarantined individuals does not change even as infection cases continue to decline.
The fractional model is more realistic because it captures the dynamics that quarantine should decrease as cases
decline. The quarantine system must be maintained even as cases begin to decline to prevent disease resurgence.
Quarantine capacity can be gradually adjusted as cases decline so that resources can be allocated efficiently. The
government must ensure that quarantine facilities remain available and that quarantine procedures are carried out
with discipline, especially for new cases that may arise from asymptomatic transmission.

Figure 4f shows the dynamics of the recovered population (R) over 100 days of simulation for various fractional
order values «. The recovered population reaches its peak around day 50 for all values of «, after which it declines
at different rates until day 1000. For o = 0.80 and 0.85, the recovered population decreases consistently from
0.048-0.050 to 0.005-0.013, indicating that the proportion of recovered individuals relative to the total population
diminishes as the population continues to grow through births and migration. The fractional-order models with
o = 0.80, 0.85, 0.90, and 0.95 provide realistic dynamics of the recovered population, exhibiting gradual declines
or stabilizations at low levels. In contrast, the integer-order model (o = 1.00) fails to capture the proportional
dynamics because it neglects memory effects. These findings emphasize the importance of fractional-order models,
particularly o = 0.90 or 0.95, for policy planning. The government must maintain medical logistics, booster
vaccination programs, and public education campaigns, and should not interpret high recovery rates as an indication
that the disease is fully under control.
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Figure 5. Numerical simulation are illustrated which represent the dynamics of S, E/, I, A, Q, R at infection-present steady
state for various values of fractional derivative «, with Ry > 1.

Based on the analysis of Figure 5, which illustrates the dynamics of the SETAQR model under the condition
Ro > 1 (endemic), it is evident that each population compartment exhibits distinct behavior, reflecting serious
challenges in controlling diphtheria outbreaks. Simulations were conducted for various fractional order values,
namely a = 0.8;0.85;0.87;0.9;0.95;0.97; and 1.0 (integer-order model), with the aim of demonstrating the
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Figure 5a for the susceptible population (S) shows a consistent increase over time for all fractional order
values («). On day 100, the susceptible population increases from 0.9 to approximately 3.75 for a = 0.8; 3.85
for a = 0.85; 4.00 for o = 0.9; and 4.30 for the integer-order model (oo = 1.0). This increase is primarily driven by
the birth rate (u = 0.09 per year) being higher than the natural death rate (6 = 0.0141 per year). Consequently, even
though the disease is actively spreading, the susceptible population continues to grow. The smaller the value of «,
the slower the increase, because the memory effect slows down changes in population dynamics. This indicates
that the government must continuously increase vaccination coverage just to ’catch up” with the growth of the new
susceptible population.

Figure 5b for the exposed population (£) shows a highly varied pattern depending on the value of a.. For &« = 0.8
and 0.85, the exposed population remains constant at 0.05 throughout the 100-day simulation. This means that the
strong memory effect successfully suppresses the transmission rate, so the number of individuals moving from
susceptible to exposed does not increase significantly, although transmission still occurs at a low level requiring
continuous monitoring. For a = 0.9, the exposed population gradually increases from 0.05 to 0.15 on day 100,
reflecting that transmission begins to occur at a moderate rate as the memory effect weakens. Meanwhile, for the
integer-order model (a = 1.0), the exposed population increases very rapidly at the beginning of the simulation,
indicating that without memory effects, transmission occurs very quickly but then reaches a saturation point due
to the limited available susceptible population, thus requiring rapid and aggressive intervention to suppress case
surges.

Figure 5c for the symptomatic infected population (/) shows fluctuations and a tendency to increase for several
values of «, although not as drastic as the integer-order model. In the early days, all curves start from the same
point. For a = 0.8 and 0.85, the symptomatic infected population shows a slow initial decline and then tends to
stabilize at a low level. Meanwhile, for « = 0.9 and 1.0, this population shows a clearer increase, with the integer-
order model reaching a higher and faster peak. This indicates that an outbreak will occur with a possibly lower
peak in the fractional model, but the outbreak duration could be longer because the memory effect slows down the
transmission and recovery processes. Consequently, the burden on the healthcare system may be more prolonged
even though it does not reach as high a peak as predicted by the integer-order model.

Figure 5d for the asymptomatic population (A) shows a consistent increase over time, especially for higher
values of «. This asymptomatic population is very important because asymptomatic individuals do not show signs
of illness and therefore do not seek treatment, but they can still transmit the disease silently. The graph shows that
for o = 0.9 and above, the asymptomatic population increases significantly, meaning they become hidden sources
of transmission that are difficult to detect. This requires the government to expand mass testing programs and
aggressive contact tracing to identify and isolate asymptomatic individuals, because failure to detect them can lead
to sustained transmission that triggers subsequent outbreak waves.

Figure 5e for the quarantined population () shows a highly informative pattern. In the fractional model, the
quarantined population increases at the beginning of the outbreak as the number of detected cases increases,
then gradually decreases as cases become controlled. This pattern reflects realistic dynamics, in contrast to the
integer-order model which shows a constant quarantined population, which does not reflect actual conditions.
These fluctuations indicate that quarantine capacity must always be available and ready to be activated at any time.
The government needs to ensure that quarantine facilities and isolation procedures continue to function properly
even though cases show a downward trend, because premature relaxation of quarantine can trigger a resurgence of
the outbreak.

Figure 5f for the recovered population () shows an increase at the beginning of the simulation as a result of the
recovery process of infected individuals, reflecting the effectiveness of treatments such as antitoxin and antibiotic
administration. However, after reaching its peak around day 200, the proportion of the recovered population to the
total population tends to decrease because the total population continues to increase through births, although the
absolute number of recovered individuals may remain. This reminds us that treatment success should not make
the public complacent. The government must continue to ensure access to quality healthcare, as well as maintain
educational campaigns about the importance of early treatment and adherence to health protocols, to prevent future
disease resurgence.
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Overall, Figure 5 confirms that under the condition Ry > 1, diphtheria becomes endemic and requires a sustained
intervention strategy. The government should focus efforts on reducing the contact rate (1), increasing quarantine
(), early detection of asymptomatic cases through mass testing, as well as massive and continuous vaccination.
The fractional model provides a warning that control policies must be long-term because the memory effect slows
down the population’s response to policy changes, so premature relaxation of interventions can trigger a resurgence
of the outbreak.

11. Discussion

This study develops and analyzes a fractional SEIAQR epidemiological model to understand the transmission
dynamics of diphtheria in Indonesia, with a focus on the influence of memory effects represented by the
fractional order parameter («)). The main findings demonstrate that the fractional model with o = 0.97 provides
the most accurate predictions (RMSE = 357.61) compared to the integer-order model (o = 1.00, RMSE = 398.21),
indicating that memory effects play a significant role in diphtheria transmission dynamics. Based on parameter
estimation, it was found that 46.5% of cases are asymptomatic with a low contact rate (n = 0.01) and quarantine
rate (7 = 0.039) that collectively suppress the basic reproduction number (Ry = 0.3737 < 1), resulting in disease
extinction as long as interventions are maintained. Stability analysis confirms that the disease-free equilibrium
is globally stable when Ry < 1, while the endemic equilibrium is stable when Ry > 1, reinforced by sensitivity
analysis identifying the contact rate (1), quarantine rate (y), and proportion of symptomatic cases (w) as the most
influential parameters on R.
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Figure 6. Numerical solutions of model SEIAQ R showing the infected subpopulation (I) with variations in R for different
values of a.
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Figure 7. Numerical solutions of model SETAQR showing the asymptomatic subpopulation (A) with variations in Rq for
different values of «.

Numerical analysis of the infected and asymptomatic populations presented in Figure 6 and Figure 7 reveals
significant differences across various fractional order values with important epidemiological implications. In the
model with strong memory effects (o = 0.8), the asymptomatic population exhibits a very slow and stable declining
trend, where asymptomatic individuals persist longer in the population and continue to potentially transmit the
disease silently even though transmission should epidemiologically be declining. Conversely, in the integer-order
model (o = 1.0), the asymptomatic population declines very rapidly, indicating that the integer-order model
provides overly optimistic estimates of the speed of asymptomatic case decline. The infected population at & = 0.8
shows almost no increase even when R > 1, while at o = 1.0 it shows a sharp increase followed by rapid decline,
reflecting aggressive but short-lived outbreak dynamics. Graphical interpretation confirms that the asymptomatic
population has longer persistence than the infected population across all « values, as seen from the consistently
flatter asymptomatic decline curves, confirming that asymptomatic individuals are dangerous hidden sources of
transmission requiring early detection through mass testing and aggressive contact tracing as control priorities.

This study is closely related to Ghani et al. (2023) [30], who developed a fractional SEIQR model for
diphtheria and found « = 0.8 as the optimal order with RMSE 0.0026, differing from our finding of oo = 0.97 with
RMSE 357.61 due to differences in model structure between SEIAQR and SEIQR, data range, and parameter
complexity. Nevertheless, both studies agree that fractional models provide better prediction accuracy than integer-
order models, with vaccination and treatment as the most effective interventions. The novelty of our research lies in
the use of the SEIAQ R model that separates asymptomatic and symptomatic populations, calibration with 12 years
of Indonesian diphtheria data, sensitivity analysis with 95% confidence intervals, and discussion of epidemiological
implications of memory effects on the asymptomatic population based on graphical interpretation. Limitations
include dependence on data quality potentially containing reporting bias, assumption of constant parameters, model
identifiability limitations, and lack of consideration of spatial heterogeneity and optimal control strategies.
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Policy recommendations include prioritizing contact rate reduction () through activity restrictions, mask use,
and public awareness campaigns; strengthening early detection of asymptomatic cases through mass testing and
aggressive contact tracing; sustaining vaccination programs to offset susceptible population growth; implementing
long-term control policies given that memory effects slow population response; and maintaining availability
of diphtheria antitoxin, antibiotics, and intensive care facilities. For future research, the use of the Atangana-
Baleanu fractional derivative operator will be a primary focus due to its non-local and non-singular kernel that
more accurately models biological systems with memory and heredity, providing better accuracy with lower
computational cost. Additionally, recommended future directions include developing models with time-dependent
parameters, incorporating spatial data, optimal control analysis, consideration of population age structure, studies
on asymptomatic transmission mechanisms, and integration with real-time health surveillance systems for more
accurate outbreak prediction and faster policy response.

12. Conclusion

This paper aimed to numerically examine a nonlinear fractional SEIAQR epidemic model. The analysis
effectively established the well-posedness, positivity, and boundedness of the solutions for this fractional SEIAQR
framework, and identified two equilibrium states: the disease-free equilibrium and the endemic equilibrium. The
basic reproduction number (Ry) was derived to examine the theoretical and numerical behavior of the model,
where the disease-free equilibrium remains locally asymptotically stable only when Ry < 1, whereas the endemic
equilibrium exists solely when Ry > 1. The study also explored the effect of various parameters on R, and
assessed disease transmission dynamics across different fractional orders, observing that reducing the fractional
parameter from 1 led to a progressive decline in the susceptible, infected, and recovered populations. The
numerical simulations in this study employed the Adams-Bashforth-Moulton predictor-corrector method, which
effectively captures the memory effects inherent in the Caputo fractional derivative framework. The fractional
order o = 0.97 was identified as the optimal choice, providing the best fit to Indonesian diphtheria data from 2012
to 2023 with RMSE 357.61, outperforming the integer-order model (« = 1.00, RMSE 398.21). These findings
provide quantitative insights into the transmission dynamics of diphtheria. While the present study does not
propose specific implementable control strategies, the results offer a theoretical foundation for designing future
intervention policies, such as vaccination and quarantine, and may serve as a useful reference for health officials
and policymakers. Future research will develop the model by comparing the Atangana-Baleanu fractional derivative
operator, which features a non-local and non-singular kernel based on the Mittag-Leffler function that has been
shown to provide superior accuracy and lower computational cost, and will determine optimal control strategies
for hospitalization, vaccination, and quarantine interventions to achieve more effective disease containment.
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