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1. Introduction and preliminaries
Let A denote the family of functions £ that are analytic in the open unit disk
A={(eC:|¢ <1},
and normalized by the standard initial conditions
£(0)=0 and £'(0)=1.

Every function £ € A admits the power series representation
£(Q)=C+ Y M, CEA, )
T=2

where {\;},>2 are complex coefficients.
We recall that for two analytic functions £ and ¢ defined on A, the function f is said to be subordinate to ¢,
written as

£(Q) < ¢(Q), CeA,
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if there exists a Schwarz function W analytic in A satisfying
W(O0)=0 and |W(()| <1forall{ e A,

such that
£(¢) = e(W(Q))-

The concept of subordination plays a fundamental role in geometric function theory and provides a flexible
framework for defining and investigating subclasses of analytic functions.

Recently, several subclasses generated by exponential-type dominant functions have attracted considerable
attention. In particular, Ma and Minda [13] introduced a broad family of close-to-convex functions characterized
by subordination. For an analytic function & satisfying suitable geometric conditions, they considered the class

G (@) ={t e A: £(() < (), CeA}.

Motivated by this approach, and in order to emphasize exponential-type behavior, Mendiratta et al. [14]
introduced the subclass
G =6 (),

which can be written explicitly as
¢ ={fcA:£({) <, (e€A}. )

This class consists of normalized analytic functions whose derivatives are subordinate to the exponential function
¢S, and hence it inherits geometric properties determined by the image domain of e€.

In view of the preceding definitions, it follows that the class €. introduced therein possesses symmetry with
respect to the real axis, since the dominant function €€ itself enjoys this property.

Leto,7 € N={1,2,3,...}. For a function f € A represented by (1), Pommerenke [17, 18] introduced the o-th
Hankel determinant 7%, (7) defined by

)\‘r )\TJrl T /\‘r+0'71
)\‘r+1 )\'r+2 T )\T+U
A () = : A : , (A =1). )
)\‘r+0'71 )\TJrO' o )\‘r+20'72

The Hankel determinant plays a fundamental role in geometric function theory. It appears naturally in the
investigation of singularities [7] and in the analysis of power series, particularly those with integer coefficients.
For a comprehensive treatment, the reader may consult [7, 16]. Sharp bounds and sThe Hankel determinant plays
a fundamental role in geometric function theory. It appears naturally in the investigation of singularities [7] and in
the analysis of power series, particularly those with integer coefficients. For a comprehensive treatment, the reader
may consult [7, 16]. Sharp bounds and structural properties of 7%, (7) have been extensively explored for various
subclasses of univalent and bi-univalent functions. tructural properties of %, (7) have been extensively explored
for various subclasses of univalent and bi-univalent functions.

In the particular case o = 2, one obtains

H(1) = Ay — A3,

which corresponds to the classical Fekete—Szeg6 functional for the special case . = 1. Similarly, the second Hankel
determinant is given by
H5(2) = Xody — A3

has been studied for numerous families, including bi-starlike and bi-convex functions [1, 2, 4, 5, 8, 11, 12, 19,
20, 26, 27]. For the class of Bazilevi¢ functions, Krishan et al. obtained sharp estimates of #(2). More recently,
Srivastava and collaborators [24] derived bounds for the second Hankel determinant in the setting of bi-univalent
functions associated with the symmetric o-derivative operator. Related investigations concerning Hankel and
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2 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

Toeplitz determinants for subclasses of o-starlike functions linked to generalized conic domains were presented
in [21]. Additional contributions may be found in [6, 15, 22, 23].

Higher-order Hankel determinants have also attracted considerable attention in geometric function theory. In
particular, the fourth Hankel determinant for analytic functions has been investigated in [20, 25], where several
new results were established.

For functions of the form (1), the third Hankel determinant takes the explicit form

1 Ao A
%(1) =X A3 M\ | = —)\5)\% + 22 A3\ — )\g + M35 — )\i
A3 A As

Notably, Babalola [3] initiated a systematic study of #3(1) in 2010, and his results have since stimulated
substantial further research activity. Subsequent work [9] analyzed this determinant for specific subclasses of
starlike functions. Motivated by these developments, we introduce a new subclass of analytic functions defined
via subordination and establish upper bounds for the fourth Hankel determinant within this framework. The proofs
of our main results rely on the following auxiliary lemma.

Lemma 1.1
[10] Let P denote the family of analytic functions of the form

Q) =1+ e, )
=1
satisfying b(0) = 1 and Re{b(¢)} > 0 for all ¢ € A. Then, for every 7 > 1, the sharp estimate
7] <2
holds.
Lemma 1.2

[27] Let £ € A be represented by the series expansion (1). Then, the initial Taylor coefficients satisfy the sharp

estimates 3 17
Ao <1 A3 < = M| < — As| < 1.
| 2|_ ) | 3|_47 | 4|_367 | 5|—
Definition 1.3
[27] For a function £ € A of the form (1), the fourth Hankel determinant corresponding to 7 = 1 is defined by

1 2 As
A2 A3 A As
H4(1) = A A As A | )

A A5 X A7
Expanding the determinant along the first row gives
%1(1) = —A401 + X500 — Ag 03 + A7 04,

where §;, for j = 1,2, 3,4, denote the corresponding cofactors.
For later estimation, we introduce the auxiliary quantities

81 = A2l IAade — A3+ [As| [AsAe — Aads| — [Aa| [AsAs — Ad,

So = [Aade — A2 — | Xa| [Ashe — Mads| + [Az| [ Az s — A2, ]
Sz = [A3 A6 — Mads| + [Xa| [A2 s — Asds| — [Aa| [A2Aa — A3, ©
Si = A3l [Xada — A2 — [ Ml [Aa — A2 s| + | As] [ Az — A3

These expressions will be instrumental in establishing upper bounds for .77 (1) in the forthcoming analysis.
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Chebyshev polynomials constitute one of the most important and widely used families of orthogonal
polynomials. Their significance has increased considerably in numerical analysis, approximation theory, spectral
methods, and several branches of applied and theoretical mathematics. From both theoretical and computational
points of view, Chebyshev polynomials provide powerful tools for approximation, interpolation, numerical
integration, and the analysis of analytic functions. Classically, four kinds of Chebyshev polynomials are known;
among them, the Chebyshev polynomials of the first kind 7 (r) and the second kind U/ (5¢) have received particular
attention because of their rich structural properties and wide range of applications. Several authors have investigated
Chebyshev polynomials and related orthogonal polynomial families in connection with analytic and univalent
function theory; see, for example, [28, 29, 30].

Motivated by these developments, the present paper introduces and studies a new subclass of analytic functions,
denoted by .#(83,~,S), by means of a subordination condition associated with the generating function of the
Chebyshev polynomials of the second kind. The proposed class is significant for two main reasons. First,
the parameters § and ~ provide a flexible differential structure which includes, as particular cases, several
previously studied subclasses defined through derivative-type and convexity-related operators. Secondly, the
use of the Chebyshev generating function allows the coefficient structure of the class to be governed by
the polynomials U (S), thereby connecting geometric function theory with a classical family of orthogonal
polynomials. Consequently, this framework offers a unified setting for deriving coefficient estimates and related
geometric inequalities for a broader class of analytic functions.

For a real variable ¢ € (—1, 1), the Chebyshev polynomials of the first and second kinds are defined, respectively,
by

T+ (3¢) = cos(T arccos ),

and
U () = sin((7 + 1) arccos x) _ sin((7 + 1) arccos x)
TN = sin(arccos ) B V1= 32
In view of the generating function of the Chebyshev polynomials of the second kind, we consider the analytic
function

It is well known that, if & = cos a, where

then the function . admits the series representation

%(%,g):uZWct CeA.
T=1

In particular, the first few terms are given by

H(3,¢) =1+2cosal+ (30052a — sin® a)C2 + e
Equivalently, since & = cos «, the above expansion can be written in terms of the Chebyshev polynomials of the
second kind as

where
sin((7 + 1) arccos %)

V1I—32 ’

The Chebyshev polynomials of the second kind satisfy the classical three-term recurrence relation

U (9) = TeN

UTH(%) == 2%]/{7—(%) —L{T,l(%), T 2 1,
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4 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT
with the initial values

U () =1, U () = 29.
For convenience, the first few polynomials are listed in Table 1.

Table 1. First few Chebyshev polynomials of the second kind U ().

Degree 7 Polynomial 4, (%)
T=0 1
T=1 2
T=2 432 — 1
T=3 833 — 45

We now introduce the following subclass of analytic functions defined by subordination to the Chebyshev
generating function.

Definition 1.4
Let £ € A be of the form (1). Then f is said to belong to the class .#(3,~,<) if it satisfies the subordination

condition

BCE"(Q) +(£(Q) —1) +1 < #(S,0), (7)

where 5 > 0,0 <~y < 1, and
HE.0 =1+ QLI+ O+, ve (1), cea

The defining subordination condition (7) indicates that the differential expression

B +(£(¢)—1) +1 (8)

is subordinate to the Chebyshev generating function 52 (S, ¢). Hence, the analytic and geometric behaviour of
the class .Z(53,~,S) is governed jointly by the differential parameters 3,~ and the Chebyshev parameter . In
particular, the image domain of .77°(S, ¢) determines the admissible range of the expression in (8).

Figure 1 illustrates the images of selected concentric circles in the unit disk A under the mapping

gy 1 o (1
%(\S,C)—m, S € <2,1>, CGA

This provides a visual description of the geometric structure induced by the subordinating function.
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Im[z]

Domain -Lo* The image
Figure 1. Images of selected concentric circles in the unit disk under the mapping 52 (S, ¢).

Before deriving the main coefficient estimates, we first observe that the class .# (3, ~, S) is non-empty.

Remark 1.5 (Non-emptiness of the class)
The class .Z (3,7, <) is non-empty. Indeed, the identity function

f0(¢) =¢ (©))

belongs to .Z (3, v, ). Since
50 =1, () =0,
we obtain
BCEG(C) +7(£5(0) = 1) +1 =1 = 22(3,0).

Thus, the subordination condition (7) is satisfied with the Schwarz function

This proves that the class .# (3, v, ) is not void.
More generally, non-trivial admissible examples may be obtained by constructing a Schwarz function associated
with the subordinating function 57 (<, ¢). For instance, consider

o0

3177
£1(Q) =3 (1) =+ Y ¢, (e (10)

T=2

Clearly, £; € .A. Moreover,

) =B, Q) = 3

Hence

Pi(C) =BV () +v(£1(O) = 1) +1
11
=1+(7+§C)e</3—7- v
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6 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

Define
1
wi(() = — /S -1+ 5", 12
1(¢) Pi(Q) (12
where the branch of the square root is chosen so that
P =g
Since P;(0) = 1, it follows that
w1 (O) =0
Furthermore, from (12), we have
1
w(¢) — 28w =—-1+ .
Consequently,
1
1 —2Sw1 (¢) + wi(¢) = .
Therefore, .
R = = Pi(Q). 13
‘%ﬂ(‘y’wl(C)) 1 — 23w, (C) "HU%(C) 1(C) (13)
Thus, whenever w; is a Schwarz function in A, that is,
wi(0)=0 and  Jur(Q)] <1 (¢€A),
we obtain
BCEY(C) + 7 (£1(¢) = 1) +1 = (S, wi(Q)) < #(S,¢).
Hence, under this admissibility condition, the function £ defined in (10) belongs to .Z (8,7, ).
Similarly, consider the function
BO=2(-02-n=c+> T cea (14)
i - 2 - T=2 2 7 .
Then f5 € A, and . 5
£/ — 7 £/ — )
Q(C) (1 . C)g 2(() (1 _ C)4
Therefore,
Py(C) = BCE5(Q) +v(£2(¢) — 1) +11
38¢ ( 1 > (15)
=1+ + v —1]).
1-0* (1-¢)?
Define
1
w =9 — 4/ -1+ , 16
where the branch of the square root is chosen so that
=g
Since P»(0) = 1, we have
%) (O) =0
Moreover, )
wi(¢) — 2Bwq(¢) = —1 + ,
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and hence

1—2Sws(¢) + w3(¢) =

Consequently,
1

T 1 28w2(¢) + w3(0)
Thus, whenever ws is a Schwarz function in A, we get

BCES(Q) +7(£5(¢) — 1) +1 = /(3 wa(Q)) < (S, ).

Accordingly, under this admissibility condition, the function £, defined in (14) also belongs to .Z (3, v, ).

A (S, w2(C))

= P(C). a7

In the sequel, we establish the main coefficient estimates for functions belonging to the class .Z(5,~,<). In
particular, we obtain bounds for the coefficients |A;|, 2 < 7 < 7, and discuss the consequences of these estimates
for the geometric behaviour of the functions in this class.

2. Results
Theorem 2.1
Let £ be a function given by (1) that belongs to the subclass .# (3, v, <). Then
2 4 6
Ao| < v L e M| S e
M=y Wy MEEay
20.8 24.66 88.57
A5l < o, M6l S e, M| S
=Gy Ml =Erey M=)
Proof

If £ € #(8,7,S), then there exists an analytic function ¥ in 7 with [¢(¢)| < 1 and we can write

BCE"(Q) +y (£(¢) = 1) +1=2(3,9(C)).

Using the definition of subordination, there exists a Schwarz function 7, analytic in A, such that

J0)=0, |J@I<1 ((e€A),

and -
JO=Y b, CeA (18)
=1
Associated with 7, we define the auxiliary function
1+ 7(¢) -
L= —T"L=1+ L.C". 19
©O=1=70 ; ¢ (19)
Since
14+ J()

1- 70 2 3 e
70 L PIOF2THO 27O+

we obtain, up to the sixth order,
L) =1+21¢+2 (b2 +b7) ¢*+2 (b3 + 2b1ba +bF) ¢
+ 2 (ba + 2b1b5 + b3 + 3b3bs +b7) ¢*
+ 2 (b5 + 2b1by + 29bs + 3bThs + 3b163 + 4bTho +7) ¢°
+2 (b6 + 2b1b5 + 209bg + b3 + 30Tha + 6b1b2bs + b3 + 4bTbs + 6rTH3 + Bbby +bT) (O + - .
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8 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

Equivalently, the coefficients L, are given by

Ly =2,
Ly =2 (b +b7),

Lz =2 (bg + 2b1bs +b7)

Ly =2 (ba + 2b1b3 + b3 + 303hs + 1),

Ls =2 (b5 + 2b1bg + 202b3 + 3b3bs + 3b1b3 + 46Thy +b7)

Le = 2 (bg + 2b1b5 + 2b2bg + b3 + 3b3by + 6b1babs + b3 + 4bTbs + 65763 + 5bbo +bF) .

Since £ € &7 is written in the form given by (1), then

BCE(C) + 7 (£(€) = 1) +1 =1+ 2(8 + 7)Ao + 3(28 +7)As(?

3 4 5 6 (20)
T 4BB + 7)A1C” + 548 +7)AsC +6(58 + 7)A6C” + T(68 +7)A7C" + -+
Using (7) and (19) comparing the coefficients of (™ for 7 =,2,3,4,5, 6, we get
Q(ﬂ + ’Y))\Q = 2b17
3(28 +7)As = 2 (b2 +57) ,
4(3ﬁ + ’7))\4 =2 [bg + bl (2b2 + b%)] N
21
548+ 7)As = 2 [oa + b3+ 52 (33 +b2) + 2bvs] @b
6(58 +7)A6 = 2[5 + 202 (b3 + 207) + 3by (bibs +b3) + by (204 +1)]
768 +7)Ar = 2 [bﬁ +b3 (4bg + ) +b2 (304 + 55902) + 21 (b5 + Bhabs) + bF 452 (b2 + 652 + zbgm} :
by Lemma 1.1, we get
2
Ao < —— 22
‘ 2| —_ ﬁ"—"}/, ( )
4
A3 < 23
PR 24)
4| > 35_*_75
20.8
As| < 25
‘ 5| = 4B+’Y, ( )
24.66
Aol < 26
88.57
M| < . 27
[A7] < 63+~ 27)
The proof of this theorem is complete. 0

In the following theorem, the estimates in |7 (1)| are determined for the functions in the class .Z (53, v, S).
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Theorem 2.2
Let £ be of the form (1) and suppose that £ € .Z(3,7,S), where 8 > 0 and 0 < v < 1. Define

By =66% + 58y 4+,

By =85% + 68y + 77,

By = 248% + 2687y + 98+% +7°,

By = 12553% + 1503~ + 25+2,

Bs = 30008* + 385083~ + 17755242 + 3508~ + 25+*.
Furthermore, let

R(B,7) = BaB3(35+7)°B3(28 +7)*Bs B{ (B +7)°.

Set s
_ BiB}((B+7)(28+7)) Bs

:(67) = BS+VRB)
B3B8+ 738 +7)"Bs
Bl ) = (48 +7)R(8,7) ’
_ BuB3((B+)(28+7))°B}
2a(6,7) = GS+VRBy)
D4(B,7) = BB; By

(68 +7R(B,7)

Then the fourth Hankel determinant satisfies

|22 (1)] < 6[K1(8,7)[ @1(8,7) + 20.8[K2(8,7)| ®2(8,7)

28
124,66 [IC3(8,7)] @3(5,7) + 8857 [Ka(B,7)| B4(5,7), 9

where
K1(B8,7) = 104163845 + 24659712% + 2358868832 + 11630296333

+ 3476423%~* + 4307408~° + 23930~°,
K2(B,7) = 9987843 + 22060803y + 1674872%y* + 585788323
+ 964485~* + 6028~° — 123667285 — 3568005°y
— 40499003%~2 — 233325233~3 — 7222355%%
— 1138728~° — 711745,
Ks(8,7) = (1608ﬂ4 — 779453y — 114183%~% — 58863~ — 654~4*
— 31268° — 315648%y — 15246372 — 169473)312
— (9687 + 249%) Bs(B +7)?,

and
Ka(B,7) = (576ﬂ2'y 224872 + 3277 — 28884 — 7208%

— 6486292 + 5765° — 25287° — 367" ) (40° + 308y + 59%) (5 +7)?
+ (38+7)%(B+7) (41658 + 8328~ + 416(5% — v) — 8328) .
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10 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

Proof
Let Bj, j =1,2,...,5, R(3,7), and ®;(5,7), j = 1,2,3,4, be as defined in Theorem 2.2. The fourth Hankel

determinant can be expanded as
(1) = |=AS1 + As82 — AeS3 + A7Sy],
where S1, Sz, 83, and Sy are the corresponding cofactors. Hence, by the triangle inequality, we obtain
(1] < [Aal [S1] + [As] |S2] + [Ae] [S5] + A7 [Sal. (29)
The cofactors are estimated in terms of the coefficients as follows:

S1] < |A2] [Aade = A2+ [As|[A3A6 — Aads| 4+ [Aa| [AsAs — A,

|Sa] < [Xade — A2+ [Az] [AsAs — Aas| + |As| [Ashs — Adl,
el [A2ds = Aads| + [Aaf [A2da = A,

|S3] < [A3A6 — Aus
1Sa] < [Asl1A2As = A3| + [Aa] [Ag — A2 ds| + [As] [As — A3

Using the coefficient estimates obtained in (22)—(27), these inequalities give

(30)

where ) 5
Dl(ﬂu’}/) = B4B2(3ﬁ + ’Y) )

DQ(ﬂa’Y) = B4B§a
D3(/Ba’7) = B5B%a
Da(B,7) = (4082 + 3087 + 57%) ((B+7)(28 +7)) (38 + 7).

Moreover, using the estimates for the coefficients A4, A5, Ag, and A7, and then reducing the resulting terms to the
common denominator R(/3,~), we get

[Aa] [S1] < 6|K1(8,7)|@1(8,7),

[As||Sa] < 20.8Ka(8,7)|P2(8,7),

[ X6| [S3| < 24.66|K5(8,7)[P3(8,7),

[ Az] [Sa] < 88.57|K4(8,7)|®4(B,7)-
Substituting these four estimates into (29), we obtain

|#2(1)] < 6[K1(8,7)|®@1(8,7) + 20.8|K2(8,7)|P2(8,7)

This is the required estimate in Theorem 2.2. Hence the proof is complete. O
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Remark 2.3

The compact form (28) decomposes the lengthy rational bound into four explicit contributions. This presentation
avoids a long single formula and makes the estimate easier to read, verify, and apply. Moreover, it clarifies the
dependence of the upper bound on the parameters S and ~y. Since

B+jy>0 (j=1,2,...,6),

and since B; > 0 for j =1,2,...,5 under the assumptions 3 > 0 and 0 < v < 1, the quantities ®;(5,7), j =
1,2, 3,4, are positive. Hence the right-hand side of (28) gives an explicit non-negative upper bound for |.777(1)|.
To illustrate the applicability of the estimate, consider the special case v = 0. Then

B+y=8  26+7=28, 3B+7=3p,
and similarly
Ap+vy=48, S+y=58, 66+ =00.

Thus the general bound is reduced to a simpler form. In particular, for (3, ) = (1, 0), we have
Bi=6, By=8,  By=24  B,=125,  Bs=3000.
Consequently,

1 1 1 1

(b = — = — = — = —
1™ 324000’ 27 5184000’ 37 7290000 47 13436928

Also,
K1(1,0) = 10416384, K2(1,0) = —237888,
K3(1,0) = —54648, K4(1,0) = 11520.

Therefore, Theorem 2.2 yields
|72 (1)] < 194.112.

This example shows how the general estimate can be evaluated explicitly for particular choices of the parameters
and also demonstrates the advantage of the compact formulation in (28).

In case § = 1, we get the following Corollary.
Corollary 2.4
If a function £ of the form (1) belongs to the subclass .Z (7, 3), then

(244267 + 99% +%)° (6 + 57 ++°)° (1 +7)(2+7)°

—6G1(7) ) X
)] < x (3025 + 3850 + 17757 + 350~°)
B B+7)F)
20.8 G2 (7) [ (8+467+72)° (1+7)(2+7)B+7))° (3025 + 38507 + 177572 + 35073) }
_|_
(4+7) F(7)
125 + 1507 + 2572) (8 + 67 + ) (1 +7)(2 +7))°
24.66G5(7) ( v +257%) ( : T+ (L+7)(2+7))
B x (244267 +9v° +7°)
G+7)FMO)
88.57G4(7) [ (125 + 150 + 2597) (8 + 67 + v2)2 (3025 + 38507 + 1775+% + 350+°) ]
_|_

(64+v) F(v) ’
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12 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

where
Fy) = (125 + 1507 + 25v%) (8 + 67 +7°)* (3 +7)° (24 + 267 + 97° +7°)° (24 7)?
x (3025 + 38507 + 177572 + 3507°) (6 + 57 + %) (1 +7)%,
G1(7) = 10416384 + 246597127 + 23588688v% + 11630296~° + 347642v* + 4307407° 4 2393075,

Ga(7y) = 998784 + 2206080~ 4 1674872+% 4 58578873 + 96448~* 4 6028+°
— 1236672 — 4049900~7% — 233325273 — 1138727° — 711745

Gs(v) = ( — 1518 — 393587 — 26664~ — 7580~° — 65474> (6+5v++%)°
— (967 + 24+7) (3025 + 38507 + 17757* + 350+°) (1 + ),

Ga() = (288 144y — 42442 — 22075 — 3674) (40 + 307 + 592) (1 4 7)?
+ (34+7)%(1 4 7) (832y).

In case v = 0, we get the following Corollary.

Corollary 2.5
If a function £ of the form (1) belongs to the subclass .#Z (53, t), then

_ 6¢1() 167270400 51 20.8 (2(8) 10454400 516

H
D] = £ £
2466 G3(B) 7372800 87 | 8857 C4(B,7y) 12100000 3°
£(B) 3E(B) ’
where
() = 9032601600000 5%,
¢1(B) = 10416384 3%,
G(B) = 576 3° (1734 — 214753)
G(B) =387 (19296 — 37548),
C4(B) = 7488 £° + 30240 87 — 11520 3% — 832 3.
Example 2.6

If we put the function,

1-7
— € A(8,7,9)

T

£(¢) =3 (e 1) = z+i ¢'3
=2

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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then, we have (5), therefore , we get

S1] = [Xa| [AsAs — AZ[ + |As| [AsAg — >\4)\5| - |A4| [AsAs — Afl
- 1 1 1 1
- 54 54 174960 648 9720

6

R T

648 174960 9720
iy

54 9720 648

S| = [Asxe — A2 — |X2| [AsAe — Aads| + [ As] |>\3/\5 — Ml

=5.39022 x 10719,

’ 6438

11
H54 174960 648 9720

1 1
T 648 174960 (9720)

1
' 54 9720 <648>

1S5 = [AsAs — Aads| + [Aa] [Aads — AsAs| — [Aa] [Aada — A2
S S R BV £ ) S R
~ |54 174960 648 9720| ' |6||6 174960 54 9720

1 2
648 6 \54

|S4| = | A3 |)\4)\2 — 22| = [Aal Mg = Asha| + [ As| A3 — A2

s

= 1.76407 x 1077,

= 7.93832 x 1078,

' 648

i o (31)
-(5)

‘648”648 54 6’

= 1.58766 x 107"

'9720

491

|72(1)| = |—asS1 4+ A\sS2 — X6Ss + \7S4| = ~ 1.0608455547 x 10712,

462838344192000

Example 2.7
If we choose the function

1) =3 (1071 =+ 3 T c.u(5.7,9)
T=2

13
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then we have (5), therefore , we get
S1] = [A2l [Aads = A2+ [As| [AsAe — AaAs| — [Aa] [AsAs — A

il sl 3ol o )
|Sa] = [Aade — AZ| — [Aa| [AsAe — Aas| + [As| [AsAs — A
2

_3"2 ..... 3 2.3_@) _

|S3] = [ A3 — Aads| + [Aa| [Aade — AsAs| — [Aa] [Aada — A3

2
3113 7 5(15 3
=[2.—-—=. B B ) Y ) 2
Fama il s ool

— 32 =0.75,

5T

=1,

2 2 2

S4] = |As| [AsA2 — A3 — [Aa] [As — Asha| + [As| [As — A3
2
()
2

5
e
| (1) = |[=A\aS1 + AsS2 — X6S3 + ArS4| = —5.375.

2|'5.322
2 2

Theorem 2.8
If the function £ € .#(8,~,<) and is of the form (1), then we have

where
0,(3.) — 1T (29762154 — 93488755 — 1869775,
WA= 36 58320008 + 11664007 ’
50184 + 572543 + 1145+
O =
2(8,7) 4320083 + 8640y
On(5,) — 2400 (5992888 — T643755 — 152875,
NSV =5 6480008 + 129600+ ’
88.57 [ 967
o _ ool (DY)
1B =551 <5184>
Proof

Let f € .#(B,7,S). Then, we can rewrite 4" Hankel determinant as:
|7 (1)] = |=AaS1 4+ AsS2 — A6S3 + A7S4] .

where ) )
|S1| = [Aa] [AaA6 — A5| + [As] [A3Ae — Aads| — [Aa| [Nz A5 — Afl,

|Sa] = [Xade — AZ| — [A2] [AsAs — Aas| + |As| [AsAs — AJl,
|S3] = [Ashe — Aads| + [A2| [A2de — AsAs| — [Aa] [Aada — A2,
|Sa] = |As] [AaAa — A3 — [Xaf [As — Asa| + |As| [As — A3

Stat., Optim. Inf. Comput.
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Applying Lemma 1.2 and using |Ag|, |\7| from Theorem 2.1, in the 4™ Hankel determinant, we get

|S1] = [Aa] [AsAs — A2 + [As| [AsAs — Aads| — [Aa][AsAs — Af

29762154 — 93488755 — 1869775y
58320005 + 1166400y ’

59184 + 572503 + 1145+

€19

Sol = [Made — AZ| — | Aol | A3 g — AuA As| [Ashs — A2| =
|Sa] = [Aade — AZ| — [A2] [As A6 — AaAs| + [As] [AsAs — Af] 132005 + 86407

5592888 — 7643753 — 152875y

; (32)

1S3] = [A3 A6 — Aads| + [Aa| [A2Ae — AsAs| — [Aa| [Aada — A3| =

967
|Sal = [As] [AaAa — A3 — [Aal [As — AsAa| + |As| [As — A3| = RITR

Inserting values (31)-(34) in (5), we obtain

where
17

016, = 35 (

29762154 — 93488755 — 1869775y
58320008 + 1166400y ’

(5.  DIBAE 57250 + 1145
2T T 32008 + 8640~

24.66 (5592888 — 7643755 — 152875
03 (67 ’7) < 7) )

R 6480003 + 129600~y

88.57 967
04(B,7) = 651+ <5184) .

In case § = 1, we get the following Corollary.

Corollary 2.9
Let £(¢) given by (1) be in class .# (v, ). Then

|#5(1)| < =61(7) + 02(7) — d5(7) + a(),

where
5 = 1T 20762154 — 9348875 — 1869775
W= 36 5832000 + 1166400~ ’
y() = D184+ 5725 + 1145
2T 743200 + 86407
() = 200 (5592888 — 764375 — 152875,
M T 51, 648000 + 129600 ’

88.57 [ 967

Su(y) = 2220 (20
10 =5 <5184>

In case v = 0, we get the following Corollary.

Stat., Optim. Inf. Comput.

6480008 + 129600 ’

(33)

(34)
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16 NEW INSIGHTS INTO THE FOURTH-ORDER HANKEL DETERMINANT

Corollary 2.10
Let £(¢) given by (1) be in class .# (5, <S). Then

|72(1)] < =Wi(B) + Wa(B) — Ws(B) + Wa(B),

where

17 (29762154 — 934887503
WiB) = 35 < 58320008 ) ’

(3) = PO184+ 57258
2T 432008
24.66 (5592888 — 76437503
Wa(B) = 53 < 6480008 )
88.57 [ 967
WilB) = =55 (5184)‘

3. Conclusion

In this paper, we introduced and investigated the subclass M(f,+,¢) of analytic functions defined by means of
subordination. By using the coefficient estimates associated with functions having positive real part, we obtained
explicit upper bounds for the initial coefficients |a,|, 7 = 2,3,4,5,6,7, and derived an upper estimate for the
fourth Hankel determinant for functions belonging to this class. These results contribute to the ongoing study of
higher-order Hankel determinants in geometric function theory and provide further information on the coefficient
structure of analytic functions defined through subordination.

The obtained estimates show how the parameters (3, 7y, and € influence the size of the initial coefficients and the
corresponding Hankel determinant. In particular, suitable choices of these parameters may lead to several known
or related subclasses of analytic functions. Thus, the present results extend and complement earlier investigations
on Hankel determinants for starlike, close-to-convex, and other subclasses of analytic functions studied in the
literature. Moreover, the results may be compared with known bounds obtained for classes associated with
Chebyshev polynomials and other dominant functions, showing that the present framework provides a flexible
setting for deriving related coefficient inequalities.

It should be noted that the bounds obtained in this work are presented as explicit upper estimates. The
question of sharpness, as well as the complete characterization of extremal functions for which equality is
attained, requires additional investigation. Equality in the auxiliary coefficient estimates is usually connected with
extremal functions in the Carathéodory class; however, simultaneous equality in the fourth Hankel determinant
estimate is more delicate and depends on the interaction among the involved coefficients. Therefore, determining
sharp bounds and identifying the corresponding extremal functions remain interesting problems for future research.

Finally, the method developed in this paper can be applied to other subclasses of analytic functions defined
through different dominant functions, including those associated with Chebyshev polynomials, exponential
functions, and other special functions. We expect that analogous estimates for higher-order Hankel and Toeplitz
determinants can be obtained by adapting the present approach.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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