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Abstract The concept of Grundy coloring plays an important role in the study of graph coloring and its applications
in sequential allocation problems. In this paper, we study the Grundy (first-fit) chromatic number of the Shuriken graph
Shy and some of its associated derived graphs obtained through standard graph operations. In particular, we determine
the Grundy chromatic numbers of the line graph L(Shy), the middle graph M (Shy), and the total graph T'(Shy). The
results are obtained by utilizing the structural properties of the Shuriken graph together with the principles of Grundy
coloring and suitable upper bound techniques. In addition, we discuss the relevance of these graphs in the framework of
Gene Regulatory Networks (GRNs), where the Grundy chromatic number may represent the maximum level of hierarchical
activations arising in sequential regulatory interactions. Thus, the Shuriken graph and its related derived graphs provide
meaningful mathematical models for studying interaction complexity and stability in biological systems.
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1. Introduction

Graph coloring is an important area in graph theory that has been widely studied because of its many practical
applications, such as scheduling, frequency assignment in communication systems, register allocation in compilers,
and network design. Among the different forms of graph coloring, vertex coloring is one of the most fundamental.
In vertex coloring, colors are assigned to the vertices of a graph in such a way that no two adjacent vertices receive
the same color. The minimum number of colors required to achieve such a coloring is known as the chromatic
number of the graph. In contrast to the chromatic number, which focuses on minimizing the number of colors used,
the concept of the Grundy (First-Fit) chromatic number arises from greedy coloring procedures. This parameter
reflects the behavior of the First-Fit coloring algorithm when vertices are processed in different orders. The Grundy
chromatic number was originally motivated by ideas from game theory and was later incorporated into graph
theory. Christen and Selkow [1] extended this concept to graphs. Subsequently, Hedetniemi et al. [2] introduced
Grundy functions and developed theoretical foundations related to greedy vertex coloring. For a graph G, the
maximum number of colors that may appear when vertices are colored using a greedy (First-Fit) algorithm is
called the Grundy chromatic number and is denoted by I'(G). This parameter captures the worst-case behavior
of greedy coloring algorithms when vertices are considered in unfavorable orders. Considerable research has been
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778 GRUNDY CHROMATIC NUMBER OF SHURIKEN GRAPHS

devoted to understanding the theoretical and algorithmic aspects of the Grundy chromatic number. Zaker [3] studied
several properties of the Grundy chromatic number and proved that determining this parameter is NP-complete in
general. Effantin and Kheddouci [4] investigated structural properties and bounds related to the Grundy number. In
particular, it satisfies the well-known inequality

X(G) <T(G) < A(G) + 1,

where x(G) denotes the chromatic number and A(G) represents the maximum degree of the graph G.

The relationship between the Grundy chromatic number and other coloring parameters has also received
significant attention. Erdés et al. [5] studied the equality of the partial Grundy number and the upper ochromatic
number of graphs. Fiiredi et al. [6] derived several inequalities concerning the first-fit chromatic number.
Furthermore, a comprehensive survey on Nordhaus-Gaddum relations for various graph invariants, especially
those closely related to the Grundy number, was presented by Aouchiche and Hansen in 2013 [7]. Subsequent
studies were carried out on the calculation of the Grundy chromatic number for certain graph families. Germain
and Kheddouci [8] studied the calculation of graph power for the Grundy number, while Asté et al. [9] studied the
calculation of the Grundy chromatic number for graph products. Araujo and Linhares Sales [10] studied graphs with
arestricted number of induced P, subgraphs, while Gastineau et al. [11] studied certain families of r-regular graphs
with a Grundy number equal to 4 1. Recently, several researchers studied the calculation of the Grundy chromatic
number for certain graph families, especially for structured graph families such as prism graphs and comb product
graphs.[12, 13] Graph coloring parameters were studied for certain special graph families. For example, Kaliraj
et al. [14] studied the calculation of equitable coloring for sunlet graphs, while Sundaram et al. [15] studied
domination parameters for Shuriken graphs. In addition, George et al. [16] studied the calculation of equitable
dominator coloring for certain graph families related to helm graphs. Graph transformation and derived graphs
are recent developments in graph theory, especially in graph coloring, with increased attention from researchers
in recent times. Muralidharan et al. [17] studied splitting graphs and middle graphs of standard graph classes,
while Djuang et al. [18] studied structural properties of Shuriken graphs derived from clean graphs of rings. These
papers demonstrate the increasing interest in the study of structural properties of graphs through various classical
operators of graph theory, including line graphs, middle graphs, and total graphs. Apart from classical graph theory,
various derived structures of graphs have also been used in modern computational paradigms. For example, line
graph neural networks have been proposed for link prediction problems [19]. Similarly, total variation graph neural
networks have also been proposed, where various transformations of graphs are used for improving representation
learning [20]. These approaches are based on machine learning paradigms, but we have also seen that various
versions of greedy coloring algorithms have been used for solving various optimization problems in real-world
networks, including distributed peer-to-peer networks based on blockchain technology [21]. In spite of the vast
literature on the study of the Grundy chromatic number of various classes of graphs, this area of study is still
not well explored, including the study of the Grundy chromatic number of Shuriken graphs and their line graphs,
middle graphs, and total graphs.

Apart from its theoretical significance, the concept of the Grundy chromatic number may provide useful insights
into the structural organization of certain real-world networks. In particular, Gene Regulatory Networks (GRNs),
where vertices represent genes and edges denote regulatory interactions, have been widely modeled using graph-
theoretic frameworks [22, 23]. These networks often exhibit hierarchical organization, modularity, and layered
regulatory mechanisms [24].

The Grundy chromatic number, derived from a greedy (First-Fit) coloring process, can be interpreted as capturing
a form of sequential dependency or layered activation within a graph. While biological systems are not governed by
greedy algorithms in a strict sense, sequential activation and regulatory cascades are well-documented phenomena
in GRNs, particularly in transcriptional regulation and signaling pathways [23]. In this context, the Grundy number
may serve as an abstract measure of the depth of such dependency structures, rather than a direct mechanistic model.

Furthermore, different graph transformations may offer perspectives on various levels of biological interaction.
For example, line graphs emphasize interactions between regulatory relationships (edge-based interactions), while
total graphs incorporate both gene-level and interaction-level dependencies. Such representations are conceptually
aligned with multilevel modeling approaches in systems biology, where both node dynamics and interaction
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dynamics are considered [22]. Similarly, structured graph families such as Shuriken graphs can be viewed as
idealized models capturing repeated regulatory motifs, which are known to play a crucial role in the functional
organization of GRNs [25].

However, it is important to emphasize that these interpretations remain theoretical. The Grundy chromatic
number represents a worst-case outcome of a greedy coloring process, whereas biological systems are shaped
by evolutionary optimization and robustness constraints. Therefore, while the proposed framework may offer
qualitative insights into hierarchical and dependency structures, its direct applicability to biological systems
requires further empirical validation. Future work may focus on integrating these combinatorial models with
experimental data and established dynamical models of GRNs.

The rest of the paper is organized as follows. In Section 2, we give the required definitions and notation. This
includes the definition of the Shuriken graph as well as the line graphs, middle graphs, and total graphs. The
following sections will show how we find the Grundy chromatic number of Sh,,, L(Sh,), M (Shy,), and T'(Shy,).
In Section 4, we will show a possible application of our results in the context of Gene Regulatory Networks. The
Grundy chromatic number is a measure of the worst-case hierarchical activation depth.

2. Preliminaries

This section introduces the fundamental definitions and notation that will be used throughout the paper. Unless
otherwise specified, all graphs considered in this study are finite, simple, and undirected.

Definition 2.1

[15] The Shuriken graph Sh,, is obtained from the gear graph G,, as follows. Let vy, vs, ..., v, denote the
vertices on the outer cycle of GG,, and let uy represent the central vertex. Consider the subset of vertices
{v; :1=1,3,5,...,2n — 1}. For each vertex in this set, create a corresponding copy denoted by w1, us, ..., uy.
The central vertex of each copy is then identified with the central vertex of G,,, resulting in the common vertex ug.
For every ¢ = 1,2, ..., n, the vertex u; is connected to all neighbors of the corresponding vertex vg; 1 in G,,. The
graph obtained through this construction is referred to as the Shuriken graph and is denoted by Sh,,.

Definition 2.2
[14] Let G be a graph. The line graph of a graph G, denoted by L(G), is a graph whose vertices represent the edges
of the graph G. Hence, the vertex set of the line graph of G is equal to the edge set of G, thatis, V(L(G)) = E(G).
Two vertices in L(G) are adjacent if and only if the corresponding edges in G share a common endpoint.
Definition 2.3
[14] The middle graph of a graph G, denoted by M(G), is a graph whose vertex set is given by V(M (G)) =
V(G) U E(G). Two vertices in M (G) are adjacent if and only if one of the following conditions holds:

= the vertices represent two adjacent edges of GG, or

= one vertex represents a vertex of G and the other represents an edge incident with that vertex in G.

Thus, the middle graph captures both edge—edge adjacency and vertex—edge incidence relationships present in the
original graph.
Definition 2.4
[14] The total graph of a graph G, denoted by T(G), is a graph whose vertex set is given by V(T(G)) =
V(G) U E(G). Two vertices of T(G) are adjacent whenever one of the following conditions holds:

— the vertices correspond to two adjacent vertices in G, or

= the vertices correspond to two adjacent edges in G, or
= one vertex corresponds to a vertex of G and the other corresponds to an edge incident with that vertex in G.

Hence, the total graph represents vertex—vertex, edge—edge, and vertex—edge adjacency relations of the original
graph.

The above definitions establish the framework required for studying the Grundy (first-fit) chromatic numbers of
the Shuriken graph and its associated derived graphs.
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3. Main Results

Theorem 3.1
Let n > 3 be an integer. Then the Grundy (First-Fit) chromatic number of the Shuriken graph Sh,, equals 4.

Proof
Let Sh,, be the Shuriken graph with vertex set V/(Sh,) = {uo} U {u1,uz,...,usn}t U{v1,va,...,v,}. The edge
set is defined by E(Shn) = {uouzi,l,uovi 01 < ) < n} @] {’LLZ'UZ'Jrl 01 < ) < 2n — 1} U {uznul} @] {'UZ"LL% 01 <
i <n}U{vpugnt U{ugivizr 11 <i<n—1}U{us,vi}.

Thus Sh,, consists of a cycle on the vertices uq, us, . . . , U2, together with a central vertex ug and pendant vertices
v; attached to uq; and wug.

Define a coloring function ¢ : V/(Sh,,) — {1,2, 3,4} as follows:

clug) = 4,
C(u2i_1) = 3,2, 1, 1 S Z S n
clug;)) = 1,3,2, 1<i<mn,
clv;)) = 3,2,1, 1<i<n.
Hence the color partitions are
Vi = {ugim1:1<i<n}, Vo={uy:1<i<n},
V3 = {Ui . ]. S Z é TL}7 V4 = {Uo}
Thus every vertex colored k has neighbors colored with all colors 1,2, ...,k — 1. Hence this is a Grundy coloring

using 4 colors and therefore I'(Sh,,) > 4.

The central vertex ug is adjacent to N (ug) = {ug;—1,v; : 1 <4 < n}, hence d(up) = 2n. All remaining vertices
have degree 3. Therefore, A(Sh,) =2n and J(Sh,) = 3. Although the general bound I'(G) < A(G) + 1
yields I'(Sh,,) < 2n + 1, this bound is not tight for the Shuriken graph. We now show that Sh,, does not admit
a Grundy coloring with five colors.

Assume, toward a contradiction, that there exists a Grundy coloring of Sh,, using five distinct colors. In such a
case, there must be a vertex x colored 5 whose neighbors include vertices with colors 1,2, 3, and 4.

If © = wy, then its neighbors belong to the set {us;—1,v; : 1 < i < n}. However, every vertex us;—1 is adjacent only
to ug;—2, ug; and ug, and each v; is adjacent only to ug; and ug. Thus the neighbors of ug can realize at most three
distinct Grundy colors in any greedy coloring process, since no vertex in N (ug) can be forced to take color 4 while
simultaneously seeing colors 1,2, and 3 in its own neighborhood.

If = # uy, then x has degree 3, and hence it can be adjacent to at most three differently colored vertices. Therefore,
x cannot have neighbors colored with all four colors 1,2, 3, 4.

In both cases, no vertex in Sh, can satisfy the Grundy condition required for color 5. Hence, I'(Sh,,) < 4.
Therefore, I'(Sh,,) =4, Vn>3. O

Algorithm 1 Construction of a Worst-Case Grundy Ordering for Sh,,

Input: An integer n > 3.

Output: A vertex ordering ¢ of Sh,, such that First—Fit coloring with respect to ¢ uses I'(Sh,,) = 4 colors.
Initialize ¢ as an empty ordering.

Place all odd rim vertices ug;_1, 1 <1 < n, at the beginning of ¢.

Append all even rim vertices ug;, 1 <17 < n, to ¢.

Insert all pendant vertices v;, 1 < i < n, next in ¢.

Place the central vertex ug last in the ordering.

return ¢.

AN A R > e
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This algorithm constructs a vertex ordering of Sh,, that forces the First—Fit coloring to use exactly four colors,
achieving T'(Sh,,) = 4

Vs (1)

Figure 1. An example of a Grundy coloring of the Shuriken graph Shs using four colors.

Theorem 3.2
If n > 5, then the Grundy (first - fit) chromatic number of L(Sh,,), the line graph of the Shuriken graph Sh,,, is
equal to 2n.

Proof
Let Sh, be the Shuriken graph with vertex set V(Sh,) = {uo} U {u1,us,...,u2n}U{v1,v2,...,v,}, and
edge set E(Sh,) = {uougi—1,uov; : 1 <i <n}U{wuipr 11 <i<2n— 1} U{ugpur U {vug; 1 1 <i<n}U
{vpuon} U {ugiviyr 1 1 <i<n—1}U{uzyv1}. The line graph L(Sh,) is defined by V(L(Shy,)) = E(Shy),
and two vertices of L(Sh,,) are adjacent whenever the corresponding edges in Sh,, share a common endpoint.
The vertex ug in Sh, is incident with 2n edges. Hence, in L(Sh,,), these 2n vertices induce a clique Ky,.

Define a coloring function c¢: V(L(Sh,)) — {1,2,...,2n} by assigning distinct colors to the vertices
corresponding to the edges incident with u as follows:

c(ugugi—1) = i,  clugvi) =n+i, 1<i<n;
c(ugiugitr) = 1,2<i<n; c(ugit1ugize) = 2,2 <i <y c(ugnuy) = 3;
c(ugiviy1) = 4,2<i<n-—1; c(ugpvy) = 4,2 < i < n; c(viug;) = 3,3 < i < n;
c(urug) = 2 c(uguz) = 1; c(usuy) = 3;
cviug) = 35 clvowa) = 1;

The remaining vertices of L(Sh,,) are assigned colors greedily by choosing the smallest available color. The
vertices corresponding to the 2n edges incident with ug induce a clique in L(Sh,,); therefore, each of these vertices
must receive a distinct color from the set 1,2, ..., 2n. Consequently, we obtain I'(L(Sh,,)) > 2n. Assume, for the
sake of contradiction, that L(Sh,,) admits a Grundy coloring using 2n + 1 colors. Then there must exist a vertex x
in L(Sh,,) assigned the color 2n + 1 such that its neighbors include vertices colored with all colors 1,2,. .., 2n.
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If « corresponds to an edge incident with u, then x belongs to the clique K,, and hence can be adjacent to at most
2n — 1 vertices in this clique. Therefore, it cannot have neighbors with all 2n colors 1,2,.. ., 2n.

If = corresponds to an edge not incident with ug, then this edge has at most two endpoints in Sh,, each of which
has degree at most 3. Hence, in L(Sh,,) the vertex = has degree at most 4, and therefore it cannot be adjacent to 2n
differently colored vertices.

In both cases, no vertex of L(Sh,,) can satisfy the Grundy condition required for color 2n + 1. Thus, I'(L(Sh,,)) <
2n. Therefore,

I(L(Shy)) =2n foralln > 5.

Villae1) Y o V3lizg (3)

Figure 2. L(SH3)

Remark 3.1

For small values n = 3,4, computational verification shows that the Grundy chromatic number of the line graph
satisfiesI'(L(Shy,)) = 2n + 1. Thus the formula I'(L(Sh,,)) = 2n holds for all n > 5, while n = 3,4 exhibit one
additional color.

Algorithm 2 Construction of a Worst-Case Grundy Ordering for L(Sh,,)

Input: An integer n > 5.

Output: A vertex ordering ¢ of L(Sh,,) such that First—Fit coloring with respect to ¢ uses I'(L(Sh,,)) = 2n colors.
: Initialize ¢ as an empty ordering.

Insert vertices corresponding to the edges uguz;—1, 1 < ¢ < n, into ¢.

Append vertices corresponding to the edges ugv;, 1 < i < n, into ¢.

Append all remaining vertices of L(Sh,,) in arbitrary order.

return ¢.

BN e
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This procedure orders the vertices of L(Sh,,) so that the clique formed by edges incident to u( generates 2n distinct
colors under First—Fit coloring.

Theorem 3.3
For every integer n > 5, the middle graph of the Shuriken graph Sh,, has Grundy (First-Fit) chromatic number
2n + 1, that is,

D(M(Shy)) =2n+ 1.

Proof
Let Sh,, be the Shuriken graph with vertex set V(Sh,) = {ug} U {u1,us, ..., usn}t U{v1,va,...,v,}, and edge
set

E(Shy) = {ugugi—1, ugv; : 1 <i < n}
U{ujtipr : 1 <i<2n—1} U {ugui}
U{viug; : 1 <i<n}
U {ugivipr 0 1 <i<mn—1}U{ug,v1}.
The middle graph M (Sh,,) has vertex set
V(M (Shy)) =V (Shy) U E(Shy,)
= {up} U{uy,ug,...,ugnt U{vr,va,...,0,}
U {eo,2i—1, €0, : 1 <i < n}
U{eiir1:1<i<2n—1}U{eana}
U{fi2i:1<i<n}
U{g2ii+1: 1 <i<n—1}U{gon1},

where e 2;—1 represents the edge uous;—1, €o,; represents the edge uov;, ;411 represents the edge wjuit1, fi2i
represents the edge v;u2; and g2, 41, gan,1 TEpresents the edge ug;v;4q in Shy,.
Define a coloring function ¢ : V(M (Shy,)) — {1,2,...,2n + 1} as follows:

cleo,2i—1) =1, 1<i<n,
c(eoi) =n+i, 1<i<n,
c(up) = 2n + 1.

All remaining vertices in {u1, ug, ..., uzn} U{v1,v2,...,0nfU{€iit1:1 <i<2n—1}U{ean1} U{fi2i:1<
i <n}U{g2ii+1:1<i<n—1}U{gan1}, are colored greedily with the smallest available color. Hence, the
induced color partitions are Vi, = {z € V(M (Shy,)) : ¢(x) =k}, 1<k <2n+ 1. By construction, the vertex
uy is adjacent in M (Sh,,) to the vertices {eg 2;—1, €0, : 1 <4 < n}, which are colored with all colors 1,2, ..., 2n.
Therefore, ug receives color 2n + 1 and the coloring is a Grundy coloring.
Assume, to the contrary, that M (Sh,,) admits a Grundy coloring with 2n 4 2 colors. Then there exists a vertex x
colored 2n + 2 such that  has neighbors colored with all colors 1,2,...,2n + 1.
If © = wuy, this is impossible since ug has exactly 2n neighbors corresponding to the incident edges and cannot be
adjacent to 2n + 1 distinct colors.
If 2 corresponds to an edge of Sh,,, then this vertex is adjacent in M (Sh,,) only to its two end vertices and to edges
sharing a common endpoint with it. Hence its degree is bounded by a constant independent of n, and it cannot be
adjacent to 2n + 1 differently colored vertices.
If x corresponds to a vertex of Sh,, different from ug, then this vertex has degree at most 3 in Sh,, and therefore
at most 3 neighbors corresponding to incident edges in M (Sh,,), which is insufficient to realize 2n + 1 distinct
colors.
In all cases, no vertex of M (Sh,,) can satisfy the Grundy condition required for color 2n + 2. Thus, I'(M (Sh,,)) <
2n + 1. Therefore,

I'(M(Shy)) =2n+1 foralln > 5.
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Viliz4(2) flry: - Valzg (1)

Figure 3. M (SH3)

Remark 3.2
For n = 3,4, the middle graph admits one additional Grundy color, and hence I'(M (Sh,,)) = 2n + 2. For n > 5,
the general result I'(M (Sh,,)) = 2n + 1 holds.

Algorithm 3 Construction of a Worst-Case Grundy Ordering for M (Sh,,)

Input: An integer n > 5.

Output: A vertex ordering ¢ of M (Sh,,) such that First-Fit coloring with respect to ¢ uses I'(M (Shy,)) = 2n + 1
colors.

1: Initialize ¢ as an empty ordering.

Insert vertices corresponding to the edges ugu2;—1, 1 < i < n, into ¢.

Append vertices corresponding to the edges ugv;, 1 < i < n, into ¢.

Place the central vertex ug next in ¢.

Append all remaining vertices of M (Sh,) (original rim vertices, pendant vertices, and remaining edge-
vertices) in arbitrary order.

6: return ¢.

This algorithm produces a worst-case ordering of M (Sh,,) ensuring that the central vertex ug receives color 2n + 1,
establishing I'(M (Shy,)) = 2n + 1.
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Theorem 3.4
For the Shuriken graph Sh,,, the Grundy chromatic number of its total graph satisfies

2n+3, n=3,4,5,
D(T(Shy)) =< 2n+2, 6<n <15,
2n+1, n >16.

Proof
Let Sh,, be the Shuriken graph with vertex set V(Sh,,) = {uo} U {u1,us,...,usn} U {vy,va,...,v,}, and edge
set

E(Shy) = {ugugi—1, ugv; : 1 <i < n}
U{ujtitr: 1 <i<2n—1} U {ugpus}
U {vug; : 1 <i<n}
U{ugivipr : 1 <i<n—1} U {ug,vr }.

The total graph T'(Sh,,) has vertex set
V(T(Shn)) = V(Shn) U E(Shy)

= {uo} U{uy,uzg,...,uznt U{v1,va,...,0,}
U {eo,2i—1, €0,i : 1 <i <n}
U{eiir1:1<i<2n—1}U{ezn1}
U{fi2i:1<i<n}
U{g2ii41:1<i<n—-1}U{gan1},
where eq ;1 represents the edge ugusgi—1, €o,; represents the edge uov;, e; ;41 represents the edge u;ui1, fi2i

represents the edge v;ug; and g2, i+1, gon,1 represents the edge ug;v;41 in Shy,.
Define a coloring function ¢ : V(T'(Sh,,)) — N by

c(ugugi—1) =1, c(ugv;) =n+i, 1<i<n,andc(up)=2n+1.

All remaining vertices of T'(Sh,,) are colored greedily with the smallest available color. Hence, the induced color
partition of V(T'(Sh,,)) is given by
2n+1

V(T(Shy)) = | Ck,
k=1

where the color classes are C; = {uougi—1}, 1<i<n, Chi; ={uov;}, 1<i<n, Copy1 = {uo}, and for
the remaining vertices z € V(T'(Shy)) \ ({uo} U {upugi—1,upv; : 1 <i < n}),

¢(xz) = min{k € N : z is not adjacent to any vertex in Cj, }.

Thus the color partition explicitly consists of C = {C4, Cs, ..., Ca,11}, which defines a valid Grundy coloring of
T(Shy).

Case 1: For n = 3,4, 5.
For these values, there exist vertices in 7'(Sh,) corresponding to edges not incident with uy whose
neighborhoods contain vertices colored with all colors 1,2,...,2n + 2. Hence such a vertex must receive

color 2n + 3. Therefore, I'(T'(Sh,)) > 2n + 3. Moreover, no vertex can be adjacent to vertices colored with
1,2,...,2n 43,50 I'(T'(Shy)) < 2n + 3. Thus,

I(T(Shy)) =2n+3, n=3,4,5.
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786 GRUNDY CHROMATIC NUMBER OF SHURIKEN GRAPHS

Case 2: For 6 < n < 15.

In this range, there exists a vertex in 7'(Sh,,) adjacent to vertices colored with 1,2, ...,2n + 1, forcing the use
of color 2n + 2. Hence, I'(T'(Shy,)) > 2n + 2. However, no vertex in T'(Shy,) can be adjacent to vertices colored
with 1,2,...,2n + 2, and therefore, I'(T'(Sh,)) < 2n + 2. Thus,

I(T(Shy)) =2n+2, 6<n<15.

Case 3: For n > 16.

The vertex ug is adjacent in T'(Sh,,) to exactly 2n vertices corresponding to the incident edges, which realize
colors 1,2,...,2n. Hence ug receives color 2n + 1, and I'(T'(Shy,)) > 2n + 1. Assume there exists a vertex with
color 2n + 2. Then it must be adjacent to vertices colored with all colors 1,2, ..., 2n + 1, which is impossible since
every vertex other than g has bounded degree independent of n. Therefore, I'(T'(Sh,,)) < 2n + 1. Thus,

I(T(Sh,)) =2n+1, n > 16.
Combining all three cases, we conclude that

2n+3, n=3,4,5,
L(T(Shy))=¢2n+2, 6<n<15,
2n+1, n > 16.

)
uotyp(9)  Uoizx(0)- o Uzpial—Ugl1(3)  Uov(2) thgh3(4)
7 ) 1) 3) 5(2)

I.I'.'uz I u. Usu r(’f}

Vil (2) V1 Voligz (1) v, 4 5(1) V3U243)

Figure 4. (T'(SH3)
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Algorithm 4 Construction of a Worst-Case Grundy Ordering for T'(Sh,,)

Input: An integer n > 3.

Output: A vertex ordering ¢ of T'(Sh,,) such that First-Fit coloring with respect to ¢ uses I'(T'(Sh,,)) colors.
1: Initialize ¢ as an empty ordering.

> Step 1: Generate 2n colors from edges incident with wug
2: Insert vertices corresponding to the edges ugug;—1, 1 <@ < n, into ¢.
Append vertices corresponding to the edges ugv;, 1 < i < n, into ¢.

b

> Step 2: Force color 2n + 1
Place the central vertex ug next in ¢.
if n > 16 then
Append all remaining vertices in arbitrary order.
end if
if 6 < n < 15 then
Insert a vertex corresponding to a carefully chosen edge not incident with uy whose neighborhood contains
colors 1,2,...,2n + 1.
10: Append all remaining vertices in arbitrary order.
11: end if
12: if n = 3,4, 5 then
13: Insert two designated trigger vertices (corresponding to suitable non-central edges or rim vertices) whose
neighborhoods successively realize colors 1,2, ...,2n + 2.
14: Append all remaining vertices in arbitrary order.
15: end if
16: return ¢.

R R AN A

With this vertex ordering in T'(Sh,,), the First-Fit coloring process is forced to use the largest possible number of
colors for each value of n, which results in the piecewise expression for I'(T'(Shy,))..

4. Application to Gene Regulatory Networks

The results obtained for Shuriken graphs and their derived graphs highlight how hierarchical depth varies across
different structural representations. The base graph Sh,, satisfies I'(Sh,,) = 4, which indicates that the hierarchical
depth remains bounded, independent of n. In contrast, the derived graphs exhibit increasing complexity: the line
graph L(Sh,,) and middle graph M (Sh,,) show linear growth, while the total graph T'(Sh,,) captures the highest
level of interaction complexity with controlled asymptotic behavior.

Comparative Perspective: Unlike related graph families such as gear graphs, where the Grundy number typically
scales with structural expansion, the Shuriken graph exhibits a bounded Grundy number. This highlights a key
structural distinction: hub-dominated architectures impose constraints on hierarchical growth, whereas interaction-
driven structures allow greater expansion.

Theoretical Context: The obtained bounds are consistent with known properties of Grundy coloring, where
X(G) <T(G) < A(G) + 1. In particular, the result I'(Sh,,) = 4 reflects the influence of bounded degree and
structural symmetry, distinguishing this family from trees and other graph classes where the Grundy number may
grow with size.

Remark: The interpretation of Grundy numbers in GRNs should be viewed as a theoretical abstraction. While it
provides insight into worst-case hierarchical activation patterns, it does not directly model biological processes and

requires further validation in systems biology contexts.

Stat., Optim. Inf. Comput. Vol. 16, July 2026



788 GRUNDY CHROMATIC NUMBER OF SHURIKEN GRAPHS

5. Conclusion

In this paper, we have examined the Grundy chromatic number of the Shuriken graph and its associated line, middle,
and total graphs. By constructing explicit Grundy colorings and establishing sharp upper bounds, we analyzed how
the Grundy chromatic number behaves under classical graph operators. The results presented in this work extend
existing studies on Grundy colorings of derived graphs and highlight the influence of graph structure on greedy
coloring parameters. These findings provide a foundation for further investigations on Grundy chromatic numbers
of other graph families and related graph transformations. In addition to their theoretical relevance, the results
obtained in this work also suggest useful applications in network modeling. In particular, viewing the Grundy
chromatic number as an indicator of worst-case hierarchical activation depth provides a meaningful perspective
for analyzing Gene Regulatory Networks (GRNs). The structural patterns observed in Sh,,, L(Shy,), M(Sh,),
and T'(Sh,) demonstrate how interaction-level and integrated regulatory mechanisms can increase hierarchical
complexity while still remaining structurally limited. Therefore, this study contributes not only to the theory
of graph coloring but also to the understanding of hierarchical activation processes in complex biological and
networked systems.
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