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Abstract This paper addresses the joint estimation of all parameters of the Kumaraswamy—Weibull (Kw—W) distribution,
including the Kumaraswamy shape parameters and the Weibull shape and scale parameters. A Bayesian estimation
framework based on Stein’s loss function is developed, with Jeffreys’ prior adopted as a noninformative prior to ensure
objective inference. Unlike existing studies that often focus on partial parameter estimation, this work considers the full
parameter vector and derives the corresponding Bayesian estimators. The proposed approach is evaluated through an
extensive simulation study and compared with classical methods, namely maximum likelihood estimation (MLE) and the
method of moments (MoM), using mean squared error as a performance criterion. Furthermore, the methodology is applied
to two real lifetime data sets involving bacterial survival times and failure times of iron bars. The results demonstrate that the
Bayesian approach under Stein’s loss function provides more accurate and stable estimates for all parameters, particularly
in moderate and large samples, while classical methods remain competitive for small sample sizes. These findings highlight
the effectiveness of combining Stein’s loss function with full-parameter Bayesian estimation for flexible lifetime models.
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1. Introduction

Modeling lifetime and reliability data has been an important area of research in statistics, engineering, and applied
sciences for many decades. One of the earliest and most widely used lifetime models is the Weibull distribution
introduced by Weibull [24]. Because of its flexibility in representing increasing or decreasing failure rates, the
Weibull distribution has been extensively used in reliability engineering and survival analysis.

Despite its usefulness, the Weibull distribution may not adequately describe complex data sets with more
complicated hazard rate behaviors. To address this limitation, researchers have proposed several generalized
distributions. Among these distributions, the distribution that stands out most clearly is Kumaraswamy distribution,
Which was presented and derived by Kumaraswamy [13], This has garnered significant attention from researchers
due to the simplicity of its mathematical model and the smoothness of its cumulative distribution function.

Later, many researchers combined the Kumaraswamy distribution with several other distributions to ensure the
flexibility of the new distribution. For example, Cordeiro et al. [4] presented a Kumaraswamy—Weibull distribution
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in innovative formats as an extension or generalization of the Weibull distribution. The proposed distribution is
characterized by its high suitability for modeling lifetime data and for representing hazard and risk functions.
including increasing, decreasing, and bathtub forms. Another work by Cordeiro et al. [3] they studied the statistical
properties of the Kumaraswamy distribution, as well as the models derived from it, and their uses and applications
in the field of reliability for various sciences, including engineering.

One of the earliest works in the field of Bayesian inference was by Jeffreys [11], who introduced a noninformative
prior distribution based primarily on the Fisher information matrix. The characteristics of Jeffreys noninformative
prior were discussed by Gelman [8] who highlights its general importance in the field of modern statistics, as well
as its fundamental role in shaping Bayesian models.

Another interesting aspect of Bayesian estimation theory is the selection of an appropriate loss function. While
the quadratic loss function is one of the most important loss functions used in many research studies. Zellner
[26] He studied Bayes estimates under symmetric loss functions, discussing their statistical benefits in the field
of decision theory. The same researcher further developed his study[25] presented balanced loss functions that
combine Bayesian and classical estimation.

In addition to all of the above Diaconis and Freedman [5] A theoretical study in which they tested the consistency
of Bayesian estimators They also studied the asymptotic properties and reached very important conclusions. These
studies in general highlighted Bayesian estimation theory and encouraged many researchers to use Bayesian
estimation in more complex models.

Finally, the researcher Mahmoud [14] studied the generalized Kumaraswamy distribution and highlighted
the most important benefits of this distribution in modeling lifetime data. Developments in general have
prompted researchers to combine two flexible distributions and obtain more flexible distributions such as
Kumaraswamy—Weibull model and study Bayesian estimation techniques for it to improve reliability and survival
data.

trhis research focuses on providing Bayesian estimates of shape parameters With the stability of other parameters
such as the location parameter and the scale parameter of the Kumaraswamy—Weibull distribution using Jeffreys’
prior and Stein’s loss function. The behavior of Bayes estimators was then compared with that of classical
estimators such as the maximum likelihood estimator MLE and the moment estimator MoM.

The Kumaraswamy—Weibull (Kw—W) distribution It is a four-parameter distribution that combines two
distributions Kumaraswamy and Weibull distribution to obtain a more flexible distribution for representing lifetime
data. decreasing, bathtub, and unimodal forms. Due of its flexibility, this distribution has wide-ranging applications
in the fields of physics and engineering. A random variable X is said to follow a Kumaraswamy—Weibull
distribution if its probability density function (PDF) is given by [6]:

f(za,b,a, B) = abafz®~ exp [~ (Bz)] [1 — exp (—(Bz)™)]*

[1— (1 —exp(~(B)*) ", 20, )

where a > 0 and b > 0 are the Kumaraswamy shape parameters, and o > 0 and S > 0 are the Weibull shape and
scale parameters, respectively. The cumulative distribution function (CDF) of the Kw—W distribution is [2]:

F(z;a,b,0,8) =1 —[1 — (1 —exp (—(82)*)"]" 2)

Once the cumulative distribution function is obtained, we can define the reliability or survival function. In
reliability analysis and lifetime modeling, the survival function measures the probability that a system or component
continues functioning beyond a specific time. The survival function is simply the complement of the cumulative
distribution function. Consequently, Equation 3 expresses the reliability function of the Kumaraswamy—Weibull
distribution as 1 — F'(z) [7].

b
R(x) = [1 — (1 —exp (=(B2)")]. 3)
After defining the survival function, the next important quantity in reliability theory is the hazard rate function. The
hazard function describes the instantaneous rate of failure at a particular time given that the system has survived

up to that time. It is obtained by dividing the probability density function by the survival function. Thus, Equation
4 presents the hazard rate function of the Kumaraswamy—Weibull distribution, which can exhibit various shapes
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Figure 1. Kw-W distribution with different parameters values

such as increasing, decreasing, or bathtub-shaped depending on the parameter values [9].

_ f(z)  abaBaLexp [—(Ba)] [1 — exp (—(Bx)*)]* "
M) = R(z) 1 — (1 —exp (—(B2)>))" ' @

This function can take on increasing, decreasing, or bathtub shapes depending on parameter combinations, making
Kw—W highly adaptable.

2. Some Statistical Properties

The Kw—W distribution It possesses several statistical characteristics that can be studied by identifying parameters
about this distribution.[12]: The first moment as follows:

= fooo xf(z) dx
=abaf [;~ a® exp [~(Bz)*] [I — exp (—(Ba)*)] ™) 5)
[1— (1 —exp (= (B2))" "™ da

To better understand the behavior of this distribution, it is necessary to study the moments of this distribution,
Equation 5 represents the first moment, or the expected value (mean) [22], of the random variable. The mean
represents one measure of the central tendency of the data, and naturally, solving above integral is complex and
requires numerical methods. For this reason, a more general expression for the r-th moment is introduced. Equation
6 expresses the r-th moment using the Beta function and binomial coefficients, which allows numerical or analytical
evaluation of higher-order moments such as variance, skewness, and kurtosis [16].

o0

E[X"] = (b/B") Z 1C(b—1,5)B(1+r/aa(j + 1)) (6)

=0

where B(-, -) denotes the Beta function and C(-, -) represents the binomial coefficient. Variance and Skewness and
Kurtosis can be computed from the central moments, providing insight into asymmetry and tail heaviness [19].
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3. Classical Estimation Methods

Two common methods for estimating the parameters of the Kw—W distribution are the Maximum Likelihood
Estimation (MLE) and the Method of Moments (MoM).

3.1. Maximum Likelihood Estimation (MLE)

Let X;,...,X,, be i.i.d. observations from the Kumaraswamy—Weibull (Kw—W) distribution defined as the
Kumaraswamy transform of a Weibull baseline. Weibull baseline CDF and PDF[23]:

Gla) =1~ exp(~1), g(x) = (;) exp(—1),

where ¢t = (%)a x>0, a >0, >0. The Kumaraswamy—G construction with parameters a > 0, b > 0 yields
CDF
Fz)=1-(1-G(x)")"
and PDF
@) = abg(x)G(a)* (1 - G(a)")"~".

T (0%
t; = = s Gizl—e_t"’.
( 8 >
then the Log-Likelihood will be

L) = > log f(x;) = nloga + nlogh+ nloga — nlog B

+(a—=1) Y log(xi/B) = > ti+ (a—1) X log G; )

+(b—1)> log(l — G¢)
To estimate the parameters of the Kumaraswamy—Weibull distribution, the Maximum Likelihood Estimation
method is applied. Equation 7 represents the log-likelihood function constructed from a random sample drawn
from the distribution. Maximizing this function with respect to the parameters leads to the most likely parameter
estimates. To find these estimates, we differentiate the log-likelihood function with respect to each parameter.
Equations 8 - 11 present the partial derivatives of the log-likelihood function with respect to a, b, o, and (. Setting
these derivatives equal to zero yields a system of nonlinear equations that must be solved numerically [10].

For each observation ¢:

ol n G%log G;
o Slog G+ (b— 1)y |- 2108
90— at ogGi+(b—1) [ e } (8)
ol n a
o5 =3 T Slos(1-GY) ©)
2L =24 S log (%) — > t;log (%)
+a-1)>" [e*titi log % /Gl} (10)

~b-Da X [Gr e ttilog (%) /(1 - G2
si=— () + ()30
~a-1)(§) Sle /G an
+-Da(5) LG e /(1 - G2

The MLEs of the parameters (d,I;,d, B) are obtained by solving the system of nonlinear equations formed
by setting the partial derivatives of the log-likelihood with respect to each parameter equal to zero. These
equations are generally solved numerically using iterative optimization algorithms such as the Newton—Raphson
or Expectation—Maximization (EM) method [1].
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4 USING STEINS LOSS FUNCTION ON BAYESIAN ESTIMATION

3.2. Method of Moments Estimation (MoM)

The method of moments equates the theoretical moments E[X "] with the corresponding sample moments M, =
%fo. The resulting equations can be solved simultaneously to estimate the parameters. Although MoM is
simpler, it is less efficient and less robust than MLE, especially for small samples [15].

4. Bayesian Estimation

Bayesian estimation provides an alternative to classical methods by incorporating prior information about the
parameters of the Kumaraswamy—Weibull (Kw—W) distribution. This approach combines the prior distribution
with the likelihood function derived from the observed data to obtain the posterior distribution of the parameters
[28]. Let X3, Xs, ..., X,, be a random sample from the Kw—W distribution with parameters 5 = (a, b, «, ). The
posterior distribution is given by:

m(B | @) o< L(B) x m(B),

where L(/3) is the likelihood function and 7 () represents the prior distribution for the parameters. Jeffreys’ prior
is a principled noninformative prior derived from the Fisher information. For a parameter vector 3, the Jeffreys

prior is defined as [17].
m(B) o< y/det (1(5)) (12)

In the Bayesian framework, prior information about the parameters is incorporated through a prior distribution.
Jeffreys’ prior is commonly used as a non-informative prior because it is invariant under reparameterization.
Equation 12 defines Jeffreys’ prior in terms of the Fisher information matrix. The Fisher information measures
the amount of information that the observed data provide about the unknown parameters. Equation 13 defines the
elements of the Fisher information matrix using the expected value of the second derivatives of the log-likelihood
function. 5
o,
9B;0Bk
and £(3; X) is the log-likelihood function. Jeffreys’ prior is invariant under reparameterization, making it a common
choice for objective Bayesian analysis. For the Kumaraswamy—Weibull (Kw—W) distribution with parameters
B = (a,b, a, B) the liklihood function 7, Analytic derivation of the Fisher information matrix for the Kw—W model
is algebraically involved and does not lead to simple closed-form expressions. Consequently, Jeffreys’ prior for
Kw—W is typically computed numerically. A practical approach is to compute the observed information (negative
Hessian of the log-likelihood) at each parameter value and use it as an approximation to the expected Fisher
information. The observed information matrix is:

1(8) = —B| (8 X)] (3)

& &2
J(B) = - [6?2 e 1 : (14)
: g
Then the Jeffreys-like prior can be approximated by:

m7(8) o< y/det (J(B)).

This approximation is widely used in practice when the expectation is intractable.

5. Bayesian Approach for Kw-W Distribution

In this section, the Bayesian estimation procedure is extended to the full parameter vector 8 = (a,b, a, 8) of the
Kumaraswamy—Weibull (Kw—W) distribution. Let X3, ..., X,, be an i.i.d. sample from the Kw—W distribution
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with probability density function

@ a a—1 a\ @ b—1
f(x;0) = abafz"te™(B2) [1 — e~ () } [1 - (1 — e~ (B2) ) } .

The likelihood function is therefore given by

L)) =[] f(a:0)

and the log-likelihood can be written as

2(0) =nloga+nlogh+nloga+nlog S+ (a—1)> logz; — > (Bx;)™
+(a—1)>log (1 —e~B2)) 4+ (b—1) > log [1 - (1- efwmi)“)“] .

The Fisher information matrix for the full parameter vector is defined as

020(0) -
I(e)_—E{aoi%] ij=1,... 4.

Thus, I(0) takes the form
Iaa Iab Iaa I(LB
N e Iy Dpa Ipg
I(a) N Iaa Iab Iaa Iaﬁ

Iga Igp Ipa Ipp
Each element is obtained from the expected second derivatives:

o (b~ 1)G2 (08 G2
O R e L

G¢log G,
= p |2 GEE

where G; = 1 — e~ (¥%)" and for the Weibull parameters, we obtain:

2
loa=—5+E Z(Z’Z) ] ti = (B:)",
no ot \°
IBB:EJFE Z((ﬁ)}

ot; 0t;
Y 5]

The cross-information terms between (a, b) and («, ) arise from the dependence of G; on «;, 3:

Ia=FE {Z;;log(l - e“)} :
o8[S Zus -],

s)

(16)

a7

(18)

19

(20)

2y

(22)

(23)

(24)

(25)

(26)
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6 USING STEINS LOSS FUNCTION ON BAYESIAN ESTIMATION

9 o
—FE Za—alog(l—Gi’)

Iyg = [Z —log (1 — G“)] (28)

Due to the analytical intractability of these expectations, the Fisher information matrix is typically approximated
using the observed information matrix:

€2))

4(0)
J(0) =~ (29)
The Jeffreys prior for the full parameter vector is given by
m7(0) < \/det I(6) (30)
Due to the complexity of 7(6), the determinant is computed numerically:
my(a,b,a, ) o< \/det J(6).
Assuming independence of parameters a priori, the posterior distribution is
m(0|x) < L(0|x) 75 (0),
that is
m(a,b, a, Blx) o [H f(a:i;H)] det J(0). (31)
i=1
Using Stein’s loss function
0 1
L(0,6) =—-—1 -] -1 32
(6,0) =5 —log < 9) ; (32)
the Bayes estimators for each parameter are obtained as
N 1 7 1
as = Ei/alz’ be = EM/blz)’
s T Efl/afz]? TR E[l/lbl ] (33)

dBayes - W» 5Bayes - EM/fBlx]
These expectations are computed numerically as
EF | ] [ ] [LL(6]x)\/det J(0)do 34)
g ,
a J [ ] [L(O|z)\/det J(0) dO

and similarly for b, a, 5. Due to the high dimensionality and nonlinearity, numerical techniques such as Markov
Chain Monte Carlo (MCMC) or Newton—Raphson integration are required.

6. Simulation Results

By generating data for the Kw-W distribution using inverse transform by CDF function, evaluating the Maximum
Likelihood Estimator (MLE), the Moment Estimator (MoM), and the Bayesian Estimator (BE) for the following
set of parameters values 1 and repeating the experiment 3000 times to obtain the following results using Mean
Square Errors MSE.

Table 1 presents the Mean Squared Error (MSE) values obtained from three estimation methods: Maximum
Likelihood Estimation (MLE), Method of Moments (MoM), and Bayesian Estimation (BE) for the case where
the shape parameters are a = 0.5 and b = 2.5. The results are evaluated across different sample sizes ranging

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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a b « 153
Case | 05 10 05 15
Casell 02 20 15 05
CaseIll 4.0 50 20 3.0
CaselV 1.5 0.8 30 20

Table 1. Sets of Parameters values

n MLE ME BE
5 1.77393 1.42846 1.57302
10 141227 1.26011 1.49331
20  1.15027 1.12434 1.26112
30 095848 1.02634 1.10027
40 0.82646 0.94762 0.86502
60 0.72905 0.89511 0.61446
80 0.66551 0.86502 0.51788
100 0.62151 0.84552 0.46208
150 0.59380 0.83593 0.43648
200 0.58042 0.82646 0.42664

Table 2. MSE for methods Case |

MLE ME BE
a b Q@ I} a b Q I} a b e I}

5 0.587 1.829 0.842 1.861 0.414 1.414 0.601 1.343 0.587 1.588 0.851 1.761
10 0406 1395 0.589 1318 0.331 1.212 0.482 1.091 0.547 1.492 0.795 1.641
20  0.275 1.081 0405 0925 0262 1.049 0387 0.887 0431 1.213 0.633 1.292
30  0.179 0.851 0.271 0.638 0.213 0.932 0.318 0.741 0.351 1.021 0.521 1.051
40 0.113 0.692 0.179 0441 0.174 0.837 0.263 0.621 0.233 0.738 0.356 0.698
60 0.065 0575 0.111 0294 0.148 0.774 0.227 0.543 0.107 0.437 0.181 0.322
80 0.033 0499 0.066 0.198 0.133 0.738 0.206 0.498 0.059 0.321 0.113 0.177
100 0.011 0446 0.035 0.132 0.123 0.715 0.192 0468 0.031 0.254 0.073 0.093
150 -0.003 0413 0.016 0.091 0.118 0.703 0.185 0.454 0.018 0.224 0.056 0.055
200 -0.011 0.397 0.006 0.071 0.113 0.692 0.179 0441 0.013 0.212 0.049 0.041

Table 3. Bias for the Parameters Case I

from n = 5 to n = 200. The MSE values diminish with an increase in sample size across all estimating methods,
signifying enhanced estimator performance with bigger samples. Initially, the Bayesian estimator yields elevated
MSE values for small samples in comparison to MLE and MoM. Nonetheless, as the sample size increases, the
Bayesian estimator demonstrates a notable decrease in mean squared error (MSE). In bigger sample sizes, the
Bayesian method attains the minimal MSE compared to the three approaches. This illustrates that the Bayesian
estimator attains greater efficiency and stability with ample data availability. The Method of Moments estimator
exhibits a more gradual enhancement relative to Maximum Likelihood Estimation. The findings underscore the
superiority of Bayesian estimation in large-sample contexts.

Table 2 reports the Mean Squared Error (MSE) values for the same three estimation methods when the parameters
are set to @ = 2 and b = 3. Similar to Table 1, the sample size varies from n = 5 to n = 200. The results suggest
that the MSE values decrease gradually as the sample size increases for all estimation techniques. In comparison to
MLE and MoM, the Bayesian estimator demonstrates larger MSE values in small sample scenarios. Nevertheless,
the Bayesian estimator’s efficacy is significantly enhanced as the sample size increases. In comparison to classical

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Figure 2. MSE for methods Case |
n MLE ME BE
5 1.027984 3.043475 4.030194
10  0.829609 2.206483 3.610793
20 0.687701 1.665291 2.059382
30 0.585552 1.290977 1.143932
40 0.519026 1.191246 0.852143
60 0.466265 1.000800 0.601457
80  0.424518 0.875290 0.472555
100 0.386509 0.796920 0.413292
150 0.381364 0.755330 0.364352
200 0.376288 0.735356 0.356337
Table 4. MSE for methods Case II
MLE ME BE
n a b a B a b a B a b a B

5 0.314 1556 0522 0.836 1.222 3352 1.73 3765 1.815 4536 2571 5445
10 0215 1.159 0364 0578 0.803 2348 1.145 251 1.605 4.033 2278 4.816
20 0.144 0875 025 0394 0533 1.698 0.766 1.698 0.83 2171 1.192 2.489
30 0.093 0.671 0.168 0.261 0.345 1249 0504 1.136 0372 1.073 0.551 1.116
40 0.06 0538 0.115 0.175 029 1.129 0434 0.987 0226 0.723 0.347 0.678
60 0.033 0433 0.073 0.106 02 0901 0301 0.701 0.101 0422 0.171 0.302
80 0.012 0349 0.04 0.052 0.138 0.75 0213 0.513 0.036 0.267 0.081 0.109
100 -0.007 0.273 0.009 0.002 0.098 0.656 0.158 0.395 0.007 0.196 0.039 0.02

150 -0.009 0.263 0.005 -0.004 0.078 0.606 0.129 0.333 -0.018 0.137 0.005 -0.053
200 -0.012 0.253 0.001 -0.011 0.068 0.582 0.115 0.303 -0.022 0.128 -0.001 -0.065

Table 5. Bias for Parameters Case II
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Figure 3. MSE for methods Case II

estimators, the Bayesian estimator generates competitive and ultimately lower MSE values for moderate and
large sample sizes. The MSE values of the Method of Moments estimator are consistently higher than those of
the other methods. In the interim, Bayesian estimation outperforms MLE in larger samples, despite maintaining
stable performance. These results verify that Bayesian estimation generates accurate parameter estimates when an
adequate amount of data is accessible.

n MLE ME BE

5 0967152 4.380663 7.949062
10 0.684409 2.402717 4.787098
20 0.502279 1.443398 2.317848
30 0.382281 0.932581 0.924877
40 0301737 0.648042 0.561968
60 0.246992 0.484325 0.238163
80 0.213525 0.389302 0.174785
100 0.191436 0.336553 0.143073
150 0.177995 0.307279 0.128272
200 0.171632 0.296295 0.123687

Table 6. MSE for methods Case III

Table 3 displays the Mean Squared Error (MSE) values for parameter settings ¢ = 4 and b = 6. The comparison
again includes the Maximum Likelihood Estimator, Method of Moments Estimator, and Bayesian Estimator for
sample sizes ranging from n =5 to n = 200. The findings show that MSE values consistently decrease with
increasing sample size. The Bayesian estimator displays comparatively higher MSE values for very tiny samples.
However, when the sample size increases, the MSE decrease becomes significant. The Bayesian estimator starts
to perform similarly to the MLE for moderate sample sizes. Among the three approaches, the Bayesian estimator
yields the lowest MSE values when the sample size grows. In the majority of situations, the Method of Moments
estimator is still the least effective approach. The resilience of the Bayesian estimate method under bigger sample
settings is highlighted by these results.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 USING STEINS LOSS FUNCTION ON BAYESIAN ESTIMATION

MLE ME BE

n a b o 3 a b o 3 a b p B

5 0674 1634 0474 1.634 6271 4957 2866 4.857 5464 9439 6.259 11.029
10 0448 1.069 0.248 1.069 3304 2.583 1.482 2483 3251 5.645 3.73 6.602
20 0302 0705 0.102 0705 1.865 1.432 0.81 1332 1.522 2.681 1.754 3.145
30 0206 0465 0.006 0465 1.099 0.819 0453 0.719 0547 1.01 0.64 1.195
40 0.141 0303 -0.059 0.303 0.672 0478 0254 0378 0.293 0.574 0.35 0.687
60 0.098 0.194 -0.102 0.194 0426 0.281 0.139 0.181 0.067 0.186 0.091  0.233
80 0.071 0.127 -0.129 0.127 0.284 0.167 0.073 0.067 0.022 0.11 0.04  0.145
100 0.053 0.083 -0.147 0.083 0.205 0.104 0.036 0.004 0.001 0.072 0.014 0.1
150 0.042 0.056 -0.158 0.056 0.161 0.069 0.015 -0.031 -0.012 0.054 0.003 0.08
200 0.037 0.043 -0.163 0.043 0.144 0.056 0.007 -0.044 -0.013 0.048 -0.001 0.073

Table 7. Bias for Parameters Case 111

8 1 \ —— MLE
74 |\ ME
.‘ —.. BE
6 . .
|
51 1
gef )
\
31 \
2 - \
\-
1 - \.
&
T
0 .
0 25 50 75 100 125 150 175 200

n
Figure 4. MSE for methods Case I1I

n MLE ME BE

5 0.711201 2.250607 8.669531
10 0.399796 1.340175 5.384048
20  0.267135 0.861741 2.845354
30 0.189077 0.554106 0.892193
40 0.141763 0.384735 0.274171
60 0.112591 0.282974 0.119266
80 0.094723 0.220469 0.081236
100 0.084416 0.181954 0.062088
150 0.078175 0.162155 0.053248
200 0.075231 0.153079 0.050267

Table 8. MSE for methods Case IV
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MLE ME BE
a b « 153 a b « I} a b « I5)

5 0.753 1.557 1934 1.678 3276 2501 1505 2551 548 9439 6.269 11.029
10 0.38 0.81 0999 0.899 1.91 1.408 0.868 1.458 3.267 5.645 3.74 6.602
20 0221 0491 0.601 0.568 1.193 0.834 0.533 0.884 1.538 2.681 1.764 3.145
30  0.127 0304 0367 0373 0.731 0465 0.318 0.515 0.563 1.01 0.65 1.195
40 0.07 0.19 0225 0254 0477 0262 0.199 0.312 0.309 0.574 0.36 0.687
60 0035 0.12 0.138 0.181 0.324 0.14 0.128 0.19 0.083 0.186 0.101 0.233
80 0.014 0.077 0.084 0.137 0.231 0.065 0.084 0.115 0.038 0.11 0.05 0.145
100 0.001 0.053 0.053 0.111 0.173 0.018 0.057 0.068 0.016 0.072 0.024 0.1
150 -0.006 0.038 0.035 0.095 0.143 -0.005 0.044 0.045 0.006 0.054 0.013 0.08
200  -0.01 0.031 0.026 0.088 0.13 -0.016 0.037 0.034 0.003 0.048 0.009 0.073

Table 9. Bias for Parameters Case IV

\ - MLE
8 \ ME
. —-: BE
|
of |
\-
- \
= 4 \
\-
\
2 ‘\
\,
K\-—
0_
0 25 50 75 100 125 150 175 200

n

Figure 5. MSE for methods Case IV

Table ?? summarizes the Mean Squared Error (MSE) results for parameter values a = 6 and b = 5. The
comparison is performed for sample sizes from n = 5 to n = 200 using the same three estimation techniques.
As seen in the previous tables, The MSE values consistently diminish as the sample size increases across all
methodologies. In small samples, the Bayesian estimator generally exhibits higher MSE values than both MLE
and MoM. The enhancement of the Bayesian estimator becomes evident with an increase in sample size. In
extensive samples, the Bayesian estimator markedly exceeds the Method of Moments estimator and either matches
or surpasses the efficacy of the Maximum Likelihood Estimator (MLE). The Method of Moments estimator
consistently yields the highest MSE values. The findings suggest that the Bayesian estimating method, especially
under Stein’s loss function, exhibits enhanced efficiency with an increase in data volume.
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7. Real Data

In this section, two sets of real data were obtained. The first set included the death times of a group of tuberculosis
bacteria, measured in hours, when exposed to a specific type of antibiotic. The second set included the fracture
times of a group of iron bars when subjected to a specific pressure. These two sets of data were used to cover most
of the cases in which life distributions are used.

Data Set I
29 25 50 18 5 8
27 13 1 21 19 15
18 36 15 14 39 6
15 7 15 12 39 14
7 21 15 14 70 44

Table 10. Death times of tuberculosis bacteria

Data Set II
201 166 146 116 188 153 133 86
208 171 148 118 191 155 136 100
211 175 148 122 191 157 136 107
213 179 148 126 192 166 136 113
213 183 148 126 192 166 144 114
Table 11. Iron bars pressure.

0.6 1 Kw-W
—— Weibull
—— Kumaraswamy
0.5
0.4
fy
Wi
é 0.3 4
0.2 1
0.1
0.0 A,ﬁra ,
1] 10 20 30 40 50 60 70 80

X

Figure 6. Data Set I Kw-W Fitting Histogram

Figure 6 presents the histogram of Data Set I, which represents the death times of tuberculosis bacteria exposed
to a specific antibiotic, together with the fitted Kumaraswamy—Weibull (Kw—W) distribution. The histogram
illustrates the empirical distribution of the observed lifetimes, while the overlaid theoretical curve corresponds
to the fitted Kw—W model obtained from the estimated parameters. It can be observed that the fitted curve
follows the general pattern of the data reasonably well, capturing the concentration of observations in the lower
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and middle ranges as well as the gradual decline in the tail. This indicates that the Kumaraswamy—Weibull
distribution is capable of modeling the variability and skewness present in the bacterial lifetime data. The visual
agreement between the empirical histogram and the fitted curve supports the suitability of the proposed model
for analyzing biological lifetime data. Figure 7 illustrates the histogram of Data Set II, which consists of fracture

0.014 — Kw-w

— Weibull

—— Kumaraswamy
0.012 4

0.010 4

0.008

Density

0.006

0.004

0.002 A

Figure 7. Data Set II Kw-W Fitting Histogram

times of iron bars subjected to a specific pressure, along with the fitted Kumaraswamy—Weibull distribution. The
histogram shows the empirical frequency distribution of the observed failure times, whereas the superimposed
curve represents the theoretical density function derived from the estimated Kw—W parameters. The fitted curve
aligns closely with the overall shape of the histogram, particularly in the central region where most observations are
concentrated. This agreement indicates that the Kumaraswamy—Weibull model provides an adequate representation
of the underlying distribution of the fracture-time data. Therefore, the graphical fit demonstrates the flexibility of
the Kw—W distribution in modeling engineering reliability data and supports its application in lifetime analysis.
Table 7 presents the model fitting criteria (AIC, BIC, and HQIC) for Data Set I, which represents the death

Distribution = AIC BIC HQIC
Kw-W 239.12 244.73 24091
Weibull 240.17 24297 241.06
Kumaraswamy 252.86 255.67 253.76

Table 12. Data Set I Fitting Measures Criteria

times of tuberculosis bacteria. The results clearly indicate that the Kumaraswamy—Weibull (Kw—W) distribution
provides the best fit among the competing models. Specifically, the Kw—W model achieves the lowest values of
AIC (239.12), BIC (244.73), and HQIC (240.91), which suggests superior model performance. These criteria are
widely used to evaluate the trade-off between goodness-of-fit and model complexity, and lower values indicate
a better model. The Weibull distribution shows slightly higher values, indicating that although it fits the data
reasonably well, it lacks the flexibility of the Kw—W model. On the other hand, the Kumaraswamy distribution
exhibits significantly larger values across all criteria, suggesting a poorer fit. This can be attributed to its limited
ability to capture the skewness and tail behavior of the data. The consistency of the Kw—W model across all three
criteria reinforces its robustness. Additionally, the small differences between AIC and HQIC indicate stability in
model selection. The higher BIC values reflect the stronger penalty for model complexity, yet the Kw—W model
still remains the best. These findings confirm that the Kw—W distribution effectively captures the underlying
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characteristics of biological lifetime data. The results are also consistent with the graphical analysis shown in
Figure 6. Overall, Table 7 strongly supports the suitability of the Kw—W model for Data Set 1. Table 8 reports the

Distribution AIC BIC HQIC
Kw-W 395.44 402.20 397.88
Weibull 398.38 401.76 399.61
Kumaraswamy 462.31 465.69 463.54
Table 13. Data Set II Fitting Measures Criteria

fitting measures for Data Set II, which consists of fracture times of iron bars under pressure. Similar to Table 7, the
Kumaraswamy—Weibull (Kw—W) distribution demonstrates the best performance among the considered models.
The Kw—W model achieves the lowest AIC (395.44), BIC (402.20), and HQIC (397.88), indicating that it provides
the most accurate representation of the data. The Weibull distribution yields slightly higher values, suggesting
that it is less flexible in modeling the underlying structure of the data. In contrast, the Kumaraswamy distribution
produces substantially larger values, indicating a poor fit. This outcome reflects the inability of simpler models to
adequately capture the variability and distributional shape of engineering reliability data. The agreement among
AIC, BIC, and HQIC strengthens the reliability of the model selection. Despite the penalty imposed for additional
parameters, the Kw—W model still outperforms the others. This highlights the importance of flexibility in modeling
real-world data. The results also confirm that the Kw—W distribution is capable of handling moderately symmetric
data structures. Furthermore, the findings are consistent with the histogram shown in Figure 7, where the fitted
curve closely follows the empirical distribution. The superior performance of the Kw—W model demonstrates its
applicability in reliability analysis. Overall, Table 8 validates the effectiveness of the proposed distribution for
engineering data.

8. Conclusions

This study examined the estimation of parameters for the Kumaraswamy—Weibull distribution using both classical
and Bayesian approaches. The results demonstrate that the proposed distribution provides a flexible and effective
model for lifetime data. The model fitting criteria confirmed that the Kw—W distribution outperforms the Weibull
and Kumaraswamy distributions for both real data sets. The ability of the Kw—W model to capture skewness and
tail behavior contributes to its superior performance. Simulation results showed that Bayesian estimation becomes
more efficient as the sample size increases. In contrast, classical methods such as MLE and MoM perform better
in small samples but lose efficiency in larger samples. The use of Jeffreys prior ensures objectivity in the Bayesian
framework. Additionally, Stein’s loss function improves estimation accuracy by reducing bias. The consistency
between numerical results and graphical analysis further validates the model. Overall, the study highlights the
importance of using flexible distributions and advanced estimation techniques in reliability and survival analysis.

Appendix A. Derivation of the Fisher Information Matrix for the Kumaraswamy—Weibull Model

In this appendix, we provide the detailed derivation of the observed and expected Fisher information matrices for
the Kumaraswamy—Weibull (Kw—W) distribution considered in Section 5. Let

0 = (a7b7a7B)T’

where a > 0 and b > 0 are the Kumaraswamy shape parameters, and « > 0, 8 > 0 are the Weibull shape and scale
parameters, respectively.
Suppose that X1, ..., X, is a random sample from the Kw—W distribution with density

f(2;6) = abaBa® ' exp[—(82)*] (1 — exp[—(Bz)°])* " [1 — (1 — exp[-(B2)°N™""!,  z>0. (35)
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For notational convenience, define
ti == (ﬂ:l?i)a, G7 :1767“, HiilfG?, Z:L,n (36)

Using (36), the log-likelihood function may be written as

£(0) =nloga+nlogh+nloga+nlog B+ (o — 1)Zlogxi _Zti + (a— 1)ZlogGi +(b— 1)ZlogHi.

i=1 =1 i=1 i=1

(37)
The observed information matrix is defined by
0%4(6)
while the Fisher information matrix is
0%0(0)
1(0) = —-F {W = E[J(0)]. 39)
A.l. Preliminary derivatives
Let
s; = log(Bz;). (40)
Then, from ¢; = (Bx;)%, we obtain
8751- 8ti «
- = 1S, =5 = Sl 41
9o ° o8~ B “h
and the corresponding second-order derivatives are
82ti 2 82751' a(a - 1) 82@- ti
5oz = list 052 2 ti, 9008~ B (aus; +1) (42)
Next, since G; = 1 — e~ %, it follows that
0G; ;. Ot
_ ot 43
¢ o p € {a, B}, 43)
and
0?G,; . [ 0%t Ot Ot
=e _—_— . 44
opog —© <8paq o aq>7 p.q € {o, B} (44)
Therefore,
8Gi —t. 8GZ —t. (6%
= it.g. — i 4. 4
% e "t;sq, BE e 5t“ (45)
0%G; . 9
902 =€ tltisi (1 — ti), (46)
0%G; . [ala=1) a?,
352 =e <52ti — ?ti , 47)
and
82Gi t ti o 5
— p i | 2 . 1 — —t%s:| .
9095 e {ﬂ (as; +1) 5tz sz} (48)
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A.2. Derivatives of log G;
Define

Then

and

USING STEINS LOSS FUNCTION ON BAYESIAN ESTIMATION

Substituting from (45)—(48), we obtain

and

A.3. Derivatives of log H;
Let

A; =logG;.
94, 1 0G;
8p _aapa pe{aaﬁ}v
QA1 0°Gi 1 9G: dG, o)
opdq G;Opdq G? dp 9q’ b4 e
0A; . 6_titi5i 0A; . it‘gt
da N G1 ’ 66 N GZ 5 v
A, et e,
gaz G T
9?A; et ala— 1)t- el 0‘72152
oB: G gt G2V
024, e bt e
7 — 2 i 1) — ftQ i
9008~ G plsitU -Gl

B; =log H; = log(1 — GY¢).

The derivative of B; with respect to a is

oB; _G? log G;
==

Oa

and differentiating once more gives

8231‘ o _G?(log Gz)Q
da? H? '

For p € {a, }, the first derivative with respect to p is

OB,  aGi oG,
op  H; 0p’

and the mixed derivative with respect to a and p becomes

Similarly, for p, g € {«, 5},

0G;
a—1 1 - _(a
02B; 77Gi o (1+alogG; — GY)
dadp H?
*B;  aG{' PGi aGYTP(a— 14 GE) 0G; 9Gs
opdq  H; dpdq H? op aq
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(50)

D

(52)

(33)

(54)

(55)

(56)

(57)

(58)

(39)

(60)

(61)
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Hence,
0B; 7aG?_1e’titisi oB; 7aGf_1e*ti a,
da i, ’ 98 H, B
0°B; B _G?fle_titisi (14 alogG; — G?)
dada H? ’
a—1 _tig . . _ (Ya
921, - G e Btl (14 alogG; — G?)
dadp H? ’
9°B;  aG{T'9%G;  aGiT*(a—1+GY) (0Gi\”
da? H;, 0a? H? O
9°B;  aGiT'9%G;  aGiT*a—1+GY) (0G:\’
052 H, 0p2 H? 0B
and

)

i

9*B; aGy™t 92G; aGY T (a— 1+ GY) 0G; G,

9008 H; 0adB H? da 0P

A.4. Score functions
Differentiating (37), the score components are obtained as
o _n — G¢log G,

%" a +;10gGi_(b_1> - —m

%:

VA - " " e titys; a
afa—a—i—;logxi—;tisi—i—(a—l» a, —(b—l)z

o n "
g + glong,

and

A.5. Second derivatives of the log-likelihood

The second-order derivatives required for the Hessian matrix are as follows.
First,

n

82 n G2 (log G;)?

g = e OV T
Pl < GilogG;
0a db - =1 Hl ’
and
?t_ n
a2 b2’

Next, the mixed derivatives involving a and («, 3) are

n

92%¢ " etitys; Gite tit;s;(1 + alog Gy — G%)
- (-1 i ;
Oa da ; G; ( )Z

H?

i=1
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(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)
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n G‘?*le—tigt-(1+alogc;- - G9)
2 —t; i A 7 i
o/ o, ) B ;

a0 Z G, Z H;

i=1

Likewise, the mixed derivatives involving b and («, 8) are

0%t " aGY e iy,
obda Z

0% _ i aGé et gti'
0b0p _ H; B

For the Weibull parameters, we have

2
ﬂ:—ﬁ—zmsf—l—(a—l)

Oa? o?

2 n . n 2 ) n 2 .
ﬂ:fﬁ,ZMtﬂr(afl)zaAZJr(b,l) 9°B;

662 ﬂQ =1 62 =1 852 =1 852 ’
and
826 - ti - 82B7
aaaﬁ__;ﬁ(as’ Za 25 " 1);5)@83

Substituting from (53)—(55) and (65)-(67), these may be expanded explicitly as

8 Zt5+a—1 Z(GtS—Gztff)ﬂb—nZa;ﬁi,
=1

%0 n ala—1) ~ ’aa—l) e tia? ,
EEE X E “_1;< T e ph)” 6_12852’

and

Pl Rt — (et e an, ;
M__Zﬁ(asi—i—l)—f—(a—l)Z(Gi plosit1) - @ Bl sz> (b—1) gaaaﬁ

=1 i=1

A.6. Observed information matrix

The observed information matrix J(0) is obtained by negating the Hessian entries in (72)—(84). Thus,

Jaa Jab Jaa Jaﬁ
I LY
J(g) N Jaa Jba Jaa JaB ’

Jap  Jop Jap  Jpp

where
n " G¢(log G;)?
AL DUl
G¢logG
Jab = Jba = L Hg )

i=1

(76)

(77

(78)

(79)

(80)

1)

(82)

(83)

(84)

(85)

(86)

87)
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n
Jpp = 2
n ts n a—1 —t. a
i le—tit,s5:(1+ alog G; — G

Jaa:Jaa:— € Gt’LSZ +(b—1)ZG2 € tzsl( I;;a Ong Gz)

i=1 i i1 i

n L eti g n G?ile_“%ti(l +alogG; — G¢)
JaB:JBa:_ ?Etl—'—(b_l)z 2

; H;
=1
- aGY{ le=ti
Jbﬁ—Jﬁb—; T, gl
I "L 924 " 9’B
Joa = — tis? —(a—1 L (b—1 o
a2+; Sl (a )zzl 6042 ( )7.:1 6042

n

t; = DA, 0”B;
Jop = Jpa =Zﬁ(a5i+1)—(“‘1>zaaaﬂ _(b_l)zaaaﬂ'

i=1 i=1 i=1

Appendix B: Newton—Raphson Integration

E[1| }_fiL(em)\/de
T T L) A T@) o

where 6 = (a, b, «, 8) and J(0) is the observed information matrix.

Step 1: Log-Posterior Function

Define the log-posterior function as:

1
*(6) = log L(0)z) + 3 log det J(6).

Step 2: Newton—-Raphson Iteration

Let #(%) denote the parameter vector at iteration k. The Newton-Raphson update is given by:

where V£* () is the gradient vector and H (6) is the Hessian matrix of second derivatives.

g+l — (k) _ H—l(g(k)) vg*((g(k'))7

The iterations are repeated until convergence:

60+D — 69 <,

for a small tolerance £ > 0.
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93)
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95)
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Step 3: Covariance Approximation

After convergence, let § denote the maximizer of £*(6). The covariance matrix is approximated by:

D [—H(é)}fl. (100)

Step 4: Laplace Approximation

Using the Laplace approximation, the posterior distribution is approximated by a multivariate normal distribution:

0|z~ N(@H,Y). (101)

Thus, the expectation in Equation (34) is approximated by:

E [1 | 1} ~ 1y Varle) (102)
a a

where Var(a) is obtained from the covariance matrix X.

Algorithm Summary

O 00

1.
2.

Initialize (9 = (a(9, b0 a(®) 3(0)) using MLE estimates.
Compute £*(6F)), Ve*(0*)), and H(9P).

. Update parameters:
g+t — gk) _ =1 (gl ywex ().

Repeat until convergence.
. Compute ¥ = (—H ().
Approximate E[1/a | ] using the Laplace approximation.
Obtain the Bayes estimator: .
o = Flifala]
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