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Abstract
The equilibrium birth process assumes that, at the start of the observation period, not all females are exposed to conception,
as some may already be pregnant or experiencing postpartum amenorrhea. However, existing models of the equilibrium
birth process do not explicitly incorporate the underlying causes of this temporary sterility. The present paper proposes a
modified probability model for the number of conceptions in an equilibrium birth process, incorporating the condition that,
at the start of the observational period, some females are temporarily sterile due to pregnancy or postpartum amenorrhea. The
proposed model is illustrated using four observed birth distributions. It enables estimation of the proportion of temporarily
sterile females at the start of the observational period and permits separate estimation of the proportions experiencing
temporary sterility due to pregnancy leading to complete conception, pregnancy resulting in foetal loss, and postpartum
amenorrhea following either complete or incomplete conception. Furthermore, indirect estimates of the non-susceptibility
periods associated with the two types of pregnancy terminations and the probability of a complete conception were obtained
for females corresponding to these distributions.
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1. Introduction

Over the past few decades, various probability models [2, 3, 4, 9, 10, 11, 12, 13, 14, 15, 16, 17, 20, 21, 23,
24, 25, 27, 28, 29, 30] have been derived to describe the variation in the number of conceptions during an
observational period of length T , typically starting from the time of marriage or the beginning of a female’s sexual
life. Despite differences in derivation and underlying assumptions, these models share a common premise that
fecund females are continuously exposed to the risk of conception throughout the entire observational period. In
practice, however, continuous exposure to conception risk is often interrupted by biological, behavioural, or social
factors, potentially limiting the realism and applicability of existing models. In particular, circumstances may arise
in which certain females are temporarily sterile at the beginning of the observational period, for example, due to
premarital pregnancy. Pathak [6] addressed this limitation by extending the model proposed by Singh [23, 24] by
incorporating a proportion of fecund females to remain unexposed to the risk of conception for a heterogeneous
duration at the start of the observational period.
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Furthermore, when data on conceptions or births are collected to estimate fertility parameters for any segment
of females’ reproductive life, the fertility status of females at the beginning of the observational period is generally
unknown. This uncertainty arises due to the possibility that a female may be fecund, sterile, or temporarily sterile
at the beginning of the observational period. Consequently, the observed sequence of conceptions or births is
influenced not only by the underlying birth process but also by the unobserved initial fertility status. Under
such circumstances, it is appropriate to introduce the concept of an equilibrium birth process. When a sequence
of conceptions or births is observed long after marriage, the resulting distribution of births is referred to as
an equilibrium birth process [7, 8, 18, 19, 22]. Singh and Yadava [18] proposed a probability model for the
number of conceptions in an equilibrium birth process by considering both complete and incomplete conceptions.
A conception is considered complete if it results in a live birth; otherwise, it is classified as incomplete [16].
Subsequently, Singh et al. [22] extended this model by incorporating k types of pregnancy outcomes. In their
study, complete conceptions were further classified into two categories: those in which the child dies within
one year of birth and those in which the child survives beyond one year. Thus, considering two categories of
complete conception along with incomplete conception (i.e., k = 3 pregnancy outcomes), Singh et al. [22] applied
the extended model to the same birth distribution data used by Singh and Yadava [18] and obtained a better fit.

Probability models previously derived in the context of an equilibrium birth process [18, 22] are based solely on
the assumption that the fertility status of females at the beginning of the observational period is unknown. However,
these models do not explicitly account for or distinguish between the various possible fertility statuses of females
at the beginning of the observational period. It is evident that if the observational period begins long after marriage,
the temporary sterility of fecund females at the start of this period cannot be ignored, as they may be pregnant or
in a state of postpartum amenorrhea at the beginning of the observational period.

In the present paper, an attempt has been made to derive a probability model for the number of conceptions in an
equilibrium birth process by considering both complete and incomplete conceptions. The present model assumes
that during an observational period of length T , the cohort of females consists of two groups: (a) those who are
biologically mature for conception throughout the period, referred to as fecund females, and (b) those who are
sterile throughout the period. Furthermore, the fecund females are divided into two subgroups: (a) those who are
exposed to the risk of conception throughout the entire observational period, and (b) those who are not exposed to
the risk of conception at the beginning of the observational period, which is further divided according to the reason
for sterility at the start of the observational period, viz., those who are pregnant with certainty that the outcome
of the pregnancy will result in a complete conception and those who are either pregnant with certainty that the
outcome will result in foetal loss (i.e., incomplete conception) or in the state of postpartum amenorrhea (PPA)
associated with either complete or incomplete conception. The other assumptions are similar to those of Singh and
Yadava [18].

The proposed model is applied to the observed distribution of the number of births in urban areas of Bihar as
obtained from the National Family and Health Survey-5 (NFHS-5), 2019-21 [5], as well as to the birth distributions
previously considered by Singh and Yadava [18] and Singh et al. [22]. The model enables the estimation of
the proportion of females who are temporarily sterile at the beginning of the observational period. Furthermore,
it allows separate estimation of the proportions of females experiencing temporary sterility due to pregnancies
resulting in complete conception, and those due to pregnancies ending in foetal loss or postpartum amenorrhea
associated with either complete or incomplete conception. Additionally, the proposed model provides indirect
estimates of the non-susceptibility periods associated with the two types of pregnancy terminations and the
probability of complete conception for the females corresponding to these distributions.

2. The Model and Its Derivation in Detail

A probability model describing the variation in the number of conceptions to a female during the observational
period (T0, T0 + T ) of length T , where T0 is a point significantly distant from the time of marriage, is derived
under the following assumptions:

1. The females considered under the study have led a married life throughout the period of observation.
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2. The outcome of a conception may be either complete or incomplete. Let θ denote the probability of a
complete conception. Thus, (1− θ) denotes the probability that a conception is incomplete. Suppose h1

and h2 are the non-susceptibility periods associated with incomplete and complete conceptions, respectively,
where h1 < h2.

3. The waiting time between the (r − 1)th and rth (r > 1) conceptions follows a displaced exponential
distribution, depending on whether the outcome of the (r − 1)th conception is complete or incomplete, with
probability density function

gi(t) = λe−λ(t−ih2−(1−i)h1), t > ih2 + (1− i)h1, λ > 0

where

i =

1, if the (r − 1)th conception is complete

0, if the (r − 1)th conception is incomplete

Here, λ denotes the risk of conception.
4. The cohort of females consists of two groups:

(a) those who are biologically mature for conception throughout the observational period of length T ,
referred to as fecund females; and

(b) those who are sterile throughout the observational period.

Suppose the respective proportions of females in each groups are α and (1− α).
5. The fecund females are divided into two subgroups:

(a) those who are exposed to the risk of conception throughout the entire observational period of length T ,
referred to as Group A females for our purposes; and

(b) those who are not exposed to the risk of conception at the beginning of the observational period, referred
to as Group B females.

Let β and (1− β) denote the proportions of Group A and Group B females, respectively.
6. Group B females are further divided based on the reason for sterility at the start of the observational period:

(a) those who are pregnant with certainty that the outcome of the pregnancy will result in a complete
conception, referred to as Group B1 females; and

(b) those who are either pregnant with certainty that the outcome will result in foetal loss or are in the
state of postpartum amenorrhea (PPA) associated with either a complete or an incomplete conception,
referred to as Group B2 females.

Let β1 and (1− β1) denote the proportions of Group B1 and Group B2 females, respectively.
7. Group B1 and Group B2 females are not exposed to the risk of conception for the first u and v units of time,

respectively, from the start of the observational period.

The first three assumptions are similar to those of Singh and Yadava [18]. The classification of the female cohort
described in assumptions (4)–(6) is illustrated in Figure 1.

Following Singh and Yadava [18], and under assumption (2), the total number of conceptions for Group A
females during an observational period of length T cannot exceed nA, where

nA =


T

h1
, if

T

h1
is an integer⌊

T

h1

⌋
+ 1, otherwise

Similarly, under assumptions (2) and (7), the total number of conceptions for Group B1 and Group B2 females
during an observational period of length T cannot exceed nB1 and nB2 , respectively, where
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Figure 1. Flow diagram illustrating the classification of females under the proposed model

nB1 =


T − u

h1
, if

T − u

h1
is an integer⌊

T − u

h1

⌋
+ 1, otherwise

and

nB2 =


T − v

h1
, if

T − v

h1
is an integer⌊

T − v

h1

⌋
+ 1, otherwise

with
0 < u < h′

2, 0 < v < h′
1

Here, h′
1 and h′

2 represent the upper bounds of u and v, respectively, and may vary from female to female.
Obviously,

nB1 < nB2 < nA

and ⌊w⌋ denotes the greatest integer that does not exceed w.
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Let X(T ) represent the number of conceptions to a female during the observational period (T0, T0 + T ), where
T0 is a point significantly distant from the time of marriage. Then, under assumptions (1)–(7), the probability
distribution of X(T ) is expressed as follows:

P
(
X(T ) = 0

)
= 1− α+ αβ {1−G0(T ) +G1(T )}

+ α(1− β)(1− β1)

{
1−

∫ h′
1

0

H ′
0(T )

h′
1

dv +

∫ h′
1

0

H ′
1(T )

h′
1

dv

}
(1)

P
(
X(T ) = 1

)
= αβ {G0(T )− 2G1(T ) +G2(T )}

+ α(1− β)β1

{
1−

∫ h′
2

0

H0(T )

h′
2

du+

∫ h′
2

0

H1(T )

h′
2

du

}

+ α(1− β)(1− β1)

{∫ h′
1

0

H ′
0(T )

h′
1

dv − 2

∫ h′
1

0

H ′
1(T )

h′
1

dv +

∫ h′
1

0

H ′
2(T )

h′
1

dv

} (2)

P
(
X(T ) = r

)
= αβ {Gr−1(T )− 2Gr(T ) +Gr+1(T )}

+ α(1− β)β1

{∫ h′
2

0

Hr−2(T )

h′
2

du− 2

∫ h′
2

0

Hr−1(T )

h′
2

du+

∫ h′
2

0

Hr(T )

h′
2

du

}

+ α(1− β)(1− β1)

{∫ h′
1

0

H ′
r−1(T )

h′
1

dv − 2

∫ h′
1

0

H ′
r(T )

h′
1

dv +

∫ h′
1

0

H ′
r+1(T )

h′
1

dv

}
,

r = 2, 3, . . . , n− 2

(3)

P
(
X(T ) = n− 1

)
= αβ {Gn−2(T )− 2Gn−1(T )}

+ α(1− β)β1

{∫ h′
2

0

Hn−3(T )

h′
2

du− 2

∫ h′
2

0

Hn−2(T )

h′
2

du+

∫ h′
2

0

Hn−1(T )

h′
2

du

}

+ α(1− β)(1− β1)

{∫ h′
1

0

H ′
n−2(T )

h′
1

dv − 2

∫ h′
1

0

H ′
n−1(T )

h′
1

dv

} (4)

P
(
X(T ) = n

)
= αβGn−1(T )

+ α(1− β)β1

{∫ h′
2

0

Hn−2(T )

h′
2

du− 2

∫ h′
2

0

Hn−1(T )

h′
2

du

}

+ α(1− β)(1− β1)

∫ h′
1

0

H ′
n−1(T )

h′
1

dv

(5)

where,

Gr(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
Tλ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−jh2−(r−j)h1)
{λ(T − jh2 − (r − j)h1)}k

k!

] (6)
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Hr(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
(T − u)λ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−u−jh2−(r−j)h1)
{λ(T − u− jh2 − (r − j)h1)}k

k!

] (7)

H ′
r(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
(T − v)λ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−v−jh2−(r−j)h1)
{λ(T − v − jh2 − (r − j)h1)}k

k!

] (8)

lr = min

{
r,

T − rh1

h2 − h1

}
h′
1 = min {h1, T − lrh2 − (r − lr)h1}

h′
2 = min {h2, T − lrh2 − (r − lr)h1}

(9)

Proof.
Under assumption (5), fecund females are divided into two groups, viz., Group A and Group B. Furthermore,

Group B females are classified into two subgroups based on the reason for sterility at the start of the observational
period, viz., Group B1 and Group B2. Under assumptions (1), (2), and (3), Singh and Yadava [18] derived a
probability model for the number of conceptions occurring during an observational period of length T among
Group A females in an equilibrium birth process. For completeness, the derivation of the probability model for
Group A females is provided below.

Let T1 denote the time to the first conception from T0, and let Tr (r > 1) represent the time interval between the
(r − 1)th and rth conceptions. Accordingly, the total time to the rth conception is expressed as

T1 + T2 + · · ·+ Tr

As previously stated, if T0 is a distant point from the time of marriage, the birth process becomes an equilibrium
birth process, wherein the intervals T2, T3, . . . are independently and identically distributed, while T1 follows a
different distribution.

Under assumptions (2) and (3), the probability density function (p.d.f.) of Tr (r > 1) is given by

f(t) = θg1(t) + (1− θ)g0(t) (10)

or equivalently,

f(t) =

1∑
j=0

(
1

j

)
θj(1− θ)1−jλe−λ(t−jh2−(1−j)h1)I(jh2+(1−j)h1,∞)(t), λ > 0 (11)

Here, j = 0, 1 denotes the number of complete conceptions.
Therefore, the p.d.f. of T1 is expressed as

f1(t) =
1− F (t)

µ
(12)

where F (t) and µ denote the cumulative distribution function and the mean, respectively, corresponding to the
p.d.f. f(t). Specifically,
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F (t) =

1∑
j=0

(
1

j

)
θj(1− θ)1−j

(
1− e−λ(t−jh2−(1−j)h1)

)
I(jh2+(1−j)h1,∞)(t) (13)

and

µ =
1 + λ {(1− θ)h1 + θh2}

λ
(14)

Let ϕ(s) denote the Laplace transform of f(t). Thus, the Laplace transform of f1(t) is given by

1− ϕ(s)

µs

Since T1, T2, . . . , Tr are mutually independent, the Laplace transform of T1 + T2 + · · ·+ Tr is given by

1− ϕ(s)

µs
{ϕ(s)}r−1 =

{ϕ(s)}r−1

µs
− {ϕ(s)}r

µs
(15)

Using the inverse Laplace transform of the above expression, the probability density function of T1 + T2 + · · ·+
Tr, denoted by f ′

r(t), is given by

f ′
r(t) =

1

µ
F (r−1)(t)− 1

µ
F (r)(t) (16)

where F (r)(t) represents the r-fold convolution of F (t) with itself. The expression for F (r)(t) is obtained as
follows:

F (r)(t) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
1− e−λ(t−jh2−(r−j)h1)

r−1∑
s=0

{λ (t− jh2 − (r − j)h1)}s

s!

]
I(jh2+(r−j)h1,∞)(t)

(17)

Here, j = 0, 1, 2, . . . , lr denotes the number of complete conceptions, where

lr = min

[
r,

T − rh1

h2 − h1

]
which represents the maximum number of complete conceptions [16, 18].
Now let X(T ) represent the number of conceptions to a female during the observational period (T0, T0 + T ).

The distribution function of X(T ) can therefore be derived from the p.d.f. of T1 + T2 + · · ·+ Tr as follows:

ϕX(T )(r) = P [At most r conceptions occur in the interval (T0, T0 + T )]

= P
[
The (r + 1)th conception occurs after an observational period of T years

]
=

∫ ∞

T

f ′
r+1(t) dt

= 1−
∫ T

0

f ′
r+1(t) dt (18)

Therefore, the probability that X(T ) = r (r > 0) conceptions occur during the observational period (T0, T0 +
T ) is given by
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P (X(T ) = r) = ϕX(T )(r)− ϕX(T )(r − 1)

=

∫ T

0

f ′
r(t) dt−

∫ T

0

f ′
r+1(t) dt

=

∫ T

0

{
1

µ
F (r−1)(t)− 1

µ
F (r)(t)

}
dt−

∫ T

0

{
1

µ
F (r)(t)− 1

µ
F (r+1)(t)

}
dt

=
1

µ

∫ T

0

F (r−1)(t) dt− 2

µ

∫ T

0

F (r)(t) dt+
1

µ

∫ T

0

F (r+1)(t) dt

= Gr−1(T )− 2Gr(T ) +Gr+1(T ) (19)

where

Gr−1(T ) =
1

µ

∫ T

0

F (r−1)(t) dt, Gr(T ) =
1

µ

∫ T

0

F (r)(t) dt

and

Gr+1(T ) =
1

µ

∫ T

0

F (r+1)(t) dt

We know that

P (X(T ) = 0) = ϕX(T )(0)

= P [At most zero conception occurs in the interval (T0, T0 + T )]

= P [No conception occurs in the interval (T0, T0 + T )]

= P [The first conception occurs after an observational period of T years]

=

∫ ∞

T

f ′
1(t) dt

=

∫ ∞

T

f1(t) dt

since

f ′
1(t) =

1

µ
F (1−1)(t)− 1

µ
F (1)(t)

=
1

µ
− F (t)

µ

=
1− F (t)

µ

= f1(t)

Hence,
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P (X(T ) = 0) = 1−
∫ T

0

f1(t) dt

= 1−
∫ T

0

1− F (t)

µ
dt

= 1− 1

µ

∫ T

0

dt+
1

µ

∫ T

0

F (t) dt

= 1−G0(T ) +G1(T ) (20)

where

G0(T ) =
1

µ

∫ T

0

dt

=
T

µ

=
λT

1 + λ {(1− θ)h1 + θh2}
(21)

And

G1(T ) =
1

µ

∫ T

0

F (t) dt

=

1∑
j=0

(
1

j

)
θj(1− θ)1−j 1

µ

∫ T

jh2+(1−j)h1

[
1− e−λ(t−jh2−(1−j)h1)

]
dt

=

1∑
j=0

(
1

j

)
θj(1− θ)1−j

[
Tλ

1 + λ{(1− θ)h1 + θh2}
− 1 +

e−λ(T−jh2−(1−j)h1)

1 + λ{(1− θ)h1 + θh2}

]
(22)

From equation (19), it follows that

P (X(T ) = 1) = G0(T )− 2G1(T ) +G2(T ) (23)

Next, we derive an expression for G2(T ) as follows.

G2(T ) =
1

µ

∫ T

0

F (2)(t) dt

=

l2∑
j=0

(
2

j

)
θj(1− θ)2−j 1

µ

∫ T

jh2+(2−j)h1

[
1− e−λ(t−jh2−(2−j)h1) {1 + λ (t− jh2 − (2− j)h1)}

]
dt

=

l2∑
j=0

(
2

j

)
θj(1− θ)2−j

[
Tλ

1 + λ{(1− θ)h1 + θh2}
− 2

+
1

1 + λ{(1− θ)h1 + θh2}

1∑
s=0

s∑
k=0

e−λ(T−jh2−(2−j)h1)
{λ (T − jh2 − (2− j)h1)}k

k!

]
(24)

Following a similar approach, we readily obtain
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Gr(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
Tλ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−jh2−(r−j)h1)

{λ (T − jh2 − (r − j)h1)}k

k!

]
(25)

Clearly,
Gr(T ) = 0 if T − lrh2 − (r − lr)h1 ≤ 0

This directly implies that
Gn(T ) = 0

since
T − lnh2 − (n− ln)h1 ≤ 0

As the maximum number of conceptions, denoted by n, is chosen such that ln = 0, it follows that

n = nA =
T

h1
or

⌊
T

h1

⌋
+ 1

This directly ensures that
T − lnh2 − (n− ln)h1 ≤ 0

Alternatively, if n is predetermined, then

ln = min

[
n,

T − nh1

h2 − h1

]
is such that

T − lnh2 − (n− ln)h1 = 0

Equivalently, we have
Gn+1(T ) = 0

Therefore, the probability model for the number of conceptions among Group A females in an equilibrium birth
process is given by

P0 = 1−G0(T ) +G1(T ) (26)
Pr = Gr−1(T )− 2Gr(T ) +Gr+1(T ) (27)

Pn−1 = Gn−2(T )− 2Gn−1(T ) (28)
Pn = Gn−1(T ) (29)

Here, Pr, r = 0, 1, . . . , n, denotes the probability of having exactly r births during an observational period of
length T among females in Group A.

Now, we derive the probability model for the number of conceptions among Group B1 females. Given the
assumption that, at the start of the observational period, Group B1 females are pregnant with certainty that the
outcome of the pregnancy will result in a complete conception, and are not exposed to the risk of conception for
the first u units of time.
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If u is considered a known constant, then the probability model for the number of conceptions among Group B1

females over the observational period (T0, T0 + T ) is analogous to that of Group A females over the observational
period

(T0, T0 + (T − u))

Therefore, the probability of r conceptions (r > 0) occurring within an observational period of length (T − u),
i.e., the probability that X(T − u) = r conceptions occur during the observational period

(T0, T0 + (T − u))

is given by

P (X(T − u) = r) = ϕX(T−u)(r)− ϕX(T−u)(r − 1)

=
1

µ

∫ T

0

F (r−1)(t− u) dt− 2

µ

∫ T

0

F (r)(t− u) dt+
1

µ

∫ T

0

F (r+1)(t− u) dt

= Hr−1(T )− 2Hr(T ) +Hr+1(T ) (30)

Similarly,

P (X(T − u) = 0) = 1−H0(T ) +H1(T ) (31)
P (X(T − u) = n− 1) = Hn−2(T )− 2Hn−1(T ) (32)

P (X(T − u) = n) = Hn−1(T ) (33)

where

Hr(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
(T − u)λ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−u−jh2−(r−j)h1)
{λ(T − u− jh2 − (r − j)h1)}k

k!

]
(34)

It is obvious that the maximum value of u (say, h′
2) depends on the month of pregnancy of the female at the

start of the observational period. Unfortunately, this is not directly observable and varies from female to female.
However, the value of h′

2 can be obtained indirectly, as it is directly associated with the maximum number of
complete conceptions that a female may experience during an observational period of length T .

Let r be the number of conceptions experienced by a female during an observational period of length T . Then,
the total (maximum) possible number of complete conceptions is given by

lr = min

[
r,
T − rh1

h2 − h1

]
Therefore, if a female from Group B1 experiences r conceptions, of which lr conceptions are complete during

the observational period of length T , then she must have to complete her first pregnancy, resulting in a complete
conception, within h′

2 units of time. Clearly, h2, which represent the non-susceptibility period associated with a
complete conception and is a combination of gestation and postpartum amenorrhea, is the maximum value of h′

2 .
However, it is evident that

T > lrh2 + (r − lr)h1
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and therefore it follows that

h′
2 = min [h2, T − lrh2 − (r − lr)h1]

For example, during an observational period of T = 5 years, let us consider h1 = 0.5 years (4 months of gestation
and 2 months of postpartum amenorrhea or 6 months of Postpartum amenorrhea) and h2 = 1.75 years (9 months
of gestation and 12 months of postpartum amenorrhea). Under these conditions, a female would experience four
complete conceptions if her first pregnancy concluded within 0.75 years (9 months). Thus, if we assume there is
at least 6 months of postpartum amenorrhea associated with a complete conception, the female must be at least
6 months pregnant at the start of the observational period. It should be noted that the non-susceptibility period
associated with the fourth complete conception is considered to be 0.75 years (9 months), while the remaining 1
year of postpartum amenorrhea is excluded from consideration in the case of last possible complete conception the
female may experience within the observational period.

Hence, h′
2 is a function of both r and lr. Accordingly, for females with fixed values of r and lr, we assume

that u follows a uniform distribution over (0, h′
2). Since h′

2 depends on r and lr, the range of this uniform
distribution varies across females. Therefore, using equations (30)–(33), together with the approach of Pathak [6],
the probability model for the number of conceptions in an equilibrium birth process for Group B1 females is
obtained as follows:

P10 = 1−
∫ h′

2

0

H0(T )

h′
2

du+

∫ h′
2

0

H1(T )

h′
2

du (35)

P1r =

∫ h′
2

0

Hr−1(T )

h′
2

du− 2

∫ h′
2

0

Hr(T )

h′
2

du+

∫ h′
2

0

Hr+1(T )

h′
2

du

, r = 1, 2, . . . , n− 2 (36)

P1(n−1) =

∫ h′
2

0

Hn−2(T )

h′
2

du− 2

∫ h′
2

0

Hn−1(T )

h′
2

du (37)

P1n =

∫ h′
2

0

Hn−1(T )

h′
2

du (38)

Here, P1r, r = 0, 1, . . . , n, denotes the probability of having exactly r births during an observational period of
length T among females in Group B1.

It is also assumed that, at the start of the observational period, Group B2 females are either pregnant with
certainty that the outcome will result in foetal loss, or are in the state of postpartum amenorrhea (PPA) associated
with either a complete or an incomplete conception, and are therefore not exposed to the risk of conception for the
first v units of time. Similarly, as explained above, the maximum value of v (say, h′

1) is given by

h′
1 = min [h1, T − lrh2 − (r − lr)h1]

Here, h1 represents either the non-susceptibility period associated with an incomplete conception, consisting of
the gestation period and postpartum amenorrhea, or the postpartum amenorrhea period associated with a complete
conception.

Therefore, in a similar manner, the probability model for the number of conceptions in an equilibrium birth
process among Group B2 females can be written as follows:
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P20 = 1−
∫ h′

1

0

H ′
0(T )

h′
1

dv +

∫ h′
1

0

H ′
1(T )

h′
1

dv (39)

P2r =

∫ h′
1

0

H ′
r−1(T )

h′
1

dv − 2

∫ h′
1

0

H ′
r(T )

h′
1

dv +

∫ h′
1

0

H ′
r+1(T )

h′
1

dv

, r = 1, 2, . . . , n− 2 (40)

P2(n−1) =

∫ h′
1

0

H ′
n−2(T )

h′
1

dv − 2

∫ h′
1

0

H ′
n−1(T )

h′
1

dv (41)

P2n =

∫ h′
1

0

H ′
n−1(T )

h′
1

dv (42)

Here, P2r, r = 0, 1, . . . , n, denotes the probability of having exactly r births during an observational period of
length T among females in Group B2.

And,

H ′
r(T ) =

lr∑
j=0

(
r

j

)
θj(1− θ)r−j

[
(T − v)λ

1 + λ{(1− θ)h1 + θh2}
− r

+
1

1 + λ{(1− θ)h1 + θh2}

r−1∑
s=0

s∑
k=0

e−λ(T−v−jh2−(r−j)h1)
{λ(T − v − jh2 − (r − j)h1)}k

k!

]
(43)

It is important to note that the females in Group B1 had already experienced one complete conception at the
beginning of the observational period. Therefore, for these females, the probability of having no births during
the remaining exposure period (i.e., excluding the period of non-susceptibility associated with the pregnancy that
resulted in a complete conception at the start of the observational period) is equivalent to the probability of having
one birth during the entire observational period, and so on. Given this assumption for Group B1 females, and under
assumptions (1)–(7), the probability model for the number of conceptions in an equilibrium birth process can be
derived from equations (26)–(29) and equations (35)–(42), and is presented in equations (1)–(5).

For α = β = 1, the probability model given in equations (1)–(5) reduces to the one proposed by Singh and
Yadava [18].

3. Application and Estimation of Parameters

The estimation of all seven parameters h1, h2, θ, λ, α, β, and β1 associated with the proposed model presents
considerable complexity. Singh and Yadava [18] and Singh et al. [22] obtained estimates of certain parameters of
their model by considering other parameters as known constants and applied their model to two sets of observed
distributions of the number of births taken from the Demographic Survey of Varanasi (Rural), 1969–1970, where
the distribution of births to eligible (fecund) females aged 25-29 over the last 5 and 7 years was observed.

To illustrate the applicability of the proposed model, we analyze two contemporary distributions of the number
of births among females aged 25–29 years during the last 5 years of the observational period, obtained from the
National Family Health Survey-5 (NFHS-5), 2019–21, for the urban areas of Bihar [5]. Bihar has been selected
because, according to the NFHS-5, it recorded the highest mean number of births among all Indian states in
both urban and rural areas. In addition to the NFHS-5 data, the proposed model is also applied to the observed
distributions of the number of births among eligible (fecund) females aged 25–29 years during the last 5 and 7
years of the observational period, as considered by Singh and Yadava [18] and Singh et al. [22]. Table 1 presents
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the distribution of the number of births among females aged 25–29 years, irrespective of age at marriage, in urban
Bihar, whereas Table 2 presents the corresponding distribution for females aged 25–29 years who married between
the ages of 16 and 20 years. In addition, Tables 3 and 4 present the observed distributions of the number of births
during the last 5 and 7 years of the observational period, respectively, based on the data considered by Singh and
Yadava [18] and Singh et al. [22].

To proceed with the analysis, it is necessary to estimate the parameters of the proposed model using the data
presented in Tables 1 – 4. However, the simultaneous estimation of all model parameters is analytically challenging.
Therefore, following the approach employed by Singh and Yadava [18] and Singh et al. [22], some parameters are
estimated by treating the remaining parameters as known constants. Singh et al. [22] estimated the probability of
incomplete conception as 0.15 and 0.09 for fecund females over observational periods of 5 and 7 years, respectively.
Additionally, Singh and Yadava [18] assumed a non-susceptibility period of 1 year for incomplete conceptions and
1.75 years for complete conceptions. Contrastingly, Singh et al. [22] defined the non-susceptibility period as 0.5
years for females whose pregnancies resulted in incomplete conception, and as 1 year and 1.75 years for females
with complete conceptions culminating in either infant death or survival beyond one year, respectively.

Although this approach considerably simplifies parameter estimation, it is important to note that, for any
observed birth distribution, assuming fixed values of the non-susceptibility period associated with incomplete
conception (h1), the non-susceptibility period associated with complete conception (h2), and the probability of
complete conception (θ), without a detailed assessment of the reproductive characteristics of the study population,
may lead to biased estimates of the model parameters λ, α, β, and β1. Furthermore, these parameters are likely to
exhibit variation across individuals owing to biological and demographic heterogeneity. Therefore, it is important
to assess the extent of such variation to determine whether the population of females may reasonably be treated
as homogeneous with respect to these characteristics. Previous studies have indicated that, within a relatively
narrow female age group, the underlying fertility characteristics may be regarded as approximately homogeneous.
Accordingly, the present paper assumes that these characteristics remain constant across all females. Nevertheless,
selecting appropriate values of h1, h2, and θ remains a challenging task. To address this issue, several plausible
combinations of these parameters are considered. For each combination, the ML estimates of λ, α, β, and β1 are
obtained, and the corresponding expected frequencies are compared with the observed frequencies. The suitability
of the assumed values of h1, h2, and θ is assessed based on the goodness-of-fit of the expected frequencies to the
observed frequencies.

Nevertheless, Singh and Yadava [18] and Singh et al. [22] assumed fixed values of h1, h2, and θ based on the
prevailing demographic and biological evidence. Treating these parameters as known constants, they estimated the
remaining parameters and obtained satisfactory agreement between the expected and observed birth distributions.
These findings suggest that, for the populations considered in those studies, the assumed values of h1, h2, and θ
were reasonable. The results also indicate that the female populations corresponding to those birth distributions
could be regarded as approximately homogeneous with respect to the fertility parameters of the model.

In this paper, a range of values for h1, h2, and θ was considered for all the birth distributions presented in
Tables 1 – 4. For each combination of these assumed values, the remaining model parameters were estimated, and
the corresponding goodness-of-fit was evaluated. The combinations that provided satisfactory agreement between
the expected and observed distributions were regarded as indirect estimates of h1, h2, and θ. Previous studies have
shown that, when θ is sufficiently large, variations in h2 have a greater influence on the estimates of the remaining
model parameters than comparable variations in h1 within the proposed model [16]. Accordingly, the parameter
values were chosen as

h2 = (1.00, 1.05, 1.10, . . . , 2.00), h1 = (0.4, 0.5, 0.6), θ = (0.80, 0.85, 0.90)

Even after assuming h1, h2, and θ to be known constants, the simultaneous estimation of the remaining
parameters λ, α, β, and β1 remains a complicated task. As noted earlier, Singh and Yadava [18] and Singh et
al. [22] considered the observed distribution of the number of births obtained from the Demographic Survey of
Varanasi (Rural), 1969–1970, in which births were recorded exclusively for eligible (i.e., fecund) females aged
25–29 years. Consequently, the parameter α, which represents the proportion of biologically mature females, was
not included in their model. Therefore, for the birth distributions presented in Tables 3 and 4, it is reasonable to
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assume α = 1 in our proposed model. In contrast, for the datasets presented in Tables 1 and 2, there is no available
information regarding the parameter α; hence, it is necessary to estimate this parameter. Singh and Bhattacharya
[16] demonstrated that the variation of α is only minimally influenced by variations in the other fertility parameters.
Consequently, the variation in the values of the parameters λ, β, and β1 does not significantly affect the value of
α. This property provides a substantial advantage in estimating the parameters of our proposed model. It is noted
that our proposed model is an extension of the model proposed by Singh and Yadava [18].

By assuming β = 1, in our proposed model, it simplifies to the model proposed by Singh and Yadava [18] with
the addition of the parameter α, which represents the proportion of fecund females, since β1 becomes zero when
β = 1. Within this framework, we can obtain the ML estimates of α and λ for specified values of β, β1, h1, h2,
and θ by maximizing the following likelihood function:

L(α, λ | β, β1, h1, h2, θ) =
N !∏n

r=0 Nr!

n∏
r=0

{P (X(T ) = r)}Nr (44)

where Nr (r = 0, 1, 2, . . . , n) denotes the observed frequency of females having exactly r births during an
observational period of length T , such that

N =

n∑
r=0

Nr

The ML estimates of α and λ are obtained by solving the following likelihood equations:(
∂ logL(α, λ)

∂α
,
∂ logL(α, λ)

∂λ

)
= (0, 0) (45)

Equivalently, the asymptotic covariance matrix, V, of the ML estimators is given by

V =

(
V (α̂) Cov(α̂, λ̂)

Cov(α̂, λ̂) V (λ̂)

)
= I−1, (46)

where

I =

(
Iαα Iαλ
Iαλ Iλλ

)∣∣∣∣
α=α̂, λ=λ̂

(47)

is the Fisher information matrix evaluated at the ML estimates.
The elements of the Fisher information matrix are

Iαα = −E

[
∂2

∂α2
logL(α, λ | β, β1, h1, h2, θ)

]
(48)

Iαλ = −E

[
∂2

∂α ∂λ
logL(α, λ | β, β1, h1, h2, θ)

]
(49)

Iλλ = −E

[
∂2

∂λ2
logL(α, λ | β, β1, h1, h2, θ)

]
(50)

After determining the ML estimates of α and λ, we proceed by treating the estimate of α as known and use it to
estimate the remaining parameters of the proposed model.

The above methodology was applied to all the birth distributions presented in Tables 1 – 4. Using the above
approach, the parameter α was also estimated for the birth distributions presented in Tables 3 and 4 to verify
the assumption that the surveyed populations consisted exclusively of eligible (i.e., fecund) females aged 25–
29 years. For each birth distribution presented in Tables 1 – 4, the ML estimates of α and λ were obtained for
every combination of h1, h2, and θ using equation (45). Figures 2–5 present the ML estimates of α for the birth
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distributions presented in Tables 1 – 4, respectively. The figures indicate that the estimated value of α decreases only
marginally as h2 increases from 1.0 to 2.0 years. On average, the estimated value of α decreases by approximately
0.0953, 0.0932, 0.0178, and 0.0016 as h2 increases from 1.0 to 2.0 for the birth distributions presented in Tables 1 –
4, respectively, suggesting that the estimated value of α is only moderately sensitive to changes in h2. Furthermore,
the estimated values of α exhibit only negligible variation and show a slight decreasing trend with increasing
values of h1 and θ. Figures 4 and 5 show that, for the birth distributions presented in Tables 3 and 4, the estimated
value of α remains approximately equal to 1.00 across all combinations of h1, h2, and θ. These findings provide
further evidence that the surveyed populations corresponding to Tables 3 and 4 consisted exclusively of eligible
(i.e., fecund) females aged 25–29 years. Accordingly, the ML estimates of α were subsequently treated as known
constants and were used, together with the specified combinations of h1, h2, and θ, to estimate β, β1, and λ under
the proposed model. Now, considering the known values of the parameters α, θ, h1, and h2, we can obtain the ML
estimates of the remaining parameters β, β1, and λ. The likelihood function can be written as follows:

L(β, β1, λ | α, θ, h1, h2) =
N !∏n

r=0 Nr!

n∏
r=0

{
P
(
X(T ) = r

)}Nr (51)

Suppose (β̂, β̂1, λ̂) denote the ML estimates of (β, β1, λ); then (β̂, β̂1, λ̂) are the solutions of the following
equations: (

∂ logL(β, β1, λ)

∂β
,
∂ logL(β, β1, λ)

∂β1
,
∂ logL(β, β1, λ)

∂λ

)
= (0, 0, 0) (52)

Furthermore, the asymptotic covariance matrix, W, of ML estimators is given by

W =

 V (β̂) Cov(β̂, β̂1) Cov(β̂, λ̂)

Cov(β̂, β̂1) V (β̂1) Cov(β̂1, λ̂)

Cov(β̂, λ̂) Cov(β̂1, λ̂) V (λ̂)

 = I−1, (53)

where

I =

 Iββ Iββ1
Iβλ

Iββ1 Iβ1β1 Iβ1λ

Iβλ Iβ1λ Iλλ


∣∣∣∣∣∣∣
β=β̂, β1=β̂1, λ=λ̂

(54)

is the Fisher information matrix evaluated at the ML estimates.
The elements of the Fisher information matrix are given by

Iββ = −E

[
∂2

∂β2
logL(β, β1, λ | α, θ, h1, h2)

]
(55)

Iββ1 = −E

[
∂2

∂β ∂β1
logL(β, β1, λ | α, θ, h1, h2)

]
(56)

Iβλ = −E

[
∂2

∂β ∂λ
logL(β, β1, λ | α, θ, h1, h2)

]
(57)

Iβ1β1 = −E

[
∂2

∂β2
1

logL(β, β1, λ | α, θ, h1, h2)

]
(58)

Iβ1λ = −E

[
∂2

∂β1 ∂λ
logL(β, β1, λ | α, θ, h1, h2)

]
(59)

Iλλ = −E

[
∂2

∂λ2
logL(β, β1, λ | α, θ, h1, h2)

]
(60)

Subsequently, using equation (52), the ML estimates of β, β1, and λ were obtained for each birth distribution
presented in Tables 1 – 4 by treating α, h1, h2, and θ as known constants. The corresponding estimates of β, β1,
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and λ for all combinations of h1, h2, and θ are presented in Figures 2–5. It is evident from Figures 2–5 that, for
fixed values of h1 and θ, the estimates of β and β1 decrease, whereas the estimate of λ increases, with increasing
h2. The decrease in the estimate of β indicates that, as the period of non-susceptibility associated with a complete
conception becomes longer, a smaller proportion of fecund females remain continuously exposed to the risk of
conception throughout the observational period. Consequently, a larger proportion of fecund females belong to
Group B, comprising those who are temporarily non-susceptible at the beginning of the observational period.
Furthermore, the decrease in the estimate of β1 can be attributed to the increase in the duration of postpartum
amenorrhoea associated with a complete conception. As h2 increases, females who have experienced a complete
conception remain in the postpartum non-susceptible state for a longer period and are therefore more likely
to be classified into Group B2 at the beginning of the observational period. Since the duration of pregnancy
remains unchanged, the number of females observed in Group B1 at the beginning of the observational period
does not increase correspondingly. Consequently, the proportion of Group B2 increases relative to that of Group
B1, resulting in a decrease in the estimate of β1. The corresponding increase in the estimate of λ indicates that
the smaller proportion of females who remain exposed to the risk of conception throughout the observational
period experience a higher risk of conception. This finding is consistent with that of Singh and Bhattacharya [16],
who demonstrated that, as h1 and h2 increase, the proportion of fecund females remaining exposed to the risk of
conception during the observational period decreases slightly, whereas the corresponding conception rate among
those females increases. Furthermore, Figures 2–5 show that, for fixed values of h1 and h2, the estimates of β,
β1, and λ decrease slightly with increasing θ. Likewise, for fixed values of h2 and θ, these estimates also decrease
slightly with increasing h1. These results indicate that variations in the probability of complete conception and
the duration of non-susceptibility associated with an incomplete conception have only a limited influence on the
estimates of the remaining biological parameters of the model.

After obtaining the ML estimates of the parameters α, β, β1, and λ for each combination of h1, h2, and θ, the
adequacy of the proposed model was assessed by evaluating its fit to the observed birth distributions. The expected
frequencies were computed using the corresponding ML estimates, and the goodness of fit was evaluated using the
chi-square statistic. Figures 6–9 display the variation in the chi-square statistic with h2 for different combinations
of h1 and θ. The table provided in the middle-right corner of each figure identifies, for every combination of (h1, θ),
the value of h2 at which the chi-square statistic attains its minimum. Furthermore, the left panels of Figures 6–9
show the variation in the chi-square statistic with h2 for fixed values of h1, with separate curves corresponding to
different values of θ, whereas the right panels show the corresponding variation for fixed values of θ, with separate
curves corresponding to different values of h1. In all four figures, the curves are nearly superimposed, indicating
that moderate variations in h1 and θ have only a negligible influence on the chi-square statistic for a fixed value
of h2. The chi-square statistic initially decreases with increasing h2, attains a minimum at a value that depends
on the birth distribution under consideration, and subsequently increases with further increases in h2. This pattern
indicates that the fit of the proposed model is primarily influenced by the choice of h2, whereas the effects of h1

and θ remain comparatively small over the ranges considered.
Moreover, the inset tables accompanying the left-hand panels of Figure 6 show that, for each fixed value of

h1, the minimum chi-square statistic occurs as θ decreases and h2 increases. Considering this trend together with
the observed U-shaped pattern of the chi-square curves, it may be inferred that the chi-square statistic initially
decreases with decreasing θ and increasing h2, attains a minimum value, and subsequently increases. Similarly,
the inset tables accompanying the right-hand panels show that, for each fixed value of θ, the minimum chi-
square statistic occurs as h1 increases and h2 decreases, indicating that the chi-square statistic decreases up to
a particular combination of h1 and h2, reaches a minimum, and subsequently increases. Among all parameter
combinations considered, the smallest chi-square statistic is 0.022146, which is obtained at h1 = 0.6, h2 = 1.20,
and θ = 0.80. These values may therefore be regarded as the indirect estimates of the non-susceptibility periods
associated with incomplete and complete conceptions and the probability of complete conception, respectively.
Since the minimum occurs at the boundary of the parameter space considered, it is plausible that a slightly larger
value of h1, a slightly smaller value of h2, and a slightly smaller value of θ may yield an even smaller chi-square
statistic. Accordingly, Column 5 of Table 1 presents the expected frequencies obtained using the ML estimates
corresponding to h1 = 0.7, h2 = 1.15, and θ = 0.75, for which the chi-square statistic increases to 0.095512481.
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Figure 2. Maximum likelihood estimates of α̂, β̂, β̂1, and λ̂ plotted against h2 for different combinations of h1 and θ, based
on the birth distribution of urban females aged 25–29 years (irrespective of age at marriage) in Bihar.
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Figure 3. Maximum likelihood estimates of α̂, β̂, β̂1, and λ̂ plotted against h2 for different combinations of h1 and θ, based
on the birth distribution of urban females aged 25–29 years with age at marriage 16–20 years in Bihar.
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Figure 4. Maximum likelihood estimates of α̂, β̂, β̂1, and λ̂ plotted against h2 for different combinations of h1 and θ, based
on the birth distribution of females aged 25–29 years over the last 5 years.
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Figure 5. Maximum likelihood estimates of α̂, β̂, β̂1, and λ̂ plotted against h2 for different combinations of h1 and θ, based
on the birth distribution of females aged 25–29 years over the last 7 years.
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Figure 6. Chi-square statistic plotted against h2 for different combinations of h1 and θ, based on the birth distribution of
urban females aged 25–29 years (irrespective of age at marriage) in Bihar.

These results suggest that females aged 25–29 years corresponding to the observed birth distribution of urban Bihar,
irrespective of age at marriage, experience approximately 7.2 months of non-susceptibility following an incomplete
conception and about 14.4 months following a complete conception, while the probability of a conception resulting
in a live birth is approximately 0.80. A similar pattern is observed in Figure 7, where the smallest chi-square
statistic among all parameter combinations is 0.0134820, corresponding to h1 = 0.6, h2 = 1.15, and θ = 0.80. As
in the previous case, the minimum occurs at the boundary of the parameter space considered, suggesting that a
slightly larger value of h1, a slightly smaller value of h2, and a slightly smaller value of θ may yield an even
smaller chi-square statistic. Accordingly, Column 5 of Table 2 presents the expected frequencies obtained using
the ML estimates corresponding to h1 = 0.7, h2 = 1.10, and θ = 0.75, for which the chi-square statistic increases
to 0.0354. These results indicate that females aged 25–29 years in urban Bihar whose age at marriage is 16–20
years experience approximately 7.2 months of non-susceptibility following an incomplete conception and about
13.8 months following a complete conception, while the probability that a conception results in a live birth is
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Figure 7. Chi-square statistic plotted against h2 for different combinations of h1 and θ, based on the birth distribution of
urban females aged 25–29 years with age at marriage 16–20 years in Bihar.

approximately 0.80. Sharma et al. [26] estimated the mean duration of postpartum amenorrhea associated with
complete conceptions, that is, live births, using life table techniques based on data from the NFHS-2 (1998–1999)
for several major states in India. For Bihar, they estimated this duration to be approximately 13.44 months (1.12
years). Our indirect estimate of the non-susceptibility period associated with live births is consistent with the
corresponding estimate reported by Sharma et al. [26], thereby providing further evidence for the adequacy of the
proposed model. It should also be noted that, although NFHS-5 reports a live birth proportion of approximately
0.872, a direct comparison is not appropriate because the estimated parameter θ represents the probability of a
conception ending in a live birth, whereas the NFHS-5 estimate is the observed proportion of live births in the
population. Furthermore, survey data may be affected by under-reporting of fetal losses, including miscarriages
and induced abortions, which may partly account for the observed difference.

Furthermore, Figure 8 shows that the smallest chi-square statistic among all parameter combinations is 0.082516,
corresponding to h1 = 0.6, h2 = 1.70, and θ = 0.80. It is evident from Figure 8 that the value of h2 corresponding
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Figure 8. Chi-square statistic plotted against h2 for different combinations of h1 and θ, based on the birth distribution of
females aged 25–29 years over the last 5 years.

to the minimum chi-square statistic remains constant at 1.70 over the range of h1 and θ considered. However, the
overall pattern in the location of the minimum chi-square statistic is consistent with that observed in Figures 6
and 7. Therefore, it is reasonable to expect that a slightly larger value of h1, together with a slightly smaller
value of θ, while keeping h2 = 1.70, may yield an even smaller chi-square statistic. Accordingly, Column 6 of
Table 3 presents the expected frequencies obtained using the ML estimates corresponding to h1 = 0.7, h2 = 1.70,
and θ = 0.75, for which the chi-square statistic is further reduced to 0.038128. Since this parameter combination
yields a smaller chi-square statistic, a further extrapolation in the same direction was considered. Accordingly,
Column 7 of Table 3 presents the expected frequencies obtained using the ML estimates corresponding to h1 = 0.8,
h2 = 1.70, and θ = 0.70, for which the chi-square statistic increases to 0.20253. These results indicate that females
aged 25–29 years represented by the observed birth distribution in Table 3 experience approximately 8.4 months
of non-susceptibility following an incomplete conception and about 20.4 months following a complete conception,
while the probability that a conception results in a live birth is approximately 0.75.
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Figure 9. Chi-square statistic plotted against h2 for different combinations of h1 and θ, based on the birth distribution of
females aged 25–29 years over the last 7 years.

A similar pattern is observed in Figure 9, where the smallest chi-square statistic among all parameter
combinations is 0.041285, corresponding to h1 = 0.6, h2 = 1.75, and θ = 0.80. Figure 9 further shows that, for
the fixed value of θ = 0.80, the value of h2 corresponding to the minimum chi-square statistic remains constant
at 1.75 for all values of h1. For θ = 0.85, however, the corresponding value of h2 decreases from 1.70 to 1.65 as
h1 increases, whereas for θ = 0.90, it remains constant at 1.65 for all values of h1. Since the smallest chi-square
statistic is attained at θ = 0.80, a further extrapolation was carried out by increasing h1 and decreasing θ while
keeping h2 fixed at 1.75. Accordingly, Column 6 of Table 4 presents the expected frequencies obtained using the
ML estimates corresponding to h1 = 0.7, h2 = 1.75, and θ = 0.75, for which the chi-square statistic increases
to 0.30259. These results indicate that females aged 25–29 years represented by the observed birth distribution
in Table 4 experience approximately 7.2 months of non-susceptibility following an incomplete conception and
about 21 months following a complete conception, while the probability that a conception results in a live birth is
approximately 0.80. Furthermore, the Akaike Information Criterion (AIC) and the Bayesian Information Criterion
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Table 1. Distribution of the observed and expected number of births among females aged 25–29 years during the last 5 years
of marriage, irrespective of age at marriage, in urban Bihar (NFHS-5, 2019–21)

Number of Births Observed Number of Females Expected Number of Females Expected Number of Females Expected Number of Females h1 = 0.60

h2 = 1.20

θ = 0.80


 h1 = 0.60

h2 = 1.20

θ = 0.80


 h1 = 0.70

h2 = 1.15

θ = 0.80


(1) (2) (3) (4) (5)
0 310 310.714 308.522 310.195
1 475 475.811 476.392 473.186
2 461 460.809 459.428 462.255
3 136 135.023 135.525 137.230
4 11 10.643 13.133 10.134
Total 1393 1393 1393 1393

α̂ = 0.8813 α̂ = 0.8813 α̂ = 0.8874

λ̂ = 0.4473 λ̂ = 0.4464 λ̂ = 0.4398

β̂ = 0.9857 — β̂ = 0.9999

β̂1 = 0.9855 — β̂1 = 0.9927

Chi-square 0.022146 0.364623 0.095512481
d.f. 1 2 1
p-value 0.881699 0.833342 0.757283
Log-Likelihood -1856.501274 -1857.517735 -1856.642300
AIC 3719.00255 3719.03547 3719.28460
BIC 3734.72019 3729.51390 3735.002245
V (α̂) — 0.000220793 —
V (λ̂) 0.000153420 0.000206188 0.000168950
V (β̂) 0.001483720 — 0.001562310
V (β̂1) 0.001157490 — 0.001084760
Cov(α̂, λ̂) — -0.000112311 —
Cov(β̂, β̂1) 0.000865510 — 0.000878500
Cov(β̂, λ̂) -0.000241900 — -0.000254300
Cov(β̂1, λ̂) -0.000176000 — -0.000184000
Corr(α̂, λ̂) — -0.526379 —
Corr(β̂, β̂1) 0.66044627 — 0.67482526
Corr(β̂, λ̂) -0.50692890 — -0.49497545
Corr(β̂1, λ̂) -0.41755560 — -0.42980543

(BIC) were computed for different combinations of h1, h2, and θ. Figures 10–13 show the plots of the AIC and
BIC against h2 for different combinations of h1 and θ. The tables included in the middle right corner of each figure
identify, for every combination of (h1, θ), the value of h2 at which the AIC and BIC attain their minimum values.
It is observed that the AIC and BIC yield identical results, which are consistent with the results of the chi-square
goodness-of-fit test presented in Figures 6–9.

Therefore, the parameter combinations

(h1, h2, θ) = (0.60, 1.20, 0.80), (0.60, 1.15, 0.80), (0.70, 1.70, 0.75), and (0.60, 1.75, 0.80)

are considered the indirect estimates of h1, h2, and θ corresponding to the observed birth distributions presented in
Tables 1–4, respectively.

Furthermore, Column 3 of Table 1 presents the expected frequencies under the proposed model obtained using
the ML estimates α̂ = 0.8813, β̂ = 0.9857, β̂1 = 0.9855, and λ̂ = 0.4473, corresponding to h1 = 0.6, h2 = 1.20,
and θ = 0.80. The corresponding chi-square statistic, p-value, AIC, and BIC are also presented in Column 3. It
is noteworthy that the estimates of β̂ and β̂1 are very close to one. This suggests that the proposed model may
be overparameterized for the observed birth distribution presented in Table 1. Therefore, we also considered a
reduced form of the proposed model with β = 1. As discussed earlier, this reduced model is equivalent to the
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Table 2. Distribution of the observed and expected number of births among females aged 25–29 years during the last 5 years
of marriage, whose age at marriage was 16–20 years, in urban Bihar (NFHS-5, 2019–21)

Number of Births Observed Number of Females Expected Number of Females Expected Number of Females Expected Number of Females h1 = 0.60

h2 = 1.15

θ = 0.80


 h1 = 0.60

h2 = 1.15

θ = 0.80


 h1 = 0.70

h2 = 1.10

θ = 0.75


(1) (2) (3) (4) (5)
0 103 103.998 103.000 102.766
1 177 176.501 173.117 178.331
2 161 160.749 167.586 161.079
3 54 53.852 52.8637 53.025
4 6 5.900 4.43318 5.799
Total 501 501 501 501

α̂ = 0.9020 α̂ = 0.9020 α̂ = 0.9118

λ̂ = 0.4436 λ̂ = 0.4424 λ̂ = 0.4388

β̂ = 0.7764 — β̂ = 0.8215

β̂1 = 0.6819 — β̂1 = 0.7375

Chi-square 0.013482 0.984482 0.0354
d.f. 1 2 1
p-value 0.907564 0.611255 0.85076
Log-Likelihood -672.852741 -677.2333901 -673.092741
AIC 1351.705482 1358.46678 1352.1855
BIC 1364.3553 1366.89999 1364.835
V (α̂) — 0.000594297 —
V (λ̂) 0.00028765 0.000538453 0.00030127
V (β̂) 0.00184567 — 0.00191234
V (β̂1) 0.00245678 — 0.00238951
Cov(α̂, λ̂) — -0.000306094 —
Cov(β̂, β̂1) 0.00130394 — 0.0012783
Cov(β̂, λ̂) -0.00037331 — -0.0003992
Cov(β̂1, λ̂) -0.00036885 — -0.0003835
Corr(α̂, λ̂) — -0.541102 —
Corr(β̂, β̂1) 0.612346793 — 0.597992598
Corr(β̂, λ̂) -0.512342529 — -0.525932531
Corr(β̂1, λ̂) -0.438767513 — -0.451994342

model proposed by Singh and Yadava [18], with the inclusion of the parameter α. Using the same values of
h1 = 0.60, h2 = 1.20, and θ = 0.80, the ML estimates under the reduced model are α̂ = 0.8813 and λ̂ = 0.4464.
It may be noted that these estimates had already been obtained in the estimation procedure for β, β1, and λ in our
proposed model. The corresponding expected frequencies are presented in Column 4 of Table 1. A comparison of
the chi-square statistic, p-value, AIC, and BIC indicates that the proposed model provides a marginally better fit
to the observed distribution than the reduced model with β = 1. However, since the differences in these goodness-
of-fit measures are very small, the evidence also suggests that the proposed model may be overparameterized for
this particular birth distribution. It is also important to note that the observed distribution presented in Table 1
includes females aged 25–29 years irrespective of their age at marriage. Consequently, this distribution may be
less suitable for assessing the performance of the proposed model. Considering this limitation, we restricted the
observed birth distribution in Table 1 to females aged 25–29 years whose age at marriage was 16–20 years. The
resulting distribution of births is presented in Table 2. Column 3 of Table 2 presents the expected frequencies under
the proposed model obtained using the ML estimates α̂ = 0.9020, β̂ = 0.7764, β̂1 = 0.6819, and λ̂ = 0.4436,
corresponding to (h1, h2, θ) = (0.60, 1.15, 0.80). The associated chi-square statistic, p-value, AIC, and BIC are
also presented in Column 3. Unlike the estimates in Table 1, the estimates of β̂ and β̂1 are substantially smaller
than one, indicating that the additional parameters contribute significantly to the proposed model. To further
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Figure 10. AIC and BIC plotted against h2 for different combinations of h1 and θ, based on the birth distribution of urban
females aged 25–29 years (irrespective of age at marriage) in Bihar.

evaluate the contribution of these parameters, we again considered the reduced model with β = 1. Using the
same values of (h1, h2, θ) = (0.60, 1.15, 0.80), the ML estimates under the reduced model are α̂ = 0.9020 and
λ̂ = 0.4424. The expected frequencies obtained from the reduced model are presented in Column 4 of Table 2.
A comparison of the chi-square statistic, p-value, AIC, and BIC indicates that the proposed model provides a
substantially better fit to the observed distribution than the reduced model with β = 1. This suggests that the
proposed model is not overparameterized for the equilibrium distribution of births presented in Table 2. Moreover,
from another perspective, for certain birth distributions, estimates of β and β1 approximately equal to 1 indicate that
the proposed model is effectively overparameterized with respect to these parameters. Nevertheless, the proposed
model provides a fit that is virtually identical to that of the corresponding reduced model. This suggests that the
estimation procedure can identify situations in which the additional parameters do not contribute meaningfully
to the model fit, thereby allowing the proposed model to reduce naturally to its simpler form. Such an adaptive
property may be regarded as a practical advantage of the proposed model.

Furthermore, Column 6 of Table 3 presents the expected frequencies under the proposed model obtained
using the ML estimates α̂ = 1.00, β̂ = 0.3349, β̂1 = 0.2488, and λ̂ = 0.6651, corresponding to (h1, h2, θ) =
(0.70, 1.70, 0.75), whereas Column 8 presents the expected frequencies under the reduced model with β = 1,
obtained using the ML estimates α̂ = 1.00 and λ̂ = 0.6529 for the same values of (h1, h2, θ). Similarly, Column 5
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Figure 11. AIC and BIC plotted against h2 for different combinations of h1 and θ, based on the birth distribution of urban
females aged 25–29 years with age at marriage 16–20 years in Bihar.

of Table 4 presents the expected frequencies under the proposed model obtained using the ML estimates α̂ = 1.00,
β̂ = 0.1973, β̂1 = 0.3146, and λ̂ = 0.7108, corresponding to (h1, h2, θ) = (0.60, 1.75, 0.80), whereas Column 7
presents the expected frequencies under the reduced model with β = 1, obtained using the ML estimates α̂ = 1.00
and λ̂ = 0.7017 for the same values of (h1, h2, θ). A comparison of the associated chi-square statistics, p-values,
AIC, and BIC indicates that the proposed model provides a substantially better fit than the reduced model with
β = 1 for the birth distributions considered by Singh and Yadava [18] and Singh et al. [22]. Moreover, the p-values
of the chi-square test reported in Columns (3), (4), and (6) of Table 3 and Columns (3), (4), and (5) of Table 4
indicate that the proposed model provides a better fit to both observed birth distributions than the models proposed
by Singh and Yadava [18] and Singh et al. [22].

The asymptotic covariance matrices of the ML estimators under the proposed model and the reduced model
with β = 1 were obtained for each observed birth distribution and are presented in the corresponding columns
of Tables 1 – 4. Across all four birth distributions, the estimated variances of the ML estimators are relatively
small, indicating that the parameter estimates are obtained with high precision. As discussed earlier, the expected
frequencies corresponding to the ML estimates that provide the best fit under the proposed model are presented
in Column 3 of Tables 1 and 2, Column 6 of Table 3, and Column 5 of Table 4. For the birth distribution
presented in Table 1, it is seen from Column 3 that the corresponding 95% confidence intervals for λ̂, β̂, and
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Figure 12. AIC and BIC plotted against h2 for different combinations of h1 and θ, based on the birth distribution of females
aged 25–29 years over the last 5 years.

β̂1 are (0.4230, 0.4716), (0.9102, 1.0612), and (0.9188, 1.0522), respectively. It is noteworthy that the upper
confidence limits for β̂ and β̂1 exceed their theoretical upper bound of 1. As discussed previously, this occurs
because the proposed model is overparameterized for the birth distribution presented in Table 1, causing the
asymptotic confidence intervals to extend beyond the admissible parameter space. For the birth distribution
presented in Table 2, it is seen from Column 3 that the corresponding 95% confidence intervals for λ̂, β̂, and
β̂1 are (0.4103, 0.4768), (0.6922, 0.8606), and (0.5847, 0.7790), respectively. Similarly, for the birth distribution
presented in Table 3, it is seen from Column 6 that the corresponding 95% confidence intervals for λ̂, β̂, and
β̂1 are (0.6058, 0.7243), (0.2512, 0.4186), and (0.1609, 0.3367), respectively. Likewise, for the birth distribution
presented in Table 4, it is seen from Column 5 that the corresponding 95% confidence intervals for λ̂, β̂, and β̂1 are
(0.6697, 0.7518), (0.1542, 0.2403), and (0.2620, 0.3671), respectively.

Furthermore, the confidence intervals for α̂ are obtained from the reduced model with β = 1, since, under the
considered estimation procedure, the ML estimate of α is identical under both the proposed and the reduced models.
As noted earlier, the expected frequencies under the reduced model corresponding to the ML estimates based on
the indirect estimates of h1, h2, and θ are presented in Column 4 of Tables 1 and 2, Column 8 of Table 3, and
Column 7 of Table 4. As shown in Column 4 of Tables 1 and 2, the corresponding 95% confidence intervals
for α̂ are (0.8521, 0.9104) and (0.8542, 0.9498), respectively. As mentioned above, the ML estimates of α for
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Figure 13. AIC and BIC plotted against h2 for different combinations of h1 and θ, based on the birth distribution of females
aged 25–29 years over the last 7 years.

the birth distributions presented in Tables 3 and 4 are computed only for verification purposes. Consequently, α
is overparameterized under both the proposed and the reduced models. Therefore, the corresponding asymptotic
95% confidence intervals for α̂ extend beyond the admissible parameter space, with the upper confidence limits
exceeding the theoretical upper bound of 1, analogous to the behaviour observed for β̂ and β̂1 in Table 1. Moreover,
the estimated correlation coefficients show a moderately strong positive association between β̂ and β̂1 for all four
birth distributions. In contrast, α̂, β̂, and β̂1 each exhibit moderate negative correlations with λ̂.

The estimated risk of conception under the proposed model is very similar to that obtained under the reduced
model with β = 1 across all datasets considered. For the contemporary birth distribution of urban Bihar females
aged 25–29 years irrespective of age at marriage (Table 1), the estimated risk of conception is 0.4473 under the
proposed model and 0.4464 under the reduced model. Likewise, for females in the same age group whose age
at marriage is 16–20 years (Table 2), the corresponding estimates are 0.4436 and 0.4424, respectively. For the
historical birth distributions based on the observational period of 5 and 7 years (Tables 3 and 4), the proposed
model gives estimates of 0.6651 and 0.7108, respectively, compared with 0.6529 and 0.7017 under the reduced
model. These estimates are in close agreement with those obtained by Singh et al. [22], whereas the corresponding
estimates obtained by Singh and Yadava [18] are marginally lower. The close agreement between the estimates
obtained from the proposed and reduced models indicates that the estimated risk of conception is largely unaffected
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by the inclusion of the additional parameters. Furthermore, Tables 1 and 2 suggest that age at marriage has a
negligible effect on the estimated risk of conception. In contrast, Tables 3 and 4 indicate a modest increase in the
estimated risk of conception for birth distributions based on an observational period of 7 years compared with
those based on an observational period of 5 years. It is also evident that the estimated risk of conception for the
contemporary urban Bihar datasets (Tables 1 and 2) is substantially lower than that estimated from the historical
birth distributions (Tables 3 and 4).

Furthermore, as noted earlier, the proposed model is overparameterized by the parameters β and β1 for the birth
distribution presented in Table 1. Nevertheless, the corresponding parameter estimates remain demographically
interpretable. The estimate of α indicates that approximately 88.13% of females are biologically mature for
conception during the last 5 years of the observational period. Among these fecund females, the estimate of
β shows that approximately 100(1− β)% = 1.43% are not exposed to the risk of conception at the beginning
of the observational period (Group B females). The estimate of β1 further indicates that, within this subgroup,
approximately 98.55% are unexposed solely because of pregnancy leading to a complete conception (Group B1

females), whereas the remaining 1.45% are temporarily sterile due to either pregnancy ending in foetal loss or
postpartum amenorrhea associated with complete or incomplete conception (Group B2 females). Consequently,
the estimated proportion of females who remain continuously fecund throughout the 5 years of the observational
period is αβ = 0.8687, indicating that approximately 86.87% of females are continuously exposed to the risk
of conception during this period. Likewise, the estimated proportion of females who are unexposed to the risk
of conception at the beginning of the observational period solely because of pregnancy leading to a complete
conception is α(1− β)β1 = 0.0124, corresponding to approximately 1.24% of all females. It is evident that the
estimated proportion of females who are temporarily sterile at the beginning of the observational period is very
small. This suggests that the birth distribution in Table 1 is unlikely to represent an equilibrium birth process
because age at marriage is not taken into account, whereas the equilibrium birth process assumes that the beginning
of the observational period is sufficiently distant from the time of marriage. This limitation is addressed by the birth
distribution presented in Table 2. The estimate of α indicates that approximately 90.2% of females are biologically
mature for conception during the last 5 years of the observational period. Among these fecund females, the
estimate of β shows that approximately 100(1− β)% = 22.36% belong to Group B. The estimate of β1 further
indicates that, within Group B, approximately 68.19% belong to Group B1, whereas the remaining 31.81% belong
to Group B2. Consequently, the estimated proportion of females who remain continuously fecund throughout the 5
years of the observational period is αβ = 0.7003, indicating that approximately 70.03% of females are continuously
exposed to the risk of conception during this period. Likewise, the estimated proportion of females who belong to
Group B1 is α(1− β)β1 = 0.1375, corresponding to approximately 13.75% of all females.

Furthermore, the estimate of α is 1 for the birth distributions presented in Tables 3 and 4, as these distributions
include only fecund females. Based on the estimates of β and β1 for the birth distribution in Table 3, approximately
100(1− β)% = 66.51% of females belong to Group B. Among these Group B females, approximately 24.88%
belong to Group B1, whereas the remaining 75.12% belong to Group B2. Consequently, the estimated proportion
of females who remain continuously fecund throughout the 5 years of the observational period is αβ =
0.3349, indicating that approximately 33.49% of females are continuously exposed to the risk of conception
during this period. Likewise, the estimated proportion of females belonging to Group B1 is α(1− β)β1 =
0.1655, corresponding to approximately 16.55% of all females. For the birth distribution presented in Table 4,
corresponding to the last 7 years of the observational period, the estimate of β indicates that approximately
100(1− β)% = 80.27% of females belong to Group B. Among these Group B females, approximately 31.46%
belong to Group B1, whereas the remaining 68.54% belong to Group B2. Consequently, the estimated proportion
of females who remain continuously fecund throughout the 7 years of the observational period is αβ = 0.1973,
indicating that approximately 19.73% of females are continuously exposed to the risk of conception during
this period. Likewise, the estimated proportion of females belonging to Group B1 is α(1− β)β1 = 0.2525,
corresponding to approximately 25.25% of all females.
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4. Discussion and Conclusions

The present paper proposes a modified probability model for the number of conceptions in an equilibrium birth
process, extending the model of Singh and Yadava [18] by explicitly accounting for the proportion of females
who may experience temporary sterility at the start of the observational period due to pregnancy or postpartum
amenorrhea. It is important to note that the proposed model is derived under the assumptions of a constant non-
susceptibility period associated with the two types of pregnancy terminations, a constant risk of conception, and
a constant probability of a complete conception. However, empirical studies indicate that these factors are age-
dependent and may vary across females according to parity and marriage duration, and may also vary with age
for the same female [1]. Although these parameters are age-dependent, differences in their values between two
nearby ages observed within a narrower observational period are generally expected to be small [17]. Nevertheless,
the existing literature does not specify the age interval or observational period that may reasonably be regarded as
sufficiently narrow for this approximation to hold. Therefore, rather than assuming homogeneity over a particular
age interval and its corresponding observational period, the present paper evaluates this assumption empirically.
Specifically, if the female population is sufficiently homogeneous with respect to these parameters over the age
interval and the corresponding observational period under consideration, there should exist a set of constant
parameter values that provides a satisfactory fit to the observed birth distribution. Conversely, if substantial
heterogeneity exists, no single set of constant parameter values would be expected to adequately describe the
observed birth distribution.

In the present paper, the non-susceptibility periods associated with the two types of pregnancy terminations
and the probability of a complete conception were estimated indirectly by evaluating a range of plausible values
for these parameters. For each parameter combination, ML estimates of the remaining model parameters were
obtained, and the corresponding goodness of fit to the observed birth distribution was assessed. The parameter
combination corresponding to the minimum chi-square statistic was regarded as the indirect estimate of these
parameters. For all the observed birth distributions considered, the minimum chi-square statistics were non-
significant, indicating that the proposed model provides an adequate fit to the observed birth distributions. These
findings suggest that the female populations considered are sufficiently homogeneous with respect to the parameters
of the proposed model over the age interval and observational period under consideration. It is noteworthy that
the minimum chi-square statistics were generally larger for birth distributions observed over an observational
period of 7 years than for those observed over an observational period of 5 years, suggesting a greater degree
of heterogeneity as the length of the observational period increases. If substantial heterogeneity were present, no
single combination of constant parameter values would be expected to provide an adequate fit to the observed birth
distribution. Nevertheless, the non-significant minimum chi-square statistics obtained for the birth distributions
observed over a period of 7 years indicate that the assumption of homogeneity remains reasonable for the female
populations considered.

It should be acknowledged, however, that the assumption of homogeneity may not hold when a broader age
group of females is observed, irrespective of whether the observational period is shorter or longer, or when a
narrower age group is observed over a relatively longer observational period. Under such circumstances, the female
population may become heterogeneous with respect to the non-susceptibility periods associated with the two types
of pregnancy terminations, the risk of conception, and the probability of complete conception. To overcome this
limitation, the proposed model may be generalized by incorporating variability in these parameters across females,
thereby providing a more generalizable framework suitable for heterogeneous populations. The present paper
does not consider such extensions because they would substantially increase the complexity of the model and
its estimation procedure. The development of such generalized models therefore remains an important direction
for future research.

In conclusion, the proposed model addresses a major limitation of earlier models [18, 19, 22] by explicitly
accounting for the proportion of fecund females who are temporarily sterile at the start of the observational period
due to pregnancy or postpartum amenorrhea. The model is primarily applicable to, and provides valuable insights
into, fertility behaviour among female populations in which the fertility parameters remain approximately constant
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over the age group and the corresponding observational period. Such conditions are more likely to be satisfied when
birth distributions are observed over a relatively narrow age range and a relatively short observational period.
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