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Abstract This study is based on parameter estimation for hierarchical regression models in the presence of outliers. The
robust cubic spline and the maximum likelihood estimation are compared. In order to test the efficiency of the two methods,
Monte Carlo simulation experiments were conducted on sample sizes 15, 25, 40, and 60 at three different percentages of
outliers 1%, 3%, and 5%. The assessment of performance was done by the absolute deviation error (ADE) and the coefficient
of determination (R2). The outcome of this study showed that the robust cubic spline performed better than maximum
likelihood estimation.
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1. Introduction

1.1. General

Hierarchical/multilevel modeling is extensively used in statistics in the analysis of datasets where nesting or
overlap exists, e.g., regional data or repeated measures in longitudinal study designs. The primary issue that
arises in the use of such multilevel data is the presence of outliers since their inclusion renders estimation highly
inaccurate. The study examines the impact of outliers on the estimation process within hierarchical regression
models. Ordinary Least Squares and Maximum Likelihood Estimation (MLE) methods are commonly used yet
susceptible to the effects of outliers, which can yield biased or unreliable results. So, it’s important to develop
better, more flexible estimation methods that can reduce the impact of outliers.

The intention of this study is to determine the influence of outliers in estimating parameters for hierarchical
regression models, as well as to point out the shortcomings of standard estimation procedures when dealing with
such cases. The research also focuses on evaluating the extent to which robust statistics could help in overcoming
the mentioned challenges.

1.2. Hierarchical Regression Model

Hierarchical models are used to analyze data with nested or multilevel structures. They are especially useful when
observations are grouped into higher-level units, which lets the researcher examining relationships both within and
between groups. Hierarchical models are widely used in science, engineering, economics, and sociology because
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they are so flexible. Theoretical, mathematical, or empirical methods can be used to create these models, as long
as the necessary assumptions are met [1]. One of the best things about hierarchical models is that they can show
how variables affect outcomes at different levels of a dataset. They also help clarify the connections between parts
of complex data structures, which can improve understanding and decision-making. These models also provide
parameter estimates at each level of the hierarchy, which can make the analysis more reliable [2].
Hierarchical regression has been utilized across various research domains due to its growing significance.
Richardson et al. [3] employed this methodology to estimate parameters in a study examining mortality across
various cohorts. Their approach facilitated the assessment of distinct regression models that were applied for
various outcome categories within a suitable analytical framework. The findings indicated that hierarchical
regression yielded more precise estimates; also, it was more resilient to the effects of outliers. Similarly,
Bartholomew et al. [4] used hierarchical regression to examine the factors that contribute to low birth weight.
Their analysis evaluated the impact of maternal weight, age, and height on neonatal weight; simultaneously, the
influence of maternal education was evaluated.
In a study of Sipahioğlu et al.[5], they examined the influence of gender, academic performance, and the classroom
emotional environment on school burnout among high school students. The researchers utilized a correlational
design with random sampling to investigate the data via descriptive statistics, Pearson’s correlation, and hierarchical
regression. Their results showed that a positive emotional climate in the classroom was associated with lower
burnout at school, whereas a negative emotional climate was associated with higher burnout. The hierarchical
regression results further indicated that classroom emotional climate continued to be a significant predictor of
school burnout, even after accounting for gender and academic achievement. The following is the standard form of
the hierarchical regression model:

Yi j = β0 +β1Xi j +u j + ei j (1)

Here, Yi j refers to the dependent variable for individual i in group j. Also, the parameter β0 represents the model’s
intercept, while β1 is the regression coefficient that is associated with the independent variable Xi j, which is the
independent variable’s value of the individual i in group j. The term u j represents the effect specific to group j,
and lastly, ei j represents the random error for individual i in group j.

1.3. Multi-Level Model

Hierarchical statistical models are designed to analyze data in which parameters vary across different levels
of the hierarchy. This means that data analysis at both the class and individual student levels can be conducted
for academic achievements. Hierarchical statistical models extend the linear regression approach by allowing
both linear and nonlinear forms of analysis. Development in computing capabilities, as well as the availability
of advanced statistical packages, has led to the increasing application of such models.
Multilevel analysis can greatly help in dealing with data that exhibit a hierarchical nature, in that each observation
is grouped in higher-order clusters. Data in the first level of such a model may comprise individual observations
although there could be cases where the first level may be characterized by longitudinal data. Multilevel models thus
allow for longitudinal analysis in the identification of trends in growth. Additionally, multilevel models can replace
Analysis of Covariance (ANCOVA) by adjusting for covariates before evaluating treatment effects. Multilevel
models can analyze these experiments without the homogeneity-of-slopes assumption required by ANCOVA.
Multilevel models can be applied to data with 2-level, although 2-level models are the most common, and the
remainder of this article focuses exclusively on them [15]. The dependent variable should be analyzed at the lowest
level of the hierarchy.

Yi jk = B0 +B1Xi jk +u j +uk + ei jk (2)

Yi jk: The variable for item i in set j and at level k.u j: j-group effect. uk: k-level effect.
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1.4. Outlier

An outlier denotes a value that remarkably deviates from the other data points in a dataset, either by being
exceedingly high or low or by existing at the extremes of an ordered series. Statistically, it denotes data that may
originate from a population different from the one under investigation. An outlier is defined as a data point having
a standardized residual (RI) remarkably greater than the residuals of other observations in the collection [6, 7]. In
multivariate settings, anomalies may involve several variables simultaneously. These anomalous observations can
be expressed either as a full vector or as part of a sub-vector.

2. Estimation methods for the hierarchical regression model

2.1. Robust Cubic Spline

This method is robust for managing extreme values and random effects, improving the accuracy of results by
yielding reliable estimation [8]. The general form of the hierarchical model is as follows:

Yi jk = S(Xi jk)+u jk +uk + ei jk (3)

Yi jk is the response value of data i in group j at level k.S(Xi jk): The regression function was estimated using a
robust cubic spline. u jk: random effect of group j at level k.uk: random effect of level k.ei jk: independent random
error distributed ei jk ∼ N(0,σ2)

We start with an initial estimate of the regression function Ŝ(◦) via the Cubic Spline method without the robust
method, where we impose initial values for û(◦)k , û(◦)jk , with default values equal to zero.

Then the remainders are calculated r(t)i jk:

r(t)i jk = Yi jk −
(

Ŝ(t)(Xi jk)+ û(t)jk + û(t)k

)
(4)

Based on the above residual equation, the weights wi jk are calculated as follows:
To enhance the robustness of spline estimation, this study employs a weighting function based on the Huber-

type M-estimation approach. The threshold parameter (δ ) defines the point at which large residuals start to
lose their influence. Here, (δ ) is set to the widely recommended value of 1.345 to ensure high efficiency under
normal conditions. Additionally, the scale parameter (s) (serves as a robust measure of residual dispersion) was
recalculated at each iteration using the Median Absolute Deviation (MAD) with the formula:

s = 1.4826×median(|ri jk −median(ri jk)|)

This technique reduces the influence of outliers by using smaller weights for outliers when calculating their
contribution during the analysis. Huber’s criterion was specifically selected since it utilizes the efficiency of least
squares when dealing with small errors while mitigating the influence of large errors [20].

After determining the values of (δ ) and s, the robust weights were applied to an iterative approach. In this
approach, the updating of the coefficients of the spline and random effects continues until convergence has been
achieved. The point of convergence is reached when the differences between successive parameter updates are less
than 10−6. An iterative technique forms a dependable foundation for fitting cubic splines in hierarchical regression.

w(t+1)
i jk =

1 /r(t)i jk/≤ δ

1
r(t)i jk

/r(t)i jk/ > δ
(5)

By re-estimating the regression function Ŝ(X) using the system of equations based on weights (w(t+1)
i jk ) :
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Ŝ(t+1)(x) = β̂
(t+1)
0 + β̂

(t+1)
1 + β̂

(t+1)
2 x2+

∑m = 1mŶ (t+1)
m

(
Xi jk−tm

)3
+

(6)

Where β̂0 is a fixed intercept in the model, β̂1 is the linear term coefficient, Xi jk is the slope of the relationship
between the independent variable and the response variable, β̂2 is the quadratic term coefficient X2

i jk, which adds
a nonlinear effect to the relationship between Yi jk and Xi jk, and tm is the knots that specify the location of the
relationship change. The term [(Xi jk−tm)

3+] (the truncated cubic basis function) can be defined as follows:

(
Xi jk−tm

)3
+
=

{(
Xi jk−tm

)3 Xi jk > tm
0 Xi jk ≤ tm

(7)

The formula in Equation (7) gives the basis of the truncated power function used in deriving the cubic spline. In
this equation, (Xi jk−tm)

3
+ represents a cubic function that will be active only when the predictor value is greater

than the knot tm. Specifically, this function equals (Xi jk−tm)
3 when Xi jk > tm and is zero otherwise. This design

lets the spline add localized flexibility at each knot, which lets the model change its curvature while keeping the
first and second derivatives smooth. The truncated power basis is a common way to represent cubic splines. It can
effectively capture nonlinear patterns in data [16, 21].

Ŷm is the coefficients of the cubic terms associated with each node tm¬ determine the extent of the influence of
the cubic term at those knots by estimating the random effect û jk as in the following formula:

û(t+1)
jk =

σ2
u

σ2
u +σ2

∈
· 1

n jk

n jk

∑
j=1

(
Yi jk − Ŝ(t+1)(Xi jk −uk)

)
(8)

Where σ2
u is the group random effect variance, σ2

∈ the random error variance, n jk the number of data in group j
at level k. By estimation, the random effect for level k as a whole is in the following formula:

û(t+1)
k =

σ2
v

σ2
v +σ2

∈
· 1

nk
∑

(
ȳ jk − Ŝ(t+1)(x̄ jk)− û(t+1)

jk

)
(9)

σ2
v random effect level variance. nk number of groups at level k. Ȳjk the mean of the values yi jk within the group

j at level k, and X̄ jk is the mean of the values X̄i jk within the group j at level k [9].

When the conditions of stability are met: ∥∥∥Ŝ(t+1)(x)− Ŝ(t)(x)
∥∥∥<∈ (10)

∥∥∥û(t+1)
jk − û(t)jk

∥∥∥<∈ (11)

Where ∈ is a very small predetermined limit 10-6 at which the process stops. After completing the iterative
process and the model is stable, the final formula for the estimate will be as follows:

ŷi jk = Ŝ(xi jk)+ û jk + ûk (12)

Algorithm 1. Robust Cubic Spline (RCS) Estimation Procedure

The estimation of the Robust Cubic Spline (RCS) model is carried out through an iterative weighted procedure
inspired by robust M-estimation principles. The complete algorithm can be summarized in the following steps[18]:
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1. Initialization:

Initial spline coefficients are obtained using the classical cubic spline fit, while all random effects are initially
set to zero. The initial residuals ri jk are then computed.

2. Robust scale estimation:

A robust estimate of scale is calculated using the Median Absolute Deviation (MAD):

s = 1.4826×median(|ri jk −median(ri jk)|).

ensuring that the scale is not influenced by extreme residuals.

3. Weight computation using the Huber function:

The Huber weights are computed as

wi jk = ϕ(
ri jk

s ,δ ),δ = 1.345,

where small residuals receive full weight and large residuals are down-weighted to reduce the influence of
outliers.

4. Update of spline coefficients and random effects:

The process of updating the spline coefficients makes use of the weighted least squares technique, after which
the random effects and variance components are updated using the weighted hierarchical model.

5. Convergence assessment:

The algorithm continues to run Steps 2 through 4 until it reaches convergence, defined as parameter updates less
than 10−6. Failure to converge implies that the algorithm must be rerun. This process generates reliable estimates
for the spline coefficients and the random effect parameters, hence improving the effectiveness of the RCS method
in the presence of outliers in hierarchical data structures [19].

2.2. Nonpolynomial Spline

Polynomial splines, including the cubic spline used in this paper, have been appreciated due to their ability to
capture nonlinearities with ease. However, their effectiveness may be hindered by sudden function transitions and
small sample sizes. This drawback may be addressed using non-polynomial splines utilizing basis functions with
exponential, trigonometric, and hyperbolic terms. The advantage of these splines is that they have been shown to
retain the general structure of the data and handle boundary issues [14, 15].

The use of nonpolynomial splines, along with iterative weighting procedures, aims to reduce the effect of
outliers and ensure smooth function approximation. Such an approach would be especially useful for hierarchically
structured regression equations, wherein there is a need to model nonlinear dependencies and incorporate random
effects nesting. The adjustment of the spline basis to the curvature of the underlying data helps reduce the problem
of overfitting, which commonly affects high-degree polynomials [1].
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2.3. Maximum Likelihood Method (MLE)

Maximum likelihood estimation is a principal statistical method for parameter estimation. Proposed by R.A.
Fisher in 1912 [10], it can be defined as the parameter values that maximize the logarithm of the likelihood function.
In this study, the parameters of the hierarchical model are estimated using the maximum likelihood method based
on the observed data y and the unknown coefficient θ [11, 17].

L(θ ;y) = P(y | θ) (13)

When formulating the maximum likelihood function, the probability distribution for each data yi jk is assumed to
follow the normal distribution.

yi jk ∼ N
(
S(xi jk)+u jk +uk ; σ

2
e
)

(14)

Assuming the independence of data, the maximum likelihood function is as follows:

L(θ ,y) =
n

∏
i=1

j

∏
j=1

k

∏
k=1

φ
(
yi jk | S(xi jk)+u jk +uk,σ

2
e
)

(15)

φ(.) is the probability density function of the normal distribution. By taking the natural logarithm of the
likelihood function, we obtain the log-likelihood, which is often more convenient for analysis and estimation.

e(θ ;y) =−1
2 ∑

i jk

[
log

(
2πσ

2
e
)
+

(
yi jk −S(xi jk)−u jk −uk

)2

σ2
e

]
(16)

By estimation, the non-linear part S(x) in the hierarchical model using the cubic spline method, the effect of the
independent variable Xi jk must be separated from the rest of the parts. Therefore, S(x) can be formulated using the
cubic spline estimation method, as shown below.

S(x) = β0 +β1X +β2X2 +
m

∑
m=1

ym(X −Km)
3 (17)

The parameters to be estimated represent β0,β1, and β2. After performing the previous step, we reduced the
effect of the outliers during the estimation of S(x) by reducing the error function as follows:

min
β ,y

∑
i jk

p
(
yi jk −S(xi jk)

)
(18)

Estimation Ŝ(x) in the model is as follows:

Yi jk − Ŝ(xi jk) = u jk −uk + ei jk (19)

After estimating Ŝ(x), we extracted the residuals to reduce the model:

ei jk = Yi jk − Ŝ(xi jk) (20)

Equation 18 outlines the conditional likelihood of the observed responses, Yi jk, given the fixed-effect coefficients
and the random-effect structure of a three-level hierarchical model. This likelihood represents the probability
density of level-1 observations, assuming normally distributed errors with a variance of σ2

e . Because the
model conditions the responses on both cluster-level and group-level random effects, Equation 18 serves as
the foundational likelihood component necessary for constructing the maximum likelihood estimation of the
hierarchical model [13].

ei jk is the residual after removing the non-linear effect is represented by the model in the following form:
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ei jk = u jk +uk + ei jk (21)

Then the random effects are estimated using the remaining data (ei jk) as follows:

e(θ ,e) =
1
2 ∑

i jk

[
log

(
2πσ

2
e
)
+

e2
i jk

σ2
e

]
× 1

2

[
log

(
2πσ

2
u
)
+

u2
jk

σ2
u

]
× 1

2 ∑
k

[
log

(
2πσ

2
v
)
+

u2
k

σ2
v

]
(22)

Equation (20) builds upon the conditional likelihood from Equation 18, expanding it into a complete joint
log-likelihood expression by incorporating the distributions of the random effects at levels 2 and 3. Since the
hierarchical model assumes that these random components are mutually independent and follow a normal
distribution, the joint density is expressed as the product of the observation density and the densities of the
random effects. Logarithmic transformation of this product turns the product into a sum of logs of likelihoods,
hence capturing the additive nature of the equation as stated in Equation 20. This method is commonly used in
hierarchical mixed effect models, and it forms the basis of maximum likelihood estimation of variance components
[12].

By maximizing the likelihood function, we derive the maximum equations for each parameter as follows:

∂e
∂u jk

=−
u jk

σ2
u
+∑

i

ei jk

σ2
e
= 0 (23)

û jk =
σ2

u

σ2
u +σ2

e
∑

i
ei jk (24)

∂e
∂uk

=−
u jk

σ2
v
+∑

i

ei jk

σ2
e

(25)

ûk =
σ2

v

σ2
v +σ2

ε

∑
i

ei jk (26)

Using each of the values of ûk and û jk to estimation the variances σ2
u , σ2

e and σ2
ε where: σ2

u variance between
groups within and across classes, σ2

e variance between categories and σ2
ε random error variance.

Since the mean square of the estimation values uk
n j at the level of all groups, it is as follows:

σ̂
2
u =

1
Jk

∑ j = 1 j =
K

∑
k=1

û2
jk (27)

After calculations, the mean squares of the estimation values ûK at the category level

σ
2
u =

1
K ∑K = 1kû2

k (28)

The mean squared error remaining after removing the effect of uk, u jk.

σ
2
e =

1
IJK

∑ i = 1I
J

∑
j=1

K

∑
k=1

(
ei jk − û jk − ûk

)2 (29)

Through an iterative process that updates the coefficients to enhance estimation performance, the likelihood
function is maximized repeatedly until the results stabilize, ultimately yielding the final estimation formula [10]:

ŷi jk = Ŝ(Xi jk + û jk + ûk + ei jk) (30)
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3. Data generation

Numerous techniques exist for generating random data that adhere to a normal distribution, such as the Box-
Muller method and the approximate asymptotic method. The Box-Muller method is favored due to its simplicity
and precision. To generate data according to a multivariate normal distribution with a mean vector µ and a variance
matrix ∑, denoted as X ∼ N(µ,∑), the following algorithm can be used employed:

∗ Generating Zi values using the (Box-Muller) method

Zi ∼ N(0,1), i = 1,2, . . .P

Z ∼ MN p(0,1)
Since Z is an n× p matrix.

∗ Decompose the variance matrix ∑ using the Cholesky decomposition method to derive C. C′C = ∑, where C
is a lower triangular matrix of order P×P and represents the square root of the matrix ∑. The segmentation
process occurs as follows:

a) The di vector is calculated by the following formula:

di = ai j −∑
j−1
k=1 ℓ

2
ik −dk

ℓik = [(ai j −∑
j−1
k=1 ℓikℓik −dk)]d−1

j , j,k = 1,2, . . . ,P

a) The C matrix is extracted according to the following formula:

C = [LD( 1
2 )] where D = diag(di) and L = [ℓi j]

∗ In order to compute the matrix X , which is characterized by the multivariate normal distribution with a mean
vector ∑ and a covariance matrix ∑

′, the below formula is applied:

X ′ = µ +CZ′ and X ∼ MN p(µ,∑)

4. Generating Regression Model Data

In addition, the X matrix, corresponding to the explanatory variables, is created. A random error term, normally
distributed with a mean of 0 and a given variance σ2

e is also generated. The response variable values are
subsequently determined using the linear relationship below:

Y = Xβ + e
The values of β are designated in accordance with the model under examination and correspond to the

characteristics of the phenomenon being analyzed, grounded in its theoretical framework. Nonparametric
functions are approximated by Cubic B-splines, with parameters or penalties established through cross-validation.
The quantity of knots for each combination varies from 1 to 6. This method includes the previously developed
explanatory variables, random errors, and a total of eight variables. The model parameters are initialized using the
subsequent default values:

β = 3.281,−4.891,−3.891,6.782,2.666,1.176,−3.546,4.763
The study examined four sample sizes: 15, 25, 40, and 60, corresponding to small, medium, and large datasets,

and introduced outliers at rates of 1%, 3%, and 5%. Each experiment was conducted 1,000 times to assess algorithm
efficiency. The Maximum Likelihood Estimation and the Robust Cubic Spline were evaluated using Absolute
Deviation Error (ADE), the coefficient of determination R2, and the Robust Cubic Spline as performance indicators
[18].
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5. Analyzing the results of simulation experiments

Table 1 below gives the estimation procedures, Maximum Likelihood Estimation and Robust Cubic Spline,
alongside the 1% outlier level and the sample sizes. The table highlights the impact of having outliers on each of
the estimation procedures.

Table 1. The estimation methods (Maximum Likelihood and Robust Cubic Spline), along with the 1% outlier ratio and the
corresponding sample sizes.

sample size Parameters Maximum Likelihood Robust cubic spline
β 95% C.I β 95% C.I

15

β1 2.027 1.672,2.383 3.028 2.674,3.383
β2 -3.674 -3.116,-4.234 -4.100 -3.488,-4.714
β3 -2.904 -2.227,-3.583 -3.679 -3.182,-4.178
β4 5.772 5.189,6.357 6.173 5.893,6.455
β5 2.002 1.671,2.335 2.378 2.028,2.731
β6 1.326 1.044,1.609 1.641 1.477,1.807
β7 -3.018 -2.561,-3.477 -3.304 -2.899,-3.711
β8 4.013 3.364,4.663 4.281 3.892,4.681

25

β1 2.192 1.562-2.824 2.563 2.172,2.955
β2 -3.109 -2.672,-3.547 -4.011 -3.673,-4.351
β3 -2.566 -2.100,-3.033 -3.177 -2.783,-3.573
β4 5.782 5.199,6.367 6.166 5.673,6.661
β5 1.894 1.270,2.520 2.300 2.104,2.498
β6 1.037 0.903,1.173 1.327 1.055,1.601
β7 -3.186 -2.894,-3.481 -3.728 -3.034,-4.424
β8 4.237 3.977,4.450 4.314 3.871,4.759

40

β1 3.045 2.894,3.198 3.385 2.996,3.776
β2 -3.022 -2.673,-3.372 -4.005 -3.783,-4.228
β3 -2.259 -2.021,-2.499 -3.007 -2.566,-3.450
β4 6.023 5.639,6.409 6.217 5.757,6.678
β5 2.326 2.025,2.629 2.793 2.256,3.332
β6 1.099 0.936,1.264 1.673 1.117,2.231
β7 -2.466 -2.177,-2.757 -3.105 -2.670,-3.542
β8 4.084 3.573,4.596 4.288 3.901,4.677

60

β1 3.051 2.477,3.627 3.471 3.014,3.929
β2 -3.209 -2.888,-3.550 -3.447 -3.003,-3.893
β3 -3.011 -2.560,-3.463 -3.752 -3.115,-4.391
β4 6.033 5.377,6.691 6.701 6.103,7.301
β5 2.277 2.001,2.556 2.609 2.100,3.121
β6 1.300 1.071,1.531 1.507 1.215,1.801
β7 -3.211 -2.609,-3.815 -3.448 -3.022,-3.876
β8 4.401 3.793,5.011 4.707 4.032,5.384

The same estimation methods, along with the 3% outlier ratio and the corresponding sample sizes, are shown in
Table 2.

Similarly, Table 3 represents the above-mentioned methods with 5
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Table 2. Estimation methods and sample sizes with 3% outlier ratio.

sample size Parameters Maximum Likelihood Robust cubic spline
β 95% C.I β 95% C.I

15

β1 2.027 1.672,2.383 3.028 2.674,3.383
β2 -3.674 -3.116,-4.234 -4.100 -3.488,-4.714
β3 -2.904 -2.227,-3.583 -3.679 -3.182,-4.178
β4 5.772 5.189,6.357 6.173 5.893,6.455
β5 2.002 1.671,2.335 2.378 2.028,2.731
β6 1.326 1.044,1.609 1.641 1.477,1.807
β7 -3.018 -2.561,-3.477 -3.304 -2.899,-3.711
β8 4.013 3.364,4.663 4.281 3.892,4.681

25

β1 2.192 1.562-2.824 2.563 2.172,2.955
β2 -3.109 -2.672,-3.547 -4.011 -3.673,-4.351
β3 -2.566 -2.100,-3.033 -3.177 -2.783,-3.573
β4 5.782 5.199,6.367 6.166 5.673,6.661
β5 1.894 1.270,2.520 2.300 2.104,2.498
β6 1.037 0.903,1.173 1.327 1.055,1.601
β7 -3.186 -2.894,-3.481 -3.728 -3.034,-4.424
β8 4.237 3.977,4.450 4.314 3.871,4.759

40

β1 3.045 2.894,3.198 3.385 2.996,3.776
β2 -3.022 -2.673,-3.372 -4.005 -3.783,-4.228
β3 -2.259 -2.021,-2.499 -3.007 -2.566,-3.450
β4 6.023 5.639,6.409 6.217 5.757,6.678
β5 2.326 2.025,2.629 2.793 2.256,3.332
β6 1.099 0.936,1.264 1.673 1.117,2.231
β7 -2.466 -2.177,-2.757 -3.105 -2.670,-3.542
β8 4.084 3.573,4.596 4.288 3.901,4.677

60

β1 3.051 2.477,3.627 3.471 3.014,3.929
β2 -3.209 -2.888,-3.550 -3.447 -3.003,-3.893
β3 -3.011 -2.560,-3.463 -3.752 -3.115,-4.391
β4 6.033 5.377,6.691 6.701 6.103,7.301
β5 2.277 2.001,2.556 2.609 2.100,3.121
β6 1.300 1.071,1.531 1.507 1.215,1.801
β7 -3.211 -2.609,-3.815 -3.448 -3.022,-3.876
β8 4.401 3.793,5.011 4.707 4.032,5.384
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Table 3. Estimation methods and sample sizes with the 5 % outlier ratio.

sample size Parameters Maximum Likelihood Robust cubic spline
β 95% C.I β 95% C.I

15

β1 2.367 2.064,2.673 3.105 2.771,3.439
β2 -4.011 -3.461,-4.562 -4.303 -3.711,-4.896
β3 -3.017 -2.583,-3.453 -3.471 -3.099,-3.845
β4 5.562 5.017,6.108 6.288 5.656,6.922
β5 2.109 1.700,2.520 2.501 2.225,2.779
β6 1.017 0.991,1.045 1.206 1.004,1.409
β7 -2.891 -2.372,-3.413 -3.405 -3.020,-3.792
β8 4.199 3.473,4.927 4.357 4.001,4.714

25

β1 2.783 2.688-2.880 3.302 2.945,3.659
β2 -3.217 -3.009,-3.427 -4.287 -3.788,-4.788
β3 -2.823 -2.477,-3.171 -3.288 -2.904,-3.673
β4 5.461 5.003,5.921 6.364 5.989,6.741
β5 1.784 1.330,2.241 2.402 2.066,2.740
β6 1.107 0.899,1.318 1.204 1.001,1.409
β7 -3.003 -2.683,-3.325 -3.411 -3.162,-3.662
β8 4.104 3.652,4.558 4.422 4.046,4.799

40

β1 3.108 2.977,3.241 3.200 2.878,3.524
β2 -3.134 -2.772,-3.497 -4.322 -3.982,-4.663
β3 -2.381 -2.116,-2.647 -3.689 -2.922,-4.457
β4 5.558 5.001,6.117 6.503 5.882,7.125
β5 2.105 1.887,2.325 2.500 2.337,2.664
β6 1.005 0.848,1.164 1.117 1.004,1.132
β7 -2.502 -2.336,-2.669 -3.337 -2.905,-3.771
β8 4.005 3.668,4.344 4.553 4.044,5.063

60

β1 3.002 2.890,3.115 3.201 3.003,3.401
β2 -3.693 -3.211,-4.177 -4.506 -3.993,-5.021
β3 -3.187 -2.863,-3.513 -3.694 -3.099,-4.291
β4 5.937 5.276,6.600 6.602 6.209,6.997
β5 2.190 1.946,2.435 2.547 2.214,2.901
β6 1.267 1.100,1.436 1.169 1.087,1.253
β7 -3.186 -2.877,-3.497 -3.503 -3.307,-3.701
β8 4.271 3.855,4.689 4.588 4.173,5.005
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The results of the Absolute Deviation Error and the coefficient of determination for the simulated cases, along
with the 1% outlier ratio and the corresponding sample sizes, are shown in Table 4.

Table 4. Absolute Deviation Error and coefficient of determination for simulated cases with 1% outlier ratio

N Methods Absolute Deviation Error Coefficient of determination

15 Maximum Likelihood 6.783 0.622
Robust cubic spline 5.893 0.714

25 Maximum Likelihood 5.893 0.646
Robust cubic spline 5.294 0.721

40 Maximum Likelihood 5.593 0.661
Robust cubic spline 4.892 0.744

60 Maximum Likelihood 5.100 0.691
Robust cubic spline 4.394 0.771

The results of the Absolute Deviation Error and the coefficient of determination for the simulated cases, together
with the 3% outlier ratio and the corresponding sample sizes, are shown in Table 5.

Table 5. Absolute Deviation Error and coefficient of determination for simulated cases with 3% outlier ratio.

N Methods Absolute Deviation Error Coefficient of determination

15 Maximum Likelihood 7.281 0.593
Robust cubic spline 6.291 0.601

25 Maximum Likelihood 6.882 0.618
Robust cubic spline 5.893 0.648

40 Maximum Likelihood 6.492 0.673
Robust cubic spline 5.335 0.690

60 Maximum Likelihood 5.833 0.684
Robust cubic spline 4.782 0.791

The results of the Absolute Deviation Error and the coefficient of determination for the simulated cases, along
with the 5% outlier ratio and the corresponding sample sizes, are shown in Table 6.

Table 6. Absolute Deviation Error and coefficient of determination for simulated cases with 5% outlier ratio.

N Methods Absolute Deviation Error Coefficient of determination

15 Maximum Likelihood 7.919 0.502
Robust cubic spline 6.744 0.539

25 Maximum Likelihood 7.483 0.558
Robust cubic spline 6.693 0.594

40 Maximum Likelihood 6.977 0.603
Robust cubic spline 5.935 0.659

60 Maximum Likelihood 6.382 0.664
Robust cubic spline 5.199 0.702
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6. Conclusion

From the results obtained, the Robust Cubic Spline technique performs relatively well compared to Maximum
Likelihood Estimation in scenarios where outliers exist. Hierarchical regression is suitable in situations where
the model needs to fit both linear and nonlinear relationship within complex data structures. It can be used in
various disciplines such as health care, education, social sciences, finance, and economics. It was observed that the
increase in the percentage of outliers caused higher ADE but lower R2 values while the sample size caused lower
ADE values. As the percentage of outliers increased from 1% to 5%, ADE values increased by 15% for MLE but
by 13% for RCS. The increase in sample size from 15 to 60 caused a drop in ADE values for both techniques.
However, the decrease in ADE values for RCS is relatively higher than that of MLE at various sample sizes and
percentages of outliers. In some instances, the width of confidence intervals for RCS was higher than MLE.
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