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Abstract This paper proposes a parametric hybrid-direction algorithm for bounded-variable linear programming. The
method is based on an odd integer parameter v, which defines a family of search directions within a unified framework. In
particular, when v= -1, the proposed approach reduces to a special case corresponding to previously studied hybrid-direction
methods [1, 2, 5, 7], whose effectiveness has been demonstrated in connection with the simplex algorithm of the open-
source solver GLPK [15]. Computational experiments on randomly generated problems show that the algorithm is efficient
and robust, with stable performance in terms of iteration counts and CPU time. Among the tested values v=1 provides the
best overall results, offering a good compromise between convergence speed and computational cost.
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1. Introduction

Linear programming (LP) is a central field in applied mathematics, with wide-ranging applications in industry,
finance, planning, scheduling, and optimal resource allocation. Over the past decades, numerous solution methods
have been developed to address LP problems efficiently. Among the most prominent are the simplex method [8, 15],
which remains a cornerstone in practical optimization, and interior-point methods [11, 12, 15], known for their
strong theoretical complexity and effectiveness on large-scale problems. In addition, support and adapted direction
methods [9, 10] have been proposed to enhance the search process by exploiting problem structure.

More recently, hybrid-direction approaches have emerged as an effective class of methods for bounded-variable
linear programming [1, 2, 5, 6, 7]. These methods construct the search direction by combining components
of adapted directions with terms depending on reduced costs, thereby achieving improved flexibility and
computational performance. The success of these approaches demonstrates the benefit of integrating multiple
directional strategies within a unified iterative framework.

Despite these advances, existing hybrid-direction methods remain largely problem-specific and lack a unified
parametric formulation that systematically captures and generalizes their underlying principles. To the best of our
knowledge, no comprehensive framework currently exists that allows these methods to be viewed as instances of a
broader parametric family.

In this work, we address this limitation by introducing a parametric hybrid-direction scheme based on an odd
integer parameter . The proposed approach generates a family of algorithms, denoted HDA-(v), in which the
parameter v directly controls the structure of the search direction. This framework not only recovers several existing
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K. DJELOUD 1

methods as special cases but also enables the construction of new variants with potentially improved convergence
properties for bounded-variable linear programming problems.

The remainder of this paper is organized as follows. Section 2 formulates the bounded-variable linear
programming problem and introduces the notation and fundamental concepts used throughout the paper. Section
3 develops the proposed parametric hybrid-direction scheme, including the definition of the search direction,
the description of the iterative procedure, and the main theoretical properties such as feasibility, optimality and
suboptimality conditions, and update rules. Section 4 presents the proposed algorithm in a structured form. Section
5 provides a numerical example to illustrate the proposed approach. Finally, Section 6 reports the numerical results,
including test problem generation, performance evaluation in terms of iterations and CPU time, and a comparative
analysis for different values of v.

2. Problem Formulation and Preliminaries

We consider the following linear programming problem with bounded variables in standard form:

max z = CTI

1
stxel={teR": At =0, | <t <u}, )

where ¢, [ and v € R™ are finite vectors, b € R™, and A € R™*™ with rank(A4) = m < n.
Basic Definitions
1. Any vector x € I is called a Feasible Solution (FS) of problem (1).
2. AFS 2 is optimal if 2(2°) > z(z), Vz eT.
3. A solution z€ is called e-optimal if z(z°) — 2(z¢) < ¢, where 2V is an optimal solution and € > 0.

Index Sets and Decomposition

Let I ={1,2,...,m}, J={1,2,...,n}, and partition J as J = Jg U Jy, JgNJy =0, |Jg| = m.
Accordingly, vectors ¢, x, [, u and matrix A are partitioned as

v=(vB,uN), vs=(vj,j€EJ),
A= (A, AN), A¢=(aij,1€1l,j€ ).
Support, Feasible Solutions, and Optimality Conditions
1. The set Jp is called a support if det(Ap) # 0.
2. The pair {z, Jg}, where x is a FS and Jp is a support, is called a Support Feasible Solution (SFS).
3. An SFS {x, Jp} is non-degenerate if l; < x; < u;j, ¥j € Jp.
4. The vector of reduced costs is defined by AT = 77 A — T, where 77 = c5 A",

5. The quantity
B=B,Jp)= > Aji—L)+ > Ay —uy) (2)

JjEJIN, A;>0 jE€JIN, A;<0

is called the suboptimality estimate [9].

The following results are taken from [9].
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2 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

Theorem 1
Let {z, Jg} be an SFS of problem (1). The conditions

A; >0 ifz; =1,
A; <0 ifz; =uy,
A;j=0 ifl; <z; <wy, jedn,
are sufficient for optimality of . They are also necessary when the SFS is non-degenerate.
Theorem 2
Let {z, Jg} be an SFS of problem (1) and let e > 0. If 8 < ¢, then x is e-optimal.
2.1. The Dual Problem
The dual problem associated with (1) is given by [3, 5, 13]:
min L(\) = b7y —1Tv +uTw,
ATy —c—v+w=0,
v>0, w>0,yeR™.
1. A vector A = (y,v,w) € R™+2" is called a Dual Feasible Solution (DFS) if it satisfies (4)—(5).
A DFS \° is optimal if L(\°) < L()), for all DFS \.

Sl

Let {2, Jg} be an SFS of (1). Define
y=m, v; =max(0,4;), w;=max(0,—-4A;), je
Then \ = (y,v,w) is a DFS, and
B= Y Ajla; =)+ Y Ajlay —uy)
A;>0 A;<0

=ATz — 1T +uTw

=(@TA-cDe —1Tv4+u"w

=bvIr—1Tv+uw—clz

=L(\) — z(z).

3. An Iteration of the Hybrid-Direction Algorithm

3)
4
6]

The pair {\, J5} where A is a DFS and Jp is a support is called a Support Dual Feasible Solution (SDFS).

(6)

Let {z, g} be an SFS of problem (1), and let n > 0 and v € 2Z + 17. We partition the index set Jy into the

following subsets :
Jo={jedn: Aj=0},
Ji={jeIn: 0<A;<nlx; —1;)""}
Jo={je€JIn : nlz; —u;)" <A; <0},
Js={jedn : A;j>nlx; )7, z; > 1},
Ja={jedn : Aj<nlz;—u;)™", xj <uy;},
Js={jedn: A;>0,z;=1},
Jo={jeJn: A; <0, z; =u;}.

TThe set of odd integers.

(N
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6
These sets form a partition of Jy, ie., Jv = U Ji, J;NJ; =0 fori # j.

i=0
Lemma 1
Let {z, Jp} be a SFS of problem (1). Then the following assertions hold:

if j € Jy UJ3, thenxj > lj and Aj > 0,
lfj e JhU J4, then T; < Uj and Aj < 0.

Lemma 2

Let {x, Jg} be an SFS of problem (1). If Jy = Jy U J5 U Jg, then z is an optimal solution of problem (1).

We now define the optimality estimate associated with the SFS {z, Jp}:

W=l Je) = Y A < j)i+zﬁj(fﬂj—la‘)+ZAa‘(%

JEJ3UJy VISDA JEJ2

1Zafe@)) sl (2))

= sign(v) (8 — 7).

Next, define

wl = pl(x, Jg) = sign(v

Remark 1
If J3UJy = @, then

B:’){/] and :ul/:@

Lemma 3
For all v € 2Z + 1 and 7 > 0, we have

v >0, pp >0, and B =1 +sign(v) ).

Proof
We examine each component.

1.Forj € Ji, A; > 0and x; > [;, hence Aj(x; — ;) > 0.
2. For j € Js, Aj < 0and z; < Uj,thllS Aj(xj — Uj) > 0.

3.Forj € Js, A; > 0and - < (z; —[;)". Since v is odd, it follows that

A <A77>" >0, sign(v)A; <xj -1l - <A77>V> > 0.
J J

4.Forj € Jy, Aj <Oand - > (z; — u;)”, which implies

Aj<An_> >0, sign(v)A; (a:j—uj—<An_>V>>O.
J j

Conclusion. All terms are nonnegative, hence v;] > 0 and )} > 0. The identity follows from (9).

®)

(€))
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4 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

Lemma 4
For n > 0 and v € 2Z + 1, the following equivalence holds:

4
UJi:(Z) — Yy =

i=1
Proof

4
Assume first that | J J; = 0. Then Jy = Jo U J5 U Jg, and all the terms appearing in (8) are equal to zero. Hence

=1
" =0, and thus 5 = 0 by Remark 1.
Conversely, assume that 7] = 0. By Lemma 3, all terms in the definition of 7! are nonnegative; hence, each of

them must be equal to zero. It follows that no index belongs to Jy, ..., Jy, and therefore
4
Jsi=0.
i=1
O
3.1. Optimality criterion
Theorem 3
Let {z, Jp} be an SFS of problem (1), with > 0 and v € 2Z + 1. The condition
4

UJs=0

i=1
is sufficient for the optimality of z, and it is also necessary when the SFS {z, Jp} is non-degenerate.
Proof
Sufficiency. Let Z be any FS of (1). Then

z2(z) — z(z) < B.
4
If J J; =0, then by Lemma 4 we have 4] = 0, and hence 8 = 0. Therefore,
i=1
2(7) < 2(a),
and z is optimal.
Necessity. Assume that z is a non-degenerate optimal FS. Then
z2(z) < z(x), VzeTl. (10)

Suppose, by contradiction, that
4
U Ji # 0.
i=1

By Lemma 4, this implies 7! > 0.
Define z = x + 6d, where 6 > 0 and d is defined by
lj—l‘j, iijJl,
U; — Ty, iijJQ7 _
G=Y-IL ifjedsud, dp = —Ap Avdy.

0, iijJQUJ5UJ6,

Stat., Optim. Inf. Comput. Vol. x, Month 202x



K. DJELOUD 5

Then Ad = 0, and hence Az = b.
To ensure feasibility, £ must satisfy
l—x<0d<u-—uzx,

that is,
ljijgf)djgujij. (11)

Since {z, Jp} is non-degenerate, we have
lj*l’j<0<Uj*CEj, jGJB.
4
Moreover, by Lemma 1, for all j € |J J;, we have
i=1
lj —z; < 0, lfA] >0,
Uj — Tj > 0, lfAJ < 0.

Thus, for 8 > 0 sufficiently small, z is feasible.
Finally, using the increase formula, we obtain

Z(fc)—z(ﬂf):9< > W+ZAj($j—lj)+ZAj($j—uj)>

JEJ3UJy jeJ1 JEJ2
=0~ (z,Jg) > 0.

This contradicts (10). Hence,

4
Jsi=0.

=1

O
3.2. The New Feasible Solution
Let {z, Jg} be an SFS of problem (1), with > 0 and v € 2Z + 1. Assume that
4
U #0.
j=1
We define a direction d € R" by
lj—l‘j, iijJh
Uj — Ty, ifj€J27
dj = v dp = —AZ'Andy. (12)
’ —<n>,iU6huh, o
Aj
0, ifj€JOUJ5UJ6,
It follows from the definition of d that Ad = 0.
To preserve the bound constraints at the next iterate, we define the maximum admissible step length as
90 = min{l, le, 9j2}, Hj = min Gj, 9j2 = min 9j7 (13)

JjE€JB JEJ3UJy

Stat., Optim. Inf. Comput. Vol. x, Month 202x



6 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

where, for each j € J,
Uj — I’j .
——, ifd; >0,

e
0; ]d L ifd; <0,
+00, lfdj:()

The new iterate is defined by
=46 (14)

By the definition of #°, the step length is chosen to preserve all bound constraints; hence, the new iterate satisfies
zel.

We now show that d is an ascent direction. Indeed,

(@) —2(@) = =6 ) Ayd; =0 (Z Ajlay =)+ Y Ajlag—wy) + D A (1)) = 0", Jp).

JjEIN JEJ1 JE€J2 jEJ3UJ4 J

Since 8 > 0 and 77(x, Jg) > 0, it follows that z(Z) > z(z).

Remark 2
If v >1orJsUJy =0, then 0;, = +oc.
Moreover, if v < —1 and #° = 1, then v = §3.

Lemma 5
The following update formula holds:

B =Bz, Jp) =80 <B.

Proof
Using Z = z + 0°d, we have

B=Y D@ =)+ Y M@ —w) + D> A& — 1)+ > Ay(E — )

JEJ3 JEJa JEJ JEJ2
=(@=08+0° | D> Ajlay—l+d)+ > Ajlay —uj+d;) | -
JE€J3 JEJs

By the definition of d; for j € J3 U Jy,

1

n v
w=-(&)

hence
32(1—90)64—90 ZAJ (.’Iﬁj—lj—(£> >+ZAJ <$j—Uj—(£> >‘|
JEJ3 J JEJs J
=(1—=08+6" ) =p8—0%].
Since #° > 0 and 477 > 0, it follows that 5 < 3. O
Yo
Lemma 6

Let {x, Jp} be a non-optimal SFS of problem (1). If §° = %, then the solution Z is optimal.

Proposition 1
The following results summarize the consequences of the previous analysis:

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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(i) From Remark 1, if J3 U .J; = (), then we obtain the update formula for the suboptimality estimate [9].

(ii) From Remark 2, if v < —1 and #° = 1, then the FS Z is optimal.
(iii) From Lemma 5, for v > 1, if §° = 1 and 7 < ¢, then the FS Z is e-optimal.
3.3. The New Support
We define the n-vector s and the scalar « as follows:
k=z+d and o9 =kKkj —Tj,

where j; is the leaving index computed using (13).
The dual direction ¢ is defined by:

t;, = —sign(ag), t;=0forj+#ji,j€ Jp, tn=tA5 An.

Next, we introduce the following index sets:
JS_:{jGJOth>O}; J()_:{jEJoltj<O}.

We also define the scalar quantity:

a=—laol+ > tilmi—L)+ Dtk —uy).

jeJFuls JEJT Uy
The updated reduced cost vector and the new support are given by:

A=A+, Jg=0s\{i1}) U},

where
0" =05, = min{o;},
and
_t?-j, if Ajt; <0,
o) = 0, if j € J, and k; # uj,
0, if j € Ji" and k; # 1,
00, otherwise.
Remark 3

If 0 = oo, then problem (1) is infeasible. Hence, in the remainder, we assume that 0° < co.

The suboptimality estimate associated with the SFS {Z, Jg} is given by:

B=B@EJe) = Y. A@-L)+ Y AjE—uw)

je€IN A;>0 j€JIN A;<0

Proposition 2 _
The suboptimality estimate 3 satisfies

ﬂ_:ﬂ_—i—aoa.

Stat., Optim. Inf. Comput.
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8 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

Proof

We partition the index set .J according to the signs of A; and A; as follows:
T ={jeJ: 820, A;> 0}, Jt={jeJ: A <0, A; >0},
J+*:{j€JIAjZO,Aj<O}, JﬁiZ{jEJ:A]‘<O7A]‘<O}7
J={jeJ:A;20, A; =0}, JO={jeJ:A; <0, A; =0}

Let A = (y, v, w) be a DFS, where the components are defined in (6). We define a new vector A\ = (7, 7, @) by

gj:y—i—aos, 17:v+00p, w:w—i—aoq,
where sT = tL A];1 and the vectors p and ¢ are given componentwise by

pjztj, q]‘:O, jEJ++UJ+O,

Aj Aj
i — o 45 — o> .E']+_a
p] 0_0 q] 0_0 .]

A; L .
pj:_0'07qj:_0'07 JEJ )

p; =0, q; = —t;, jEJ__UJ_O.

Since
sTA=t5AZ A = (tp, tn) = t7,

we have t = AT s, and therefore
ATj—c=ATy —c+0°4ATs = A + 0% = A.
It follows by direct verification that, for all j € J,
(ATg—¢); — v +w; =0,

which shows that ) is DFS.
We now evaluate the variation of the Lagrangian:

5: = B + L(S‘) - L()‘)v

where

L(\)—L(\) = o0 Z (tjk; — pjlj + qjuy) = UO(SB + Sn).

jed
The basic component is expressed as
Sp =t k5 — pjlj + @, 5,

which simplifies to

Sp = tj, (K’jl - ljl), if j; € Jgo,
ty, (R —ug,), if 1 € J5°

Using g = K, — Z;, and tj, = —sign(ap), we obtain

Sp = —|ag].

Stat., Optim. Inf. Comput.
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K. DJELOUD 9

Restricting attention to the nonbasic indices, Sy is decomposed according to the above partition, where only the
subsets J ", J40, Jy0, and Jy ~ yield nonzero contributions:

SET =00 s 1) = >tk — 1),

jeatt €T3

S0 =) bk =) = ) ik — 1),
jegtl jegs

SN =) ey —ug) = Y (g — ),
jeJy’ JjEJy

SyT= >tk —u) = Y (kg —uy).
jeJNT Jj€Ja

Combining these terms yields Sy . Finally,
L(\) — L(\) = 0" (Sp + Sn) = 0%,
which proves the result. O
If <0, then o
p<B.
Otherwise, the parameter 7 is updated according to the following procedure.
Procedure 1 1. Define the index sets
Js={jedn:A;>n@—1;)7", ;> 1;},
Ji={j€In:0;<n(@;—u)™", ; <u;}.
2. If J3 U Jy = 0, then set 7 = 1. Otherwise, compute

no = max Aj(z; —1;)",  m=max A;(z; —uy)”.
J€Ts J€Js

3. If J3 # () and J, = (), then set 7 = 7o.
4. If J3 = () and J; # 0, then set 77 = 7;.

5. If J3 # () and J,; # (), then set
7 = max{no, 1 }.

Thanks to Proposition 2, the long-step rule proposed in [10] can be applied to our method. The corresponding
procedure is described below.

Procedure 2 1. Compute o; for j € Jy, and determine o using (18)—(19).

2. Order the indices j € Jy : 0 # oo in nondecreasing order of o;:

Oiy S04y <o <0Gy, i €Jn, k=1,p.

3. If p=1, set i, = 7; and go to Step 8.

4. For each k = 1, p, compute
A‘/ik = |tik ‘(ulk - llk)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

5. Compute

Vo=—laol+ Dtk =L+ Dtk —uy).

JEJFTUTs JEJF Uy

6. Compute the sequence {V;, }}_, defined by

‘/io:V07 ‘/;,k:‘/z +A‘/Zk> k:17p

k—1

7. Select the index 7, such that

Vie <0 and V; >0.

q—1

8. Let j, be the index satisfying

where 0; is defined in (13). Set

Jg = (Jp \ {j1}) U {ig}, UOZUiq, A=A+

9. Compute
q
B = B + UhVO + Z(Jik - Uik,—1) ‘/ik—l'

k=2

4. Algorithmic Scheme

Let {x, Jp} be an initial SFS of problem (1), and let ¢, > 0. For v € 2Z + 1, the hybrid-direction algorithm for
solving bounded linear programs is defined as follows:

1. Compute
=L ALY, AL =aTANy — 4.

2. Compute S using (2).
3. Optimality test.

» If 5 =0, then {z, Jp} is optimal; stop.
o If § < ¢, then {z, Jp} is e-optimal; stop.

Compute the index sets J;, i = 0, 4, using (7).
Compute ~,! and p! using (8)—(9).
Compute the primal search direction d using (12).

Compute 6, 0;,, and the step length 6° using (13).

© N s

Update:
z=ux+6, Z=2z+0%".

9. Termination criteria.
o If 00 = éﬁ then Z is optimal; stop.
Yv
e If ° = 1 and v < —1, then Z is optimal; stop.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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e If°=1landv > 1:

— If u]l <, then 7 is e-optimal; stop.

— Otherwise, update 7 using Procedure 1, then set
N1, x+T, z<+zZ, [+ sign(v)u,
and go to Step 4.

If ° < 1, compute

B=5-0"
If6° = 6,,, set
x4 T, z+ 2z, [+ B, Jp<+ Jp,
and go to Step 4.
Compute

k=x+d, ap = Kj; — Tj,.
Compute the dual direction ¢ using (15).
Compute the sets J;~ and J; using (16).
Compute « using (17).

* If & < 0, go to Step 16.
e Otherwise:

— If Jy # 0, select an index jo € Jo, and set
A+ A, Je = (Jp \ {j1}) U {jo},

then go to Step 17.
— If Jy = 0, update 7 using Procedure 1, then set

T T, z+ 2z, B+ B,
and go to Step 4.

Compute
o, A=A+0% Jp=(Js\{in})U{j}

and compute B: using Procedure 2.

Update

and return to Step 3.

Stat., Optim. Inf. Comput.
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12 A PARAMETRIC HYBRID-DIRECTION ALGORITHM FOR BOUNDED-VARIABLE LINEAR PROGRAMMING

5. Example

In this section, we illustrate the proposed method by solving a bounded variable linear programming problem of
the form
max z(z) =clx

subject to
Ar=b, [<z<u,
where
1 1
-3 4
3 -1 1 10 1
A:(_1 41 0 1>, b:(2>, c=| 11|, I=0r, u=1\|5
0 5
0 19

Iteration 1

We start with n = 1 and v = 3. The initial support is chosen as Jp = {4,5}, Jy =1{1,2,3}.

Step 1: Construction of an Initial Feasible Solution. An initial basic feasible solution is obtained by solving
the system Apxp = b, where Ap is the submatrix of A associated with the support Jz. Solving this system yields

z = (0,0,0,1,2)T.

A direct verification shows that this vector satisfies the equality constraints Az = b as well as the bound constraints
[ < x < u. Hence, x is a FS of the problem. The corresponding objective value is given by

2(z) =clz =0.

Step 2: Reduced costs and suboptimality estimate. The multiplier vector is defined by
7l = ch AL = (0,0).
The reduced cost vector is then computed as
AT =774 - " = (-1,3,-1,0,0).

To evaluate how far the current solution is from optimality, we compute the suboptimality estimate

B= Ajlaj 1)+ Y Ajlw; —u)) =6.

A;>0 A;<0

Step 3: Partition of the Set Jy. The set Jy is partitioned into Ji,. .., Js based on the signs of A; and the
positions of x; relative to their bounds. Thus, J, = {1}, Jy = {3}, J5 = {2}, and all other subsets are empty.

Step 4: Computation of v, and ;. Only the indices in J, and J4 contribute to v;!. Hence,

’yg:Ag (n> +A1(x1—u1):2.
As
Consequently,
My =B— =

Stat., Optim. Inf. Comput. Vol. x, Month 202x



K. DJELOUD 13

Step 5: Computation of the Search Direction d. The direction is computed componentwise. For indices in Jy,
we have di = w1 — a1 =1, do = 0, dy = — (i)l/g — 1, hence dy = (1,0,1)7. For indices in Jp, feasibility
requires dg = —AglA ~Ndn, which yields the full direction

d=(1,0,1,-4,0)7T.

Step 6: Step Length Determination. We compute

f;, = min 0, = min{f4,05} =0, =31, 0, = min 6, = ¥ — 5
J1 jein J { ) } 49 J2 JEJ3UTs 7 ds

Thus,
0° = min{1, 6;,, 0;,} = min{1, 1,5} = 1

Step 7: Update of the primal solution.

z=x+0%d=(10102)",

340

2(z) = z(z) + 0%9) = 1.

Step 8: Update of the suboptimality estimate.
0
B=p—0'y =1

Step 9: Dual Step, Entering Index Selection, and Update. We compute
k=x+d=(1,0,1,-3,2)T, «y=ky— T4 = 3.
The dual direction is defined by
tT = (t47t5) = (—sign(ao),O) = (Lo)v
th = (ty,ta, t3) = tEAZ An = (3,-1,1),
hence
t=(3,-1,1,1,0)7.
Ordering the step lengths, we obtain

%:0'1§U3:1§0'2:3.

—laol+ Ytk =)+ Y ik —uy) = =T,

JEJF U JEJS Uy
AV =3, AV =5 AV, =4

Next,

which gives
Vi=—-4, V3=1.

Since a sign change is observed, the entering index is 3, with

Finally, we update B
B=B+3Vo+(1-3)Vi=
A=A+0%=(22 0,1,0)
and the support becomes - -
Jg ={3,5}, Jnv=1{1,2,4}.
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Iteration 2

Using the updated support, we have B B
JB :{375}7 JIn :{172a4}a

and

The reduced costs are
A =(2,2,0,1,0)7,

with suboptimality estimate

™
Il
N|—=

Since only J; = {1} is nonempty, it follows that

N[

v =

The search direction is
d=(1,0,1,-4,0)7,

and the admissible step length is #° = 1. Thus, the updated solution is
z=1(0,0,1,0,1)7, z2(z)=1.
Since

o— 5

no
174

=2

the solution is optimal.

6. Experimental Results

We denote by HDA-(v) the proposed parametric hybrid-direction algorithm, and by HDA-(k) its instance
corresponding to a fixed parameter value v = k. The objective of this section is to provide a rigorous computational
assessment of HDA-(v) (see Section 4), with particular emphasis on quantifying the effect of the parameter
v € 27 + 1 on computational performance, and overall robustness.

The algorithm was implemented in C++ and executed on a workstation equipped with an Intel Core 17-4790
processor (3.60 GHz) and 8 GB of RAM, running under Windows 10. The benchmark set consists of randomly
generated bounded linear programming instances constructed to guarantee feasibility and boundedness. For each
problem size, 10 independent instances were generated, and all reported results correspond to averaged values in
order to mitigate random variability.

The test problems are formulated as

maxz =clz, st Ar<b, [<z<u,

where A € R™*", b € R™, and ¢, z,l,u € R™. The constraint matrix A was generated with a sparsity density of
5%, reflecting large-scale structured instances. The entries of A and a reference optimal solution 2° were randomly
sampled as A;; € [—100,100] and 2? € [1, 100], while the vectors b and ¢ were constructed so that z° is an optimal
solution. In total, 100 instances were considered, including 50 problems of size m x m and 50 problems of size
m X 2m.

The algorithm was evaluated for v € {—3, —1, 1, 3}, with = 1 fixed in all experiments. The initial support was
defined as Jp = {m + 1,...,2m} for problems of size m x m, and Jg = {2m + 1,...,3m} for problems of size
m x 2m. The performance was assessed using the number of iterations nit and the CPU time in seconds. The
numerical results are reported in Tables 1 and 2, corresponding to the two problem classes.
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mxm HDA-(-3) HDA-(-1) HDA-(1) HDA-(3)
nit CPU(G) nit CPU(s) nit CPU(s) nit CPU(s)

200 x 200 64.3 0.037 63.2 0.036 622  0.035 63.3 0.036
400 x 400 748 0.053 735 0.052 724  0.051 73.6  0.052
600 x 600 100.3  0.081 98.5 0.079  97.1 0.078 98.6  0.081
800 x 800 1744 0.165 1714 0.161 168.8 0.157 1714 0.161
1000 x 1000 218.8 0.338 2152 0333 211.8 0264 2155 0.27

Table 1. Numerical results for test problems of size m x m.

m X 2m HDA-(-3) HDA-(-1) HDA-(1) HDA-3)
nit CPU(G) nit CPU(G) nit CPU(s) nit CPU(s)

200 x 400 67.5  0.057 66.2  0.055 652 0.054 664  0.055
400 x 800 108.6 0.086 106.7 0.085 1052 0.083 1069 0.085
600 x 1200 148 0.11 1453 0.107 1437 0.106 1459 0.11
800 x 1600 211.6 0.234 2083 0.229 205.1 0.225 208.2 0.231
1000 x 2000 287.3  0.451 282.6 0444 2783 0438 2832 0.448

Table 2. Numerical results for test problems of size m x 2m.

The computational results provide several important insights. First, the algorithm exhibits a high degree of
robustness with respect to the parameter v, as the variations in iteration counts and CPU times across all tested
values remain marginal. This indicates that the method is inherently stable and does not require delicate parameter
tuning. Second, HDA-(1) consistently achieves the best performance, attaining the lowest iteration counts and
execution times for nearly all instances. This suggests that » = 1 induces a hybrid direction that effectively balances
convergence speed and feasibility preservation. Third, negative values of v (namely —1 and —3) tend to produce
slightly higher computational costs, which may indicate a less favorable alignment of the corresponding search
directions with the geometry of the feasible region. Furthermore, the computational effort increases smoothly with
problem size, both in terms of iterations and CPU time, without exhibiting irregular behavior, thereby confirming
the scalability of the method. Finally, the same qualitative trends are observed for both m x m and m x 2m
instances, which highlights the robustness of the algorithm with respect to changes in problem dimension and
structure.

Overall, these results demonstrate that HDA-(v) is a stable and efficient algorithm for bounded linear
programming, with ¥ = 1 emerging as a particularly effective choice in practice.
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