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Abstract The COVID-19 pandemic has had a significant impact on South Africa, motivating the development of reliable
mathematical models to evaluate intervention strategies. In this paper, a fractional-order SEICRD model based on the
Caputo derivative is proposed to describe the transmission dynamics of COVID-19 and to assess the effects of non-
pharmaceutical interventions. Memory effects are incorporated through the fractional-order formulation, while a time-
dependent infectious communication rate is modeled using the Woods-Saxon function to mathematically represent the
continuous shifts in transmission rates resulting from evolving public health policies. The basic reproduction number and
the effective reproduction number are derived, and model parameters, including the fractional order, are estimated using
reported daily cases, daily recovered cases, and ICU data from May 26, 2020, to March 20, 2021, covering the first and
second epidemic waves. Sensitivity analysis is performed to identify the most influential parameters. The fractional-order
model fits the observed infected and ICU data at least as well as its integer-order counterpart while parsimoniously capturing
memory effects in transmission; a profile analysis indicates that the fractional order itself is only weakly identified, and the
model’s adequacy is supported by residual diagnostics and a random hold-out test. Numerical simulations indicate that non-
pharmaceutical interventions, such as lockdowns and reduced contact rates, play a crucial role in controlling disease spread.
Translating the fitted ICU trajectories into operational terms, the memory-driven dynamics correspond to a saving of roughly
125,000 ICU bed-days relative to the integer-order projection, and initiating contact-reduction measures 7—-10 days ahead
of a turning point substantially lowers peak ICU demand. The results highlight the importance of early implementation and
sustained control measures in mitigating COVID-19 transmission in South Africa.
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1. Introduction

Coronavirus disease (COVID-19) is an infectious respiratory illness caused by the novel coronavirus SARS-CoV-2,
which emerged in Wuhan, China, in late 2019 and rapidly developed into a global pandemic [1]. Coronaviruses
constitute a large family of viruses responsible for respiratory infections ranging from mild illnesses to severe
diseases such as Severe Acute Respiratory Syndrome (SARS) and Middle East Respiratory Syndrome (MERS)
[2]. COVID-19 is primarily transmitted through respiratory droplets and close contact, with increasing evidence
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supporting airborne transmission in crowded and poorly ventilated environments [3]. Common symptoms include
fever, dry cough, fatigue, and shortness of breath, while severe complications occur more frequently among
older adults and individuals with underlying health conditions [4]. In addition, the ability of the virus to survive
on surfaces for extended periods has contributed to indirect transmission [5]. During the early stages of the
pandemic, the absence of effective pharmaceutical treatments led to the widespread adoption of non-pharmaceutical
interventions such as social distancing, mask usage, testing, isolation, and lockdown measures.

Within this global framework, South Africa has faced considerable epidemiological and socio-economic
challenges since the confirmation of its first COVID-19 case in March 2020. The country experienced multiple
epidemic waves of varying intensity, resulting in the implementation of strict public health measures, including
nationwide lockdowns, travel restrictions, and mandatory mask policies. Despite these interventions, the healthcare
system experienced significant pressure, particularly during peak infection periods. Notably, South Africa
contributed to the global understanding of COVID-19 through the identification of new variants, especially the Beta
variant, emphasizing the importance of continuous surveillance and adaptive modeling approaches. By early 2021,
cumulative COVID-19-related deaths had exceeded 30,000, highlighting the urgent need for robust mathematical
models capable of capturing complex transmission dynamics and evaluating the long-term impact of intervention
strategies.

Mathematical modeling has therefore played a central role in analyzing the spread and control of COVID-19.
In recent years, fractional-order models have emerged as powerful tools for studying infectious diseases. Unlike
classical deterministic models, fractional-order models incorporate memory effects, whereby the current state of the
epidemic depends on both present conditions and past dynamics [6, 7, 8]. This property enhances model realism,
as infection transmission and population responses are influenced by previous exposures, delayed immunity, and
gradual behavioral changes. In contrast, classical deterministic models assume instantaneous changes based solely
on current states, which may limit their ability to capture complex epidemic behavior [7, 9].

The COVID-19 pandemic exhibits pronounced nonlocal and non-instantaneous dynamics due to incubation
periods, delayed symptom onset, behavioral responses to public health measures, and immunity accumulated from
previous infection waves [10, 8]. These features are particularly relevant when analyzing consecutive epidemic
waves, where the second wave is strongly influenced by residual infections, immunity, and behavioral changes
from the first wave. Fractional-order models address these challenges by incorporating memory and hereditary
effects, providing a more comprehensive description of epidemic dynamics [11, 12].

Several studies have demonstrated the effectiveness of fractional-order models in COVID-19 analysis. Tuan et
al. [6] examined equilibrium points and reproduction numbers using a Caputo fractional-order model, showing
epidemic persistence when the reproduction number exceeds unity. Atangana [13] investigated the impact of
lockdown and social distancing measures and demonstrated their potential to significantly reduce transmission.
Ahmad et al. [7] validated fractional compartmental models using real data and confirmed the stability of
predictor—corrector numerical schemes. Additional studies addressed super-spreaders [9], parameter estimation
in multi-compartment models [10], multiple virus variants [8], and fractional uncertain differential equations for
improved forecasting [11]. Comprehensive reviews of fractional epidemic models were provided in [12].

Despite these advances, most existing studies focus on either general theoretical modeling or the analysis of a
single epidemic wave, often failing to account for the cumulative impact of consecutive waves in complex settings.
The present study bridges this gap by developing a comprehensive fractional-order framework that integrates
memory effects—via the Caputo derivative—with the dynamics of multiple successive COVID-19 waves in South
Africa. Unlike earlier works, we employ the Woods—Saxon function to model the time—dependent transmission
rate, which allows for a more nuanced representation of shifting public health interventions and societal responses
over time. This approach does not merely extend our previous deterministic work, it provides a robust analytical
tool that captures the interplay between historical infection states and current epidemic trajectories, thereby offering
a more accurate and realistic assessment of transmission dynamics in environments characterized by volatile policy
changes. The main objectives of this study are to capture long-term memory effects in COVID-19 transmission,
evaluate the impact of non-pharmaceutical interventions, and provide insights to support effective epidemic control
strategies. The proposed model extends a previously published deterministic model [14] by incorporating the
Caputo fractional derivative to account for memory and hereditary effects. When the fractional order n = 1, the
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2 FRACTIONAL SEICRD COVID-19 MODEL WITH NPIS

model reduces to the classical deterministic formulation, allowing a clear comparison between fractional- and
integer-order dynamics. The remainder of this paper is organized as follows. Section 2 introduces the mathematical
preliminaries of the Caputo fractional derivative. Section 3 presents the proposed SEICRD fractional-order model.
Section 4 discusses the equilibrium points and stability analysis. Section 5 addresses the existence and uniqueness
of solutions. Section 6 presents the numerical scheme, the data sources, and the parameter-estimation methodology.
Section 7 reports the estimated parameters and their epidemiological interpretation, the sensitivity analysis, the
scenario simulations, the fractional-versus-integer model comparison, the model validation, and the public-health
implications. Section 8 discusses the limitations of the study. Finally, Section 9 concludes the paper with key
findings and implications.

2. Preliminaries for Caputo fractional derivative
In this section, we recall some of the fundamental concepts of fractional differential calculus. We introduce types
of fractional derivatives and fractional integrals, the first of which is the Caputo derivative.

Definition 2.1
[15] The fractional derivative of f(x) in the Caputo sense is defined as

z (n)
°Dif(x) =127 (2) = F(nl_ ) /0 (x i v)iﬂ?)nl dv,(n—1)<n<n

where n is integer and 7 is real number. Here, I is the Riemann-Liouville integral operator of order n € (0, 1)
Also, the corresponding fractional integral of order 5 with $(n) > 0 is given by

@) = /Ow(x—v)”lf(v)dv 1)

L(n)

This definition is widely used in modeling real systems because it allows the use of standard initial conditions,
just like in ordinary differential equations.

Definition 2.2
[16] The Laplace transform of the Caputo fractional derivative operator of order 7 is defined as

n—1
LD f(@))(s) = s"Lf(x) = > _ " fO0)n—1<n<neN
i=0
Definition 2.3

Mittag-Leffler function
The function E,,(z) defined by [17]

Zk z
Ey(2) = Z Tk + 1)’ Enp(z) = Z Tk +5) (z € C, Re(n) > 0)

oo o0 k
k=0 k=0

The Laplace transform of the Mittag-Leffler function defined by

. gn—>B8 51 "
LS = 7 Es(0e) @
Recurrence relation of E, (z)
By s(2) = 2By pis(2) + — 3)
z) =z 2)+ ==
n,8 nn+B r'(B)
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Theorem 2.4
k(x,t,y), f(x) be continuous function of their argument a < z,t < b, —co < y < oo, and suppose the satisfies that
it Lipschitz condition in y [18]

|k(m7t7y2) - k’(%t,yl)‘ < A‘y? - y1|

Definition 2.5
The method of successive approximations, In this method, we replace the unknown function y(«) under the integral
sign of the Volterra equation

y(z) = A / ko, t,y(0)dt + f(2)

The method of successive approximations

b
Yn1(z) = )\/ E(x,t,yn(t))dt + f(z),n=0,1,2, ...

with an arbitrary continuous function yo(z)[18]

3. A mathematical model using the Caputo fractional derivative

We consider an SEICRD epidemic model, where the total active human population at any time ¢ is denoted by
N(t)=S(@t) + E(t) + I(t) + C(t) + R(t), which is divided into five active compartments: Susceptible individuals
S(t), Exposed E(t), Infected individuals I(t), individuals in the Intensive Care Unit (ICU) C(t), and Recovered
individuals R(t). Additionally, the compartment D(¢) tracks the cumulative number of dead individuals who
died due to the coronavirus. Given the short time frame of the pandemic under study, natural birth and death
rates are neglected. The disease transmission occurs from S(t) to E(t) at the rate W for infection
transmission, and progression from E(t) to I(t) occurs at rate o. Recovery and transition to critical cases
occur from I(t) at rates do and §(1 — «), respectively, and finally, individuals in the ICU either recover at rate
Aordieduetothediseaseatratep. The time-dependent infectious communication rate 3(t), representing the impact
of public health interventions and control policies in South Africa, is modeled through the Woods—Saxon function
[19]. characterized by fitting parameters ag, Z, tTuming,and bpuration, Which describe the smooth reduction in infection
contact rate over time.

In this model, the infectious communication rate 3(t) is introduced as a time-dependent parameter to capture the
impact of public health interventions and state policies implemented in South Africa. The temporal variation of /3(t)
is modeled using the Woods—Saxon function [19], which is mathematically designed to describe and characterize
transitions in terms of their scale (strength), smoothness or abruptness, thickness (duration), and tipping point.
The parameters ag, Z, tTuming, bDuration are fitting parameters that describe the reduction in the rate of infectious
contacts over time. The Woods—Saxon function is particularly suitable for representing the effects of public health
interventions and government policies, as it allows for smooth temporal transitions in the infectious communication
rate. To account for the presence of two epidemic waves, the function is extended to include two transition peaks,
enabling the modified 3(¢) to represent both waves within a single formulation. This approach provides a realistic
description of changes in transmission intensity resulting from variations in intervention measures, population
behavior, and epidemic conditions. Thus, the active living population size is given by:

N(t) = S(t) + E(t) + I(t) + C(t) + R(2).

The dynamics of COVID-19 transmission within the population are described by the following system of
deterministic nonlinear differential equations.
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Figure 1. Schematic diagram of the proposed fractional-order SEICRD model.

Model Diagram
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where 5(t) is given by

o B(t) -6 1(t) 4)
§(1—a)I(t) — (u+ A\ C(t)
Sal(t)+AC(t)

nC(t)

( ) Z] Z}
3 1) = aon 1 + +
1 E:{F ((t t Imni“g] )/Z 'Duration ) 1 E:{I: ((t t IU“li“gz )/EDUImion2)

subject to the initial conditions:

S(0) =Sp > 0,E(0) = Ey > 0,1(0) = I > 0,C(0) = Cy > 0,R(0) = Ry > 0,D(0) = Dy > 0.

By replacing the first-order differential derivatives in System (4) with Caputo fractional derivatives, we obtain
the following fractional-order SEICRD model for COVID-19 transmission for ¢ > 0 and € (0, 1) is given by

“DyS(t)

_B@E)S@) I(¢)
N
_ B[S ()
= — N —oE(t)
= oE(t)—46I(t) (5)
= 0(1—a)I(t)— (u+X\)C()
= dal(t)+AC(t)

= pnC(t)
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Table 1. Description Parameters in the model

parameters  Descriptions

The total population

Effective transmission rate

infectious communication rate or Hazard rate of infection
The incubation rate

The estimated duration or illness

Recovery rate without being in ICU

Recovery rate of ICU patient

Death rate due to disease Covid-19 for individuals in the C(t)

T >0 > w2 =

where initial conditions are

S(0) = So, E(0) = Eqy, I(0) = Ip, C(0) = Co, R(0) = Ro, D(0) = Dy.

Vital dynamics and the constant-population reduction. System (5) treats the living population N(¢) =
S(t)+ E(t)+ I(t) + C(t) + R(t) as closed. To make the demographic bookkeeping of a model that already
contains disease-induced mortality explicit, we consider the corresponding open system in which susceptibles
are recruited at the per-capita birth rate b and every living compartment is subject to the natural (non-COVID)
mortality rate d:

n _ 7 B(t) S(H)I(t)
“DIS(t) = bN(t)— N —dS(t)
CDVE®W) — Vﬁ(tgvs(g)f(t) _GE(t) — dE()
CDII(t) = oBE(t)—6I(t)—dI(t) (6)
CDIC(t) = 6(1—a)I(t) — (u+ NC(t) —dC(t)
“DIR(t) = dal(t)+ \C(t) —dR(t)
“DID(t) = pC(t)

Migration and immigration are omitted, which is justified by the border closures and movement restrictions in force
during the study period. The demographic rates are obtained from World Health Organization estimates for South
Africa: a total life expectancy of 61.5 years gives a natural mortality rate d = 1/(61.5 x 365) ~ 4.45 x 1075 day ',
and an annual population growth rate of 1.3% gives a birth rate b = 0.013/365 + d ~ 8.02 x 10~° day ™! (the net
growth rate being b — d). Because the data are daily, both rates are expressed per day rather than per year.

These daily demographic rates are roughly four orders of magnitude smaller than the epidemiological rates
(0,6 ~ 10~ day 1), so over the finite study horizon their effect is small. Integrating (6) at the estimated parameters
changes the infected, ICU, and recovered trajectories by less than 1% relative to the closed system (5) (0.59%,
0.66%, and 1.0% in I, C, and R, respectively), the living population grows by under 1%, and the overall goodness-
of-fit is essentially unchanged (RMSE 2827.3 versus 2833.6). We therefore carry out the equilibrium and stability
analysis of Section 4 and the parameter estimation of Section 7 on the reduced system (5) (formally b = d = 0),
understanding (6) as the demographically complete formulation and the constant-population reduction as an
approximation whose error over the interval considered is below one percent.
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6 FRACTIONAL SEICRD COVID-19 MODEL WITH NPIS

4. Dynamics of the fractional-order model

4.1. Positivity and boundedness

Let N(t)=S(t)+ E(t) + I(t) + C(t) + R(t) represent the total active (living) population at time ¢. The
compartment D(t) denotes the cumulative number of deaths due to the disease and is excluded from the active
population interacting in the system.

Consider the feasible region:

®={(S,E,I,C,R,D)eER{: S+E+I+C+R<N(0), and D < N(0)}.

We show that the closed set ® represents the region of mathematical and epidemiological persistence for system

(5).

Lemma 4.1
The closed set @ is positively invariant with respect to the system (5).

Proof
By summing the first five equations of system (5), the Caputo fractional derivative of the active population N (t)
satisfies:

CDIN() = ~uC().
Since all state variables remain non-negative in R, it follows that:
CDJN(t) < 0.
Applying the Laplace transform to both sides yields:
s"N(s) — s IN(0) <0,

which can be rewritten as:

N(s)

IN

Taking the inverse Laplace transform, we obtain:
N(t) < N(0) forallt>0.
Furthermore, since ©D] D(t) = uC(t), it is clear that D} (N(t) + D(t)) = 0, which yields N(t) + D(t) =

N(0) + D(0). Given that N(t) > 0, it directly follows that D(¢) < N(0) + D(0). Assuming D(0) = 0, we get
D(t) < N(0). Hence, the closed set ® is positively invariant with respect to the model (5). O

Theorem 4.2
The solution of the system (5) is non-negative, bounded for all

{5(0), E(0), 1(0), C(0), R(0), D(0) € R} }
, and also defined for all ¢ > 0.

Proof
Consider the equations of system (5), substitute

S=0,E=0,I=0,C=0,R=0,D=0

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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in the first, second, third, fourth, fifth, and Sixth equations, respectively. Then we have

CDnS |S%O = 0
c _ 1B(t) ST
D}E(t)|, .= >0
“DII)|,, = cE>0 7
“Dicw)|, ., = S(1—a)I>0
“DIR(t)|,_,= 0al+A""AC>0
“DIDW)|,_,, = pC >0
Positive invariant region that meets the model (5) is given by
® = {(S(t),E(t),1(t),C(t), R(t), D(t) € RS : N(t) < N(0),V¢t > 0}
O

4.2. Disease-Free Equilibrium

The coordinates of the disease-free equilibrium point (S, E, I, C, R, D) the fractional order system (5), obtained
by the following equations

CDIS(t)= “DYE(t) = “D}I(t) = °D}C(t) = “D/R(t) =0, D} D(t) = 0
Therefore, the system of equations has a disease-free equilibrium, denoted by Fy., i.€.,
Edfe = (SO7 EO7 IO7 C()a R07 DO) = (N7 01 07 07 07 0)

4.3. The basic reproduction number

Based on the system of equation (5), we have three infected classes I(t), E(t), C(¢).

CDVE®) = w—w(t)
°DII(t) = oE(t)—dI(t)
DIC(t) = S(1—a)l(t)— (u+NC()

Following the next-generation matrix approach [20], we first rewrite the system as

CDJx(t) = F(x(t)) — V(x(t)), wherez =[E,I,C]"

where B(1) S(1) (1)
180 SO 1) cE(t)
f(z) = 0 ,u(z) = oE(t) + 6I(t) 8)
0 5(1—0)()+(M+)\)

Now the Jacobian of f(x) and v(z) of the disease free equilibrium point is

0 v6o O
F=|10 0 0 &)
0 0 0
o 0 0
V=| - 5 0 (10)

0 —(1—a)d pu+A
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8 FRACTIONAL SEICRD COVID-19 MODEL WITH NPIS

Therefore

Q|

= O

0
vl= 0 (11)
(1—a) (I-o) 1
(u+A)  (p+A)  ptA
The reproduction number of the system equation (5) is as follows
Ro = p(FV™1) (12)
Therefore
160 2B
5 s
FVv?'=] 0 0 0 (13)
0 0 0
The eigenvalues of F'V ! are
(12.0,0 (14)
Thus
Ro=p(FV~Y) = %fo (15)
and the effective reproduction number is given by
t)S(t
Ry, — vﬂgiv() (16)
4.4. Endemic equilibrium
Theorem 4.3
For the system of equation (5), there exists a unique positive endemic equilibrium point E7, if Ry > 1.
Proof
An endemic equilibriuvm E?, = (S*, E*, I*,C*, R*, D*), with S*, E*, I*, C*, R*, D* > 0 satisfies
ON
S* = a7
v B*
[ § 1 [6(u+ /\)]
E* = N|1- _— (18)
L 8L A
[ § _a(u—i-)\)]
I = N|1- (19)
L 8L A
[ § |[ed(1l—a }
Cc* = N|1- (20)
L Bl L A
o~ Nli- ) do(alp+A)— A1 —a)) o
L 6] L A
[ § ] _5(7#(101)}
D* = N|1- (22)
L 8L A
where
A=oc(p+N)+d(u+N(ca+1)+dc(l—a)(1=A+p)+(u+N)(c+d(1+0ca))
O

Stat., Optim. Inf. Comput.
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4.5. Stability analysis

Theorem 4.4
The system of equations (5) is locally stable at the disease-free equilibrium point E4r. when Ry < 1, and it becomes

unstable when R > 1.

Proof
The Jacobian matrix with respect to the system of equation (5) is given by:

[ Ol g _aBlS g g o]
1EWL _, 2803 0 00
7 - 0 o -6 0 00 23)
0 0 d(l—a) —pu—X 0 0
0 0 ad A 00
i 0 0 0 1] 0 0 |
At Egy., the Jacobian matrix becomes
r0 0 -7 Bo 0 0 07
0 —o v Bo 0 00
0 o —6 0 00
SO (P (1—a) —p—A 0 0 @9
0 0 ad A 00
L0 0 0 1z 0 0]
Thus, we get the eigenvalues are
w; =0,ws =0,w3 =0,wg = —p— A
w5 = —@ + K
= (0 —|2— o) I

where

1
K= 5\/47500—&—62—260—1—02

If (6;—‘7) > K, which implies ws < 0, then Ry < 1. Consequently, the system of equations (5) is locally

asymptotically stable for Ry < 1. On the other hand, if @ < K, which implies ws > 0, then Ry > 1, and thus
the system of equations (5) becomes unstable for Ry > 1. ]

Theorem 4.5
The endemic equilibrium E,, of system (5) is locally asymptotically stable whenever Ry > 1.

Proof
The characteristic equation associated with the endemic equilibrium point E7,, is given by

mb + (41 + Ag)m5 + (As + 5nAuA2)m4 + (As + A4)m3 + Ay Aym? = 0. (25)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 FRACTIONAL SEICRD COVID-19 MODEL WITH NPIS

By factoring out m?, we obtain
m* 4 (Ay 4+ A2)m® + (As + dnipAs)m? + (As + Ag)m + Ay Ay =0, (26)
where

Al =p+A+0+o,

e (1) (5.

Az =0+ 0u+ o+ ou,
A4:50'.

For Rg > Bo -1, all coefficients satisfy A; >0, Ay >0, A3 >0, and A4 > 0. Moreover, the following
Routh—Hurwitz conditions hold:

(A1 + A2)(As + doApuAz) > (As + Ay),

and
[(Al + AQ)(A?, + 60)\MA2) — (Ag + A4)] (Ag + A4) > (Al + A2)A2A4.

Therefore, by the Routh—Hurwitz stability criterion [21], the endemic equilibrium E, is locally asymptotically
stable if and only if Ro > 5¢ > 1. O

5. Existence and Uniqueness of Solutions
In this section, we establish the existence and uniqueness of the solution to the fractional SEICRD model. This

analysis is crucial as it ensures that the model is mathematically well-posed, providing a rigorous foundation for
the numerical simulations and parameter estimations performed in the subsequent sections.

CDIS(t) = Gi(t,S(t)
CDIE(t) = Gaft,E(t)
“DII(t) = Ga(t,I(t)) @7
“DIC(t) = Gat,C(t))
“DIR(t) = Gs(t,R(t))
“DID(t) = Gs(t,D(t))

F(n) 0
B ~EO) = mo [ (=) Galr B ()i
() — 1(0) = ﬁ /0 (t — )11 Ga(7, I(r))dr 28)
Ct)—C0) = F(ln)/o (t—7)""'Ga(r,C(7))dr
R(t) — R(0) = F(177)/o (t — 7)1 G5(r, R(1))dr
D(t)—D(0) = F(lm/o(t—r)”‘lGe(T,D(T))dT

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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We show that the kernels G;, for i = 1,2, 3,4, 5, 6, satisfy the Lipschitz condition and are contractions.

Theorem 5.1

11

The kernels G;, for i =1,2,3,4,5,6, satisfy the Lipschitz condition and are contractions if the following

inequalities hold:

vp(t)

0< 2 <1,
> N 1

Proof
For S and S, we have

1G1 (¢, 5) = Gi(t, SVl =

0<o<l1l, 0<6<l, 0<pu+Arx<l1

Hvﬂ(t)SI N Wﬂ(t)SllH

N N
_ H_WS)I(S_SQ
< Pyns - sl
< b||S =Sl 512%“%1

29

where ||I]| <1y, so I(t) is bounded. Hence, G; satisfies the Lipschitz condition, and if 0 <b; <1, G; is a

contraction.
Similarly,we can show that

1G2(t, E) — Ga(t, Er )|
1G3(t, I) — Ga(t, L) |
[Ga(t, C) = Ga(t, C)||
)

)

1G5 (¢, R) — Gs(
(

t, R1)|l
|IGs(t, D) — Ge(t, D1)||

bo||E— E4]|, ba=oc
bs||I — L], bs=2¢
bal|C = Chll, ba=p+A
bs|R— Ril|, b5 =0
bg||D — D1||, bs =0

(VAN VAN VAN VAN VA

(30)
€19
(32)
(33)
(34

Thus, for G;, i = 2, 3,4, 5,6, the Lipschitz condition is satisfied, and if 0 < b; < 1 fori = 2, 3,4,5,6, then G; are

contractions.

O

Remark 1:The constants b5 = 0 and bg = 0 correspond to the Recovered (R) and Deceased (D) compartments.
Biologically, these classes act as final sinks that do not drive new infections. Mathematically, the model kernels are
independent of R and D, making their partial derivatives zero. This naturally justifies b5 = 0 and bg = 0 without
affecting the theoretical validity of the uniqueness proof. According to system (5),we consider the following
recursive forms using the method of successive approximations:

Him(t) = Sm(t) = Sm—1(t)
Ham(t) = Em(t) = Em-1(t)

Hapn () = I (t) = Iim—1(t)
Hym(t) = Cp(t) = Crna (1)
Hs,,(t) = R (t) — Ri—1()

HGm(t) = Dm(t) - Dm—l(t)

LS —Grr R
F(U)A(Gl(’sml) Gi(7,Sm—2)) (t —7)"d

Fp [, (Go(r Buc) = Gar o)) (¢ = 7~
ﬁ /ot (Ga(7, Im—1) = Ga(7, I —2)) (t = 7)" a7

ﬁ / (Ga(7, Cn) = Gia(7, Cm2)) (¢ = 7)"dm
o / (Gs(7 Rina) = G (7, Rin2)) (£ = 7)" " r
ﬁ /Ot (Go(7, Do 1) — Go(r, Dyn_s)) (t — 7)~Ldr
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with initial conditions
So(t) = 5(0), Eo(t) = E(0), Io(t) = 1(0), Co(t) = C(0), Ro(t) = R(0), Do(t) = D(0).
Taking the norm of the first equation, we obtain

| Him ()] = 1Sl _Sm L
= H G1 T Sm 1) GI(T’SW*Q))(t—T)"_ldT

t
< —1/ Sy — Sy d7<b—1/ Hy o (T)||dT (35)
= F(n) 0 || 1 2” = F(T]) 0 || 1( 1)( )”

Similarly, we have

1Tl < s / a1y ()
1Han® < 55 /Othg(ml)(T)ndT (36)
1Hn Ol < 55 | a7
1ol < 75 / g1y (s
Han® < o [ [ Hnolir

Note that
Hig = So,Hi1 =51 — S0, Hig =S — 51, Hiz =53 — 82, .. Hipy = Sip — Sm—1.

Hyo+Hiy+Hip+ ... + Hipp = Sy = ZHlj(t)
3=0

Thus, we can write that

t):ZHlj(t ZHQJ ZH3J
j=0

t) = Huj(t), Ri(t) =Y Hs;(t), Din(t) =Y He;(t)
j=0 j=0 j=0

In the next theorem, we prove the existence of a solution.

Theorem 5.2
A solution to the fractional COVID-19 model (5) exists if there exists ¢, such that

bit.
L'(n)

<1, i=1,2,...,6.
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Proof
From recursive technique, and equation (35), (36), we note that
by t by 2 st gt
Hnll < 15 [ Wit @lar < [ ] [ [ s r)laran
< { } / / / |Hio(7)||d7dT1...dTp,
b1 } tm { bit ]
S =V m — m O
hm) L 15m) < |25 18001
We obtain
[ byt 1"
Hin@)] < |=—=/| [Sm(0
1O < S| 18m O]
[ bt 1™
Hom(B)|| < En(0
|| Ham (2)]] nol [ Em (0)]
[ bst 1™
Hs,, (t < —_— 1,,(0
1Ol < || 1))
[ byt 1™
Hy,,(t < = Cn(0
|| Ham (1) ] nol [Cm (0]
[ bst 1™
Hs,,(t < — R, (0
([ Hsm (2)]] _nm_” O)]]
[ bet 1™
Hem(®) < || [[Pm(0
[ Hem (t)|l ol [ D (0) |

13

Thus, the system has a solution and also it is continuous. Now we show that the above functions construct solution

for the model (5), we assume that

S(t) - S(O) = Sm(t) - Alm(t)

Where

Alm
[ Axml )

S /”GlTS

< —S’—Sm, t

Applying the above process recursively, we get

JA )] < {“ﬂm“.(l

L'(n

W—*/U—ﬂ"W&ﬁS(D—&hﬂwﬂﬂDmH

— G1(71, Sm—1(7))|ldT

m+1)!

Atm — oo, if [Ilil(t} < 1, then ||A1n|] — 0, a same way

n)

E(t) - E(0
I(t) — I(0
C(t)

R(t) — R(0
D(t) — D(0

= Rp(t) — Asm(
= Dn(t) — Asm (%)

0) = En(t) = Aam(t)
0) = In(t) — Azm(t)
—C0) = Cn(t) = Aum(t)
(0)
(0)
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Similarly, on using limit as m — oo, if Lﬁz&)} <1,i=2,3,4,5,6 we obtain

[Azm |l — 0, [|Asm|l — 0, [Agm[l — 0, [[Asm|| — 0, [[Agm | — 0

O
Theorem 5.3
If the condition (1 — Fb('i;)) > 0 holds fori = 1,2,...,6, then the system (5) has a unique solution.
Proof

To show the uniqueness of the solution, we suppose that the system has another solution such as
Si(t), Ex(t), I(t), Ci(t), Ri(t), Dy (t) then we have

t
S(t) — S« (t) = i/ (t — 1) G (T, S(T)) — Gi(T, S\ (7))] dr
L) Jo
1 t
15() = S« < 7/ It = )" [Gi(, 8(7)) = Ga(7, Su(7))] | dr
T'(n) Jo
by
< @HS(t) =SBt (37
Thus
by
S(t) — S ()1 — t 38
I5() =S, - 50 < (38)
using hypothesis (1 — %t) > 0, the last Eq (38) gets the form ||S(¢) — S.(¢)|| = 0, It means that S(t) = S.(t).
Applying the same procedure to each solution for ¢ = 2,3,4,5,6 we obtain FE(t) = E,.(t),I(t) = I.(t),C(t) =
Ci(t), R(t) = R.(t), D(t) = D.(t). O

Remark 2: While the analytical condition requires ¢ < ¢*, this criterion is robustly satisfied in practice via the
step-wise numerical progression of the simulation. Since all biological state variables of the COVID-19 system
are strictly bounded within the compact feasible domain @, the localized uniqueness propagates sequentially,
guaranteeing a unique and stable solution for the entire duration from 26 May 2020 to 20 March 2021.

6. Numerical Method and Data

6.1. Numerical scheme

To solve the system (5), we use the generalized Adams- Bashforth Moulton method [22]. To explain the method,
consider the following nonlinear equation

CDMy(t) = f(t,y(6),y™(©0) = 4§ k= 0,1,..,n — 1, (39)

Where 7 > 0 and n = [n] is the first integer not less than 7 . © D}y(t) is the 7-th order fractional derivative of y(t)
in the Caputo sense, which is defined in definition 2.1, by use of theorems 6.3 and 6.5, and f to be continuous and
satisfy a Lipschitz condition, so the system (5) has one and only one solution defined on [0, T']. This solution solves
the following Volterra integral equation:

n—1 k t
TOEDY yé’“% + ﬁ /O (t =) f(ry(r))drt < T. (40)
k=0

Now numerical integration of differential equation (39) is transformed into numerical quadrature of an
associated integral equation, (40). We used the Adams-Bashforth Moulton scheme for solving Eq (40), set
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tj=jh:5=0,1,..., N with some integer N and step length i = % and let y; ~ y(t¢;). In detail, their derived

computation scheme is as follows:

n— t k k
V() = X2 %R U+ s SN by £t u(t)) an
() = Y00 - ’}11 (k) + (5 (Z?:o aj 1 [ (t5,y(t5)) + kg1 f(tk:+17y£+1)))
Where
pr[F =m0y ifj =0
aj k+1 = m (k—j+ 2)7’_‘_1 + (k —j)”'H —2(k—j+ 1)7’+1, if1<j<k 42)
i 1 fj— k41
and
R N oy
bj’k;Jr]:?((k“rl_])]_(k_])]),j:071,...7k. (43)

This computational scheme is very useful and efficient for numerical integration of fractional differential equations.
In particular, it is successfully applied in computing chaotic attractors of fractional systems
Then we can write the system (5) as follows (41)

n—1 ,j k
t 1
Skpr = Y % S8+ o) (Z ajk+1 f(t5,S5) + aki1 k1 frst, S,’2+1))>
j=0 7’ j=0
h7 YB(t) Spi1 T iq a v B(t) S; I;
Sk+1 = SO+F(77+2) (— N 77+2 ;a jk+1 —7]\7
As a similar way, we obtained
. R v B(t) Sy k1 k+1 P R . v B(t) Si1;
Eyyw = Lo+ T+ 2) < N —okEp )+ T+2) jz_;aj,lwrl N ok,
k
h" h"
I = 1 —— (cE?,, — 61" _ ; E;,—01;
k+1 0o+ T +2) (0Ep —0IF,,) + T(n+2) gaﬂ»kﬂ (0Ej —01;)
C = C h o(1 b \)CP
1 = ()"*‘m(( — ), = (p+NCL,)
"y 5(1—a)l NC
+ W;{)%kﬂ(( —a)l; — (p+A)Cj)
R R e or? ACP ! y (0I; + \C;
k1l = 0+m( k+1 T k+1)+r(n+2§a]k+l + ACj)
K -
Diy1 = Do+ ——— (uC?
k41 o+ T(n+2) (HCF41) + 77+2 ;a jk+1 (HCH)
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Where
k
Spy1 = So+ ﬁ JZ;) bjk+1 (—W)
k
Eipn = Eo+ ﬁ ;) bjk+1 (WNS]IJ - fij)
1 k
Ity = I+ ) 2 bjk+1 (0Ej — 1))
1 k
Cr., = Co+ ) jzz:obj,k—&-l (6(1 = a)lj — (n+ A)Cj)
1 k
R\, = Ro+ O] ; bj k1 (61; + AC))
1 k
Dlyy = Do+ ) Z bjxr1 (nCy)

=0

6.2. Data sources and study period

The COVID-19 data were collected from public and official sources, including the National Institute for
Communicable Diseases (NICD), the South African Department of Health, the COVID-19 South Africa data
repository, the COVID-19 South Africa Dashboard, World Health Organization data, and publicly available
epidemiological reports [26, 27, 28, 1]. The dataset includes confirmed cases, deaths, recoveries, and ICU cases.
Daily reported incidence was computed from cumulative confirmed cases using first differences. The study period
is from 26 May 2020 to 20 March 2021, corresponding to the interval over which both incidence and ICU cases data
were consistently available. The initial active human population was set at N (0) = 59,308,690, based on Statistics
South Africa mid-2020 estimates [29], serving as the upper bound for the active population dynamics over the
studied timeframe.

6.3. Parameter estimation methodology

The numerical optimization and parameter estimation pipeline was configured to ensure full reproducibility,
addressing all calibration settings and constraints essential for the fractional-order SEICRD model. The
implementation process is detailed as follows:

* Objective Function: A non-linear Least Squares cost function was minimized to reduce the discrepancy
between the model outputs and empirical data. The algorithm minimized a flattened vector of residuals
representing the differences between the observed daily cases, ICU occupancy, and recovered counts and
their model-predicted counterparts.

* Numerical Integration: The system of fractional-order differential equations was solved numerically at
each step using the Adams-Bashforth-Moulton (ABM) predictor-corrector method. To ensure temporal
consistency, model outputs were aligned with empirical time series via linear interpolation, and cumulative
recovered counts were converted into daily increments using the first-order difference operator (np.diff).

¢ Computational Robustness: To maintain numerical stability, an exception-handling mechanism was
integrated into the objective function to manage non-finite values (NaN) during the optimization process,
effectively returning a penalty vector to prevent solver failure.

* Convergence Tolerance: The optimization routine terminated based on the default convergence criteria for
function and variable tolerances (typically 1 x 10~®), ensuring high-fidelity parameter convergence.
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* Optimizer and Constraints: Parameters were estimated via the Python
scipy.optimize.least_squares routine, utilizing the Trust Region Reflective (TRF) algorithm.
To ensure biological plausibility, explicit lower and upper bounds were imposed on the parameter space,
restricting estimates to physically meaningful ranges.

* Software Version: All mathematical simulations, trajectory tracking, and statistical fits were performed
using Python 3.10 with the scipy (v1.15), numpy, and pandas libraries.

7. Results and Discussion

7.1. Estimated parameters and epidemiological interpretation

The parameters of the fractional-order model were estimated using daily cases, daily recovered cases and the cases
in intensive care of COVID-19 over the period from 26 May 2020 to 20 March 2021, which corresponds to the first
and second epidemic waves in South Africa. All parameters of the model, including the fractional-order parameter,
were estimated and are reported in Table 2 together with the search bounds. For the epidemiological rates and
the fractional order we additionally report 95% asymptotic confidence intervals, computed from the covariance
matrix 6% (JTJ)~!, in which J is the Jacobian of the least-squares residuals evaluated at the estimate and &2
is the residual variance; these intervals are conditional on the fitted intervention timeline 5(¢) and, being based
on the local curvature at the estimate, should be read together with the profile analysis of the fractional order in
Section 7.4, which indicates that 7 itself is only weakly identified. As detailed in the note to Table 2, the rates A and
1 are not separately identifiable from the infected, ICU, and recovered series and are therefore summarised through
the identifiable combination p + A. The resulting values describe the epidemic dynamics over the study period.

In Figures 2, 3, and 4, the daily COVID-19 cases are represented by points, while the model fitted to this data
is shown as a solid line. These figures illustrate how the model captures both daily, ICU, and daily recovered
COVID-19 cases during the first and second waves in South Africa. Similarly, Figures 5 and 6 depict the estimated
infectious communication rate 5(t) and the effective reproduction number R.;; for these waves. To represent
the time-dependent nature of these dynamics, we employ the Woods—Saxon potential function, which acts as
a flexible mathematical framework to model the continuous shifts in transmission rates resulting from evolving
public health interventions. The vertical lines in these figures denote critical policy shifts, marking the timing of
different lockdown levels—from Level 3 down to Level 1 and subsequent adjustments. These lines illustrate how
abrupt or gradual changes in non-pharmaceutical interventions (NPIs) correlate with the observed fluctuations in
B(t) and R. sy, providing visual evidence of the direct impact of government policies on the epidemic trajectory.
The estimated parameter values are then used to calculate Ry, B(t), and Ry, as well as to perform forecasts for
current measurements and other potential scenarios.

The effective contact rate v = 0.083872 represents the intensity of disease transmission between susceptible
and infectious individuals. Its estimated value indicates a moderate transmission level, reflecting the impact
of non-pharmaceutical interventions. The transition rate from exposed to infectious individuals, o = 0.234465,
corresponds to an average incubation period of approximately 1/0 =~ 4.26 days [23].

The estimated parameter 6 = 0.482507 reflects the rapid turnover of reported active cases within the surveillance
registry. This value should be interpreted as the effective removal rate—encompassing both recovery and transition
to critical illness—rather than the natural recovery rate of total infections. This high rate is attributed to the
aggressive public health interventions and prompt isolation protocols implemented during the study period.
Furthermore, the inclusion of daily recovered data in our model increases the outflow from the infectious class,
which inherently contributes to the elevated value of §. This interpretation is consistent with the clinical profile
of the epidemic surges in South Africa and is supported by the data in Table 2; specifically, the low transition
rate to critical care (A = 0.0313) indicates that the majority of cases did not progress to the ICU stage, thereby
maintaining a rapid turnover of reported active cases. The parameter ov = 0.984075 represents the proportion of
infectious individuals who do not require admission to the intensive care unit. Its high value indicates that the
majority of infections were mild or moderate, with only a small fraction (approximately 1.6%) progressing to
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Table 2. Estimated parameters, initial conditions, and search bounds

Symbol  Estimated Value 95% CI Bounds Reference

Estimated Parameters

5 0.083872 [0.0667, 0.1010]  [0.001, 1] Fitted
o 0.234465 [0.2051, 0.2638] [0.001, 1] Fitted
0 0.482507 [0.3871, 0.5779]  [0.001, 1] Fitted
e 0.984075 [0.9710, 0.9972] [0.01, 1] Fitted
A 0.031396 T [0.001, 1] Fitted
1 0.012063 T [0.0001, 0.1] Fitted
aop 1 - - Assumed
71 -17.326286 - [-100, 100] Fitted
tiu 135.946054 - [1, 200] Fitted
bburation, ~ 12.503783 - [0.1, 50] Fitted
2 28.952336 — [-100, 100] Fitted
tiul 127.024781 - [1, 300] Fitted
bDuration, ~ 99.994385 - [1, 60] Fitted
n 0.975000 [0.9653, 0.9847] [0.5, 1] Fitted
Initial Conditions (¢t = 0)

S(0) 59,308,690 - - computed
E(0) 293.836359 - [1, 100000]  Fitted
1(0) 1,673 — - Data
C(0) 195 - - Data
R(0) 710 - - Data
D(0) 28 - - Data

N(0) 59,308,690 Statistics South Africa mid-2020 estimates

T The recovery rate A and the ICU mortality rate ;. are not separately identifiable from the observed infected, ICU, and recovered series
(their estimates are almost perfectly anti-correlated, since they enter the observable dynamics only through the ICU-exit combination
w1+ A); only the combined ICU-exit rate ;1 + A = 0.0435, with 95% confidence interval [0.0034, 0.0835], is identified. All reported

confidence intervals are conditional on the fitted transmission timeline 3(¢).

critical illness[28]. This interpretation is validated by clinical data from the study period, which confirms that
the vast majority of infected individuals recovered without requiring ICU admission. This is consistent with local
hospitalization records, showing that only a small proportion of confirmed cases required critical care, thereby
justifying the high estimated value of « within our compartmental model and demonstrating that the epidemic
burden was primarily driven by non-critical cases managed outside the intensive care units.

The parameter A = 0.031396 corresponds to an average ICU stay of approximately 32 days, whereas the
mortality rate p = 0.012063 represents deaths occurring in the critical class and remains relatively low during
the study period. The fractional order = 0.975 indicates the presence of weak but non-negligible memory effects
in the epidemic dynamics. This implies that the current spread of the disease is mildly influenced by past infection
levels and previous interventions, while the system remains close to the behavior of a classical integer-order model
[24, 25].

To describe changes in transmission intensity over time, the infectious communication rate was modeled using
a Woods-Saxon type function. The parameters z; and b represent the timing and smoothness of the transition
during the first epidemic wave. The value z; = —17.326286 shows that the reduction in contact intensity started
before the observation period, reflecting the early implementation of control measures. This pattern aligns with
the epidemiological situation in South Africa, where, from May 1, 2020, a level 4 lockdown was implemented.
These restrictions were gradually eased to levels 3, 2, and 1. The parameter bpyration, = 12.503783 controls the
smoothness of this transition, indicating a gradual decline in transmission. The timing parameter ¢;,, = 135.946054
marks the main transition point of the first wave.
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Figure 2. Model fit of the daily cases of COVID-19 in the first and second wave between 26 May
2020 to 20 March 2021.
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Figure 3. Model fit of the daily cases of COVID-19 in the Intensive Care Unit in the first and second
wave between 26 May 2020 to 20 March 2021.
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Figure 4. Model fit of the daily recovered cases of COVID-19 in the first and second wave between
26 May 2020 to 20 March 2021.

For the second wave, the parameters zo = 28.952336 and bpyration, = 59.994385 describe a renewed increase in
transmission intensity. The positive value of zo shows that this increase happened within the observation period.
The relatively large value of bpyraion, indicates that the transition was more gradual and prolonged than in the first

Stat., Optim. Inf. Comput. Vol. x, Month 202x



20 FRACTIONAL SEICRD COVID-19 MODEL WITH NPIS

N -~ H .
91 RS S Os e |2 e
o\ ~ — N & =l 3
TN E ERIF NE |[E =
8 1 FN & & I’ a3 ]
S AN
74 AY / N
AN / M
Se A3 / AN
= N / N
5 > ! AN
\\ [ N
\ / ~
4 \ 7 RES
\\ / \\\
] / ~
3 N ’ S~
24 \~1/

2 9 DL O O
D o0 N A oT N A N @
S A R SR P T PE S

o\bv ,\b; (‘Pv ~ S (\9 ".’Q \/Q %Q AN}
RN

NN =R SN SN
NT Y N N
@ TS TSI B e R e
Date

Figure 5. Infectious communication rate (Hazard rate of infection)
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Figure 6. Effective reproduction number R,y ¢

wave. The timing parameter ¢;,,; = 127.024781 indicates the start of this second wave. The proximity of t;,, and ¢4,
shows that the first and second waves overlap in time. Although this proximity may raise questions regarding the
structural identifiability of the Woods-Saxon parameters, it accurately reflects the epidemiological reality in South
Africa, where the second wave emerged before the first had fully subsided. Mathematically, the Woods-Saxon
function effectively captures distinct changes in the slope of the transmission rate, rather than relying solely on a
single turning point. Given the significant differences in the intensity and shape of the second wave compared to the
first, the estimation algorithm distinguished the two phases well enough to reproduce both waves in the fitted 3(t);
as discussed in Section 8, however, the individual Woods-Saxon parameters remain correlated, and the confidence
intervals reported for the epidemiological rates are accordingly conditional on this fitted transmission timeline.
Mathematically, this construction allows the infectious communication rate to change continuously without sudden
jumps. Epidemiologically, it reflects a realistic situation in which the easing of interventions and behavioral changes
led to renewed transmission while residual infections from the first wave were still present.

7.2. Sensitivity analysis

To thoroughly evaluate the dynamics of the epidemic model, we performed two complementary types of sensitivity
analysis: first, an analytical sensitivity analysis on the basic reproduction number (Ry); and second, a numerical
local sensitivity analysis on the peak epidemic metrics across separate waves.
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Definition 7.1
The sensitivity index of R with respect to a parameter P is given by

OR, P
Ro _ 0 L
P =% X Ry
Then, we have
Mo _ v bo _
R
IR0 — Bo 0
9 8 Ak -1
ORo Do Y
87 - ? x v Bo =1

The sensitivity indices 8y = +1,~ = +1 mean that any change in 3, or v will have a direct and proportional effect
on Ry (an increase or decrease in the same direction). In a similar fashion, the sensitivity index § = —1 means that
any change in ¢ will have a reverse and proportional effect on Ry.

To extend our evaluation beyond R and understand how different parameters affect the multi-wave epidemic
structure, we performed a numerical local sensitivity analysis using a 5% change in parameter values. We analyzed
the first and second waves separately to see how peak infections (Ipeqr), peak timing (tpeqr), and peak ICU demand
(Cpear) are influenced. The results show clear and logical differences between the two waves:

 Effective Transmission Rate (): This parameter has a strong positive effect on both waves. Its impact
is much larger in the second wave (the sensitivity index increases from 13.65 to 69.08), which shows that
controlling transmission becomes increasingly vital as the epidemic progresses.

* Recovery Rate without ICU («): This represents the rate of recovery without being in ICU. It has a strong
negative impact on ICU demand (Cpear1 = —17.60, Cpearz = —22.98). This mathematically proves that
improving early medical care directly reduces hospital overcrowding.

* Wave Characteristics (22, tpuration,): The parameters controlling the second wave have a dominant effect
on the global peak (with sensitivities exceeding 250), confirming their key role in shaping the multi-wave
structure of the outbreak.

7.3. Scenario simulations

In this section, numerical simulations and epidemiological analysis are performed using South African COVID-
19 data. Several scenarios are considered by varying the model parameters. According to Table 2, the effective
transmission rate is estimated at v = 0.0838. Figure 7 demonstrates the high sensitivity of both daily infected
cases and ICU admissions to variations in . At the baseline value of v = 0.0838, the model predicts two distinct
waves, with peaks of approximately 12,260 and 15,090 for infected cases, and 1,627 and 2,057 for ICU admissions.
Reducing v to 0.083 significantly mitigates these peaks, whereas increasing it to 0.085 results in a substantial surge,
with peaks reaching approximately 14,088 and 22,851 (infected) and 1,862 and 3,108 (ICU).

These parameter variations are directly linked to public health outcomes; for instance, a reduction in y from
0.084 to 0.083 can be interpreted as the impact of implementing non-pharmaceutical interventions (NPIs), such
as an earlier lockdown or stricter social distancing protocols. Conversely, an increase in -~y reflects the relaxation
of such measures. These findings underscore the critical impact of intervention timing on disease dynamics and
validate the potential efficacy of adaptive public health strategies.

From Table 2, the recovery rate of ICU patients during the COVID-19 pandemic is estimated as A = 0.0313.
Figure 9 illustrates the effect of changing the recovery rate A of ICU patients on the dynamics of the ICU population
during the first and second waves. Figure 9 illustrates the effect of varying A on the ICU population during the
two waves. At the estimated value A = 0.0313, peaks occur around 1 August 2020 with approximately 1,627
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Table 3. Normalized sensitivity indices of the SEICRD model parameters on the peak infection size (Ipeqk), peak timing
(tpeak), and peak ICU demand (Cj,¢qy) for the first and second epidemic waves, evaluated using a 5% perturbation.

Wave 1 Wave 2

Parameter

Ipeakl tpeakl Cpeakl Ipeak’Q tpeakQ OpeakQ
vy 13.6525 1.0345 13.1391 69.0788  0.2679  68.1923
o 24542  0.0000  2.3117 3.4328 0.0000 3.3026
1) -7.5213  -1.0345 -6.7065 -15.7950 -0.2679 -15.5335
o -0.0008  0.0000 -17.6043  -0.0256  0.0000 -22.9818
A 0.0000  0.0000 -0.4751 -0.0003  0.0000  -0.4936
I 0.0000 0.0000  -0.1848 0.0003 0.0000  -0.1923
21 -13.0384 -3.4483 -12.7899 -20.0041 6.6964 -19.5737
tDuration; -0.0771  0.0000  -0.1052  -17.6010 0.0893 -17.5072
by 0.0761 0.0000 0.0949 0.0022 0.0000 0.0322
22 87.4566  3.7931 84.4525 4264839 -0.6250 408.2358
tDurations 153732 2.0690 15.3230 267.0529 0.0893 259.3558
bo -6.5433  -1.3793  -6.3865 -4.6235  0.5357  -4.5440

ICU patients in the first wave, and at the end of January 2021 with around 2,057 patients in the second wave.
Decreasing A to 0.02 significantly increases these peaks to 1,972 and 2, 527, respectively. Conversely, increasing
A to 0.04 mitigates the burden on the healthcare system, reducing peaks to approximately 1,435 and 1, 806. These
results highlight that enhancing clinical recovery protocols is as crucial as reducing transmission for managing ICU
capacity.

Figure 10 illustrates the effect of varying the parameter « on the peak size of the ICU patient population during
the first and second waves. For the estimated value o = 0.98, the peak occurs on the Ist of August 2020 with
approximately 2,041 ICU patients during the first wave, and at the end of January with around 2, 584 ICU patients
during the second wave. When the value of « is decreased to 0.97, the peak size of the ICU patient population
increases to about 3, 055 patients in the first wave and 3, 877 patients in the second wave. In contrast, increasing o
to 0.99 leads to a reduction in the peak size, which decreases to approximately 1,027 ICU patients in the first wave
and 1,292 ICU patients in the second wave.

These findings have critical implications for healthcare capacity management. Our simulations demonstrate that
interventions aimed at increasing A or «, or decreasing v, are essential to keep ICU demand below maximum bed
capacity. By maintaining demand within these operational thresholds, such interventions effectively prevent system
collapse and ensure the continuity of quality care during epidemic surges.

Figures 11 and 12 show the effect of varying 3y on the peak sizes of the infected and ICU populations during
two epidemic waves, with changes in 3y driven by the parameter Z;. For 5y = 9.515, the infected population peaks
at approximately 12, 260 in the first wave and 15, 090 in the second wave, while the ICU population peaks at about
1,627 and 2,057, respectively. Reducing Sy to 8.842 lowers the peaks to around 5,313 and 930 for the infected
population and to approximately 723 and 130 for ICU patients. Conversely, increasing 3, to 9.842 raises the peaks
to about 19, 040 and 37, 590 for infected individuals and to 4, 716 and 9, 621 for ICU patients during the two waves.

Figures 13 and 14 illustrate the effect of varying /3y driven by the parameter Zs. For 5y = 9.515, the infected
population peaks at roughly 12,260 and 15,090 in the first and second waves, respectively, while the ICU
population peaks at about 1,627 and 2, 057. Decreasing Sy to 8.6 reduces the infected population peaks to around
4,568 and 362 and lowers ICU peaks to 1,167 and 99. In contrast, increasing Sy to 10.45 increases the infected
peaks to approximately 40, 824 and 174, 565 and raises ICU peaks to 5, 303 and 23, 301 during the two waves.

7.4. Fractional versus integer-order model selection

To rigorously evaluate the statistical justification of the fractional-order framework, a comprehensive quantitative
comparison between the fractional model (n = 0.975) and the classical integer-order model (n = 1.0) was
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Figure 8. The evolution of infected population with different value of the Effective transmission rate
.

conducted using Root Mean Square Error (RMSE), Mean Absolute Error (MAE), the coefficient of determination
(R?), and the Akaike Information Criterion (AIC), as summarized in Table 4. The results demonstrate that
the fractional-order framework achieves substantial improvements across key epidemiological compartments.
Specifically, for active infections and intensive care unit (ICU) cases, the fractional model exhibits dramatic
reductions in error metrics. For instance, the RMSE for infections drops significantly from 4479.20 in the integer-
order model to 2253.40 in the fractional model, while the MAE decreases from 2906.49 to 1653.57. A similar
improvement is observed in ICU cases, where the RMSE decreases from 573.09 to 306.48. Although the integer-
order model yields a slightly lower error in the recovered compartment, the overall aggregate performance favors
the fractional approach for this parameterisation. The comparatively modest recovered-compartment fit stems
from how recoveries were reported rather than from the dynamics: in the South African feed, recoveries were
reconstructed administratively and are recorded incompletely and inconsistently relative to confirmed cases. We
therefore relate the observed and modelled recoveries through R°"(t) = p R(t) and estimate the recovered-
reporting factor p conditionally on the fitted dynamics, obtaining p = 1.84 (95% CI [1.71, 1.96]). Because p scales
only the recovered read-out and R is a terminal compartment, the state trajectories, the infected and ICU fits,
and all epidemiological estimates in Table 2 are left unchanged; after the adjustment the recovered fit improves
substantially (daily R? rising from 0.165 to 0.465, with a cumulative-recovered correlation of 0.99), confirming that
the low raw R? reflected a reporting-scale mismatch rather than a deficiency of the model dynamics. The overall
RMSE decreases from 3274.81 to 2395.42, and the overall MAE drops from 1862.86 to 1404.45. Furthermore,
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Figure 10. The evolution of infected population in ICU with different value of the Recovery rate
without being in ICU a.

the Akaike Information Criterion (AIC) decreases from 14597.23 for the integer-order model to 14036.36 for the
fractional model, yielding a substantial AAIC of 560.87. While a AAIC of this magnitude would ordinarily be read
as strong support for the fractional model, the estimated order lies close to unity, so we assessed how sharply 7 is
determined by the data through a profile analysis: the order was fixed on a grid over [0.90, 1.0] and the remaining
parameters were re-optimised at each value. As shown in Figure 15, the shape of this profile depends on how
the remaining parameters are constrained. When they are held within biologically plausible ranges, the minimised
error decreases weakly and monotonically toward the integer order n = 1; when they are left unconstrained, a
shallow minimum appears near n = 0.975, but only because the optimiser then drives the epidemiological rates to
non-physical values (sub-day incubation and illness durations) and the unobserved mortality rate p toward zero. In
either case the variation is modest, and the ordering of the fractional and integer fits is not robust to these choices,
so the data do not decisively single out a non-integer order. We therefore interpret the comparison conservatively:
the fractional formulation (n = 0.975) fits the observed infected and ICU compartments at least as well as the
integer-order model while providing a parsimonious mechanistic account of memory effects, but we do not claim
that the data decisively single out a non-integer order. This weak identifiability of 7, together with the correlations
among the remaining parameters, is discussed in Section 8.
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corresponding to 7.

10000

8000

6000

4000

Daily ICU Cases

2000

— Zy=-17, fp=9.842
— 2,=-17.326, /= 9.516
—= 2,=-18, f=8.842

Figure 12. The evolution of infected population with different value of Z; and value §(¢) and By
corresponding to Z;.

Table 4. Goodness-of-Fit Test Statistics and Model Selection Metrics Comparing Fractional-Order (n = 0.975) and Classical
Integer-Order (n = 1.0) Formulations. The recovered compartment is evaluated after a constant recovered-reporting factor
p (p = 1.84 for the fractional and 1.11 for the integer fit; see text); without this adjustment the recovered R2 s 0.165 and
0.462, respectively. The recovered and overall rows incorporate this factor; the infected and ICU rows are unaffected.

Output Class  Order (7)) RMSE  MAE R? AIC
Infected (1) 0.975 2253.40 1653.57 0.7750 4660.12
1.000 4479.20 290649 0.1112 5070.32
ICU (C) 0.975 306.48 200.30  0.7924 3463.10
1.000 573.09 415.89 0.2740 3836.63
Recovered (R) 0.975 3470.21 2359.48 0.4652 4921.18
1.000 343242 2266.20 0.4768 4912.61
Overall System 0.975 239542 1404.45 0.6889 14036.36
1.000 3274.81 1862.86 0.4186 14597.23
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7.5. Model validation

Beyond the aggregate error metrics of Table 4, we assess the adequacy of the fitted models through residual
diagnostics and an out-of-sample hold-out experiment.

Figure 19 shows the residuals (model — data) for the infected, ICU, and recovered compartments, together with
their empirical distributions, for both the fractional (n = 0.975) and integer-order (n = 1.0) fits. The integer-order
model exhibits a pronounced systematic bias in the infected compartment (mean residual ~ 2.5 x 10%), consistent
with its tendency to overshoot the epidemic peaks, whereas the fractional model reduces this mean residual by
roughly an order of magnitude and yields residual distributions that are more tightly centred about zero. As is
typical for daily epidemic time series, both models retain positive serial correlation in the residuals (Durbin—Watson
statistics well below 2); the fractional model attenuates this correlation for the infected and ICU compartments,
indicating a better-specified temporal structure.

In the top row of Figure 19 are the residuals versus time for the infected (/), ICU (C), and recovered (R)
compartments. In the bottom row are the corresponding residual distributions.

To probe generalisability beyond the calibration sample, we performed a random 80/20 hold-out: the model
was re-estimated on a random 80% of the daily observations and evaluated on the remaining 20% (60 held-out
days distributed across both waves). This produced an out-of-sample RMSE = 2115 and MAE = 1161 across the
active compartments, comparable to the in-sample errors of Table 4 and indicating that the fit is not an artefact
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Figure 15. Profile of fit quality over the fractional order 7. For each fixed n the remaining parameters were re-optimised
against the observed infected, ICU, and recovered series. Within biologically plausible parameter bounds (squares) the
minimised RMSE decreases weakly toward the integer order n = 1; with the parameters unconstrained (circles) a shallow
minimum appears near n = 0.975, attained only at non-physical parameter values. The fractional order is therefore weakly
identified, and the fractional-versus-integer ordering is sensitive to the constraints imposed.

of over-parameterisation. We stress that this is an interpolative assessment. When the split is instead temporal—
training on the first 80% of the window and predicting the unseen final 20%—the error rises substantially (RMSE
~ 6.3 x 10%), reflecting the intrinsic difficulty of anticipating a second wave whose intervention timeline is absent
from the training period. The out-of-sample results should accordingly be read as evidence against in-sample
overfitting rather than as a claim of forward-forecasting skill.

7.6. Public-health implications

The scenario analysis translates directly into operational guidance for epidemic preparedness. Integrating the ICU
trajectories over the study period, the fractional model attributes 274,733 cumulative ICU patient-days to the two
waves, compared with 400,575 patient-days projected by the integer-order model; the memory-driven attenuation
therefore corresponds to about 125,842 ICU bed-days, a difference of direct relevance to hospital capacity planning
in a resource-constrained setting. Because the reductions achievable through the transmission rate + and the non-
ICU recovery fraction « are strongly nonlinear, the timing of intervention is as consequential as its magnitude:
in our simulations, initiating contact-reduction measures 7-10 days ahead of a turning point ¢{tuming produced a
disproportionate reduction in peak ICU overflow. These findings support a preparedness strategy that balances the
socio-economic cost of restrictions against health-system preservation, favouring early, temporary tightening of
non-pharmaceutical interventions over later, more prolonged measures.

8. Limitations

Several structural assumptions bound the scope of the present analysis and should be borne in mind when
interpreting the results.

* Homogeneous mixing and demographics. The model assumes a well-mixed population and omits age-
stratified contact structure and spatial movement between provinces, both of which shaped transmission

heterogeneity in South Africa.
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Figure 18. Model fit of daily recovered cases COVID-19 for different fractional derivative orders 7,
with parameters estimated for each value of 7.

¢ Immunity dynamics. Waning immunity and reinfection are not modelled explicitly; over the roughly
ten-month, two-wave horizon studied here this is a reasonable simplification, but it precludes multi-year
projections.
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Figure 19. Residual diagnostics for the fractional (n = 0.975) and integer-order (n = 1.0) fits.

* Surveillance and reporting biases. The calibration relies on passive testing registries, which are subject to
under-reporting and reporting delays, particularly during peak surges. The estimated removal rate ¢ should
accordingly be read as an effective surveillance turnover rate rather than a purely clinical recovery rate.

* Parameter identifiability. With only three observed compartments the full parameter set is weakly
identifiable and several parameters are strongly correlated; in particular the recovery rate A and the ICU
mortality rate u enter the observable dynamics only through the combination i + A and cannot be estimated
separately. The reported confidence intervals for the epidemiological rates are therefore conditional on the
fitted transmission timeline 5(¢), and the individual values of A and y should be regarded as indicative rather
than precisely determined; the disease-induced mortality rate p is especially weakly constrained because the
deceased compartment D is not observed. In the same vein, the profile analysis of Figure 15 shows that the
data do not sharply distinguish the fractional order = 0.975 from the integer value n = 1, so the fractional
order should be viewed as a well-fitting and physically interpretable modelling choice rather than a uniquely
identified quantity.

* Scope of the validation. The out-of-sample assessment is a random hold-out and is therefore interpolative: it
guards against in-sample over-fitting but does not establish forward-forecasting skill, which—as a temporal
hold-out indicates—is considerably harder for an unseen epidemic wave whose intervention timeline is not
represented in the training data.

9. Conclusions

In this study, we proposed a fractional-order SEICRD model with a time-dependent infectious communication rate
B(t), formulated using the Caputo fractional derivative, to describe the COVID-19 dynamics in South Africa over
two epidemic waves. The model incorporates memory effects through the fractional-order parameter and accounts
for non-pharmaceutical interventions using the Woods—Saxon function. The model accurately fits the reported daily
infected, daily recovered cases and ICU cases from 26 May 2020 to 20 March 2021, which leads to an optimal
estimate of the epidemiological parameters of the model in both waves in South Africa, (Table 2). To identify the
parameters that have the greatest influence on the dynamics of infected individuals and ICU cases during the two
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waves, sensitivity analyses were performed for selected model parameters, namely the effective transmission rate
v, The estimated duration or illness J, and the infectious communication rate 5y. The computed sensitivity indices,
quantify the relative impact of these parameters on the disease dynamics.

Figures 7,8 and 9 and 10, 11, 12 and 13, 14 show the sensitivity of the infected population dynamics to changes on
the parameters 7, A, « and 3y, respectively. By comparing the effects of these parameters on the infected population
dynamics through the figures, we find that the dynamics of the model is more sensitive to the change in parameter
Bo, followed by ~. Furthermore, the parameter « exerts a greater influence on the dynamics of infected population
at the ICU than . Notably, the two parameters with the most significant impact, 3y and ~, are directly related to the
basic reproduction number R.

From these results, we conclude that reducing the effective transmission rate and the infectious communication
rate significantly decreases the number of infected individuals and delays the epidemic peak. This delay leads
to a reduction in the peak burden on the healthcare system, particularly ICU demand. The findings suggest that
early and effective implementation of non-pharmaceutical interventions, such as lockdowns, social distancing,
and restrictions on contact rates, plays a crucial role in controlling the spread of COVID-19. Overall, the study
demonstrates that decreasing the infection transition rate between individuals has a substantial positive effect in
limiting COVID-19 transmission in South Africa, and that the fractional-order formulation provides a more realistic
description of epidemic dynamics by capturing the long-term memory effects observed across successive epidemic
waves.

Beyond the sensitivity results, a comparison against the integer-order model (7 = 1) showed that the fractional
formulation fits the observed infected and ICU compartments at least as well while parsimoniously encoding
memory effects (Table 4); a profile analysis (Figure 15) further showed that the fractional order is only weakly
identified, so it is presented as a physically interpretable modelling choice rather than a decisively selected value.
Residual diagnostics (Figure 19) and a random hold-out test indicate that the fit reflects genuine descriptive
adequacy rather than in-sample overfitting. Practically, integrating the fitted ICU trajectories over the two waves
suggests that the memory-driven attenuation corresponds to approximately 125,000 fewer ICU bed-days than
the integer-order projection, underscoring the operational relevance of early, well-timed non-pharmaceutical
interventions for preserving health-system capacity. These conclusions should nonetheless be read in light of the
modelling assumptions discussed in Section 8—notably homogeneous mixing, simplified immunity dynamics, and
reliance on surveillance data—which also delineate natural directions for future work, including age- or region-
structured extensions and validation against independent seroprevalence and excess-mortality estimates.

Data and Code Availability

The observational data used for calibration (South African daily infected, ICU, and recovered series, 26 May 2020~
20 March 2021) are contained in the file stacked-solutions_and_data_3.csv. The complete source code
that reproduces the revised results—the fractional Adams—Bashforth—-Moulton solver, the parameter estimation
and conditional confidence intervals, the profile analysis of the fractional order, the peak-sensitivity table, the
intervention-timing scenario, and the vital-dynamics assessment—is provided as supplementary material and is
available from the corresponding author on request.
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