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Abstract In this paper, we propose a novel and robust dual simplex algorithm for solving bounded-variable linear
programming based on a structured dual support framework and an enhanced long-step rule. The method enables stable and
efficient updates of both the support and the associated co-solution. Its effectiveness is supported by a rigorous theoretical
analysis: we prove a sign-preservation property of the support co-solutions and derive an explicit expression for the variation
of the objective function, ensuring controlled and monotonic improvement and yielding strong convergence guarantees.
Extensive experiments on NETLIB problems benchmarks demonstrate that the proposed approach is competitive with the
dual simplex implementation of GLPK, confirming its efficiency and reliability.
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1. Introduction

Linear programming (LP) is a mathematical technique for determining the best solution to a problem whose data
and unknowns satisfy a series of linear equations and inequalities. Many economic and industrial phenomena
can be modeled by mathematical systems of linear inequalities and equalities, which lead to linear optimization
problems. In these linear optimization problems, one seeks to minimize or maximize a linear function under linear
constraints on the variables of the problem.

In 1955, G.B. Dantzig developed, in collaboration with A. Orden and P. Wolfe, the primal dual simplex method
[14]. In 1959, G.F. Hadley and M.A. Simonnard developed the two-phase method [26]. In [18], R. Gabasov and
F. M. Kirillova generalized the simplex method by developing the support method that can be initialized by any
feasible solution and any support (set of basic indices). This method uses a suboptimality criterion that stops the
algorithm when an e-optimal solution is obtained. Later, they developed an adapted method [19],[17],[16],[20]
based on an improvement direction that depends on the current solution. The adapted method is applied to solve
optimal control problems [20],[16],[28] and generalized to solve convex quadratic problems [21],[22],[5],[27].

In [9] and [10], the authors developed a new method with hybrid direction for linear programming (HDLP)
for solving bounded-variable linear programming problems. This method uses the concept of hybrid direction,
allowing a transition from one feasible solution to another with an improved objective function value.

Later, this algorithm was extended to solve linear fractional programming problems [23]. The stopping criterion
of the HDLP algorithm relies on a quantity called the optimality estimate, thus ensuring convergence to an optimal
solution. Moreover, the support update is performed using the long-step rule [15, 4, 8].
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However, although this method proved competitive with the dual simplex algorithm implemented in the GNU
Linear Programming Kit (GLPK) for randomly generated linear problems, it showed inferior performance on
NETLIB benchmark problems.

In this work, we propose a dual simplex algorithm for solving bounded-variable linear programming problems.
The proposed method employs the long-step rule to compute the new support .Jg, the co-solution 4, and the updated
objective function value, while the set Jpn0 is used as a stopping criterion to ensure optimality.

The main contribution of this paper lies in the development of a structured dual support framework within the
dual simplex method that efficiently handles bounded-variable problems. Unlike existing approaches, the proposed
algorithm provides a systematic mechanism for updating both the support and co-solution, leading to improved
computational behavior and solution accuracy.

In addition, the proposed method is underpinned by a rigorous and carefully structured theoretical analysis that
highlights its robustness and reliability. In particular, we establish and rigorously prove two fundamental results.
Lemma 3 guarantees a sign-preservation property of the sequence of support co-solutions §(¥), ensuring a stable
and consistent evolution of the dual iterates and preventing undesirable oscillatory behavior. Lemma 4 provides
a precise characterization of the variation of the objective function 1) between successive iterations through an
explicit analytical expression, revealing a controlled—and under standard assumptions, monotonic—improvement
of the objective value.

The complete proofs of Lemma 3 and Lemma 4 are provided in the paper, thereby offering a solid theoretical
foundation that supports the stability, convergence, and overall reliability of the proposed algorithm.

To assess its performance, the algorithm is implemented in C++ and compared with the dual simplex method
available in the open-source solver GLPK [3]. Numerical experiments on benchmark problems from the NETLIB
library [25] demonstrate the effectiveness and competitiveness of the proposed approach.

The rest of the article is organized as follows: in Section 2, we present the dual problem and give some definitions.
In Section 3, we present the proposed algorithm and we give a numerical example for illustration purposes. In
Section 4, we present numerical results, that compare our algorithm with the dual simplex algorithm of the open-
source solver GLPK. Finally, Section 5 concludes the paper by summarizing the main findings of the proposed
approach.

2. The Dual Problem and Preliminaries

The linear programming problem with bounded variables has the following standard form :

max z = CT.’E

(D
st. Arx=0b 1<z <u,

where ¢, z, 1, and u € R™ such that ||I|| < oo, ||u]] < co; b€ R™; Ais an (m x n) matrix, with rankA = m < n.
Let us define the following sets of indices:

I1={1,2,....m}, J={1,2,...,n}, J=JgUJyn, JgNJIy=0, |Jg|l=m.

We can partition v, an arbitrary n-vector, and the matrix A as follows:

vl = (v, vk), wherevp =v(Jg) = (v;, j € Jg), vy =v(JNn) = (vj, j € IN),

A:(AB,AN), WhCI‘E‘,AB:A(I,JB)7 AN:A(I,JN)

* The set Jp is called the support of the problem (1) if det(Ag) # 0.

* A vector z satisfying the constraints of the problem (1) is called a feasible solution (FS).

* AnFS 29 is called optimal if it realizes the maximum of the functional z(z) of the problem (1).

* A solution z°¢ is called e-optimal if z(2°) — z(2€) < ¢, where 2° is an optimal solution of the problem (1) and
€ > 0.
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2 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

e The pair {z, Jp} formed with the FS z and the support J is called a support feasible solution (SFS).

Let o denote the indicator function of the set of feasible solutions of the problem (1).
Then the primal problem (1) is equivalent to

max z(z) — ¢(x).

We pose

Clz,y) =y" (Az = b) + 0T (1 — 2) + w’ (z — ).
where v = (y,v,w) € R™ x R} x R}

If = is FS, we have ((z,v) < 0, so we can construct the function ¢ in the following way :
pla) = max ((z,7).
Since min (—z) = —max z, then the primal problem is equivalent to the problem
max min (z(z) — {(x,7)) .
z

The Lagrange function of problem (1) is L(x,v) = z(z) — {(x, 7). We can then note that the problem (1), is written

maxmin L(z,7).
¢ v

Definition 1
The following linear program is called dual problem of (1) : min max L(z, ).
¥ T

Definition 2
We call the dual function of (1), the function ¥ (y) = max L(z,~).

Lemma 1
Let x and y be, respectively, feasible solutions of the primal and dual problems. Then

min max L(z,y) > max min L(z, 7).
v c v

Proof
For all z and ~, we have

L(z,v) = minL(z,y).
v

Taking the maximum over z yields

max L(x,v) > maxmin L(z,7).
T T v

Finally, taking the minimum over ~, we obtain

minmax L(z,vy) > maxmin L(z, 7).
v e e

Corollary 1
Let 2 and X be, respectively, feasible solutions of the primal and dual problems. Then )(\) > z(x).

Theorem 2
Let = and A be, respectively, feasible solutions to the primal and dual problems. If

P(A) = z(2),

then x and )\ are optimal solutions to their respective problems.
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be any feasible solution of the dual problem. By Corollary 1, we have
P(A) > z().

Y(A) = z(z), it follows that B
P(A) = P(N).

Hence, X is an optimal solution of the dual problem, since the latter is a minimization problem. A similar argument
shows that  is an optimal solution of the primal problem. O

To obtain the function %), it is necessary to verify the first-order optimality conditions:

oL
— =c' —yTA+ T —w” =0.

ox

Hence, the function ) can be written as

V() =yTb— 0Tl + wlu.

Consequently, the dual problem associated with the primal problem (1) is given by

min ¥(y) = y'b — ol +w'u, 2)
st. c—ATy+v—w=0. 3)

The vector
v=(y,v,w) € R™ x R} xR}

is called a Dual Feasible Solution (DFS) if it satisfies (3), and it is optimal if it satisfies (2)—(3).
Define the dual feasible co-solution vector ¢ by

§=ATy —c. )

The pair {6, Jp}, formed by a dual feasible co-solution § and a support Jz, is called a support dual feasible
co-solution of problem (2)—(3).
A support dual feasible co-solution {4, Jp} is said to be non-degenerate if

5j750, j e Jn.

The vector 6 is said to be an optimal dual feasible co-solution if there exists a dual feasible solution
7% = (y°, 0%, w?) that minimizes the functional ) over problem (2)—(3), and such that

60 = ATy" — ¢
The problem (2)—(3) can be equivalently written as

min ¥(y) = yTb — o'l +w'u,
—0+v=w.

Substituting w = —J + v, we obtain

min Y(y) = y'b — 6 u + o' (u—1),
v—4cRY.

Equivalently,

min ¢(7) = yTb — 5T’U, + Zvj(uj - lj),
jeJ

Uj—5j€R+, j e

Stat., Optim. Inf. Comput. Vol. x, Month 202x



4 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

» Fory € R™, we have 6 = ATy — c. A feasible dual solution A = (y, v, w) defined by

’Ujiéj, U)j:O, 1f5j ZO,

. . &)
’Uj:O, wj:—éj, 1f(5j<07 ]EJ,

is called a dual feasible solution generated for problem (2)—(3).
* Finally, let {9, Jp} be a support dual feasible co-solution of (2)-(3), and consider the vector k = (kp, KN)

defined by
kj =1, if6; >0,
lj <kj <uy, ifd; =0, (6)
kj =uj, ifd; <0, j€Jdn,
and

kp = Ag' (b — Ankn). (7)

Then « is called a support pseudo-feasible solution of problem (1).

Optimality criterion

Theorem 3
Let {4, Jp} be a dual feasible support co-solution of problem (2)-(3), and let  be the associated pseudo-solution.
Then, the relations

Kj = l]‘, for (5]‘ > 0

Kj = Uy, for 5]' < 0; 3

lj S Kj § uj,foréj :0, j S JB.

are sufficient for the optimality of {4, J }. Moreover, if the co-solution ¢ is non-degenerate, then conditions (8) are
also necessary. In this case, the pseudo-solution « is an optimal solution of problem (1).

Proof
Sufficiency. Let A = (y,v,w) be dual feasible and define § = ATy — ¢, with

v = max(d, 0), w = max(—0,0).

Let A = (7, 9, w) be any dual feasible point and set

AG) =)= (),

(=]
I
]|
|
g

Using (2)—(3) and Ax = b, we obtain

'I/J(j\) — ’l/)()\) = Z |:A(5j:‘{j — AUjlj + ijUj] = Z |:A’Uj(l<6j — l]) + ij(uj — Iij):| .
jeJ jeJ
We distinguish three cases:

Case 1: §; > 0. Then v; = §; and w; = 0, hence x; = [;. In this case,

ij:u’)j—O:ijO,

and B
YO =) = > Aw(u; 1) > 0
j€J
Case 2: §; < 0. Then v; = 0 and w; = —9;, hence x; = u;. In this case,

Avj:z’)j—OZT)jZO,
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and -
YA =N =D Avi(u; —1;) >0
Jjed
Case3:6; =0,j € Jg. Thenv; = w; =0and l; < x; < u;. Hence,

YA =Y\ = ZA%‘(’%‘ —1j) + Aw;(u; — K;) >0,

Thus () — ¢(\) > 0 for all dual feasible ), and ) is optimal.

Necessity (non-degenerate case). Let {0, Jp} be a non-degenerate optimal co-solution of the problem (2)—(3), and
suppose that the relations (8) are not satisfied. Then, there exists an index jo € Jpno (see Section 3, relation (11)),
such that

o, # 0,
where
N L —1;, ifd; >0orelsed; =0and k; < I,
7\ kj—wy, ifd; <Oorelsed; =0and kj > u;
We construct a perturbed feasible co-solution § = § + ot, where o > 0 and ¢ = #(.J) satisfies :
tjo == Sign<aj0)’ tj =0, j # Jjo, j € JB,
T 41 ®)
tN :tBAB AN,
Then ¢ defines a feasible direction that preserves the sign pattern of 6, i.e.,
0;(0; +ot;) >0 forall j € J,

for all sufficiently small o > 0. Using the expression of the dual objective variation, we have

) () =Y [Avj(nj — 1) + Aw;(uj — mj)]

jeJ

Using v; = max(d;,0) and w; = max(—4;,0), a direct case analysis yields

O'tj; (Sj > 0; 07 63 > O’
Avj = { max(at;,0), §; =0, Aw;j =  max(—ot;,0), §; =0,
0, d; <0, —atj, 95 <0.

Y v\ = D otk =)= Y otiluy—m)+ > ot —L)+ Y otk —

(Sj >0,j€J 6J<0,]6J (5j=0,tj>0,jEJ 5j=0,tj<0,jeJ
(10)
Since ¢ is non-degenerate, this reduces to

YA =Y\ =otjag, + > oty — L) — > oti(uj — k).
6;>0,5€Tn 6;<0,j€In
From the definition of « in (6), it follows that
v(A) = ¥(A) = —olaj,| <0.
Therefore,
P(A) <N,
which contradicts the optimality of §.

Consequently, if {0, Jp} is a non-degenerate optimal co-solution of the problem (2)-(3), then the relations (8)
must necessarily hold. O
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6 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

Lemma 2
If 47 = CEAE,I and lp < kp < up, then & is an optimal feasible solution to the problem (1).

Proof
If yT = chgl, then 45 = 0. Hence, by Theorem 3, it follows that « is an optimal FS to the problem (1). O

3. Algorithm Iteration

Let {4, Jg} be a support dual feasible co-solution, and let x denote the associated pseudo-solution. We begin by
defining the set of non-optimal basic indices

JeNo = {j eJp: ((5J > (0 and K 75 l]) or (5J < 0and K 75 Uj) or (57 = Oandnj ¢ [lj,Uj]) } (11)

This set contains all basic indices that violate the optimality conditions and defines the candidates for leaving the
basis. For each j € Jgnyo, we define

o; = K/j_lj7 1f6]>0, Orif§j20andﬁj<lj’
J = kj —uj, ifd; <0, orif §; = 0and x; > uj.

The leaving index jg is selected as

| = . 12
ol = max o] (12)

We then define the search direction ¢ by
tj, = —sign(aj,), t;j=0 (j€Jp, j+#Jjo), ty =tp AR A, 13)

Finally, we introduce the index sets
Jf={jeJn:6;=0,t; >0}, Joy ={j€Jn:6; =0, t; <0},
and define the scalar quantity
a=—laj,|+ > bk =)+ D ti(ry —uy). (14)
jeJs JjEJy
3.1. Updating the Dual Solution with the Short Step Rule

Let {\, Jp} be an initial feasible dual solution. The objective of the algorithm is to construct an optimal solution
MY, At each iteration, the algorithm transitions from {)\, Jg} to a new pair {), Jp} such that

ICYESTIOVE
To this end, a new feasible dual solution X is defined by
A=X+0% >0,

where ¢ € R™ is the dual direction and o is the step length along this direction. To minimize the increase given by
(10), the step length ¢ is chosen as large as possible. However, ¢ must satisfy the feasibility condition

gj (Sj >0, Vjel,
taking into account that «, defined by relation (14), satisfies o < 0. This yields the following constraints :
55 +0%;t; >0, VjeJy, (15)
5J2'0 + Jotj05j0 > 0. (16)
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Case of relation (16). The maximum admissible step length o, can be characterized without enumerating all
individual cases. If d;, = 0, then 0, = +oc0. Otherwise, for §;, # 0, we have

Ly, = _Sign(aj0)7
and
0; if si i) = sign(d;
. {| jols  if sign(a,) = sign(dy,). -
400, otherwise.
Here, o, is defined by relation (12).
Case of relations (15). Two cases may arise :
1. fa<O0:
» If ¢;6,; < 0, then the maximal step length is
5.
05 = _73.
¢
o If tjéj Z 0, then
0; =+00
2. If @ > 0: In this case, the quantity
of = 3tk =)+ Y (s — )
jeJs jedy
is nonzero. To ensure that ¢»(\) < v()), this quantity must be eliminated. This is achieved by taking
(J'j:O7 iijJaal’ldIij#Uj,
O'j:O, ifjeJJrandmj#lj.
Finally, to guarantee that Sj 0; > Oforall j € J, we set
o0 = min{oy;, 0, },
where
O'j[/) = JIél{l]l’]}] gj.
The previous steps are summarized in the following procedure.
Procedure 1 o -
(Computation of 6, Jg, and 1 using the simple step rule)
1. Compute « using (14).
2. Compute o, using (17).
3. Compute
955 = JIél}r]\l] 935
where 5
—Lif 65t <0,
tj
o; = 0, ifjeJy, kj #uj, a>0, (18)
0, iijJgr,/ij#lj,a>0,

400, otherwise.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



8 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

4. Compute

0¥ = min{o;, 0, }.

(a) If 00 = 400, then the problem (1) is infeasible.
(b) If 0 =0y, set Jp = Jp.
(c) Otherwise, set
I = (Jp \ {jo}) U {jo}-
5. Compute
6 =06+ 0'%, =19+ o
3.2. Updating the Dual Solution with the Long-Step Rule

Compute 7, using (17) and the values {o; : j € Jn} using (18). Next, sort the values {o; : j € Jy U{jo}} in
nondecreasing order:
oy <--- <0y, where [|Jy]=gq.

Set
0'74-0 = 0’ (S(O) = (S

Define the index set
T:={reN:og;, <+4o00}={0,1,...,p}, p<qg+1. (19)

To each ¢;,, r € T, associate the vector
5(T) =0 + O'iTt,

which represents a support co-solution, where ¢ is the dual direction defined in (13).

Lemma 3
Let (6(k))k€ - be a sequence of support co-solutions of problem (2)~(3). Then, for all k € T\ {p},

o 6™ >0, vje

Proof
We begin by observing that

(0) 5(1) :
;76,7 >0, Ve J.
Letk € {1,...,p— 1}. For each j € .J, we have

{5j s <0, ifj=ir, r<k, o5 <+oo,

05 5](-k) >0, otherwise.

Moreover,
2600 6 >0, vied

Since 5]2 > 0 for all j € J, it follows that 6;k) and 5§k+1) have the same sign. Hence,

6](_1@) 5§k+1) >0, VjeJ, VkeT\{p}

Let A(*) be a dual solution associated with the co-solution ). For k € T \ {p}, we have
(5(k+1) = 5(k) + (Uik+1 - O'ik) t.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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By Lemma 3, it follows that for all j € J,

s >0 = (6 =0)

Y,
5](.’”1) <0 = (6§’“) =0) v (6(.'“) <0).

By iterating this argument, we obtain for all j € J:
0 >0 = (6% =0) v (8P =0) v .ov (8 =0) v (6 =0) v (§>0),

0 <0 = (6" =0)v (8" P =0)v...v (8 =0) v (§=0) v (§ <0).

J

Lemma 4
For k € T \ {p}, the variation of the function ) between A(*) and A(*+1) is given by

1/1(/\(k+1)) - d)(A(k)) = (Uik+1 - Uik) ( - |o‘jo| + Z tj(Hj - l]) + Z tj(Hj - U’j) +

JjEIN JjEJIN
8;=0, t;>0 3;=0, t;<0
SRREE A S ATCTE )RS fj(fij—uj))
jEJIN JEIN
k k
58=0, t;>0 589 =0, t;<0
Proof
Let

AR = (58 () ()

)

be a dual feasible solution, and define
B = ATy®) _ o =5+ o t.

Then,
ASHF) = gD 5 = (5 — oy, ).

so that for each j € J,
k
A(S]( ) = (Uik+1 — O'ik)tj.

Recall that
U;k) = max(éj(.k), 0), w§k) = max(—éj(-k), 0).
Hence,
ASHR) 5](,’“) >0, 0, 6J(.k) >0,
Avj(’“) = { max (A58, 0), 5](.”“) =0, ij(k) = ¢ max (— A, 0), 5J(-k) =0,
0, 5® <o, —A6®), 5" <0,

By definition of 1, we write
PAFD) — p(AR)) = (AyI)T (Ak) — (Av™)T1 4+ (Aw™) Ty
= Z [(Aéj(-k))nj — (Avj(»k))lj + (Awg»k))uj}.

We denote
@) = (250, — (M) + (B,

J

(20)

2y
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10 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

so that
PAFFDY — p(AR) Z ol

jedJ

We decompose J = Jp U Jn. On the basic set, only the leaving index jo contributes. Using the definition of «,,

we obtain

Since t;, a5, = —|a, |, it follows that
Z (I) Ulk+1 Uik) |aj0|'
j€JB

For each j € Jy, the value of @;k) depends on the signs of 5{§k) and 5J(.k+1).

Case 1: 5;“ > 0and 5§k+1) > 0, in this case,

(k) _ (k) (k+1) _ s(k+1) (k) _  (k+1) _
J 6j I —5]- ;oW =W, =0.

Hence
A = A6 Aw =0
J J 0 J ’

and therefore i
‘I)( ) A(S ( lj) = (0‘1‘,chl — O'ik)tj(lij — lj)

Case 2 : 5§k) < 0and 5](-k+1) < 0, here,

(k) _ _sk) (k+1) 5(k+1) Uj(_k) _ Uj(_k+1) _o,

o)
(k) _ (k) (k) _
ij f—Aéj , Avj =0,
which gives
" AP (o ) = (05 — o Vs (ks — s
j i (K5 —wj) = (044, — 00) ti (K — uj).

Case 3 : 5J(-k) < 0and 5;“” > 0, then by Lemma 3 we necessarily have

5§k+1) —0.
Thus
,U](_Ichl) _ 0, §_k+1) 0,
and a direct computation yields
¥ =0

Case 4 : 6§-k) > (0and 6§k+1) < 0, then necessarily

(k) _
6,7 =0

Hence
(I)(k)

(Ulk+1 Uik) tj(lij - U’j)'

Stat., Optim. Inf. Comput.
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Combining all cases and using (20)—(21) together with (6), we obtain

Z q)Ek) = (Uik+1 - Uu)( Z tj(lij - l]) + Z t]‘(ﬁj - u]') +---

Jj€IN jeEIN jeIN
6;=0, t; >0 6;=0, t;<0
LRREE D S 1CT R PR tj(/‘”vj—uj))
JEIN JjeIN
k k
5 =0, t;>0 58=0, t;<0

Finally, we have

¢()\(k+1)) _w()\(k)) _ Z q)ék) + Z ¢§k)

j€Jn jedn
= (Cirss —%)<— ol + D il =)+ Y e — ) 4
JEJIN JEIN
5j:0, t; >0 53':0, t; <0
SRR S (R P RS N A —Uj)>-
JEJIN JjeEIN
5 =0, t;>0 8 =0, t;<0
O
We have
p—1
[POAED) = pAN] = (A7) — ().
k=0
Assume that there exists an index sg € {0,...,p — 1} such that
so—1
> [wAED) — (X)) <o,
k=0
while

S0

D [ (AFD) —p(A)] > 0.

k=0

In this case, we define a new dual solution by

00:01-50, 6 =0+ o't
and the new support is given by -
Jp = (Jp \ {jo}) U {is}-

We now provide a summary of the main steps involved in computing the new co-solution vector d, the updated
support Jp, and the associated function value ) based on the long-step rule. The detailed procedure follows.

Procedure 2 o -
(Computation of , Jp, and 1) using the long-step rule)

1. Compute « using (14).
2. Compute o, using (17).

Stat., Optim. Inf. Comput. Vol. x, Month 202x



12 THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

3. For each j € Jy, define
9;

—% if(ijtj<07

0, ifjedy, kj #uj, a>0,
O; =
T )o, ifjedd m £, a>0,

400, otherwise.

4. Determine the index set 7 using (19), and sort {o;, : 7 € T} in nondecreasing order.
0:oi0§0i1§~--§oip, where p§|JN|+1.

5. Foreachr € T \ {p}, compute

AV, = > ti(ry — 1) + > tj(rj — uj).

J€IN 67=0, t;>0 j€In 67=0, t;<0
6. Compute
r
Vr:_laj0|+ZAVk, re’T.
k=0
7. Let sy be the smallest index such that
Vi, > 0.
8. Seto” =0, and:

(a) If 0¥ = 400, then problem (1) is infeasible.
(b) If 6% = oy, set
Jp=Jp, =250,

(c) Otherwise, set i )
I = (Jp\ {jo}) U{is,}, & =250,
9. Update
& = w + Z (O’ik+1 — Uik) Vk~

k=0

3.3. Dual Support Algorithm

Let {z, Jg} be an initial SFS of problem (1), and let y € R™. The dual support algorithm for solving linear
programs with bounded variables is described by the following steps :

1. Compute the feasible co-solution using (4).
2. Compute the vectors v, w € R™ using (5), and define

¥ =yTb— vl +wlu.
3. Compute the pseudo-solution « using (6)—(7).

4. Perform the optimality test for the support feasible pseudo-solution {«x, Jp }:

(a) Determine the set of non-optimal basic indices Jgyo using (11).
(b) If Jgyo = 0, then stop. The solution {x, Jg} is an optimal SFS for problem (1).
(c) Otherwise, select the index jg using (12).

5. Compute the direction ¢ using (13).
6. Compute the following quantities:
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* the new support J,
¢ the new co-solution 9, B
* the new objective value ),

using either the short step rule (Procedure 1) or the long step rule (Procedure 2).
7. Update: B B B
5(—5, 1!)(—1/), JB<—JB,

and return to Step 3.

3.4. Numerical Example

Consider the following linear programming problem with bounded variables:

max z = CTCC
(22)
st. Arxr=0b, [<z<u,
where
8 2 5
6 -3 1 0 3l 1 2 5
= = 2 = =
A<1901>’b<37>"30’l;’“225
0 14 20
Iteration 1
1. The initial supportis Jp = {2,3} and Jy = {1,4}.
2. Lety = (0, )"
3. The co-solutionis § = ATy — ¢ = (=11,0,0, %)T .
4. The vectors v = (0,0,0, %)T . w=(%,0,0, O)T, and the dual objective value ) = 42.
5. The pseudo-solution is x = (5,2, =7, 14)T )
6. The set of non-optimal basic indices is Jpyo = {3}, thus jo = 3.
7. The direction vector is ¢ = (42,0, 1, %)T
8. The step length ¢¥ is computed as « = =9, 0, = 400, 0, = 01 = 13. Hence, 0° = minoj;, 05, = 7.
. - T - - -
9. The updated quantities are § = (0,0, 2L, 19)" | Jp ={1,2}, Jy={3,4}, ¢ =3%.

Iteration 2

1. The current support is Jp = {1,2} and Jx = {3,4}.

2. The co-solution is § = (0,0, L, %)T : Wiﬂ; dual objective value ¢ = 582

3. The pseudo-solution is k = (53, 41 1 14)" . .

4. Since Jpno = 0, the algorithm terminates. Therefore, z = ($5, 15, 5,14) " is an optimal solution of problem

(22), with z = 3%

4. Experimental Results

In order to perform a numerical comparison between the dual simplex algorithm implemented in the GNU
Linear Programming Kit (GLPK) [3] and the algorithm proposed in Section 3.3, a dedicated implementation was
developed in the C++ programming language.

All algorithms were executed on a personal computer equipped with an Intel Core 17-4790 processor (3.60 GHz)
and 8 GB of RAM, running under Windows 10.
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The numerical experiments were conducted on a subset of NETLIB test problems [25] involving bounded
variables. The main characteristics of these problems are reported in Table 1, where :

e nrows: number of constraints,

¢ ncols: number of variables,

* neq: number of equality constraints,

¢ nonzeros: number of nonzero elements in the constraint matrix,
* obj: optimal objective function value.

Problem ncols nrows neq nonzero obj

boeing1 384 351 9 3865 —3.3521 x 102
boeing?2 143 166 4 1339 —3.1502 x 10?
etamacro 688 400 272 2489 —7.5572 x 102

finnis 614 497 47 2714 1.7279 x 10°
fitlp 1677 627 627 10894 9.1464 x 103
fitld 1026 24 1 14430 —9.1464 x 103
fit2d 10500 25 1 138018 —6.8464 x 10*
fit2p 13525 3000 3000 50284 6.8464 x 104
recipe 180 91 67 752 —2.6662 x 102
nesm 2923 662 480 13988 1.4076 x 107

ganges 16816 1309 1284 7021 —1.0959 x 10°
gfrd-pnc 1092 616 548 3467  6.9022 x 106
growl15 645 300 300 5665 —1.0687 x 103
grow22 946 440 440 8318 —1.6083 x 108

grow’/ 301 140 140 2633 —4.7788 x 107
kb2 41 43 16 291 —1.7499 x 103
pilot 3652 1441 233 43220 —5.5749 x 102
seba 1028 515 507 4874  1.3331 x 10*
shell 1775 536 534 4900  1.2088 x 10°

Table 1. NETLIB bounded variable problems data

The implementation of the proposed method relies on the following components:

1. The support set Jp is extracted directly from the GLPK simplex basis using the routine glp_get _bhead
[3]. For each row i = 1,. .., m, this routine returns the index of the basic variable occupying the i-th position
in the basis. These indices are used to construct the set Jg, which defines the basis matrix Ap.

2. The dual vector y is computed by solving the linear system

Agy =B,

using the GLPK routine glp-btran [3], which performs a backward transformation based on the LU
factorization of the basis matrix.
3. The vector kg is obtained by solving the linear system

ABIiB:Z7 where Z:b—AN/iN.
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4. The vector ¢ is computed as
tN = ZTAN,

where z is the solution of the system
Agz = tB.

The proposed algorithm was compared with the dual simplex method implemented in GLPK. The results are
reported in Table 2, where :

¢ CPU: computation time in seconds,

* nit: number of iterations,

DS-SSR: algorithm of Section 3.3 with the short step rule,
DS-LSR: algorithm of Section 3.3 with the long step rule,
DS-GLPK: dual simplex algorithm from GLPK [3].

Problem DS-GLPK DS-SSR DS-LSR
nit CPU() nit CPU(s) nit CPU(s)

boeingl 872 0.234 870 0.230 870 0.232
boeing2 248 0.094 280 0.150 248 0.100
etamacro 935 0.218 1240 0.290 856 0.210

finnis 357 0.213 320 0.190 308 0.180
fitlp 3499 1.310 4240 1.780 1430  0.550
fitld 568 0.343 41 0.024 41 0.026
fit2d 5875  10.840 88 0.160 62 0.110
fit2p 33359 55.661 29737 42.610 29737 42.600
recipe 56 0.125 54 0.120 34 0.080
nesm 3779 1.622 5218  2.250 1905  0.830

ganges 1645  0.702 1523 0.640 1523 0.640
gfrd-pnc 667 0.250 667 0.250 666 0.250
growl5 3378  1.123 2287  0.770 2287  0.760
grow22 5824 1794 5517  1.690 5517 1.700
grow7 1270 0.234 1333 0250 1330  0.245

kb2 93 0.094 108 0.130 108 0.110
pilot 8940 12.433 9837 12.680 3180  3.960
seba 391 0.218 392 0.222 392 0.220
shell 830 0.312 857 0.320 830 0.310

Table 2. Number of iterations and CPU time of the three algorithms (DS-GLPK, DS-SSR, and DS-LSR) on NETLIB
problems.

The experimental results demonstrate the effectiveness of the proposed algorithm, which performs particularly
well on large-scale problems with many bounded variables. Notably, the long-step rule algorithm (DS-LSR),
despite its higher implementation complexity and potential numerical challenges, proves highly competitive with
the dual simplex implementation of the GNU Linear Programming Kit (GLPK), often delivering substantial
reductions in both iteration counts and computation time.
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THE DUAL SIMPLEX METHOD FOR SOLVING BOUNDED-VARIABLE LINEAR PROGRAMS

5. Conclusion

This paper presented an efficient algorithm for solving bounded-variable linear programming problems within
the dual simplex framework. The proposed method demonstrates solid theoretical foundations and effectively
handles bounded-variable structures. Numerical results confirm its efficiency and competitiveness, particularly for
large-scale problems, where the long-step rule achieves significant improvements in computational performance
compared to GNU Linear Programming Kit (GLPK). Overall, the proposed method represents a valuable
contribution to linear optimization, combining theoretical rigor with practical efficiency. Future work may focus
on improving numerical stability and further enhancing the algorithm’s performance.
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