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Abstract A graph G is an ordered pair of sets denoted by G = (V, E') where V(G) is the vertex set and E(G) is the edge
set. Graph coloring requires that all vertices be colored using as few colors as possible such that no two adjacent vertices
share the same color. One extension of graph coloring is the inclusive local irregular vertex coloring, which is a coloring
that also takes into account the label of each vertex itself. The number of distinct colors obtained is called the inclusive
local irregular chromatic number, denoted by xj;,(G). This research presents five new theorems related to inclusive local
irregular vertex coloring of blooming graph families, namely the octopus graph (Oy,), sandat graph (St ), butterfly graph
(BFm,n), tunjung graph (T'jy), and the sunflower graph (S f»).
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1. Introduction

Graph theory has developed since 1736 and continues to be a relevant topic to study today. Graph theory can be
understood as a subject studied to represent certain problems so that they are easier to solve [1]. The emergence
of graph theory was motivated by the Konigsberg bridges problem, which was solved by the Swiss mathematician
Leonhard Euler. This problem originated from the attempt of local residents to cross the seven bridges over the
Pregel River exactly once and return to the starting point. Euler attempted to solve the problem by developing a
graph-theoretic proof, which led to the concept of an Eulerian circuit. Since that time, graph theory has evolved
into a significant area of research that can represent various types of problems.

A graph G is an ordered pair of sets denoted by G = (V, E)) where V(@) is a finite nonempty set of vertices and
E(G) is a set of unordered pairs of vertices that are elements of V(G), called edges. Based on its type, a graph G
is called a multigraph if there exists a pair of vertices that are connected by two or more edges. A graph is called a
pseudograph if it contains a loop, that is, an edge whose endpoints coincide at a single vertex. A graph G that has
neither multiple edges nor loops is called a simple graph. A graph G has vertex and edge cardinalities known as the
order and the size, respectively, which are denoted by |V (G)| and |E(G)| Moreover, the concept of vertex degree
in a graph is denoted by d(v) [2].

Graph coloring is one of the fundamental topics in graph theory. Graph coloring is defined as the assignment
of colors to vertices, edges, or regions of a graph with the minimum number of colors, where adjacent vertices
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must receive distinct colors. Inclusive local irregular vertex coloring is an extension of graph coloring. This type
of coloring combines two concepts, distance irregular labeling and vertex coloring [3]. A graph satisfies inclusive
local irregular vertex coloring if a labeling with the minimum possible values is assigned such that adjacent vertices
have distinct weights, where the weight of each vertex includes the label of the vertex itself. The number of distinct
colors obtained is called the inclusive local irregular chromatic number, denoted by X}, (G). The concept of this
coloring was initially proposed in 2020, as presented in study [4], which examines path graphs, cycle graphs,
and star graphs. Other similar studies are presented in [3, 5, 6, 7, 8, 9]. Based on the result of studies [4] several
definitions, observations, Lemmas, and Propositions concerning inclusive local irregular vertex coloring have been
established and will serve as the basis for this study. The relevant definitions are presented as follows:

Definition 1

In inclusive local irregular vertex coloring, let the labeling function be defined as I : V(G) — {1,2,...,k} and the
weight function w® : V(G) — N. The inclusive weight of a vertex v is given by w(v) = I(v) + Duen() l(u) A
graph is said to satisfy inclusive local irregular vertex coloring if the following conditions hold:

1. opt(l) = min{maz{l,}}, where [, denotes an inclusive local irregular vertex labeling, and
2. for every uwv € E(G), w'(u) # w'(v).

Definition 2
The inclusive local irregular chromatic number is defined as the minimum number of colors required for inclusive
local irregular vertex coloring and is denoted by X/, (G).

The following observations, lemmas, and propositions are provided to simplify the proof of the theorems.

Observation 1
If a connected graph G contains a pair of adjacent vertices with distinct degrees, then opt(l) = 1.

Observation 2
If a connected graph G contains a pair of adjacent vertices with equal degrees, then opt(l) > 2.

Observation 3
A graph G that contains a cycle C'5 does not admit an inclusive local irregular vertex coloring.

Lemma 1
Let G be a simple and connected graph. Then x4, (G) > x1is(G).

Proposition 1
The local irregular chromatic number of the sandat graph (St,,) for n > 3 is xy;s(Stn) = 3

Proposition 2
The local irregular chromatic number of the sunflower graph (S f,,) for n > 3 is given by

7, fornis odd

Xiis(Sfn) {5, for n is even

Based on the types of graphs that have been investigated in relation to this topic, there are still several graphs
that have not yet been studied. One example is the family of blooming graphs, which comprises several vertices
adjacent to a central vertex, subject to the condition that every vertex in the graph must be assigned a color distinct
from that of the central vertex [11]. The types of graphs to be investigated include the octopus graph (O,,), which is
formed from the combination of the fan graph (F},) and the star graph (.5,,) [12], the sandat graph (St,,), which is
constructed from the star graph (.5,,) and the Dutch windmill graph (D]*) [10], the butterfly graph (BF,, ,,), which
is formed by two wings of sizes m and n sharing a common central vertex ¢ and having two pendant edges [13],
the tunjung graph (7'j,,), which is an extension of the helm graph (H,,) with the addition of new pendant vertices
[14], and the sunflower graph (Sf,), which is built from the combination of the flower graph (Fl,,) and the star

graph (S,,) [15].
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2. Results and Discussion

This article examines inclusive local irregular vertex coloring of the family of blooming graphs, namely the octopus
graph (O,,), the sandat graph (St,,), the butterfly graph (BF,, ), the tunjung graph (7'j,,), and the sunflower graph
(S fn). The resulting theorems are presented below.

Observation 4
The local irregular chromatic number of the octopus graph (O,,) for n > 2 is given by

4, forn=2,3
is(Op) =< " ’
Xiis (On) {5, forn >4

Theorem 1
The inclusive local irregular chromatic number of the octopus graph (O,,) for n > 3 is given by

4, forn=3
is On = ’
Xiis(On) {5, forn >4

Proof

Let O,, be the octopus graph with the vertex set V/(O,,) = {z} U {y;;1 <i <n}U{z;1 <i <n} and the edge set
E(O,) ={zy;1 <i<n}U{xz;1 <i<n}U{yyi+1 <i<n—1}. The cardinalities of the vertex and edge
sets of this graph can be expressed as [V (0,,)| = 2n + 1 and |E(O,,)| = 3n — 1.

Case 1. Forn =3

Given that y;y2 € E(Os), the graph (O3) contains a pair of adjacent vertices with different degrees. Therefore,
based on Observation 1, this graph satisfies opt(l) = 1. Based on this, the labeling function on the graph can be
defined as [ : V(O3) — {1}. The lower bound of the inclusive local irregular chromatic number of the octopus
graph (O,,) withn = 3 is xi,.(0n) > x1is(On) = 4, so that %, (O,,) > 4. The labeling used is as follows.

l(z)=1
l(y;)) =1, for1 <i<m
l(z;)=1,for1 <i<mn

The weight function of the vertices, obtained by summing the labels, is given as follows.

wi(z) =2n+1
(o) 3, foriisodd
w . ) =
Yi 4, foriiseven

)

wi(z) =2,for1 <i<n

From the labeling function, |w?(V (O,,))| = 4 providing the upper bound x?,.(O0,) < |w(V(O,,))| or equivalently
Xi;s(On) < 4. Based on the lower bound from Observation 4 and the upper bound obtained through the vertex
weight function for n = 3, it follows that 4 < . (O,,) < 4 or equivalently x%,,(O,,) = 4. Therefore, it is proven
that the inclusive local irregular chromatic number of the octopus graph with n = 3 is x%,,(0,,) = 4.

Case 2. Forn > 4

Given that yoy3 € E(O,,) for n > 4, the octopus graph (O,,) contains a pair of adjacent vertices with equal degrees,
and hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be
defined as [ : V(O,,) — {1, 2}. The lower bound of the inclusive local irregular chromatic number of the octopus
graph (0,,) withn > 41is x%, .(0,) > x1s(Oy) = 5, so that x?,,(O,,) > 5. The labeling used is as follows.

l(x)=1

1, foriis odd
Wy))=<"

() 2, foriis even
l(z;)=1,for1<i<n
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The weight function of the vertices, obtained by summing the labels, is given as follows.

Sn+1 .
i(2) = 255, for n is odd
wiAr) = 5n+2 .
2=, forniseven
4, fori=1,n
w'(y;) = 5, foriiseven

6, foriisodd,i#1
wi(z) =2,for1 <i<n

From the labeling function, |w’(V (O,,))| = 5 providing the upper bound x?,.(O,) < |w(V(O,,))| or equivalently
Xi;s(On) < 5. Based on the lower bound from Observation 4 and the upper bound obtained through the vertex
weight function for n > 4, it follows that 5 < . (O,) < 5 or equivalently x%,.(O,,) = 5. Therefore, it is proven
that the inclusive local irregular chromatic number of the octopus graph with n > 4 is x%,.(0,,) = 5. O

Theorem 2
The inclusive local irregular chromatic number of the sandat graph (St,,) for n > 3is x},,(St,) = 3.

Proof

Let St,, be the sandat graph with the vertex set V(St,) = {z} U{y;;1 <i<n}U{y1;1 <i<npU{y; ;1<
i <n} and the edge set E(St,) = {zy;;1 <i<n}U{zy; 151 <i<n}U{zy;2;1<i<n}U{yyi1;1<i<
n} U{yiyi2; 1 < i < n}. The cardinalities of the vertex and edge sets of this graph can be expressed as |V (St,,)| =
3n+ 1 and |E(St,)| = 5n.

Given that yoy2 1 € E(St,,) for n > 3, the graph (St,,) contains a pair of adjacent vertices with different degrees.
Therefore, based on Observation 1, this graph satisfies opt(l) = 1. Based on this, the labeling function on the
graph can be defined as [ : V(St3) — {1}. The lower bound of the inclusive local irregular chromatic number of
the sandat graph (St,,) with n = 3 is x},,(St,) > xus(St,) = 3, so that x},,(St,) > 3. The labeling used is as
follows.

The weight function of the vertices, obtained by summing the labels, is given as follows.

wi(x) =3n+1
wi(y;)) =4, for1 <i<n
wi(y;1) =3, for1 <i<n
w'(y;2) =3,forl <i<n

From the labeling function, |w*(V (St,))| = 3 providing the upper bound x%,,(St,,) < |w*(V(St,))| or equivalently
Xi:(Stn) < 3. Based on the lower bound from Proposition 1 and the upper bound obtained through the vertex
weight function, it follows that 3 < xj,.(St,) < 3 or equivalently x}, (St,) = 3. Therefore, it is proven that the
inclusive local irregular chromatic number of the sandat graph is x%,,(St,) = 3. O

Observation 5
The local irregular chromatic number of the butterfly graph (BF,, ,,) for n > 2 is given by

4, form,n=2,3
5, form,n >4

Xlis(BFm,n) = {

Theorem 3
The inclusive local irregular chromatic number of the butterfly graph (BF,, ,,) for n > 3 is given by
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i 4, form,n =3
Xiis(BFman) = {5, form,n >4
Proof
Let BF,, , be the butterfly graph with the vertex set V(BF,, ,,) = {t} U{u} U {v} U{u;;1 <i<m}U{v;1<
i < n} and the edge set E(BF,, ) = {tu} U {tv} U {tu;;1 <i <m} U {tv;;1 <i<n}U{uuiy1;1 <i<m-—
1} U{vjv;41;1 <4 <n—1}. The cardinalities of the vertex and edge sets of this graph can be expressed as
|[V(BF )| =m+n+3and |[E(BF, )| = 2(m+n).
Case 1. Form,n =3
Given that ujugs € E(BFs3), the graph (BF53) contains a pair of adjacent vertices with different degrees.
Therefore, based on Observation 1, this graph satisfies opt(l) = 1. Based on this, the labeling function on the
graph can be defined as [ : V(BF3 3) — {1}. The lower bound of the inclusive local irregular chromatic number
of the butterfly graph (BF,, ,) with m,n = 3is x}, . (BFn.n) > Xiis(BFm.n) = 4, so that x}, (BF,, ) > 4. The
labeling used is as follows.

I(t)y=1

l(u)=1

llv)=1
l(u;))=1,for1 <i<m
l(v;)=1,forl1 <i<n

w"‘(t) =3n
w'(u) =2
'(v) =

w
() 3, foriisodd
w*(u;) =
! for 7 is even

3, foriisodd
4, foriiseven

From the labeling function, |w'(V(BF,, )| =4 providing the upper bound X!, (BF, ) < |w'(V(BF,.,)|
or equivalently x!, (BF,, ) <4. Based on the lower bound from Observation 5 and the upper bound
obtained through the vertex weight function for m,n = 3, it follows that 4 < x!, (BF, ) < 4 or equivalently
Xiio(BFy,.n) = 4. Therefore, it is proven that the inclusive local irregular chromatic number of the butterfly graph
with m,n = 3is x};,(BF.n) = 4.

Case 2. Form,n > 4

Given that uyus € E(BF,, ) for m,n > 4, the butterfly graph (B f,, ) contains a pair of adjacent vertices with
equal degrees, and hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the
graph can be defined as [ : V(BF,, ) — {1,2}. The lower bound of the inclusive local irregular chromatic number
of the butterfly graph (BF,, ,) with m,n > 41is x}, . (BF.n) > Xiis(BF.n) = 5, so that x}, (BF,, ) > 5. The
labeling used is as follows.

for 7 is odd

2, foriis even

1, foriis odd
2, foriiseven
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Subcase 1. For m = n

165

The weight function of the vertices, obtained by summing the labels, is given as follows.

. 3n + 2,
wi(t) = {3n +3

for m,n odd
for m,n even

wl(u) =2
w'(v) =2

NS I S G TN

Subcase 2. For m # n

fori=1,m
for i is even
foriisodd, 7 # 1
fori=1,n
for i is even
for7isodd, 7 # 1

The weight function of the vertices, obtained by summing the labels, is given as follows.

3(m+n)+4
3
W' (t) _ 3(m+n)+5 ,
3(m+n)+6
2 )

for m,n odd
for m is odd, n is even; m is even, n is odd

for m,n even

w‘(u) =2
w'(v) =2

CDOW%“@OT%

fori=1,m
for 7 is even
foriisodd, 7 # 1
fori=1,n
for ¢ is even
for7isodd, 7 # 1

From the labeling function, |w*(V (BF,, )| =5 providing the upper bound X!, (BF,,.») < |w'(V(BF,,.,)| or
equivalently x%, (BF,,) < 5. Based on the lower bound from Observation 5 and the upper bound obtained
through the vertex weight function for m = n and m # n, it follows that 5 < xj, . (BF, ») < 5 or equivalently
X}is(BFm ) = 5. Therefore, it is proven that the inclusive local irregular chromatic number of the butterfly graph
with n > 4 with m =n and m # nis xi,,(BFp.) = 5. O

Observation 6
The local irregular chromatic number of the tunjung graph (74,,) for n > 3 is given by

. 7, for nisodd
Xlis (T.]n) - .
4, forniseven

Theorem 4
The inclusive local irregular chromatic number of the tunjung graph (77j,,) for n > 3 is given by

7, fornisodd

4, forniseven

Xfis(Tjn) = {
Proof

Let T'j,, be the tunjung graph with the vertex set V(Tj,) = {v} U{z;;1 <i<n}U{y;1<i<n}U{z;1<
i <n} and the edge set E(Tj,) = {va;;1 <i<n}U{wy;l <i<n}U{yz;l<i<nl}U{oy;l1<i<
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n}U{vz;;l <i<n}U{zizit1;1 <i<n-—1}U{yyit1;1 <i<n-—1}U{z12,} U {y1yn}. The cardinalities
of the vertex and edge sets of this graph can be expressed as |V (T'j,,)| = 3n+ 1 and |E(Tj,)| = Tn.

Case 1. For n is odd

Subcase 1. For n = 3

Given that ujus € E(Tj3), the graph (T'j3) contains a pair of adjacent vertices with equal degrees, and hence,
by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be defined as
1:V(Tj3) — {1,2,3}. The lower bound of the inclusive local irregular chromatic number of the tunjung graph
(T'j,,) withn = 3 is xi,,(T4n) > X1is(Tjn) = 7, so that x%, (Tj,) > 7. The labeling used is as follows.

l(v) =1
l(z;))=1,for1 <i<n

for i is even
foriisodd, i #n

1, foriisodd,i#n
leyi) = 2, foriiseven

3, fori=n

1, fori=n

2

3

i

The weight function of the vertices, obtained by summing the labels, is given as follows.

w'(v) =5n+1

5, foriisodd,i#n
w'(z;) =< 6, foriiseven

7, fori=n

9, fori=n
w'(y;) = { 10, for ¢ is even

11, foriisodd, i #1

wi(z;) =5,for1 <i<n

Subcase 2. Forn > 5

Given that zyzo € E(Tj,) for n > 5, the tunjung graph T'j,, contains a pair of adjacent vertices with equal degrees,
and hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be
defined as I : V(T'j,,) — {1, 2}. The lower bound of the inclusive local irregular chromatic number of the tunjung
graph (T'j,,) for n odd is x%;,(Tjn) > X1is(T'jn) = 7, so that Xfis(Tjn) > 7. The labeling used is as follows.

lv)=1

i) 1, fori=n-1

€T;) =
( fort<i<n,i#n-—1
L) = 1, foriisodd

¥ = 2, foriiseven
l2) 1, foriiseven,i=n
z;) = .
( 2, foriisodd,i#n

The weight function of the vertices, obtained by summing the labels, is given as follows.
wi(v) =5n —1
7, fori=n-—2n
wi(z;) =<8, foriisodd,i#n—2,nji=n—1

9, foriiseven,i#n—1
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7, fori=n-1

8, foriiseven,i#n—1;i=n
9, fori=1

10, foriisodd,i # 1,n

wiz) = {3, fori=n

4, for1<i<mn,i#n

w'(y;) =

From the labeling function, |w*(V(Tj,))| =7 providing the upper bound X} (Tj,) < |w'(V(Tj,))| or
equivalently x!;.(Tj,) < 7. Based on the lower bound from Observation 6 and the upper bound obtained through
the vertex weight function, it follows that 7 < xi. (Tj,) < 7 or equivalently i, (7j,,) = 7. Therefore, it is proven
that the inclusive local irregular chromatic number of the tunjung graph for n odd is x};,(T,) = 7.

Case 2. For n is even

Given that y;y» € E(Tj,) for n > 4, the tunjung graph contains a pair of adjacent vertices with equal degrees, and
hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be defined
as l: V(Tj,) — {1,2}. The lower bound of the inclusive local irregular chromatic number of the tunjung graph
(T'jy,,) for nevenis xi;,(Tjn) > Xiis(Tdn) = 4, so that x},.(T'j,) > 4. The labeling used is as follows.

l(v)=1
() = {1’

2, foriiseven
l(y;) =1, for1 <i<mn
l(z;)=1,for1 <i<mn

for 7 is odd

The weight function of the vertices, obtained by summing the labels, is given as follows.

,wz( 7n2+2

v) =
wi(z:) = 3, for 7 is even

for i is odd

W () = 6, foriis odd
Yi) = 7, foriiseven

wi(z;) =3,for1 <i<n

From the labeling function, |w’(V(Tj,))| =4 providing the upper bound X! (Tj,) < |w!(V(Tj,))| or
equivalently x},.(T'j,) < 4. Based on the lower bound from Observation 6 and the upper bound obtained through
the vertex weight function, it follows that 4 < x!. (7'j,,) < 4 or equivalently x},(7j,) = 4. Therefore, it is proven
that the inclusive local irregular chromatic number of the tunjung graph for n even is x};,(Tj,) = 4. O

Theorem 5
The inclusive local irregular chromatic number of the sunflower graph (S f,,) for n > 3 is given by

7, fornis odd
5, forn is even

Proof

Let Sf,, be the sunflower graph with the vertex set V/(Sf,) = {v} U{u;;1 <i<n}U{t;;1 <i<n}U{zr;l<
i < n}andtheedgeset E(Sf,) = {vu;1 <i<n}U{vt;;1 <i<n}U{vr;l<i<nl}U{tiz;1<i<n}U
{t1tn} U{titiz+1;1 < i <n — 1}. The cardinalities of the vertex and edge sets of this graph can be expressed as
[V(Sf.)| =3n+1and |E(Sf,)| = bn.

Case 1. For n is odd

Subcase 1. For n = 3
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Given that ¢1t2 € E(Sf3), the graph (Sf3) contains a pair of adjacent vertices with equal degrees, and hence,
by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be defined as
1:V(Sfs3) = {1,2,3}. The lower bound of the inclusive local irregular chromatic number of the sunflower graph
(Sfn) withn = 31is x4, (Sfn) > X1is(Sfn) = 7, so that x},,(Sf,,) > 7. The labeling used is as follows.

l(v)=1
l(u;))=2,for1 <i<n
() = 1, for z %s odd, i.;«é n
2, foriiseven,i=mn
1, foriisodd,i#n
l(x;) =<2, foriiseven
3

, fori=n

The weight function of the vertices, obtained by summing the labels, is given as follows.

, w'(v) =4n+6
w'(u;) =3,for1 <i<n
, foriisodd,i #n
wi(t;) =< 8, foriiseven
, fori=mn

7
8
9
3, foriisodd,i#n
5, foriiseven

6

, fori=n

Subcase 2. Forn > 5
Given thatt;ts € E(Sf,) forn > 5, the sunflower graph contains a pair of adjacent vertices with equal degrees, and
hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be defined
asl: V(Sf,) — {1,2}. The lower bound of the inclusive local irregular chromatic number of the sunflower graph
(Sfn) for nodd is xi;,(Sfn) > Xiis(Sfn) = 7, so that x},, (S fn) > 7. The labeling used is as follows.
l(v) =1
l(u;))=2,for1 <i<n
1, foriiseven
Iits) = .
2, foriisodd
1, foriisodd,i#1,i=2
;) = . . .
2, foriiseven,i=1,i#2

The weight function of the vertices, obtained by summing the labels, is given as follows.

‘ wi(v) =4n+6
w'(u;) =3,forl <i<mn
6, foriisodd,i+# 1,n
wi(t;) =<7, foroddi=2n
8, foriiseven,i=1,7#2
3, fori=2,n
wh(w;)) =<4, forl<i<mn,i#1,2
5, fori=1
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From the labeling function, |w*(V(Sf,))| =7 providing the upper bound xi (Sf.) <|w'(V(Sfn))| or
equivalently x!, (S f.) < 7. Based on the lower bound from Proposition 2 and the upper bound obtained through
the vertex weight function, it follows that 7 < xj, (S f,) < 7 or equivalently x? (S f,) = 7. Therefore, it is proven
that the inclusive local irregular chromatic number of the sunflower graph for n odd is x%;,(Sf,) = 7.

Case 2. For n is even

Given thatt,to € E(Sf,) forn > 4, the sunflower graph contains a pair of adjacent vertices with equal degrees, and
hence, by Observation 2, it holds that opt(l) > 2. Based on this, the labeling function on the graph can be defined
asl:V(Sf,) — {1,2}. The lower bound of the inclusive local irregular chromatic number of the sunflower graph
(Sf,) for nevenis x4, (Sfn) > Xuis(Sfn) = 5, so that x%, (S f.) > 5. The labeling used is as follows

l(v) =1
l(u))=1,for1 <i<n
I(t;) = {1, for 4 is odd

2, foriiseven

1, foriiseven
Z(xz) = ..
2, foriis odd

The weight function of the vertices, obtained by summing the labels, is given as follows.

J=4dn+1
2,for1 <i<mn

{6, for ¢ is even

’L(U
w'(u;) =
wi(t;) = ..

8, foriisodd
wi(z;) =4,for1 <i<n

From the labeling function, |w’(V (S f,,))| = 5 providing the upper bound x4, .S f) < |w'(V (S f,))| or equivalently
Xiis(Sfn) < 5. Based on the lower bound from Proposition 2 and the upper bound obtained through the vertex
weight function, it follows that 5 < xi,.(Sf,) <5 or equivalently x%, (S f,) = 5. Therefore, it is proven that the
inclusive local irregular chromatic number of the sunflower graph for n even is xj, (S f.) = 5. O

Figure 1 illustrates the octopus graph and the butterfly graph for n > 4 and m,n > 4. Based on this figure, both
graphs are shown to have the same inclusive local irregular chromatic number, namely 5.

1 2 1 2 1 2 2 1 2 1 2 1 2 1
1 Ys Yo Y7

Figure 1. Octopus graph (Oy5) and Butterfly Graph (B Fi.»n).
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3. Concluding Remarks

Based on the foregoing discussion, it can be concluded that the inclusive local irregular chromatic numbers of the
octopus graph (O,,) and the butterfly graph (BFE,, ) for n > 4 and m,n > 4 are the same, namely x?,.(G) = 5,
which is different from those of the sandat graph, the tunjung graph, and the sunflower graph. The inclusive local
irregular chromatic numbers of the tunjung graph (7'j,,) and the sunflower (S f,,) graph are divided into two cases,
namely the odd and even cases.
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