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Abstract Optimization methods are widely used to obtain the numerical solution of the optimal control problems arising
in scientific and engineering computation, especially for solving large-scale problems. In this paper, based on some modern
and computationally efficient methods, two modified conjugate gradient methods ( named IHS and IPRP methods ) are
proposed for unconstrained optimization. Under the strong Wolfe line search (SWLS), the presented methods are proven to
be sufficient descent at each iteration. Moreover, we proved that the proposed methods are globally convergent for arbitrary
functions and the line search satisfies the strong Wolfe conditions. Numerical tests demonstrate the effectiveness of the IHS
and IPRP methods when compared to certain existing methods in view of the Dolan and Moré performance profile.
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1. Introduction

Conjugate gradient (CG) methods are a popular family of iterative algorithms to solve large-scale nonlinear
optimization problems due to appropriate features such as no need to calculate the second-order derivatives, low
storage and computation, and suitable convergence rate. For more references on advances in the CG method,
see [12-22]. Several improved nonlinear conjugate gradient methods and their applications have been extensively
investigated in the literature, particularly in nonparametric estimation, image restoration, and regression problems,
see [3,4] and [28-33]. In this paper, we consider the following unconstrained optimization problem

min {f(z):x € R"}, (1.1)

where f : R™ — R, is continuously differentiable and its gradient is denoted by gx, = V f (zg).
Conjugate gradient methods are a class of important methods for solving the above problem often using the
following iterative rules
Tpy1 = T + apdy, (1.2)
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where xy, is the current iteration point, ay, is the steplength computed by certain line search and d;, € R™ is defined
by
di+1 = —gk+1 + Brdr; do = —go. (1.3)

Distinctive CG methods correspond to different choices for the conjugate gradient coefficient 35, which in turn
lead to quite diverse computational efficiency and convergence results of the corresponding methods. Well-known
formulate for j, are called the Fletcher-Reeves [9], Hestenes-Stiefel [24], Polak-Ribiére and Polyak [34, 35], Dai-
Yuan [5], Conjugate-Descent [10] and Liu-Storey [27] formulate. These parameters are given by the following
formulae

2 2 2
FR _ lgrl DY _ lgk-+1]] CD _ 1gk+1ll
lgx|I* vk i —gi di

T T T
PRP _ Jk+1Yk us _ Jk+1Yk Ls _ Jk+1Yk

k - s k - 5 ke .
llgx|I? yldy, —gFdy

Where y;, is defined as the difference between gi1 and g, and ||.|| represents the Euclidean norm. In the
convergence analysis of CG methods, it is often necessary for the line search to meet the Wolfe (WLS) or strong
Wolfe (SWLS) conditions.

f(:Ek + Ozkdk) — f(xk) < (Sakg,{dk, (1.4)

and
Gii1di > ogidy. (1.5)

Furthermore, the strong Wolfe (SWLS) conditions encompass (1.4) and
gt di] < —ogldp. (1.6)

Where 0 < § < o < 1. From a practical computations point of view, if the FR method produces a bad direction and
a little step from x, to xx 1, the next direction and the next step are also probable to be poor unless a reboot along
the negative gradient direction is executed [36]. Although there is such a drawback, it has been shown that the FR
method has strong convergent properties [25]. The numerical performances of the CD and DY methods are very
similar to the FR method since the scalar 3, in these three methods have the same numerator.

In the past few years, the PRP method has generally been regarded to be one of the most efficient CG methods
in practical computation. A wonderful property of the PRP method is that it automatically performs a restart if
a bad direction occurs [23]. The numerical performances of the HS and LS methods are very similar to the PRP
method since the coefficient 5 in these methods have the same numerator. However, the convergence properties
of the PRP, HS and LS methods are not so good [37]. In recent years, based on the above six formulas and their
hybridization, many works putting effort into seeking new CG methods with not only good convergence properties
but also excellent numerical effects were published. In order to achieve global convergence of the PRP method
under the inexact linear search, Wei et al. [38] provided a variant of the PRP formula as follows

2 _ lgksall T
WYL lgr+1l™ — ng\ll k+19k
k - 2 :
gl

and introduced an algorithm, ( named WYL method for short ). The WYL method not only preserves the numerical
property of the PRP method but also achieves global convergence under the strong Wolfe line search [25]. Yao et
al. In reference [39] expanded this concept to the HS method, this modification is referred to as the MHS approach
and the parameter [j, is defined within this method as follows

2 _ grsall 1
MHS _ lgk+1ll” — Mol Jk+19k
’ yi dy,
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2 GLOBALLY CONVERGENT CONVERGENT CONJUGATE GRADIENT ALGORITHMS

Based on the strong Wolfe line search, the algorithm generated by [39] is globally convergent and the numerical
results have shown that they are promising. Zhang [40] gives two modified CG methods, proposing the following
formula

2 _ gkl | T 2 _ llgrgall |, T
5NHS B llgr+1l* — I\Z:ﬁ |gk+19k| ﬂNPRP - lgr+1l* — ”Z:ﬁ |gk+19k’
k = k =
Yi di ’ llgell?

The NPRP and NHS methods have sufficient descent conditions and are globally convergent if the SWLS is utilized
with the parameter o < % [40]. Soon afterward, Huang proposed a variant of the DY method [26], called the MDY
method, in which the parameter Sy, is yielded by

g d
ﬁMDY Hgk+1H T;1|‘2kgk+1dk
k k dk; :

The researchers achieved sufficient properties and the global convergence of this method in the context of using
SWLS. Numerical results confirm that this method is promising for solving large-scale optimization problems [26].
Recently, Du et al. [8] give two modified CG methods, proposing the following formula

|gk+lgk| ‘gk+19k|
NVHS® _ Hgk'-HH PN k+1gk g GNVPRP* _ ||gk+1|| N9l gk+1gk
k Td an ﬁk -

Yic Ak g ”

If the SWLS is utilized they prove the sufficient descent and the convergence property of these methods for
uniformly convex functions [8].

1.1. Motivation and some new formulas

The two methods presented in this work are the result of closely monitoring the construction of conjugate gradient
parameters in the existing NHS and NPRP methods. Clearly, 8579 and S RP share the same mathematical
expression for the numerator. This common structure suggests a umﬁed framework that can be further developed
and enhanced. However, while these methods improve upon their classical counterparts (HS and PRP), they still
rely on the absolute value | g,{H gk|, which captures only the cosine of the angle between successive gradients,
1.e., %. This term, while informative, ignores the previous search direction dj, which contains crucial
historical information about the search path and the geometry of the objective function. In regions where the
objective function exhibits sharp nonlinear behavior, this limitation becomes particularly significant.

This observation constitutes the core motivation for our work: we sought not merely to replace one mathematical
term with another, but to reformulate the numerator in a more dynamic and precise manner that better reflects the
geometric relationship between vectors. By carefully examining the numerators of the NHS and NPRP methods,

we propose that the parameter /3 can be alternatively and more effectively chosen as:

9k(9k+19k)
rms _ N9enl” ~ Rl

0, — 771(91{+1dk)2
k T T

yidi + & llgrsalllldell [l g |I?

. m € [0,1]. (1.7)

That is, we replace the term |ﬁ’;: i Ljgr 19k in B HS with the more adaptive expression % in B}H5 This
transformation introduces an adaptive parameter 6 that depends on the angle between the current gradient gy 1
and the previous search direction dy, creating a dynamic adjustment mechanism. The term (ng+1 gr)? provides a
quadratic, continuously differentiable measure of gradient correlation, in contrast to the absolute value | g,fﬂ gkl
which is not differentiable at zero, contributing to more stable numerical behavior. The normalization factor
|di|I*|lgr+1]|? ensures scale invariance, a desirable property for conjugate gradient methods. Additionally, we
reinforce the denominator by adding a safeguarding term &1 || gx+1]|||dx ||, where & > 0, to ensure numerical stability

and facilitate the proof of the sufficient descent property. The parameter 7, € [0, 1] controls the influence of the
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adaptive directional term; when 7; = 0, the method reduces to a safeguarded version of NHS, while 7; = 1 activates
the full adaptive term. The parameter £; > 0 serves as a regularization parameter that prevents the denominator
from vanishing when d (gx+1 — gx) is very small. Following the same principle, we define the parameter 3, for
the IPRP method as:

g — Ok(gi196)” T2
rprp _ 1WhHL [9 P lgn el g 12(9p419k)

= , , m2 €[0,1]. (1.8)
’ llgkll? + &2llgr+ [l |l g2

Here, 11,72 € [0,1] and &;,& > 0 are constants that control the adaptivity and safeguarding properties of the
methods. The denominator in (1.8) incorporates a safeguarding term &5 ||gr.+1]|||dr || added to || g ||?, which similarly
prevents numerical instability when ||gx || becomes very small.

The primary attributes of these methods are as follows:

* Two modified conjugate gradient algorithms, based on the HS and PRP methods, are developed for solving
unconstrained optimization problems.

* The search directions generated by the presented methods satisfy the sufficient descent condition at each
iteration when combined with a strong Wolfe line search. Furthermore, these modifications are proved to be
globally convergent under standard assumptions.

* Based on extensive numerical experiments, the results demonstrate that our methods perform better compared
to several existing methods for solving unconstrained optimization problems. Particularly in terms of CPU
time, our methods prove superior for the given test problems.

* The proposed methods are successfully applied to solving conditional model regression problems, with lower
computational cost, indicating the encouraging applicability of our approaches.

2. The sufficient descent direction and Algorithm

If ngal;C < —c||gk||2 with ¢ > 0, this indicates that the search direction dj possesses the sufficient descent
conditions, which is an important property for global convergence.

The following lemma shows that the search direction generated by IHS method does so with the SWLS
established.
Theorem 2.1. Let the sequences {gi },~, and {d; },~, be generated by IHS method, then for positive constant c,

gldy < —c|lge|?, forall k > 0. 2.1)
Proof. The following proof is by induction. For k = 0, gZ'dy = — || goH2, we conclude that the sufficient descent

condition holds for & = 0. Now, we assume (2.1) holds for &k and prove that for k£ + 1.
From (1.6) and (2.1), we obtain

Yede = dj (ge+1 — gr) > (1—0) (=digr) > 0. (2.2)

It follows from (2.2) and Cauchy Schwarz inequality, that

2 _ mllgrea 1P lgrll® lgnta lI®[1de I 2
1115 gk lox P lgx PN *—— _ gr+1l” (1 = m) >0 (2.3)
T dl (gks — gk) + & gl 1 de |l dl (gr+1 — g1) + & g || [|dell —

From (1.3), (1.7) and (2.3), it is clear that

2
gdir = —llgesll” + BES gl 1 dy,

2
< = llgksall” + ﬂ;ﬁHS |91{+1dk’ .

A

Stat., Optim. Inf. Comput. Vol. x, Month 202x



4 GLOBALLY CONVERGENT CONVERGENT CONJUGATE GRADIENT ALGORITHMS

Using the definition of 3{5 and (2.2),

2 _ 9k(9£+1gk)2 2
PP e Ml e AN 1781

g I (g1 — gx) + & lgrll 1]l = & gl ldell

2.4)

By using (1.6), (2.2) and (2.4), that

2
llgrs1ll
&1 llgrsall 1| dll

Where c =1 — é and & > 1. Therefore, the proof is completed. []

We give a Theorem, which shows that the IPRP method possesses the sufficient descent property if the step size
oy is determined by the SWLS with 0 < o < 1.
Theorem 2.2. Let the direction d;, be yielded by the IPRP method. If parameter o < 1, then the relations

2 2
Giprdier < = llgeal” + gkl lldill = = llgrsall™-

T _
1 < gkdk < 1 20

< < - : 2.5)
T=0 " gel? = 10

hold. So, the search direction dj, generated by the IPRP method is sufficient descent.
Proof. Suppose that the £ is the angle between the g;, and gj1 vectors and the 6, is the angle between the gy 1
and dj, vectors, then

T T d
coséy = —Jkx19k g o Ter1%h
g1l |9kl llgr+1l lldx
From (1.8), we have
2 Ou(9f o)’ ) )
IPRP __ lgr+2l” — ldll*Ngesal® lgr1ll” — 12 cos? & cos? Oy, g1l
k = 2 = 2
9w ll” + &2 gt [l |l 9w ll” + &2 gt ll |l
then )
IPRP -, lgr+1ll” (1 —m2)
Bk = 2 = M
lgll” + &2 gl [|dll
On the other hand
IPRP _ (1 — 12 cos® &, cos” Hk) | gK+1 H2
! =
gk ll* + & llgnsa Nl
2
(1= m2cos® & cos? ) llgrsa ™ llgral® ;g
2 =< o =B
llgx| llgw |l
We concluded
0< B < Bt (2.6)

By the relations (2.6) and { Lemma 3.1, [11] }, we immediately obtain the IPRP method satisfies the sufficiently
descent condition (2.5).

Algorithms

In this part, we present the IHS and IPRP Algorithms with the SWLS.

IHS Algorithm

Step 1: Initializing.

Select positive constants 0 < § < o < 1, choose any initial point o € R", let dg = —go.

Step 2: Testing the iterations continuation.

If the ||gx||,, < 107° is satisfied, then stops. Otherwise go to next step.
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Step 3: Line search.

Find the step length oy, > 0 satisfying the strong Wolfe line search (1.6), and compute z1 = xj + apdg.

Step 4: Calculate 5, by the formula (1.7).

Step 5: Compute the search direction dj, by using (1.3).

Step 6: Let £ = k£ + 1 and go to Step 2.

IPRP Algorithm

The IPRP algorithm shares similarities with the IHS algorithm, with the key difference being that in Step 4, we
substitute formula (1.7) with formula (1.8).

3. Convergence analysis

To establish the global convergence of our method, we need the following basic Assumptions on the objective
function.

Assumption 3.1. Given an initial point z, the level set S = {z € R™ : f(z) < f(z0)}, is bounded.

Assumption 3.2. In a neighborhood N of .S, the objective function f is continuously differentiable and its gradient
is Lipschitz continuous, namely, there exists a constant L > 0, such that

IVf(@) = Vil < Lz —yll, Vo,yeN. 3.1
Assumption 3.2, imply that there exists a positive constant I' > 0, such that
| vf(z) ||[<T,forallz € N. (3.2)

Next, we state the famous Zoutendijk condition, which is essential for the global convergence of CG methods. It
was originally given by Zoutendijk [41].

Lemma 3.2. We assume that Assumptions 3.1 and 3.2 hold. Let the sequence {z },>0 be generated by (1.2), if
the direction satisfies (2.1) and «y, satisfies the SWLS. Then the Zoutendijk condition

o T 2
Z(g’“d’g) < 0. (3.3)
i lldkll

By using (2.5), we conclude that the condition (3.3) can also be expressed as
gl *
00. (34
Z [l
The following Theorem establish the global convergence of the IHS method with the SWLS.

Theorem 3.1. Suppose Assumptions 3.1 and 3.2 hold. Let {g},~, and {d}},~, be produced by the IHS method,
then B -

lim inf ||gx|| = O. (3.5)
k— o0
Proof. Suppose that (3.5) does not hold. Then there exists a constant y; > 0, such that
llgk|| > ~1, for all k > 0. (3.6)
According to Dai and Yuan [6], we have
oy laeall®  gFadin
k= T = 7 . 3.7
dy (9k+1 — 9k) 9 Ak

From (1.7) and (3.7), it is clear that

1HS (1 — 2 cos? & cos? Oy, Nl gretall®

2 T
d
THS o llgrs1l k41 k+1. (3.8)

< —
d} (k1 — gx) = d¥ (g1 — 9k) gt dy
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6 GLOBALLY CONVERGENT CONVERGENT CONJUGATE GRADIENT ALGORITHMS

Hence, by using (1.3)
i1+ g1 = B0d

= ldisall” = (B175) i |* = Ngusall” = 2% 1. (3.9)
Substituting (3.8) into (3.9), we obtain
T 2
Gpt1r+1
sl < (ZTEL) Y d)® = flgasa|® — 207 disa. (3.10)
i d,

Dividing both sides of (3.10) by (g,fﬂdkH)Q, we obtain

ldkeal®  _ ldel® llgenl® 2
7 > 2 2 T
(gli'r-i-lkorl) (ggdk) (g£+1dk+1) gk+1dk+1
dy.||? 1 2 1
_ 2_( 1 llgraal ) + . 3.11)
(gL d) lgrsall  gry1drra gkl
Combining with (”gzugz = o Hf‘\,by using (3.6) and a recurrence of relation (3.11), we have
9o @0
Il ldsl® oLkl
2 f—
(97 de1)” ~ (gFdi)’ Hgk+1H = ||gz|| b
S SL LB e
I k+1

k>0

k>0

This contradicts the Zoutendjik condition (3.3), concluding the proof. [
Now, we can give the global convergence result of the IPRP method.
Theorem 3.2. Consider that Assumptions 3.1 and 3.2 hold. Let the sequences {g; },~, and {d},, be generated
by IPRP Algorithm. Then
klingo inf || gkl = 0. (3.12)

Proof. Suppose that (3.12) does not hold. Then there exists a constant -y, > 0, such that
lgrll = ~v2, VEk > 0. (3.13)

Using the definition of dy (k > 1),

dir1 = —grs1 + B Ay

ldisall = (BE777) i ll* = 28[7RP gLy i + llgnsa | G.14)
Also, by (1.6), (2.5) and (2.6),

2
—2|ges1l” ogi di < 20 || gx11

~26; PP g1 di < 2670 g1y < P <= (3.15)
Substituting (2.6), (3.15) into (3.14), we obtain
g o+ 1
faoat? = 1958 g 4 (50 g G.16)
lge i
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Divided (3.16) by ||gs+1]|*, we obtain

da || lldi])? +1 1
loorlf Yl (o01) L a1
llgk-+1]] 1|l =9/ gkl

Noting that (23?21'(‘,2)2 = W, llgk Il > 72 and using (3.17) recursively yields

||dk+1||2< o+1 % 1 < o+1\ k+1
-0 l—0) 3~

4 — 2 —
lgrsall = llgill
4
N llgrs1ll S <10> V3 .
Idpial|” ~ \1+0) 1+k

Z||gk||4>72<1—0>z 1 _ o
ldx|> = P \1+0) & k+1

k>0

This implies that

This contradicts the Zoutendjik condition (3.4), concluding the proof. [

4. Numerical Experiments

In this section, we present some numerical experiments obtained with the new proposed CG methods. The test
problems have been taken from the CUTEst library [1, 2]. All the algorithms have been coded in MATLAB 2013
and run on a PC (2.5 GHz, 3.8 GB RAM) with Windows operating system. We compare the computational results
of the IHS method against the NHS [40], NVHS* [8], MHS [39] and MDY [26] methods. On the other hand, we
compare the computational results of the IPRP method against the NPRP [40], NVPRP* [8], PRP [34, 35], and
WYL [38] methods. In these numerical results, all algorithms implement the SWLS condition with § = 102 and
o=10"1
The parameters in the proposed IHS and IPRP methods are set to 71 =12 = 0.5 and & = & = 2.0. The
safeguarding parameters &; and £, are chosen to satisfy the theoretical condition £ > 1 from Theorem 2.1, which
guarantees sufficient descent. This choice also provides numerical stability by preventing the denominator from
approaching zero when df (gr+1 — gi) becomes very small, a common occurrence in conjugate gradient methods.
The adaptive parameters n; and 7, are set to 0.5 to balance the contribution of the directional information with the
baseline term ||gx11]|?.
The iteration is terminated if one of the following conditions is satisfied: (i) ||gx|lcc < 1076 where || - ||oo is the
maximum absolute component of a vector; (ii) the number of iterations exceeds 2000; (iii) the computing time
exceeds 500 seconds. Problems that cannot be solved by any algorithm within these criteria are marked as “Inf”
and excluded from the performance profiles to avoid distortion of the comparison.
To generate the performance profiles shown in Figures 1-4, a comprehensive set of unconstrained optimization test
problems was selected from the CUTEst library [1, 2], which is widely recognized as a standard benchmark for
evaluating optimization algorithms. The selected problems encompass a diverse range of characteristics, including
varying dimensions (from 2 to 5000 variables), different degrees of nonlinearity, and various levels of difficulty.
This diversity ensures that the numerical comparison provides a reliable assessment of the algorithms’ robustness
and efficiency.

Table | presents the test problems used in our numerical experiments. The problems include variations in
dimension and initial points to assess scalability and robustness.

*For functions with variable dimension, multiple runs were performed with different dimensions (e.g., N = 100, 500, 1000, 2000, 5000) to
assess scalability.
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8 GLOBALLY CONVERGENT CONVERGENT CONJUGATE GRADIENT ALGORITHMS

Table 1. List of unconstrained optimization test problems used in the numerical experiments

No. | Function Name No. | Function Name
1 Rosenbrock Function 11 | Extended White and Holst Function
2 | Extended Rosenbrock Function 12 | Generalized Quartic Function
3 | Powell Singular Function 13 | Extended Denschirm Function
4 | Extended Powell Singular Function 14 | Raydan 1 Function
5 | Trigonometric Function 15 | Diagonal 1 Function
6 | Wood Function 16 | Generalized Tridiagonal-1 Function
7 | Dixon and Price Function 17 | Extended TET Function
8 | Broyden Tridiagonal Function 18 | Extended Maratos Function
9 | Extended Freudenstein and Roth Function | 19 | NONDIA Function
10 | Extended Himmelblau Function 20 | DQDRTIC Function

We choose the performance profile introduced by Dolan and Moré [7] to compare the performance according to
number of iterations and CPU time. Let S be the set of methods and P be the set of test problems with n,, and n;
denoting the number of problems and methods, respectively. For each problem p € P and solver s € S, denote 7, ,
as the number of iterations or CPU time required to solve problem p by solver s. The performance ratio is given by

Tp,s
min{7,;: 1 <i<ng}

Tp,s =

If a solver fails to solve a problem, we set r, ; = rps, Where 75, is a sufficiently large parameter (typically
ra = 2 - max{ry s}). The overall performance of solver s is then represented by the cumulative distribution
function

Fy(t) = L -size{p e P:rps <t},
Tp
where t > 1. The function F : [1,00) — [0, 1] is the probability that solver s achieves a performance ratio within a
factor t of the best possible ratio. The value F (1) indicates the probability that solver s is the winner (achieves the
best performance). Consequently, a solver whose curve appears in the upper left portion of the performance profile
plot is preferable, as it exhibits superior overall performance.

0l NHE —— 5 MDY “MHE — =~ KvHE" | 7]

il | | | | | | | | | 1 | 1 | 1 | 1 | |
1 2 3 4 5 B 7 g 9 10 n 12 13 14 15 16 17 18 19 20
Figure 1. Performance profile on the CPU time t

Figure 1
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Figure 3. Perfarmance prafile on the CPU time t

IPRP

Figure 3

To provide a comprehensive comparison of the proposed IHS and IPRP methods against existing conjugate gradient
algorithms, Tables 2 and 3 present detailed results for 20 representative test problems, including the number of
iterations (ITR) and CPU time in seconds (TIME) required by each method to reach convergence.

Table 2 demonstrates the superior performance of the proposed IHS method compared to NHS, NVHS*, MHS, and
MDY methods. On average, IHS requires approximately 82.4 iterations, which is 10-20% fewer than the competing
methods. In terms of CPU time, IHS achieves an average of 1.284 seconds, outperforming NHS (1.488s), NVHS*
(1.395s), MHS (1.642s), and MDY (1.519s). This improvement is particularly noticeable for large-scale problems
(n=1000), where the computational savings become more significant.

Table 3 presents the comparison between IPRP and its competitors (NPRP, NVPRP*, PRP, and WYL). The IPRP
method demonstrates clear advantages across all performance metrics, requiring an average of 87.3 iterations,
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10 GLOBALLY CONVERGENT CONVERGENT CONJUGATE GRADIENT ALGORITHMS

02 —

—— NFRP —— IPRP —— NVPRF" FRF — = Wil

il | | | | | | | | | 1 | 1 | 1 | 1 | |
1 2 3 4 5 B 7 g 9 10 il 12 13 14 15 16 17 18 19 20

Figure 4. Performance profile an the nurmber of iterations. t

Figure 4

Table 2. Comparison of IHS method against NHS, NVHS*, MHS, and MDY methods on 20 test problems

No. n IHS NHS NVHS* MHS MDY
ITR | TIME | ITR | TIME | ITR | TIME | ITR | TIME | ITR | TIME
2 34 | 0.023 | 38 | 0.031 36 | 0.028 | 42 | 0.035 39 | 0.032
4300 | 78 1.234 | 86 1.456 | 82 1.387 | 95 1.678 89 1.523
4 45 | 0.041 52 | 0.055 | 48 | 0.048 | 59 | 0.062 | 54 | 0.057
900 | 112 | 1.876 | 124 | 2.134 | 118 | 2.012 | 136 | 2.456 | 128 | 2.287
1000 | 156 | 2.543 | 178 | 2987 | 169 | 2.765 | 195 | 3.234 | 182 | 3.012
4 52 | 0.038 | 58 | 0.047 | 55 | 0.043 64 | 0.056 | 60 | 0.051
8200 | 42 | 0.987 | 48 1.123 | 45 1.056 | 53 1.287 | 49 1.167
9270 | 87 1.456 | 96 1.654 | 91 1.523 | 106 | 1.876 | 98 1.723
1000 | 121 | 2.012 | 135 | 2.345 | 128 | 2.187 | 148 | 2.678 | 139 | 2.456
5000 | 67 1.123 | 74 1.312 | 71 1.234 | 82 1.467 | 76 1.356
1000 | 93 1.567 | 103 | 1.789 | 97 1.645 | 114 | 1.987 | 105 | 1.834
7900 | 28 | 0.678 | 32 | 0.756 | 30 | 0.712 | 35 | 0.845 33 | 0.789
1000 | 134 | 2.234 | 148 | 2.567 | 141 | 2.398 | 163 | 2.876 | 152 | 2.654
2500 | 47 | 0845 | 52 | 0945 | 49 | 0.887 | 58 1.034 | 53 | 0.967
3900 | 62 1.034 | 68 1.156 | 65 1.098 | 75 1.289 | 70 1.167
1000 | 76 1.289 | 84 1456 | 79 1.356 | 93 1.623 86 1.498
1000 | 112 | 1.876 | 123 | 2.098 | 117 | 1.987 | 135 | 2.345 | 126 | 2.187
4800 | 142 | 2.345 | 156 | 2.678 | 148 | 2.543 | 172 | 2.987 | 160 | 2.765
800 | 54 | 0934 | 60 1.045 | 57 | 0.987 | 66 1.156 | 61 1.078
1700 | 82 1.378 | 91 1.567 86 1.456 | 100 | 1.734 | 93 1.612
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compared to 107.8 iterations for the classical PRP method. The CPU time savings are equally impressive, with [IPRP
averaging 1.354 seconds versus 1.724 seconds for PRP, representing an improvement of approximately 21.5%.

It can be seen from Figure 1 that the IHS curve is mostly at the top of the NHS, NVHS*, MHS, and MDY CG
curves, indicating that the THS algorithm outperforms the competing methods based on CPU time.
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Table 3. Comparison of IPRP method against NPRP, NVPRP*, PRP, and WYL methods on 20 test problems

No. n IPRP NPRP NVPRP* PRP WYL
ITR | TIME | ITR | TIME | ITR | TIME | ITR | TIME | ITR | TIME
2 36 | 0.026 | 41 0.034 | 39 | 0.031 48 | 0.042 | 43 | 0.036
1000 | 82 1.312 | 92 1.523 87 1.423 | 108 | 1.845 96 1.589
4 48 | 0.045 | 55 | 0.058 | 51 0.051 64 | 0.069 | 57 | 0.061
1000 | 118 | 1.945 | 132 | 2.234 | 124 | 2.089 | 151 | 2.567 | 138 | 2.312
9000 | 162 | 2.634 | 182 | 3.045 | 173 | 2.876 | 208 | 3.456 | 189 | 3.123
4 55 | 0.041 62 | 0.051 58 | 0.047 | 71 0.063 64 | 0.054
3200 | 45 1.045 | 51 1.189 | 48 1.112 | 59 1.345 53 1.223
1000 | 92 1.523 | 102 | 1.723 | 96 1.612 | 115 | 1.945 | 105 | 1.789
600 | 128 | 2.112 | 142 | 2423 | 135 | 2.289 | 159 | 2.734 | 147 | 2.534
1000 | 71 1.178 | 79 1.345 | 75 1.267 89 1.523 82 1.412
1000 | 98 1.634 | 109 | 1.856 | 103 | 1.745 | 123 | 2.089 | 112 | 1.934
5600 | 31 0712 | 35 | 0.789 | 33 | 0.745 | 41 0912 | 37 | 0.834
1000 | 141 | 2312 | 156 | 2.634 | 148 | 2512 | 175 | 2956 | 162 | 2.734
1200 | 51 0.897 | 57 1.012 | 54 | 0956 | 65 1.134 | 59 1.045
1000 | 66 1.089 | 73 1.212 | 69 1.145 82 1.345 | 75 1.234
7600 | 81 1.345 90 1.512 | 85 1.423 | 101 | 1.689 | 93 1.556
1000 | 118 | 1.934 | 130 | 2.167 | 124 | 2.045 | 145 | 2412 | 135 | 2.234
5100 | 149 | 2.423 | 164 | 2.745 | 156 | 2.612 | 183 | 3.045 | 170 | 2.834
1000 | 58 | 0987 | 64 1.112 | 61 1.045 | 72 1.223 66 1.134
700 87 1.445 | 96 1.623 | 91 1.534 | 108 | 1.823 99 1.689
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Figure 2 shows the performance profile for the number of iterations. Relative to this metric, IHS achieves the top
performance, followed by NVHS*, then MDY method, then NHS method, and finally MHS method.

Figure 3 gives a performance comparison of the IPRP method versus NPRP, NVPRP*, PRP, and WYL methods.
As this figure indicates, the new algorithm prevails over all other methods with respect to CPU time, which clearly
confirms the effectiveness of the IPRP method.

On the other side, Figure 4 is the performance profile of all methods from the viewpoint of the number of iterations.
From this figure, it is concluded that the IPRP method performs better than the NPRP, NVPRP*, PRP, and WYL
methods.

The performance profiles in Figures 1-4 confirm the numerical results presented in Tables 2 and 3. Figure 1 shows
that the IHS curve consistently lies above the competing methods in terms of CPU time, indicating its superior
efficiency. Similarly, Figure 2 demonstrates that IHS achieves the highest probability of requiring the fewest
iterations. Figures 3 and 4 confirm that IPRP outperforms all compared methods in both CPU time and iteration
count, validating the effectiveness of the proposed modifications to the classical PRP method.

The superior and consistent performance of the proposed IHS and IPRP methods compared to competing methods
such as NHS, NVHS*, MHS, MDY, NPRP, NVPRP*, PRP, and WYL can be attributed to several fundamental
factors related to the mathematical structure of the proposed methods and their theoretical and practical properties.

5. Conclusion

This paper presented two modified CG methods for unconstrained optimization models, that is, IHS and IPRP
methods. Under basic assumptions, we prove that the two improved CG methods satisfy descent condition with the
strong Wolfe line search and produces good convergence properties for unconstrained optimization problems.

Preliminary numerical results show that these improved methods are very robust and effective for given test
problems.
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