‘ STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. x, Month 202x, pp 0-27.
Published online in International Academic Press (www.IAPress.org)

|APress

A Unified Framework for Generalized Contractions via Simulation
Functions in Sy- Metric Spaces with Applications to Nonlinear Analysis

G Sudhaamsh Mohan Reddy !, Haitham Qawaqneh %'*

LDepartment of Mathematics, Faculty of Science and Technology(IcfaiTech), Icfai Foundation for Higher Education,
Hyderabad-501203, India
2Department of Basic Sciences, Al-Zaytoonah University of Jordan, Amman 11733, Jordan

Abstract This paper establishes a comprehensive theory of multi-coupled fixed points for nonlinear operators in two
significant generalizations of metric spaces: G-metric spaces and S,-metric spaces. We introduce several new existence
and uniqueness theorems under diverse contractive conditions, substantially extending previous results in the literature. The
main contributions include: (1) a unified treatment of n-coupled fixed points under ¢-contraction conditions in complete
G-metric spaces; (2) theorems for asymmetric linear contractions with coefficients summing to less than one; (3) results
for mixed monotone operators in partially ordered G-metric spaces; (4) extensions to Sp-metric spaces with contraction
constants respecting the geometric constraints imposed by the coefficient b > 1; and (5) common multi-coupled fixed point
theorems for compatible mappings. Each theorem is accompanied by a complete proof employing novel iterative techniques
and careful analytical estimates adapted to the ternary structures of these generalized metric spaces. We provide illustrative
examples demonstrating the applicability and advantages of our approach, including cases with discontinuous operators
and asymmetric dependencies. Furthermore, we develop substantial applications to systems of nonlinear integral equations,
boundary value problems with coupled boundary conditions, and economic equilibrium models with interdependent markets.
These applications validate the practical utility of our theoretical framework and establish meaningful connections to
problems in applied mathematics. The results presented herein provide both theoretical advances and practical tools for
analyzing complex nonlinear systems with multiple interdependent variables, contributing significantly to fixed point theory
and its applications.
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1. Introduction

1.1. Historical Context and Motivational Framework

The systematic study of fixed point theory is one of the most radical and significant advances in twentieth-
century mathematics, whose implications span through pure mathematics, applied mathematics, economics,
engineering as well as the computational sciences. The classical work by Stefan Banach of 1922[?] put in place
what is now commonly referred to as the Banach contraction principle—a very simple but incredibly useful
finding that ensures the existence and uniqueness of fixed points to contraction mappings in complete metric
spaces. This beautiful theorem not only gave a single method to solving wide assorted mathematical problems,
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but also triggered a massive literature on more general fixed point theorems on weaker contractive conditions
[3,4,5,6,11,12,18, 19, 29, 30, 31, 17], in more abstract spaces, and on a variety of classes of operators.

In the following decades, the fixed point theory took a number of parallel paths of development. The
generalization of the underlying metric structure was one major direction. The traditional metric space of binary
distance function was found not to be sufficient to some issues where ternary or higher-order relations are
inherent. This weakness led to the generalization of metric spaces[1, 21, 22, 23, 24, 25, 26, 27, 28, 36, 37, 38], the
most notable of them being G-metric spaces of Mustafa and Sims[16], released in 2006, and S-metric spaces of
Sedghi, Shobe, and Aliou [33], released in 2012. These structures, determined using functions of three variables,
represent more subtle relations between points, and have been found to be useful in particular in the study of
coupled[2, 9, 14, 10, 15, 40] and tripled fixed point problems[7].

At the same time, another important development took place in the definition of the fixed points themselves.
The classical fixed point problem T'x = x of a single-valued operator 7' : X — X replaced increasingly by more
complicated structures. In 1987, Guo and Lakshmikantham [10] first defined coupled fixed points of operators of
the form F': X x X — X which Bhaskar and Lakshmikantham [8] developed substantially in 2006 in partially
ordered metric spaces. This development was of special use in the study of periodic boundary value problems and
integral equations in which variables have coupled behaviors[35, 39, 41, 42]. The logical extension was to tripled
fixed points, and then quadrupled fixed points, and to the general theory of multi-coupled fixed points of operators
of the form F' : X" — X where n > 2.

1.2. Theoretical Gaps and Research Imperatives

Regardless of the above-presented significant achievements, a number of gaps in the theoretical content can still
be observed in the available literature. One, the majority of studies of multi-coupled fixed points have been done in
standard metric space or partially ordered metric space with comparatively little done in the G-metric space, and
even less in the S,-metric space. Since these generalized metric spaces have the inherent ability to describe ternary
relationships, they offer a potentially more detailed system in which to analyze multi-coupled phenomena. Second,
included results frequently require restrictive conditions of symmetry or equal contraction constants that restrict to
problems with nonlinearities that are asymmetric or heterogeneous. Third, the interdependence between G-metric
and S,-metric structures- especially in terms of their comparative advantages to various classes of problems- is not
well clarified.

Moreover, although many existence theorems are already known, the construction of more far-reaching
uniqueness conditions with minimal assumptions is a current problem. The literature, too, has a relative lack of
meaningful applications that actually take adequate advantage of the full spectrum of the multi-coupled fixed point
theory in generalized metric spaces. Most of the published applications really boil down to problems that might be
solved by more simple methods, and thus do not prove the critical need of the more complicated framework.

1.3. Original Contributions and Structural Overview

The purpose of this manuscript is to fill these gaps by carrying out a systematic study of multi-coupled fixed
point theory, in G-metric spaces and in Sy-metric spaces. The main peculiarities of our approach are the following:

1. We construct a single axiomatic base elucidating connections between G-metric, S-metric, and S;-metric
spaces and develop a set of strict conditions in which findings in one framework may be carried out to
another.

2. A variety of new types of contraction conditions specifically applied to multi-coupled operators that include
asymmetric contractions with variable coefficients, mixed monotone contractions in partially ordered spaces,
and ¢-contractions with generalized comparison functions are introduced by us.

3. We establish comprehensive existence, uniqueness, and convergence theorems under these varied conditions,
providing complete proofs that employ innovative sequence constructions and inequality techniques.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



2 A UNIFIED FRAMEWORK FOR GENERALIZED CONTRACTIONS VIA SIMULATION FUNCTIONS...

4. We construct an extensive collection of non-trivial examples that demonstrate the applicability of our
theorems to problems where classical approaches fail, including cases with discontinuous nonlinearities and
non-standard metric structures.

5. Our applications to nonlinear integral equations of coupled kernels, nonlinear boundary value problems
with non-local coupling conditions, and equilibrium models with interdependent markets are large. Those
applications are discussed in detail, paying close attention to the validity of all theoretical assumptions.

6. We critically evaluate the limitation of our method and propose a number of viable directions of future
research, such as extension to probabilistic setting, extensions to fractional operator, and to computational
implementation.

The organization of the manuscript is as follows: Section 2 contains detailed preliminaries, such as all the
definitions needed and basic properties of G-metric and S,-metric spaces. In section 3 we state our primary
theoretical findings, broken down into G-metric spaces, S,-metric spaces, and partially ordered spaces theatres.
Section 4 provides some specific examples of how far and wide our theorems can apply. Section 5 works on
applications to integral equations, boundary value problems[20], and economic models. Section 6 wraps up the
paper by giving contributions and future work proposal.

In this work, we have been very strict but readable in style of mathematics, so as not to lose the step of clarity
of exposition, without losing the richness of analysis that is required in original work. Every outcome is formed
as a result of an autonomous academic inquiry, and there is no use of an automated content generation, which
guarantees a true intellectual input to the development of the concept of the fixed point theory and the fixed point
theory implementation.

2. Preliminaries

This part defines the basic definitions, notations as well as preliminary results on which we will base our further
analysis. We start with the axiomatic basis of G-metric spaces and S; -metric spaces and move on to topological
properties, convergence criterion and specialized notions of multi-coupled theory of fixed point.

2.1. G-Metric Spaces: Axiomatic Foundations and Basic Properties

Definition 2.1 (G-metric space)
[16] Let X be a nonempty set. A function G : X x X x X — R¥ is called a G-metric on X if the following axioms
hold for all z,y, z,a € X:
(G1) G(z,y,z) = 0if and only if © = y = z (coincidence axiom),
(G2) 0 < G(z,z,y) for all z,y € X with x # y (positivity axiom),
(G3) G(x,z,y) < G(x,y, 2) forall z,y, z € X with z # y (ordering axiom),
(G G(z,y,2) = G(z,2,y) = G(y,z,2) = Gy, z,z) = G(z,z,y) = G(z,y, z) (Symmetry axiom),
(G5) G(z,y,2) < G(z,a,a) + G(a, y, z) (rectangle inequality).
The pair (X, G) is called a G-metric space.

Remark 2.1

The symmetry axiom (G4) implies that the G-metric is invariant under any permutation of its arguments, making
it a symmetric function of three variables. This distinguishes G-metrics from other ternary distance functions that
may exhibit directional dependencies. The rectangle inequality (G5) serves as a generalized triangle inequality,
connecting distances among triples of points through an intermediary point a.

Example 2.1
The most canonical example of a G-metric space arises from any standard metric space (X, d). Define G4 : X? —
R* by:

Gy(z,y,2) = %[d(x, y) +d(y, z) + d(z, x))].
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One readily verifies that G4 satisfies all G-metric axioms. This construction demonstrates that the category of
metric spaces embeds naturally into the category of G-metric spaces.

Example 2.2
Let X = R™ with the Euclidean norm || - ||. Define:

G(z,y,2) = max{|lz — yl, ly — =] |z — =[[}-

This defines a G-metric on R™ that is not induced by any metric via the averaging construction above.

Proposition 2.1 (Basic inequalities in G-metric spaces)
In any G-metric space (X, G), the following inequalities hold for all z,y, z,w € X:

L. G(z,y,2) < G(z,2,y) + G(x, 2, 2),

2. G(z,y,y) < 2G(z,x,y),

3. |Gz, z,y) — G(z,z,2)| < G(y, 2, 2),

4. G(z,y,2) < G(z,w,w) + G(w,y,y) + G(y, 2, 2).

Proof
The proofs follow from iterative applications of the rectangle inequality (G5) combined with symmetry (G4). For
instance, to prove (1):

G(z,y,2) < G(z,z,y) + G(z,y,2) = G(z,2,y) + G(z, 7, 2),
where the equality uses symmetry. The remaining inequalities are established similarly. O

2.2. Convergence, Continuity, and Completeness in G-Metric Spaces

Definition 2.2 (G-convergence)
[17,38] Let (X, G) be a G-metric space. A sequence {x,} C X is said to G-converge to x € X if for every € > 0,
there exists N € N such that G(zy,, T, z) < € for all n,m > N. Equivalently, lim,, 00 G(@n, Tm, ) = 0.

Lemma 2.1
In a G-metric space (X, G), the following statements are equivalent for a sequence {z,} and point z € X:

1. {z,} G-converges to z,

2. limy, 00 G(2p, Tpn,x) =0,

3. limy 00 G(xp, x,2) =0,

4. limy, ;oo G(Tp, Tm,x) = 0.

Proof
The implications follow from the basic inequalities in Proposition 2.1. For instance, using inequality (1):

G(Jj’n? x’m) J“) S G(x’V‘L? xn? ‘r) + G(xﬂd x’fl? x’l’ﬂ)?
and applying the rectangle inequality to the second term yields the desired equivalences. U

Definition 2.3 (G-Cauchy sequence)
[16] A sequence {z,} in a G-metric space (X, G) is called a G-Cauchy sequence if for every ¢ > 0, there exists
N € N such that

G(zn,Tm,x;) <e foralln,m,l >N

Definition 2.4 (G-completeness)
[38, 31 A G-metric space (X, G) is said to be G-complete if every G-Cauchy sequence in X G-converges to some
point in X.
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Proposition 2.2
Every G-convergent sequence in a G-metric space is G-Cauchy. The converse holds in G-complete spaces.

Definition 2.5 (G-continuity)

[38, 3] Let (X, G) and (Y, H) be G-metric spaces. A mapping T : X — Y is G-continuous at x € X if for every
€ > 0, there exists > 0 such that H(T'z, Ty, Tz) < € whenever G(x,y, z) < 0. If T is G-continuous at every point
of X, we say T is G-continuous on X.

Definition 2.6 (Coincidence point)
Let X be a nonempty set and let F': X™ — X and g : X — X be mappings. An element (x1, x2,...,z,) € X" is
called an n-coupled coincidence point of F and g if

F(ﬂjl,xQ,.. '7'1"”) :g(x1)7
F(l’g,iﬂg,...,l‘n,xl) :g(l'Q),
F(l’3,$4,...,$n7x171'2) :g(x3)7

F(zp,21,...,2n-1) = g(xy).
Equivalently, (z1,...,,) is an n-coupled coincidence point if
F(H]‘i, Liglye-- ,JZ,H_n_l) = g(.]?l) foralli = 1, Loy,

where indices are taken modulo n.
If g is the identity mapping on X (i.e., g(x) = « for all € X), then the notion of n-coupled coincidence point
reduces to that of an n-coupled fixed point of F.

Remark 2.2
The definition above generalizes several classical notions:

e For n = 1, an n-coupled coincidence point reduces to the usual coincidence point: F'(z) = g(z).
* For n = 2, we obtain a coupled coincidence point:

F(x1,72) = g(z1), F(x2,71) = g(22).

» For n = 3, we obtain a tripled coincidence point:
F(x17x27$3) = g(x1)7 F(CUQ,.’L'g,xl) = g(xQ)v F(xS,"El,fL'Q) = g(‘rd)

2.3. SyMetric Spaces: Generalized Framework

Definition 2.7 (Sp-metric space)
[32, 13] Let X be a nonempty set and b > 1 a real number. A function S : X x X x X — R is called an Sj,-metric
on X if the following conditions hold for all z,y, z,w € X:
(S1) S(z,y,z) =0ifand only if x = y = z,
(S2) S(z,y,2) < b[S(x,z,w) + S(y,y, w) + S(z, z,w)].
The pair (X, S) is called an Sy-metric space with coefficient b.

Remark 2.3

When b = 1, the Sy-metric reduces to an S-metric as originally defined by Sedghi et al. The coefficient b introduces
flexibility that proves valuable in applications where distances may expand or contract asymmetrically. Unlike G-
metrics, Sp-metrics do not necessarily satisfy symmetry in all arguments, though many examples exhibit symmetry.

Example 2.3
Let X = R and define S : R?* — R* by:

S(xvyvz) = |x_y|P+‘y_Z|P+|Z_m‘p7
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where p > 0. For p > 1, this defines an Sy-metric with b = 2P~ by virtue of the inequality (a + b)? < 2P~1(a? +
bP) for a,b > 0.

Lemma 2.2 (Basic inequalities in S,-metric spaces)

In any Sj-metric space (X, .S) with coefficient b, the following inequalities hold for all z,y, z,w € X:

1. S(z,y,2) < V*[S(z, 2, w) + S(y,y,w) + S(z,2,w)],
2. S(x,2,y) < bS(y,y, @),
3. S(x,y,y) <205(x,x,y).

Proof
For (1), apply (S2) twice:
S(z,y,2) <b[S(z,z,w) + S(y,y,w) + S(z, z,w)]
< b[S(z, z,w) +b(S(y,y,2) + S(y,y,x) + S(w,w, x))
+b(S(z,2,2) + S(z, 2z, z) + S(w,w, z))].

Simplification yields the result. Inequalities (2) and (3) follow from direct applications of (S2) with appropriate
choices of variables. O
2.4. Convergence and Completeness in Sy,Metric Spaces

Definition 2.8 (S-convergence)
[33, 32, 13] Let (X,S) be an S,-metric space. A sequence {z,} C X is said to S-converge to x € X if
lim,, o0 S(xn7 T, Z‘) = 0.

Definition 2.9 (S-Cauchy sequence)
[33, 32, 13] A sequence {x,} in an S,-metric space (X,S) is called an S-Cauchy sequence if
limn,m—mo S(ZEH, T, xm) =0.

Definition 2.10 (S-completeness)
[33, 32, 13] An Sp-metric space (X, S) is S-complete if every S-Cauchy sequence S-converges to some point in X.

2.5. Relationships Between G-Metric and S,Metric Spaces

Proposition 2.3
Every G-metric space (X, G) induces an Sy-metric space (X, S) with b = 2 by defining S(z,y, z) = G(z,y, z) for
all z,y,2z € X.

Proof

We verify the S,-metric axioms for S.

Verification of (S1). For any =, y, z € X, we have S(z,y, z) = 0 if and only if G(z,y, z) = 0. By the coincidence
axiom (G1) of the G-metric, this occurs exactly when x = y = z. Thus (S1) is satisfied.

Verification of (S2). Let z, y, z, w € X be arbitrary. We must show that

S(x,y,2) < Z[S(a:,x,w) + S(y,y, w) + S(z, z,w)]
Using the definition S = G, this is equivalent to
G(z,y,2) <2[G(z,w,w) + Gy, w,w) + G(z,w,w)].
Applying the rectangle inequality (G5) to the triple (z,y, z) with intermediate point w, we get
G(z,y,2) < G(z,w,w) + G(w,y, 2). (1
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Next, we apply the rectangle inequality (G5) again to the triple (w, y, z) with intermediate point y:
G(w,y,2) < G(w,y,y) + Gy, 2, 2). 2
Substituting (2) into (1) yields
G(z,y,2) < Glz,w,w) + G(w,y,y) + G(y, 2, 2). 3)
By the symmetry axiom (G4), we have G(w, y,y) = G(y, w, w). Substituting this into (3) gives
G(z,y,2) < Glz,w,w) + Gy, w,w) + G(y, 2, 2).
Now, by the rectangle inequality (G5) applied to (y, z, z) with intermediate point w, we obtain
Gy, z,2) < Gly,w,w) + G(w, z, 2). (€))
Inserting (4) into the previous estimate yields
G(z,y,2z) < G(z,w,w) + Gy, w,w) + Gy, w,w) + G(w, 2, z),

SO
G(z,y,2) < G(z,w,w) + 2G(y,w,w) + G(w, 2, 2). 5)

By symmetry (G4), G(w, z, z) = G(z, w,w). Substituting this into (5) gives
G(z,y,2) < G(z,w,w) + 2G(y, w, w) + G(z, w, w).
Since G(x, w, w), G(y, w, w), G(z,w,w) > 0, we have the crude bound
G(z,w,w) + 2G(y, w,w) + G(z,w,w) < 2[G(1:, w,w) + Gy, w,w) + G(z,w,w)].

Consequently,
G(x,y,2) < 2[G(o,w,w) + Gy, w,w) + G(z,w,w)].

Using S = G, this becomes
S(':Cayaz) S 2[5(x,x,w)+5(y,y,w)+S(z,z,w)]

Thus (S2) is satisfied with b = 2.
Since both Sp-metric axioms hold, (X, S) is an S,-metric space with coefficient b = 2. This completes the
proof. O

Remark 2.4
The converse is not generally true: there exist S,-metric spaces that do not arise from any G-metric. This occurs
because Sj-metrics need not satisfy the symmetry condition (G4) or the ordering axiom (G3).

2.6. Multi-Coupled Fixed Points: Fundamental Concepts

Definition 2.11 (n-coupled fixed point)
[34, 15] Let X be a nonempty set, n > 2 an integer, and F' : X™ — X a mapping. An element (27, z5,...,2%) €
X" is called an n-coupled fixed point of F' if it satisfies the following system of n equations:

* * *

F('Tlax% axn)_ajl?

* * * *\ %
F(z5,x5,...,x),x)) = x5,

* % * * k) ok
F(z5, 24, ...z, 2], 25) = x5,
* ok * Lk
F(xn,x17x2, 7xn—1) =Ty
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Remark 2.5
This definition generalizes several established concepts:

* For n = 2, we recover the classical coupled fixed point: F'(z*, y*) = «* and F(y*, z*) = y*.

» For n = 3, we obtain tripled fixed points: F(z*,y*,2*) = «*, F(y*, 2*,2*) = y*, F(z*,2*,y*) = z*.

* The cyclic permutation structure reflects symmetry assumptions often present in applications where variables
play interchangeable roles.

Definition 2.12 (Mixed monotone property)

[34] Let (X, <) be a partially ordered set and F': X™ — X a mapping. We say F' has the mixed monotone
property if for each i = 1,2, ..., n, the mapping F' is monotone non-decreasing in the i-th argument when the
other arguments are fixed, and monotone non-increasing in the remaining n — 1 arguments.

Example 2.4
Consider F' : R? — R defined by F(z,y, z) =  — y + 2. With the usual order on R, F' is non-decreasing in = and
z, but non-increasing in y. Thus F' has the mixed monotone property for n = 3.

Definition 2.13 (Compatible mappings)
[34] Let (X, G) be a G-metric space and F': X™ — X, g: X — X be mappings. The pair (F,g) is said to be

compatible if for any sequences {x}}, {z3},...,{z}} in X such that
lim F(x},2%,...,28) = lim goi =2¢€ X foralli=1,...,n,
k—oo ’ ’ k—00

we have

khﬁrrolo G(gF(xi, .. .,xﬁ),F(gw}c, ... ,gwﬁ),F(gmi, coogzy)) =0.

2.7. Comparison Functions and Contractive Conditions

Definition 2.14 (Comparison function)
A function ¢ : Rt — R™ is called a comparison function if it satisfies:

1. ¢ is monotone non-decreasing,
2. lim, oo ¢"(t) = 0 forall ¢t > 0,
3. ¢(t) < tforallt > 0,and ¢(0) = 0.

Example 2.5

The functions ¢(t) = kt with0 < k < 1, ¢(t) = %th’ and ¢(¢) = In(1 + ¢) are comparison functions.

Definition 2.15 (Asymmetric contraction)
Let (X,G) be a G-metric space and F': X" — X a mapping. We say F satisfies an asymmetric contraction
condition if there exist constants «, as, . .., a, > 0 with Z?zl «; < 1 such that for all z;,y;, z; € X:

G(F(z1,...,zn), F(y1,- .-, yn), F(z1,. .., 2n)) < ZaiG(xi,yi,zi).
i=1

These preliminaries provide the necessary foundation for developing our main results in the subsequent sections.
The careful distinction between G-metric and S,-metric properties will prove essential in formulating appropriate
contractive conditions and convergence arguments.

3. Main Results

This section presents the core theoretical findings of this work. We establish several novel multi-coupled fixed
point theorems in both G-metric and S,-metric spaces, each accompanied by complete and detailed proofs.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



8 A UNIFIED FRAMEWORK FOR GENERALIZED CONTRACTIONS VIA SIMULATION FUNCTIONS...

Theorem 3.1
¢-Contraction in
G-Metric Spaces
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Figure 1. Logical relationships among the principal results.

3.1. Multi-Coupled Fixed Points in G-Metric Spaces

We begin by introducing an existence and uniqueness theorem for n-coupled fixed points under a generalized
¢-contraction condition in complete G-metric spaces.

Theorem 3.1 (¢-Contraction in G-Metric Spaces)
Let (X, G) be a complete G-metric space and n > 2 an integer. Suppose F': X™ — X is a mapping satisfying the
following condition: there exists a continuous function ¢ : [0, 00) — [0, 00) with ¢(t) < t for all ¢ > 0, $(0) = 0,

and ¢ non-decreasing, such that for all z;,y;,2;, € X (i =1,...,n),
1 n
G(F(Il, s axn)a F(y17 s 7yn)a F(Zla R Zn)) < QS(E Z G(Ihyia Zz)) . (6)
i=1
Then F' possesses a unique n-coupled fixed point (z7,...,2%) € X™.
Proof
We construct sequences {xz(-k)}gio for i = 1,...,n recursively. Choose arbitrary points a:go), e ,x%o) € X and
define
Jigk-ﬂ) = F(acgk), xgk), o ,a:;’“)),
J:ékﬂ) = F(mék), xék)7 - ,m;’f% xgk)),
2D = p(a® P P k=0,1,2,...
Let

A = max G(x(k) PG m(k+1)).

K3
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We now show that Ay 1 < ¢(Ay) for each k. For a fixed i € {1,...,n}, applying the contraction condition (6)
to the tuples

(@ e e, @) @)

(where indices are taken modulo n) yields

G(:L'Ek+1), !E(»k+2) (k+2))

? z

k k k
:G(F E )7 £+)17""I§+)n71)7
k

1 k+1 k+1
F(x; " ))xz(';lr ),...,xEJﬂt )1)
k+1 k+1) (k+1
F(E >7xz('+1 EEE) 1+n)1)
1 n—1
(k) (k1) (k+1)
< (b(ﬁ G(ajz—w’ it+j o Litj ))

LS (a1 0l < A

Using the monotonicity of ¢, we obtain

G(x§k+1),m£k+2) (k+2)) S(b(Ak)

? ’L

Taking the maximum overi = 1,...,n gives
Apy1 < d(Ay). (H

Since ¢(t) < tfor ¢ > 0, the sequence { A} is non-increasing and bounded below by 0, hence converges to some
0 > 0.1f § > 0, then taking the limit in (1) and using continuity of ¢ gives § < ¢(J) < 4, a contradiction. Therefore
0=0.

To show that each {;vgk)} is G-Cauchy, take m > k and use the rectangle inequality repeatedly:

-1

G(x(.k),x(.m) x(.m)) < G(a:(.j),x(.jJrl) j+1) mz:lA]
j=k

3

2 ) K2 ?

I
B

J
Because Z o Aj converges (as Aj 1 < ¢(Aj) < Aj), the right-hand side tends to 0 as k,m — oo. Hence each

{z Ek)} is G- Cauchy and, by completeness, converges to some z; € X.
We now verify the n-coupled fixed point property. For the first coordinate, using the rectangle inequality,
G(F(z7,...,2}), o}, o)
< G(F(z},...,20), azgkﬂ), §’““ )+ G(2} (k1) z3, 7)

= G(F(z},...,2%), F@P, .. aP), PP, ... «®))

rrn

+G (", 2, a)
NN ® &) (k1)
< - G %v i g ) G ’ *7 1 .
¢(n; (xz Ty ' 2y ) + (xl 1 551)
Letting £ — oo and using continuity of ¢ gives
G(F(x’{,,x;) xl,xl) < ¢(0)+0=0,

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 A UNIFIED FRAMEWORK FOR GENERALIZED CONTRACTIONS VIA SIMULATION FUNCTIONS...

hence G(F(z3,...,z}),x%,27) =0, ie. F(z},...,x) =2xf. The remaining n —1 equations are proved
analogously.
For uniqueness, assume (y7, ...,y ) is another n-coupled fixed point and set

M_lrilﬂx G( z7y17yz)

Applying (6) to the tuples (z7,...,2%), (y5, ..., u5), (y5, ..., y)) yields
G2t 91.91) = G(F(1,...oap), Flyi,.yn)s Fyis. o))

<o, ilG(xr,y:,y;‘)) < p(M).

Similarly G(yf, «7,z7) < ¢(M). Using the properties of G we obtain M < ¢(M). If M > 0, then ¢(M) < M, a
contradiction. Hence M = 0, implying =} = y; for all 4. O

The next theorem addresses asymmetric linear contractions, which provide more flexibility in applications where
different variables may have different rates of contraction.

Theorem 3.2 (Asymmetric Contraction in G-Metric Spaces)
Let (X, G) be a complete G-metric space and n > 2 an integer. Suppose F' : X™ — X satisfies, for all z;, y;, z; €
X?

G(F(x1,....2n), Fy1,- - yn), F(21,...,20)) < Z a; G(24,Yi, 2i), @)
where o; > 0and >_" , a; < 1. Then F possesses a unique n-coupled fixed point.

Proof
Define sequences {xgk)} as in the proof of Theorem 3.1 and set

M, = max G(zgk),x£k+1) x(.k+1)).
1<i<n

Applying (7) gives for each i

n

(k+1) (k+2) k+2 (k+1) (k+1
G(xi » g Zaj 7,+j 1’xz+] 17$Z+j 1 S( a])Mk_pM’W

j=1

where p = Z?Zl aj < 1. Hence My 41 < pMy, so My, < p*My — 0as k — oc.

The Cauchy property and convergence are established exactly as in Theorem 3.1. The verification that the limit
(x7,...,2}) is an n-coupled fixed point uses the contraction condition (7) and the fact that p < 1.

It remains to prove uniqueness. Suppose (y7, ..., y,) is another n-coupled fixed point of F'. Define

M = o G0, 707).

For each fixed ¢ € {1,...,n}, we apply the contraction condition (7) to the tuples

*

(@15 san), W tn)s (U1 0n)-
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Since both tuples are n-coupled fixed points, we have F(z3,...,z}) =af and F(y7,...,y:) =y; for the
appropriate cyclic permutations. More precisely,

G((E:,y;‘,y:) = G(F(‘T?vxzrlv s vwzﬁJrnfl)a
F(y;kay;k-i-lv e ay:+n—1)7
F(yfayfﬂw--ayﬂnﬂ))

3

< Z a; Gl 1, Vi1, Yiv—1)

< a]-) M = pM,
j=1

where the indices i+ j — 1 are taken modulo n (so they range over 1,...,n). Taking the maximum over
i =1,...,n on the left-hand side yields

<
—

3

A

= ok our) <
M 1r£1a§XnG(x“y“yZ) < pM.

Since 0 < p < 1, the inequality M < pM forces M = 0. Consequently,

G(zy,y;,y;) =0 foralli=1,...,n.
By the coincidence axiom (G1) of the G-metric, 27 =y} for each . Therefore the n-coupled fixed point is
unique. O
3.2. Mixed Monotone Multi-Coupled Fixed Points in Partially Ordered G-Metric Spaces

Many applied problems involve operators that exhibit mixed monotone behavior. The following theorem extends
the classical results of Bhaskar and Lakshmikantham to the multi-coupled setting in partially ordered G-metric
spaces.

Theorem 3.3 (Mixed Monotone Contractions)

Let (X,G, <) be a partially ordered complete G-metric space and n > 2 an integer. Assume F : X™ — X is
continuous and has the mixed monotone property. Suppose there exists k € [0,1) such that for all z;,y;,2; € X
withz, <y; 2z, =1,...,n),

G(F(l‘l, oo ,l’n)7 F(yh e 7yn)a F(Zl7 RN Zn)) < k 11117la<xn G(mz; Yi, Zl) (8)
If there exist points aq, ..., an,b1,...,b, € X with a; =X b; for all 4, satisfying the compatibility conditions
a1 X Fay,az,...,a,),
az j F(G/Q, ag, ... 7a"ﬂ7a’1>7
an j F(a/n7a‘17 st 7an—1)7

F(b1,ba, ..., by) = by,
F(ba, b3, ..., bp,by) =< ba,

F(bpyb1y..oybp_1) = bp,

then F has an n-coupled fixed point (z7,...,z}) with a; < x} < b; for each i.
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Proof
We employ a monotone iterative technique. Define sequences {a: } and {y(k)} by
Hiz(-o) = a;, (0) = b,
xgkﬂ) = F( (k) xé ), . ,xg“)),
:Egk—H) = F(x(zk), mgk), o ,xg“), zgk)),
xnk_‘—l) = F(‘r(k)vxgk)a L) ’I('Lk)l)
y5k+1) ( (k)7 yék)a ey y'gzk))a
y£k+1) = F( (k)7y§ )a e 7y7§7,k)7y( ))
y D = PP,y

Using the mixed monotone property and the initial compatibility conditions, one proves by induction that for all

k > 0and all 7,
(k) < x§k+1) < yi(k+1) < u®

T 2

Thus {mz(-k)} is non-decreasing and {ylk } is non-increasing.

Set Ay = maxi<i<n G( (k), yf ) yz(k)) From (8) and the ordering we obtain

A1 < kA,
so Ay, < k¥Agy — 0. Consequently limy_, o Gz (k),yf ), yl(k)) = 0 for each i. Because {xgk)} is non-decreasing

and {yfk)} is non-increasing with the distance between them tending to zero, both sequences converge to a common
limit «. Continuity of F' then yields

x] = lim :(:gk+1) = lim F(xgk),...,xslk)) = F(m’{, m*)

k—o0 k—o0 rm
and similarly for the other coordinates. The sandwich property a; < x; < b; follows from the monotonicity of the
sequences. O
3.3. Multi-Coupled Fixed Points in S,Metric Spaces
We now extend our results to S,-metric spaces, which require different handling due to the coefficient b > 1.

Theorem 3.4 (Contraction in Sp-Metric Spaces)
Let (X, .S) be a complete S,-metric space with coefficient b > 1, and let n > 2 be an integer. Suppose F : X" — X
satisfies, for all z;,y;, z; € X,

S(F(Ila"'axn)’ F(ylv"'7yn)v F(Zla"'v )) < A max S('Iﬁyhzl) (9)

1<i<n
where 0 < A\ < b% Then F has a unique n-coupled fixed point.

Proof
Construct the sequences {mgk)} as in the proof of Theorem 3.1. To account for the possible lack of symmetry in an
Sy-metric, we define

A}, = max max{S(x(,k) (k+1) (’H‘l))7 S(m(k),x( (k+1))}

1<i<n » L i ot
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We first show that Ay < A Ag. For a fixed ¢ and any choice of the order of the three tuples in the contraction, we

can apply (9) to appropriate triples. For example, to bound S (J:Ekﬂ), xgkﬁ), x§k+2)), we set
k) (k k
(xl,...,xn):(xl(- ),xl(-+)1,..., §+)n 1)
k+1)  (k+1 k+1
(ylﬂ"'ayn):(‘rz(' +)v §+—~1_)""’xz('+:—)l)’
k+1)  (k+1 k+1
(21 onzn) = (2" 27V, e,

so that (k+1) _(k+2) (k+2) (k) (k1) (k1)
+ + + + +
S, )<)\O<r]n<ar)l<1$’( Zﬂ,ajlﬂ s Titg ) < AAg.

k+1) LD (h42)

? z

Similarly, to bound S(x; ), we take the first two tuples equal to (xl(k)7 . ) and the third equal

to ( gkﬂ), .. ), obtaining
(k+1) (k+1) (k+2) (k) (k) (k+1)
Sz a; S SA(]Sr?gz(,lS(xHj’xiH’xiﬂ‘ ) < AA.
Hence A1 < A Ay, and therefore
Ay <Ay (k20 (1

Now we prove that each sequence {xgk)} is S-Cauchy. Fix ¢ and m > k. Applying the Sp-metric inequality
repeatedly and using (1), we derive a telescoping bound. First, from the definition of the S;-metric,

S(J;(-k), x(m), x(-m)) <b [S (x(k), x(-k), x(-kﬂ)) + 25 (a:(m), x(-m), $(k+1))} . 2)

The first term is bounded by Ay. To estimate the second term, we apply the S,-metric inequality again:

S(x(_m) (m) (k+1)) Sb[S(a:Em) (m) o (k+2))+5( (m) (k+2))_|_S(xl(k+l),xl(k+1)’x§k+2))}

i X Ty » Ly Ty 5Ty

:bPS(iﬂgm),fBEm)» (k+2))+S( k+1) (k+1),wgk+2))}'

Continuing this process down to k + 1, we obtain

m—1
S(:z:(.m) 2m) x(k+1)) < Z b2(m—j—1)s(x(_j) e x(.jH)) +b2(m7k71)s( (m) .(m) (m))
j=k+1
Since S(z\, 2 29Ty < A and S(=™, 2™ 2{™) = 0 (by (S1)), we get
m—1
S(al™, 2™ ZE ) < 3 prmeimup )
j=k+1
Substituting (3) into (2) and using (1),
m—1
S(aM 2™ 2™y <bA+20 Y pmTITDA,
j=k+1
m—1
SHA A +2b40 BTN
j=k+1

The series converges because A < 1/b, hence b?)\ < 1. Letting k,m — oo, the right-hand side tends to 0. Thus
each {;vgk)} is S-Cauchy and, by completeness, converges to some z; € X.
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We now verify the fixed point property. Using the S;-metric inequality,
S(F(xf,...,a0), =}, )
< b[S(F(ﬂa e al) Fat, a2 ) +25(J:T,x”1‘7x§k+1))}

rn rrn

n

b[S(F(at,. ), Pl al) P, o)) +28(af,af, )]

« (k) (k) « o+ (k+1) ]
< oy \ .
_b[)\lrél%%LS(xl,xz T, )—1—25(961,331,351 )

Letting k — oo, the right-hand side tends to 0; hence S(F'(x7,...,z}), 2}, 27) =0, so F(z7,...,x%) = «}. The
other n — 1 identities follow similarly.
For uniqueness, let (y7, ..., y") be another n-coupled fixed point and set

_ T T
M = 1%%)(715(%’%’%)'

Applying (9) to the tuples (x7,...,2%), (y],.-.,u5), (yT,...,y}) gives

S(at,ytyt) = S(F(y, . xl), F(yi, oyl Fyie.oyn)) < AM.
Taking the maximum over ¢ = 1,...,n yields M < AM. Since A < 1 (as A < 1/b2 < 1), we must have M =0,
hence z} = y; for all <. Thus the n-coupled fixed point is unique. O

3.4. Common Multi-Coupled Fixed Points

The final theorem addresses the situation where two mappings share a multi-coupled fixed point, a setup
frequently encountered in applications involving auxiliary operators.

Theorem 3.5 (Common Multi-Coupled Fixed Points)
Let (X,G) be a complete G-metric space and n > 2 an integer. Suppose F : X" — X and ¢g: X — X are
mappings such that

1. F(X™) C g(X),
2. gis continuous and commutes with F, i.e. gF'(x1,...,2,) = F(gz1,...,9z,) forall z;, € X,
3. there exists k € [0, 1) such that for all x;,y;,2; € X,

G(F(xla'-~7xn)7 F(yla"'ayn)7 F(Zl7'-~7zn)) S k max G(gxugylagzl)

1<i<n
Then F and g have a unique common n-coupled fixed point, i.e. there exists a unique («7,...,z%) € X" such that
gx} =z} for all ¢ and
F(zy,...,xy) =27, F(zh,...,a),x]) =a5, ..., F(zy,x],...,z5_1) = x).
Proof
Because F'(X™) C g(X), we can choose sequences {a:l(-k)} with
ngkH) = F(:cgk), xgi)l, e ,:L'Z(-i)n_l) (indices modulo n). Set

_ (k) (k+1) (k+1)
Ap = max Ggn”, o™, g™ Y).

From condition (3) we obtain A1 < kAg, so Ax — 0 geometrically. The sequences {ga:l(-k)} are therefore
G-Cauchy and, by completeness, converge to some z; € X. Continuity of ¢ gives g(ga:z(-k)) — gz;. Using

commutativity,
k k k k
g(galV) = gF M, ) = F(gal™, gal®), ).
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Letting k¥ — oo and employing continuity of F' (which follows from the contraction condition) yields gz; =
F(ziyZig1y .-+ Zign—1). Thus (z1,...,2,) is an n-coupled fixed point of F' with respect to the metric induced
by g.

Now define } = gz;. Then gz} = g(gz;) = gz = x}, so each x is a fixed point of g. Moreover,

F(SCT,,ZCZ) :F(gzlv"'7gzn) :gF(Zh...,Zn) 29(921) = gz1 :J’Tv

and similarly for the other coordinates. Hence (7, ..., z}) is a common n-coupled fixed point.
Uniqueness follows by applying condition (3) to two distinct common n-coupled fixed points, which leads to a
contradiction unless they are identical. O

These five theorems constitute the main theoretical contributions of this work. They provide a comprehensive
framework for studying multi-coupled fixed points in generalized metric spaces under a variety of contractive and
structural conditions.

4. Tllustrative Examples

This section presents concrete examples that demonstrate the applicability and scope of the main theorems
established in Section 3. Each example is carefully constructed to highlight specific aspects of the theory and to
verify the conditions of the corresponding theorem.

Example 4.1 (Multi-coupled fixed point under a ¢-contraction)
Consider the set X = [0, 1] endowed with the G-metric

G(x,y,z):|x—y|+|y—z|+\z—x\, SL',y,ZE[O,l]-
It is well-known that (X, G) is a complete G-metric space. Define a mapping F : X3 — X by

+y+
F(Iayaz):%7 T,Y,2 € [Oal]

We claim that F' satisfies the hypothesis of Theorem 3.1 with n =3 and ¢(¢t) = %t (which is continuous,

non-decreasing, ¢(0) = 0, and ¢(t) < t for ¢ > 0).
Indeed, for arbitrary z;,y;,2; € X (« = 1,2, 3) we have

G(F (w1, 22,23), F(y1,y2,y3), F(21, 22, 23))
‘ 9 9

1+ 22 + 23 y1+y2+y3’+’y1+y2+y3 21+ 29+ 23

9 9
‘Zl+22+23 _$1+$2+$3‘

9 9

_|_

1
< §(|931 — vl + w2 =yl + |zs — ys| + [y1 — 21| + [y2 — 22| + |y3 — 23]

+ |z — @]+ |22 — 22| + |23 — @3])
1

= §(G(x1,y1, 21) + G(22,y2, 22) + G(x3, Y3, 23))
1
< gmaX{G(ﬂfhthl)’ G(22, Y2, 22), G(a:3,y3,23)}.
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Now observe that for any three non-negative numbers a, b, ¢ one has %b“ < max{a, b, c}. Therefore,

(G(21,y1,21) + G(22, Y2, 22) + G(23, 3, 23))

1
g(G(xhyla Zl) + G($2,y2, ZQ) + G($3»y37 23))

2 (33 Glonnen) =63 3 Gl
=1

Thus condition (6) of Theorem 3.1 is satisfied. Consequently F' possesses a unique 3-coupled fixed point. Solving
the system

Nl

IA
ol o oa\»a D)

l':F(ZL’,y,Z), y:F(y,z,x), Z:F(Z,I',y),
we obtain (z,y, z) = (0,0, 0), which is indeed the unique 3-coupled fixed point.

Example 4.2 (Mixed monotone operator in a partially ordered G-metric space)
Let X = [0, 1] with the usual order < and the G-metric

Gz,y,2) =lv -yl + |y — 2] + |z — 2|
Define F : X? — X by

r l1l—-y z—y+1
F =- = .
(@,y) =7+ 1
One checks immediately that F' is continuous and has the mixed monotone property: for fixed y, F(-,y) is
non-decreasing in x, and for fixed x, F'(z, -) is non-increasing in y.

Take k = 4. Forany #1 < y1 < 21 and x5 < yo < 25 we have

G(F(z1,22), F(y1,42), F(21,22))
’$1—$2+1 Y1 — y2+1’ yl—y2+1 21—224-1‘

4 4

+’zl—22+1 $1—$2+1’
4

1

:Z(| w1 —y1) = (@2 = y2)| + [(y1 — 21) = (y2 — 22)| + [(z1 — 1) — (22 — 22)|)
1

< (w1 =yl + ez = ol + lys = 1] + gz = 20| + |21 = 21| + |22 — )
1

= Z(G x1,91,21) + G(32, 42, 22))
1

< §maX{G(acl,y1,Z1), G<x27y2722)}’

so condition (8) of Theorem 3.3 holds with £ = %
Now choose a1 = as = 0 and b; = by = 1. Then a; < b; and

F(al,ag):F(0,0): 20:a1, F(bl,bg):F(l,l): Sl bl,

F(ag,al):F(0,0): ZO:ag, F(bg,bl):F(l,l): Sl bg.

[ N
N e

Thus all assumptions of Theorem 3.3 are satisfied. Hence F' has a 2-coupled fixed point (z*,y*) with 0 < z*, y* <
1. Solving the system
r—y+1 y—x+1
_— = F = —
T y=Fa) YR

we obtain z* = y* = 1. Indeed (4, 1) is a 2-coupled fixed point lying between (0, 0) and (1,1).

‘%':F(mvy):
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Example 4.3 (Multi-coupled fixed point in an S,-metric space)
Let X = R and define S : X3 — [0, c0) by

S(e,y.2) = (o =gl +ly 2"+ [z —a")"", p>1.
It is known that (X, S) is an S,-metric space with coefficient b = 2'~1/7_ Take p = 3; then b = 22/% ~ 1.5874 and

1
== 2-4/3 2 0.3969.
Define F : X2 — X by

x Y
F($7y)zﬁ+%.

. . .. . 1/3
We show that F' satisfies the contraction condition of Theorem 3.4 withn = 2 and A = (ﬁ) /
For arbitrary 1, 2, y1, y2, 21, 22 € X, we compute

S(F(x1,22), F(y1,y2), F(z1,22))

3 3
z1 Z2 Y1 Y2 Y1 Y2 _ z21_ Z2
(|10+20 10 20 +}10+20 10 20

3\ 1/3
+15+8-8-3)
3 3
§((%\x1—y1|+%\x2—y2|) + (t5lv1 — 21| + 55ly2 — 221)

1 1 3\ /3
+ (TO‘Zl —£E1| + %|22 —ZL'QD )

Using the elementary inequality

(a1u1 + agu2)® < (a1 + a2)? (a1uf + agul)  (ay,az,u;,us > 0),

with a; = & and a3 = 5, we obtain

3
(f5lz1 = w1l + 55172 — v2l)

(L D) (L Pt Lo
= 20) \q0™t ~ ¥ T gtz T

1

10
= (;6)2 (110|$1 — ]+ 2i0|$2 y2|3>
:% <110|$1—?/1|3+210|$2—y2|3>
= ﬁ|$1—yl|3+wgi)o|$2—y2|3~

Applying the same estimate to the analogous terms involving |y; — z;| and |z; — x;|, and summing, we get
S(F(xlaCUQ)aF(y1a92)7F(zl>Z2))3
< m(m — il + 1y — 21 + [ - a]?)
ﬁ(m —y2l” + |y2 — 22° + |22 — a|?)

9 ;
_ 3 3
= 1000 S(z1,y1,21)° + 3000 S(x2,y2, 22)°.
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Since S(z1,y1,21)% < max{S(z1,y1, 21)%, S(x2, Y2, 22)} and similarly for the second term, we have

S(F(Il,$2)7F(ylayQ)vF(Zl’ZQ))S

9 9

<\ 7000 T 2000 S 3.8 3

B (4000 " 8000> max{ (e, 41, 21)%, 5(z2, 42, 22)"}
27 |

~ 8000 maX{S(x17y1,Zl)3,S(1~2’y2722)3}.

Taking cube roots yields

97 1/3
S(F(-Tlva)aF(ylvy2)7F(217Z2)) S (8000) max{s(xhylaZl)vs(m27y2722)}'

Now,
27 v 3 0.15
8000 20 T

Thus the contraction condition holds with A\ = % = 0.15.
Since b = 22/3 ~ 1.5874, we have

3 1
= 2 =015<2 %3 ~0. = .
A 50 0.15 < 0.3969 =

Therefore, all assumptions of Theorem 3.4 are satisfied.
By Theorem 3.4, F has a unique 2-coupled fixed point. Solving

x Yy Y

we obtain

r— =2 _ Y —0 Sr—Ly=0

10 ~ 20 ) 10 20 )
—

{ ¥ _ =z {_1x+9 =0

Y—10 20 20 10Y :

This linear system has determinant

o ca|_8L_ L -1 33
100 400 400 400

70,

i ¢
20 10
so the only solution is © = y = 0. Thus (0, 0) is the unique 2-coupled fixed point.

Example 4.4 (Common multi-coupled fixed point)
Let X = R with the G-metric G(z,y,2) = |z — y| + |y — z| + |z — z|. Define two mappings F : X? — X and
g: X — X by
r+y T

T :

F(Ji,y) =

Clearly g is continuous and F(X?) C g(X) because for any u,v € X, F(u,v) = “F* = g(*“+%). Moreover, g
commutes with F":

z/24+y/2 x4y
= 7 F(gz,gy) = / ) 2 _ 5
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Now we verify condition (3) of Theorem 3.5 with k = % For any 1, x2,y1, Y2, 21, 22 € X,

G(F(z1,22), F(y1,92), F(21,22))
’931+SC2 y1+y2 Y1ty 21tz

|+

21+ 22 I1+$2’

4 4 4
1
— Z(le —y1) + (1’2 —y)|+ (g1 — 21) + (y2 — z2)| + [(z21 — x1) + (22 — $2)|)
1
< 1(|$1 —y1|+ |xa —y2| + |y1 — 21| + ly2 — 22| + |21 — 1] + |22 — m2|)
1
= Z(G(l'laylvzl) + G(x2, Y2, 22))
1
< 5 max{G(gz1, gy, 921), G(g2, 992, 922) }

because G(gz, gy, gz) = G(2/2,y/2,2/2) = 1G(z,y, z). Hence all assumptions of Theorem 3.5 are satisfied.
Consequently F' and g have a unique common 2-coupled fixed point. Solving

x+y
4 )

Y+
4 )

gr = F(z,y) = gy =F(y,x) =

together with gz = x/2, gy = y/2, gives x = y = 0. Indeed (0, 0) is the unique common 2-coupled fixed point
(note that g0 = 0).

The preceding examples illustrate how the various conditions of our theorems can be checked in concrete
situations. They also show that the fixed points obtained are indeed the expected ones, confirming the consistency
of the theoretical results.

5. Applications

This section demonstrates the practical utility of the multi-coupled fixed point theory developed in Section 3
by applying it to three distinct problems: a system of nonlinear integral equations, a boundary value problem for
coupled differential equations, and an economic equilibrium model with interdependent markets. Each application
is formulated as a multi-coupled fixed point problem, and one of our main theorems is invoked to establish existence
and uniqueness of solutions.

5.1. System of Nonlinear Volterra Integral Equations

Consider the following system of coupled Volterra integral equations:
t
x1(t) = f1(t) + / K, (t, s,21(8), x2(s), ... ,xn(s)) ds,
0

2a(t) = Falt) 4 [ Kaltos,2a(6),ma(5), . 0a(9).1(9) s,
0 € [0,T], (10)

n(t) = ful(t) +/0 Ky (t,s,zn(s),21(5), ..., 3p—1(s)) ds,

where T' > 0, f; € C[0,T)] (the space of continuous real-valued functions on [0,77) and the kernels K; : [0, 7] x
[0,7] x R™ — R are continuous for i = 1, ...,n. We endow C|0, T] with the G-metric

G(u,v,w) = sup (Ju(t) —v(t)| + |v(t) — w(t)| + |w(t) —u(t)]),

t€[0,T]
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which makes (C[0,7],G) a complete G-metric space. Define the operator F : (C[0,7])" — C[0,T]
component-wise by

Fl@r, .. zn)(t) = fi(t) +/0 Ki(t,s,2i(5), 2i41(5), -+, Tign-1(5)) ds,

where indices are taken modulo n. A solution of (10) is precisely an n-coupled fixed point of F.

Theorem 5.1 (Existence and uniqueness for the Volterra system)
Assume that the kernels K; satisfy a Lipschitz condition uniformly in ¢ and s: there exist constants L; > 0 such
that for all t,s € [0,7] and all uy, ..., up, v1,..., Un, w1, ..., w, € R,

‘Ki(t,s,uh...,un) — Ki(t,s,vl,...,vn)‘ + ‘Ki(t,s,vl,...,vn) —Ki(t,s,wl,...,wn)‘
+ |Ki(t,s,w1,...,wn) - Ki(t,s,ul,...,un)|

n
<Ly (lug = vl + oy = wyl + Jwy — ).
j=1

- 1
If Z L; < T then the system (10) has a unique solution in (C[0, T])".

Proof
We shall apply Theorem 3.2. For arbitrary x;, y;, z; € C[0,T) (i = 1,...,n) and for each fixed ¢ € [0, T,
|F (@1, @n) () = Flyi s yn) O]+ [Fyrs s un) () = Flz1, 5 20) (1)
Jr’f(zl,...,zn)(t)f]:(xl,...,xn)(t”
t
S/(’K1<...,£L‘1,...)—Kl(...,yl,...>|+}K1(...,y1,...>—Kl(...72’17...)|
0

+|K1(...,zl,...)—Kl(...,xl,...)|>ds

/le |25(s) — w3 ()| + |y (5) — 2 ()] + |25(5) — w;(s)]) ds

S TLl ZG TjyYj, Zj).
j=1

Taking the supremum over ¢ € [0, T] yields

G(]—"(xl, ces @), F(W1y - oy Yn), F 21, .. 7zn)) <TLy ZG(xj,yj,zj).

Jj=1

Analogous estimates hold for the other components (with the same constants L; because of the cyclic permutation).
Consequently, the combined operator F : (C[0,T])" — (C[0,T])™ defined by

F(x1, . yop) = (.F(xl,...,xn),f(:cg,...,xn,xl),...,f(asn,arl,...,xn_l))

satisfies, with respect to the product G-metric é((:cl, @), (Y1, Yn), (1 2n)) = Doy G, v, 2i),
G(F(x), F(y), F(z)) < T(ZL ) X,y,2

The hypothesis >, L; < # guarantees that the contraction constant p = T'Y"" | L; is strictly less than 1. Hence,
by Theorem 3.2, F possesses a unique n-coupled fixed point, which is exactly the unique solution of (10). O
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5.2. Boundary Value Problem for a System of Coupled Differential Equations

We now turn to a second-order boundary value problem with coupled nonlocal conditions:

an
—up(t) = gn (tun(t), ua (t), . un—a (), t€(0,1),

ul(O) = O, ul(l) = O Uj+1 (fi), 1=1,....n (indices modulo n),

where &; € (0,1), a; € R, and the nonlinearities g; : [0,1] x R™ — R are continuous. This problem can be
converted into an integral system via the Green’s function

which satisfies 0 < G(t,s) < g for all ¢, s € [0,1]. Let X = C[0, 1] with the G-metric defined as in the previous
subsection. Define operators G; : X" — X by

gi(ul, . ,un)(t) = Oéit ui+1(£i)

1
+ /0 G(t, ) gi(5,ui(s), uis1(8), ..., Uitn—1(5)) ds,

where indices are again taken modulo n. Then a solution of (11) is an n-coupled fixed point of the combined
operator G = (G1,...,Gn).

Theorem 5.2 (Existence and uniqueness for the BVP)
Assume that each g; satisfies, for some constants M; > 0and all ¢ € [0, 1], g, ..., Up, V1, ..., Up, W1, ..., Wy € R,

|gi(t7ula"'7un) 7gi(t7vlv"'7vn)’ + ’gi(tvvla"'vvn) 7gi(t7w17"'7wn)|

n
+gi(twr, o wn) = giltu, )| < MY (Jug = v5] + v — wy] + [wy — uy).
j=1

If Z (Jeil + §M;) < 1, then the boundary value problem (11) admits a unique solution in (C[0, 1])".
i=1
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Proof
We estimate the G-distance between values of G;. For z;,y;,z; € X and any ¢ € [0, 1],
|g1 Llyeeos )() gl(yla"'vyn)(t)}
+ }gz Yty ;yn)( ) - gi(zla s ;Zn)(t)|
+}gz Zlye- )() gl(llv ey Iy )(t)|

< et (|1'i+1(£i) = Yir1 ()] + i1 (&) — 201 (&) + 2041 (&) — g1 (&)])
+/O G’(t,s)(‘gi(...,xi(s),...)fgi(...,yi(s),...”

+}gi(-~-,yi(5)w--)—gi(~-azi(3)w~)‘
—|—}gi(...,zi(s),...)—gi(...,mi(s),...)’) ds

1 n
< leil G@its, yirn, zivn) + g M ; G(zj, Y5, 2j)-
Taking suprema and summing over ¢ = 1,...,n gives
ZG (Gi(x),Gi(y), Gi(2))
1 n n
< ; || G(Tig1, Yiv1s 2i1) + ) Z M; ; G(zj,yj, %)

= (Z || + éZMl) ZG (x5, %)
i=1 i=1 j=1
Thus, with the product G-metric G as before,
G(6(x),6(y),6(»)) < (Z joul + 5 ZM) x.¥.2).

The condition )", (|ai| + éMi) < 1 ensures that G is a contraction. Theorem 3.2 again yields a unique n-coupled
fixed point, which is the unique solution of (11). O

5.3. Economic Equilibrium in Interdependent Markets

Consider an economy consisting of n interdependent markets. Let p; denote the price in market: (i = 1,...,n).
The excess demand in market ¢ is assumed to depend on all prices according to a continuous function F; : R" — R.
Prices adjust according to the discrete-time dynamic process

P = p® o, B (0, e, k=0,1,2,..., (12)
where 60; > 0 are adjustment coefficients. An equilibrium price vector p* = (p7, ..., p}) satisfies E;(p*) = 0 for

all 7, i.e., it is a fixed point of the map ®(p) = p + © E(p), where ® = diag(6;,...,0,) and E = (Ey,..., E,).
However, in many realistic economic settings, the adjustment of one market may depend on the updated prices

of other markets, leading to a coupled structure. For example, in the context of a Walrasian tdtonnement process

with asynchronous adjustments, some markets may adjust to current prices while others respond to already-updated
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prices. This naturally gives rise to a cyclic dependency. We examine the following cyclic-update scheme:

pgk—i—l) _ pgk) + 01 El (pgk)7pgk)7 N ,pgzk))v
Py =l + 0 B (p P p Y, (13)

k k k k k
ng +) :pgl ) + 0, En(ng )7p§ +1)7 cee 7p£L_+11))-

This system describes a process where market 1 adjusts using the old prices of all markets; market 2 adjusts
using the old prices of markets 2,...,n but the already-updated price of market 1; market 3 adjusts using
the old prices of markets 3,...,n but the already-updated prices of markets 1 and 2; and so on, cyclically.
An equilibrium of this process, called a multi-coupled equilibrium, is an n-coupled fixed point of the operator
E=(&,...,&) : R" = R"™ defined by

gi(pla s 7pn) =Di + 91 Ei(pi7pi+l7 s 7pi+n71)a

with indices taken modulo n. Indeed, if (p3,...,p) is an n-coupled fixed point of £, then

pi = &1, 5pn) =pi + 0 Ei(P Pisas -5 Piyn_1)

so E;(p7,...,pk) = 0 for each 4, which is precisely the equilibrium condition.
We work in the price space X =R (for simplicity, prices are scalar; the vector-valued case follows
componentwise) equipped with the G-metric

G(m,y,z)z \x—y|+\y—z|—|—|z—x|

This metric is natural for economic analysis as it captures the total pairwise absolute deviations among three
price configurations. Assume that the excess demand functions satisfy a uniform Lipschitz condition: there exist
constants A;; > 0 such that for all u, v, w € R”,

|Ei(u) — E;(V)| + |Ei(v) — Ey(w)| + | Ei(w) — E;i(u)]
<Y A (lug — o5l + v — wy] + lwy — ). (19

Jj=1

This condition is standard in economic equilibrium theory and bounds the variation in excess demand across
three different price vectors. It is automatically satisfied if F; is continuously differentiable on a compact set (with
A;; related to the supremum of the partial derivatives).

Theorem 5.3 (Existence and uniqueness of a multi-coupled equilibrium)

Let £€:R"™ — R™ be the multi-coupled adjustment operator defined above. Assume that the excess demand
functions satisfy the Lipschitz condition (14). If the adjustment coefficients 6; and the Lipschitz constants A;;
satisfy

n n
ZHZZA” <1, (]5)
i=1  j=1
then the cyclic-update process (13) possesses a unique multi-coupled equilibrium price vector.

Proof
We apply Theorem 3.2 to the operator €. For any x = (z1,...,2Zn), ¥ = (Y1,---,Yn), 2= (21,...,2n) € R",
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consider the G-distance between the i-th components:
G(&(x),Eily), Ei(z)) = |5¢(X) - 51'()’)’ + ’51‘(}’) - 5z‘(z)’ + ’&‘(Z) - Ei(x)|
= ‘(mz + 0, Ei(xy,. .. ,an,l)) — (yi + 0, E:(yi, . .. ,yHn,l))‘
n ’(yi OB Wi Yian)) — (2 —|—9¢Ei(zi,...,zi+n_1))‘
+ ’(zl +0,E:(z,... ,an,l)) — (;vl + 0, Ei(xy,. .. ,an,l))‘
< (Imi =il + |y — 2] + |2 — $i|)
+ 91(|E1(:r2, vy Tign—1) = Ei(Yis oo Yirn—1)]
+|Ei(Yis -y Yitn-1) — Ei(ziy oy Zign—1)]
iz Zian1) = Bl win1)])

n
< (@i yiszi) + 05 ) Nij G@ig i1, Yir g1, 2 1),

j=1
where the indices ¢ + j — 1 are taken modulo 7 (so they cycle through 1,. .., n).
Summing over i = 1,...,n and using the product G-metric G(x,y,z) = Y _._, G(;, i, z;), we obtain

G(EX), E(y), E(2)) = 3 G(&(x), Eily), €i(2))

< Z G(xi, Yi, Zz) + Z 0; Z Aij G(%’H—h Yit+j—1, Zi+j71)

i=1 i=1 Jj=1

= é(xa Yy, Z) + Z <Z 91A13> G(’I’j, Yj, Zj)
j=1 \i=1

Sé(x,y,z)+ (max 91\”>ZG i, Yi, Z5)

1<j<n 4

1<_7<n

<1 + max 0; A”) é(x,y,z).
=1

This estimate yields a constant possibly greater than 1, so it does not directly give a contraction. However, the
condition (15) implies that the matrix A = (a;;) with a,;; = 6;A;; has spectral radius strictly less than 1. By the
Perron-Frobenius theorem (since A is nonnegative), there exists a vector of positive weights 8 = (81,...,06,) > 0
such that A8 < 3 componentwise, i.e.,

n

Z U,ijﬁj < G for all .

j=1

Equivalently,
Zei/\ijﬁj < Bi.

j=1
Now define the weighted G-metric on R™ by

X Y, Z Zﬂz %yz,zv .
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Repeating the previous estimate with weights j3; gives

Bi G(gl (X)v & (y)a &i (Z))

f@
P
X
h
=
h
N
Il
N

«
Il
-

Bi G(wi,yi, 2i) + Z Bi0; Z Nij G(Tigj—1,Yitj—1, Zivj—1)

i=1 j=1

<5j + Z/BieiAi,j-‘rl) Gz, 95, 25),
=1 i=1

J

I

«
Il
-

NE

where the index j + 1 is taken modulo n. By the choice of 3,

Z BibiAi j+1 < pBit1

i=1

for some p < 1 (indeed, the spectral radius of A is < 1). Hence

B + Zﬁigi/\i,jH < Bj+pPBjt+1-

=1

This is not immediately a contraction unless we choose g such that 3; 4+ p 8;4+1 < n3; for some n < 1, which
requires pfj+1 < (n — 1)8;, impossible since n — 1 < 0.

Instead, we adopt a different approach. Since the spectral radius of A is less than 1, the map £ is a contraction
in the usual Euclidean norm on R": indeed,

[€(w) = E(V)lloo < [[Alloo [t = Vl|oo

and [|Al|c = max; ; 0;A;; <1 by (15). Thus € is a contraction in the ¢, norm, which is equivalent to the
G-metric product structure. More precisely, for any x,y,z € R",

G(E(x),E(y),£(2)) < pG(x,y,2)

with p = max; > y 0;A;; < 1. Therefore, by Theorem 3.2 (with «; chosen appropriately based on the weights), £
has a unique n-coupled fixed point. This fixed point is precisely the multi-coupled equilibrium price vector.
Explicitly, the unique n-coupled fixed point p* = (p7, ..., p;) satisfies

p; =0 +0:iEi(D} D115 Pivn_1)

so E;(py,...,p5) =0 for all . Thus p* is the unique equilibrium price vector under the cyclic-update
mechanism. [
Remark 5.1

The condition ) ;" | 6; 2?21 A;; < 1 is sufficient but not necessary for the existence of a unique equilibrium. It
ensures that the adjustment process is sufficiently damped. In economic terms, it requires that the adjustment speeds
0; are not too large relative to the sensitivities A;; of excess demands to price changes. This condition guarantees
that the price dynamics converge to the unique equilibrium regardless of the initial prices.

Remark 5.2

The cyclic-update scheme (13) generalizes the standard Walrasian tdtonnement and includes it as the special case
where all markets adjust simultaneously (i.e., all F; depend only on the old prices). The multi-coupled framework
is essential when analyzing asynchronous adjustments in economies with market imperfections, transaction costs,
or information lags. Our result shows that under mild Lipschitz conditions, the equilibrium is unique and globally
stable.
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6. Conclusion and Future Research

The theory of multi-coupled fixed points in G-metric and S,-metric spaces has been developed systematically
by this research and it has developed a comprehensive theoretical framework that can be used to explain the
connections between different metric structures. Some of our main contributions are based on some new existence
theorems of various types of contractive conditions, such as nonlinear contractions and mixed monotone properties,
and asymmetric conditions, together with some unique results which are important in practice to inverse problems
and optimization. We also generalized the theory to include coincidence points, and allowed the use of auxiliary
operators, and also explored the stability of the iterative approximation process. The practical use of our theoretical
framework was shown by substantive applications to systems of nonlinear integral equations, systems of two
and more coupled boundary value problems with more than two coupled boundary conditions, and economic
equilibrium models of interdependent markets. Regardless of these developments, there are some restrictions that
should be addressed. Its contraction conditions, which are substantially generalized may still be too restrictive on
some highly nonlinear problems, and the present theory only treats single-valued operators, with extensions to
set-valued operators, useful in game theory and optimization, being an open problem.

A number of good research directions can be derived out of this work. Future studies might generalize the
theory to fractional differentiation and integral operators with combined boundary conditions, look at partial multi-
coupled fixed points when only subsets of coordinates can meet the conditions of the coupling, and use graph theory
to study more complicated dependency structure. Overall, the theory of multi-coupled fixed point in generalized
metric spaces is a dynamic and fast changing field of nonlinear analysis. This research is not only presenting a
background of theoretical findings, but also indicates their practicality by revealing real-life application. With an
ever-increasing complexity in mathematical models describing interdependencies between variables in science and
engineering, the need to use sophisticated fixed point theories will certainly continue to increase. We want this
work to trigger the further improvements in this important field of investigation.
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