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Abstract The purpose of this article is to provide the inclusive subclass Vr (9, <, o, p, m) of the class of bi-univalent
functions that make use of Gregory numbers. At each of these subclasses of analytic functions, we investigate the Fekete-
Szego functional, in addition to the estimations of the Taylor-Maclaurin coefficients, which are denoted by the symbols |2 |
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characterisations and the proofs.

Keywords Analytic function, Univalent and bi-univalent functions, Gregory numbers, Fekete-Szeg6 problem.

AMS 2010 subject classifications 30C45.
DOI: 10.19139/s0ic-2310-5070-3241

1. Introduction and preliminaries

Approximation theory and numerical analysis both make use of a collection of coefficients that are referred to as
the Gregory coefficients. These coefficients were named after the mathematician James Gregory. According to the
properties of a specific function, the Gregory coefficients are calculated from those characteristics.

The Gregory coefficients are an essential component of numerical approximation methods because they facilitate
the development of polynomial or spline functions that accurately characterise the functions or data that are being
input. Data analysis, computer graphics, engineering, and scientific computing are just few of the numerous fields
in which they are vital.

The values 3, T3, 55, 790+ 155+ - *» and so on are the Gregory coefficients, which are denoted by the symbol

T . The expansion that follows this one contains them.
b
log(¢ +1)

The first time these numbers were proposed was in the year 1670 by James Gregory. Subsequently, these

coefficients were subsequently studied by other mathematicians, and they may be found in the works of
contemporary authors.
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Specifically, the generating function G(¢) of the Gregory coefficients, which can be found in (see [18, 6]), is
given by
1 s 19 , 3

Gt

1 1
Y.l =1+=0— —0? —
Z + 2 12 + 24 720 160 ’

G(l) = o<1 (LD

log€—|—1

It is evident that the initial values of Ye, for ¢ € N, are

1 -1 1 —-19 3

To=1, Ty = o Tom o Ty = o Y= =2 and Ty = .

o=t =g Te= g Ya=gp Ya= g ad Y =15
Let Q represent the subclass of analytic functions h in the open unit disk A ={¢ € C: |[{| < 1}, where
h(0) = A'(0) — 1 = 0 under the normalization condition. As a result, every function h in the set Q) takes the

following form:

—€+ZQE . (e ). (1.2)

Additionally, let us define the subclass of umvalent functlons within the subclass 2, which may be found in the
(see [9]) for further information. Therefore, every function & that belongs to the set I/ has an inverse h~1, which is
defined by

Y (h()=¢  (LeA)

and

h(h™H€) =€ (I€] <ro(h);ro(h) = )

W=

where
THE) =€ - 0287 + (205 — 03)€” — (503 — D20z + 0a)8" + (1.3)
Currently, if for every ¢ € A there exists a function ¥ with ¥(0) =0 and |¥(¢)| <1, then hy < hg or
h1(€) < ha(£) (the subordination of analytic functions h; and hs) such that:

hi(€) = ha (¥ (0)).

Also, if ho is univalent in A, then the equivalence relation that follows is the one that we have (for more
information, see [13]).
hl(O) = hg(O) and hl(A) C hQ(A) = hl(g) < hz([)

If both A(¢) and h~1(¢) are univalent in A, then the function h, which is provided by the equation (1.2), will be
classified as belonging to the subclass I', which is the subclass of bi-univalent functions in A. The subclass I is
described in more depth in references [1, 14, 17, 19, 21, 22].

After inspecting the subclass I', Lewin [ 12] discovered that the value of g5 is less than 1.51. There is a citation for
Netanyahu. proved that the maximum value of g5 is equal to four-thirds, while Brannan and Clunie [7] hypothesised
that the value of g, is less than V2. Currently, the estimation of the coefficient o, of € > 3,¢ € N, remains an
unresolved issue. Tan [20] estimate is widely recognized for functions in the subclass T", and it is |ga| < 1.485.

The inequality between Fekete and Szegd is one of the topics that is widely known. The first person to make
this was [10],if h € T".
los — s03] <1+ 2e725/0=9) g e R,

this bound is sharp.

Motivated, it is essential to highlight the fact that, as far as we are aware, very scant information is available
concerning Gregory polynomials in the setting of bi-univalent functions.

Furthermore, nowadays, a multitude of academics are focusing their attention on bi-univalent functions that are
associated with orthogonal polynomials, [2, 3, 4, 5, 11, 15, 16, 23, 24, 25].

The purpose of this study is to establish a new subclass of I' that includes Gregory coefficients, denoted

Vr(9,s,0,p,m). Furthermore, we estimate the upper bounds for the coefficients |02, |03| and |03 — F 03| for
these subclasses. Furthermore, several previously unknown results are proven. Within the new class.
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2. Coefficient bounds of the subclass Yr (0, s, o, 0, m)

The first part of this section is dedicated to providing definitions for the newly introduced comprehensive subclass
Yr(o,s, 0,9, m) that is concerning Gregory coefficients.

Definition 2.1. Assume that m > 0, -7 < p < m,0 > 1,¢,0 >0, £,£ € C, and that the function G(¢) is given
by (1.1). If the following subordinations are met, a function h € I provided by (1.2) is considered to belong to the
subclass Vr (9, ¢, 0, p, m):

(14 me'?) {(1 -0) <h(;)>g +O(R(0) T + Uﬁh”(ﬁ)} —me'? < G({) 2.1
and i
(1 +me'™) {(1 ) (d(f)> +O(d(9) "+ ofd”(f)} —me'® < G(¢), (2.2)

where d(&) = h=1(€) is given by (1.3).

Special cases:
i) When © = 1, we obtain Yr (0, s, o, ¢, m) . Here, Yr(1,<, 0, ¢, m) is the set of functions / € I that satisfy the
following criteria and are provided by (1.2).

(14 me™) {(h’(f))1_< + Uﬁh”(ﬁ)} —me¥ < G({)
and _ _
(1+me) {(@(€)' ™ +otd"(§) } - me™? < G(©),

where d(£) = h~1(¢) is given by (1.3).
ii) When © = 1 and ¢ = 0 we obtain Vr(0,s, o, ¢, m) . Here, Yr(1,¢,0, ¢, m) is the set of functions h € T that
satisfy the following criteria and are provided by (1.2).

(1 + mei®) {(h’(ﬁ))“} — me® < G(0)
and
(14 me') {(d’(g))l‘g} —met® < G(€),

where d(&) = h=1(€) is given by (1.3).
iii) When © = 1 and o = ¢ = 0 we obtain Vr (9, s, o, ¢, m) . Here, Yr(1,0,0, ¢, m) is the set of functions h € T’
that satisfy the following criteria and are provided by (1.2).

(1+me*?) {K' (£)} —me*? < G(0)
and ‘ ,
(14 me™?) {d' (&)} — me*® < G(&),

where d(£) = h=1(€) is given by (1.3).
iv) When o = 0, we obtain Vr (0, <, 0, p, m) . Here, Yr(0,¢,0, ¢, m) is the set of functions h € I" that satisfy
the following criteria and are provided by (1.2).

(14 me™) {(1 -9) (h(f)y +9 (h’(é))l_g} —me¥ < G({)

and

(t+me) {1-2) (1) 4o 160} - me < G10),
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where d(&) = h=1(€) is given by (1.3).

v) When o = 0 and ¢ = 1 we obtain YVr (9, s, 0,9, m) . Here, Yr (9, 1,0, », m) is the set of functions / € T that
satisfy the following criteria and are provided by (1.2).

(14 me™) {(1 -9) <hg)> + D} —me™ < G(f)

and

(1+me') {(1 -9) <d(§)> +D} —me'? < G(€),

where d(&) = h=1(€) is given by (1.3).

vi) When ¢ = 0 and ¢ = 0 we obtain Vr (9, s, o, ¢, m) . Here, Yr (2, 0,0, ¢, m) is the set of functions h € T that
satisfy the following criteria and are provided by (1.2).

(14+me?) {(1-0)+ 0 (K (£)} —me'? < G(¢)
and

(1+ mei“") {(1 =)+ (d(€)} — me™? < G(€),
where d(&) = h=1(€) is given by (1.3).

vii) When ¢ = 0, we obtain Vr (9, <, 0, p, m) . Here, Yr (0,0, 0, p, m) is the set of functions h € T" that satisfy
the following criteria and are provided by (1.2).

(1 + mew) {1-2)+0 (W) +alh”(0)} — me'? < G(0)
and
(1+me™) {(1 =D) + 0 (d'(€)) + o€d"(€)} — me™? < G(€),

where d(¢) = h=1(€) is given by (1.3).
viii) When m = 0, we obtain Yr (0, ¢, 0, p, m) . Here, Yr (0, ¢, 0, p,0) is the set of functions h € T that satisfy
the following criteria and are provided by (1.2).

(1-9) <h(f)>g +O (W (0) ™ + ath"(£) < G(0)

and

(1-2) (d(f)) L) +oed’(€) < GE),

where d(¢) = h=1(€) is given by (1.3).

Lemma 2.2
([8]) Let the analytic function 1)(£) = 1 + s1£ + sof? + - - - with positive real parts in A, then |gy| < 2, for £ > 1.

Lemma 2.3
([24]) Let g1,92 € Rand x1,x2 € C.If |x1| < i and |x2| < A, then

2]g1| h for |g1] > |ga2],

+ + (91— <
|(gl gQ)Xl (gl gQ)XZ‘ > { 9 |92| % for |91| < |g2| ]
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Theorem 2.4
Let h € T given by (1.2) belongs to the subclass Vr (0, ¢, 0, ¢, m). Then

1
2|(14+me*) (¢(1 —30)+2(c +0))|’

lo2] < min{

1

‘ (1+me™) (2(30+1)+¢(1-110) +6(204+0)) + '
B (1 4+me'®) (s(1-30) +2(0 +0))]°

1 1
11+ me?) (c(—30) 120+ o) | @ — 1) +6(20+0)) (1 + me?)|’

los| < min{

1
|(€2(39+1)+§(17119)+6(20+D))(1+mei;’)+%[(§(1739)+2(U+D))(1+me“f’)]2‘ }
=T o) (Fme )]

and
1
9 2‘(<(1*4a)+3(2i+9))(1+mew)| CIGDIRS 8[(c(1—40)+3(20+0)) (1 +me™?)[
—Fo3| <
" g 410 O )| > 1
O(F)] 2 S D) T3 TN (T me™)] -
where e
o) = — :
(F) 4{ (23D +1) +<(1 = 112) + 6 (20 +0)) (1 +me?) +
L [(¢(1 = 3D) + 2 (0 + D)) (1 + me#)]?
Proof

Let h belong to the Yr (0, ¢, 0, p, m). The subordinations (2.1) and (2.2) allow for the existence of two analytic
functions r and ¢. These functions are such that r(0) equals ¢(0) equals zero and |r(¢)] is less than 1, and |¢(&)] is
less than 1.

(1+me™) {(1 -9) (h(f)) +O (K () + aﬁh”(()} —me"¥ =G(r(l), L€ A (2.3)

and
(14 me'?) {(1 —-9) (‘?) +O(d(€) + agd”(g)} —me'? = G(t(£)), &cA. (2.4)

So, the function

r(f)+1 5
0) = =14kl +kol? -
ﬁ( ) 1—7“(6) + K16+ Ko + )
hence,
k 1 k? 1 k3
r(ﬁ):51€+§ (k221>£2+2 <k3k1k2+41>£3+-~
and L ) )
1 2\ 42 3 3
G(r(0)) =1+ Vi = (12ky — 7kT) 02 + 193 (17k3 — 56k1ks + 4813) €7 + -+, L € A. (2.5)
Also, the function
_H)+1 2
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hence,

t(g)—l—15+1 l—ﬁ §2+1 Is — Iyl +E e+
T2 T \? g g \B Ty

and

l 1 1
G(t(&) =1+ Zlg + 3 (12l — 713) € + 103 (1783 — 56111o + 4813) 3 + -+, £ € Q.

Thus we have
(14 me'?) {(1 ~9) <h(f)> +O (R (0) T + am”(z)} — me'?

k 1 1
:1+Zlé+—(12]@—7/{%)(2—&——(17ki’—56k1k2+48l3)€3+~-~ ,LEA.

48 192
and
(14 me'?) {(1 -9) <d(§)> +O(d(€) " + U§d"(§)} — me'?
I
=1+ Z1§+ 4i8 (121, — 7I3) € + ﬁ (1713 — 56111y + 4813) 3 4 -+, £ € QL.

As a result of comparing the coefficients in (2.7) and (2.8), we are able to obtain the following:

(14+me') [¢(1-3D) +2(c+0)] 02 = %,
(14 me™) {C (c— 1)2(39 + 1)] 2+ (1+me®) [s(1 — 4D) + 3 (20 +O)] o3 = % (12ky — 7Th2) |
—(1+me?)[c(1-3D)+2(c+0)] 02 = %,
and
(1+me') {CQ (30+1)+¢(3 —2199) +12(20 +0) 2

— (1+me™) [¢(1 —40) + 3 (20 + )] 03 = % (121 — 717) .

From (2.9) and (2.11) it follows that
ki=-l

and
32[(14+ me™) (s(1-30)+2(c+ a))]2 03 =kI+13.

If we add (2.10) to (2.12), we have
) 1 7
(L+me™) [2 (3D + 1) +¢(1 — 11D) + 6 (20 +D)] 03 = 7k 1) — 2 (k3 +13).

Taking the value of k? + [7 from (2.14) and substituting it in (2.15), we obtain the following:

(1+me™) (2 (304+1)+s(1-110)+6(20+0))+ | , 1
5 [(§(1—3D)+2(0+D))(1+mei¢)]2 92—1(1€2+12).

(2.6)

2.7)

2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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When we apply the triangle inequality and Lemma 2.2 to the conditions of the relations (2.9) and (2.16), we
obtain the following results, respectively:

1
| < 21(c(1—39) + 2 (0 +9)) (1 + me®)|

and
1
‘ (2 (3D + 1) + (1 — 11D) + 6 (20 + D)) (1 + me’*) +
Y [(6(1—-3D) +2(0 +0)) (1 +me#)]?

loa| <

In addition, if we take the (2.12) and subtract it from the (2.10), we get the following:

1(k2 —1y) — T (k1 -13). 2.17)

(1+ mew) [2¢(1 — 40) + 6 (20 4+ O)] (03 — g%) =1 T

Then, in view of (2.13), last equation becomes

ko — o

8[c(1—40) +3 (20 + )] (1 + mei®)’ (2.18)

932934‘

The above equation with (2.9) becomes

k2 ko — 1
16 [(s(1 — 3D) + 2 (0 + D)) (1 + mei®)]? T8 —49) + 3 (20 + D) (1 + mei¥)

03 =

and using (2.16) in (2.18)

k? + 12
(2(3 + 1) + (1 —110) + 6 (20 + 9)) (1 + me'?) +
L [(s(1=30) +2(0 +0)) (14 me#)]’
k2 - 12
4[26(1 - 4D) + 6 (20 + O)] (1 + mei#)’

03 =
4

+

With the use of the triangle inequality and Lemma 2.2, we can obtain the following results for the final two
equations:

1 1
4|(s(1 = 3D) +2(0 + ) (1 + mei)|? "2 [(s(1 = 4D) 4 3 (20 +O)) (1 4+ me'#)|

los| <

and
1
los| < (23D +1) + (1~ 119) + 6 (20 + D)) (1 +me™®) +
8 [(c(1 - 39) +2(0 +2)) (1 + me™)]?
1
+

2[(s(1 —49) + 3 (20 +0)) (1 + me™)|’
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Also, from (2.18) we have

ko — 1o
STc(1—40) £ 3(20 + D) (1 £ mci?)
ko — 2
8[c(1 —40) + 3 (20 + )] (1 + me™)
(L—F) (k2 + 1)
A [ (2(30+ 1) +¢(1 —11D) + 6 (20 +0)) (1 +me™) + }
L (¢(1-3D) + 2 (0 +0)) (1+mei#)]?

03— F 0% = +(1—F)oj

+

1
(w T Ska- 0 +3Ro+ oA +mew>> o

1
(@(F) -8 [((1—-40)+3(20+0)] (1 + mew)) la,
where .
4{ (23D +1) +<(1 - 110) + 6 (20 +0)) (1 +me™®) + ]
Q=39 +2(c+02) (1+ me“”)]2

Then, in view Lemma 2.2 for |k2| and |l5|, and Lemma 2.3, we obtain

o) =

1
, 2\(((174D)+3(2;+D))(1+me"‘?)| 10(F)| < sIcr—PBE T aTme]
03 — F o3| <

41e(r)] O(F)| 2 s onaTme

Which completes the proof. O

3. Corollaries

If we set O equal to one in Theorems 2.4, we will obtain the subsequent corollary.

Corollary 3.1
If h € Yr(1,5,0,¢,m), then

1 1
|02| < min — | |
4)(0 =+ 1) (1 +met?)] (4§2 — 105 + 6(20 + 1)) (1 + me“") T
5 (0~ +1) (1+me))’
o3| < mi { 1 . 1
03| < min ‘ - ’
3 160 <+ ) (s men)? 61— <+ D1+ mev)]
1
|(462=106+6(20+1)) (1+me’® )+ 5 (0 —s+1) (1+me'#))?| }
1
T S ) (TTme)]
and 1 1
2 oeo—ermrmes) 9P < mme—amarmee
93 - FQQ S

410(r)| 9(F)| 2 sEe—criyarmee)-
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where
1-r)

4 {(4& — 10 + 6(20 + 1))(1 + mei®) + 3 ((g — ¢ + 1) (1 + mew)ﬂ '

o(r) =

If we set ¢ equal to zero in Theorems 2.4, we will obtain the subsequent corollary.

Corollary 3.2
Ifh € Yr(0,0,0,¢,m), then

1 1
|02] < min —, :
4|(o 4+ 9) (1 + me'¥ _ '
I ) ) \/‘(6(20+9))(1+m6w)+536((0+D) (1+me“/’))2‘
1 4 1 »
o3| < min 16I(U-H))(%ere”’)l2 6[(20+0)(1+mei?)|> )
B |6((20+D)(1+mei‘ﬁ))+%((a+9)(1+mew))2| + 6](20+0)(1+me?)|
and )
1
5 6](20+0) (1+mei®)| |@(F)| < 24[(20+0) (1+mei®)|’
los — Fo3| < 1
4 |@(F)| |@(F)| 2 24[(204+9)(14+mei#)|"
where
o(r) = 3(1-F)

1(6(20 +0) (1+mei#) + 2 (0 +0) (1 +me»))?)
For ¢ = 0 in Corollary 3.1 or © = 1 in Corollary 3.2 simplifies to the following Corollary.

Corollary 3.3
If h € Yr(1,0,0,p,m), then

1 1
|o2] < min . |
4(oc +1) (1 + met ; }
o )| \/}6(2‘”1)(1+m@“”>+536((o+1)(1+muﬂ)>2
los] < { 1 I 1
03| = min 4 ‘ ’
3 16](0 + 1) (1 +mei®)|>  6](20 +1) (14 me'?)]

3 1
’6(20 +1) (1 +mei®) + 58 (o +1) (1 + meiv))? T 6o+ ) L+ me)]

and
W B(F)| < 24‘(20+1)1(1+m5i</’)‘7
|Q3 - FQ§| <
N I R e e—
where
o(r) = 1-F

1(620 +1) (14 mei#) + % (0 +1) (1+mei#))’)
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4. Conclusions

This paper opens several directions for future research. One natural extension is to investigate subclasses of bi-
univalent functions associated with specific conic domains such as three-leaf domains and Ozaki-type bi-close-to-
convex regions, since these domains have proven effective in refining coefficient estimates and geometric properties
in recent studies of univalent and bi-univalent functions.

Another promising direction concerns the incorporation of fractional calculus. In particular, studying bi-concave
and related function classes involving a modified Caputo fractional operator may introduce additional flexibility
through memory and nonlocal effects, while posing new analytical challenges in establishing subordination
conditions and coefficient bounds.

These extensions raise several open questions, including whether sharp bounds analogous to those obtained in
the present work can be derived in these more general geometric and fractional settings, and how the Gregory-based
framework interacts with such operators. We expect that the current results will serve as a foundational step toward
addressing these problems.
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