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Abstract

This paper studies a boundary optimal control problem governed by a semilinear elliptic equation involving an elliptic
operator of infinite-order with a finite dimension. The state equation is defined on a bounded domain with a nonlinear
boundary condition where the control variable acts on the boundary. The analysis is carried out within the framework
of Sobolev spaces of infinite order. We first establish the existence and uniqueness of the solution to the state equation
and define the associated control-to-state mapping. Under suitable assumptions on nonlinear boundary term, we give the
differentiability properties of this mapping. Furthermore, we derive the first-order necessary optimality conditions for the
optimal control problem through the associated adjoint system and a variational inequality. Finally, we analyze the second
order derivatives of the reduced cost functional.
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1. Introduction

This research paper focuses on the development of mathematical conditions necessary and sufficient for solving
boundary control problems that are governed by semilinear elliptic equations involving an infinite order operator.
Such problems are important in many areas of applied mathematics, physics and engineering where one seeks to
influence or control the behavior of a system through its boundary rather than it is interior.

The presence of an infinite order operator introduces technical challenges in proving existence and
differentiability of the control-to-state mapping.

The main goal of this paper is to derive first-order and second-order optimality conditions for such boundary
control problems. These conditions are essential in optimization theory because they help determine when a
particular control function is optimal that is, when it minimizes a given cost functional.

In Dubinskii [5, 6] studied the Cauchy Dirichlet problem

Lu)= Y (-DlID*Au(x, D7u) = h(z), z€Q
|| =0
D‘w‘u(m)|ag =0, lw] =0,1,2,---
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Infinite order Sobolev spaces

W aa, pa}(Q) = {u(z) € C¥(Q) : p(u) = Y [|Du|hz < oo}
|a|=0

where a,, > 0 and p,, > 1 are numerical sequences and established of W>°{a,,, p, } and boundary value problem
above is investigated where Q C RY.

Gali et al. [19] presented a set of inequalities defining on optimal control of a system governed by self-adjoint
elliptic operators with an infinite number of variables.

Subsequently Lions[1] suggested a problem related to this result but in different direction by taking the case of
operators of infinite order with finite dimensions.

Gali has solved this problem, the result has been published in [18].

I. M. Gali and S.-A. El-Saify and S. A. El-Zahaby [20, 21, 22] presented some control problems generated by
both elliptic and hyperbolic linear operator of infinite order with finite number of variables.

El-Zahaby et al [10, 11] obtained the optimal control of problems governed by variational inequalities of infinite
order with bounded domain.

In this paper, we study a non-convex optimal control problem, using the books of Tiba and Tr6ltzsch [9] and [23],
we derive first-order necessary and second-order sufficient optimality conditions for semilinear elliptic equation
with infinite order operator.

We refer for instance, to Casas [3] for first-order necessary optimality conditions, Casas, Troltzsch and Unger
[4] for second-order sufficient condition. For the elliptic case for linear equations of infinite order were established
in papers by [12, 16], while for semilinear control problem of infinite order obtained by [15, 17, 14]. The paper
which a near connection to our work is obtained by [24, 25, 26].

1.1. Contribution and Relation to Previous Work

The study of optimal control problems governed by elliptic equations involving infinite order operators has been
considered in several previous works by the authors and other researchers. In particular, earlier papers mainly
focused on distributed control problems and linear or semilinear state equations with various types of constraints.

The main contribution of the present paper is the analysis of a boundary optimal control problem governed by
a semilinear elliptic equation involving an elliptic operator of infinite with finite dimension. Unlike distributed
control problems, the control variable in this work acts on the boundary of the domain which introduce additional
analytical difficulties related the boundary conditions and the functional framework.

Furthermore, the nonlinear boundary term b(z,y) requires specific assumptions in order to ensure the well-
posedness of the state equation and the differentiability of the control-to-state mapping.

Another contribution of this work is the derivation of first-order necessary optimality conditions and the analysis
of second -order derivatives of the reduced cost functional within the framework of infinite order Sobolev spaces.

These results extend the classical theory of semilinear optimal control problems (see, for example Lions[1],
Casas[2], Troltzsch [23] and Barbu[7]) to the case of elliptic operator of infinite order and boundary control
constraints.

This manuscript addresses an optimal boundary control problem governed by a semilinear elliptic equation
involving an infinite order operator with finite dimensions. Our aim to establish the well-posedness of the state
equation and derive first order necessary optimality condition and establish second order derivative of the cost
functional. The work builds upon existing literature regarding infinite order Sobolev spaces (Dubinskii, Gali, et
al.) and standard optimal control theory for semilinear elliptic equations ( Troltzsch[23], Casas[2]). The remainder
of this paper is organized as follows. In section two, we introduce the framework and recall some properties of
sobolev spaces of infinite order.

The existence and uniqueness of the solution to the state equation in section three

In section four: we reduced the cost functional and derive the first order necessary optimality conditions for
control problem. In section five: we derive the second order of the reduced cost functional in order to provide
further insights into the structure of the optimal control.
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2. Some Functional Spaces

The object of this section is to give the definition of some function spaces of infinite order and the chains of the
constructed spaces which will be used later.

We define the Sobolev space of infinite order which shall denoted by W>{a,, 2} of periodic functions ¢(z)
defined on the whole Euclidean space R™, n > 1, as follows

oo

Wo4aa,2} = {p € C(R"): Y aallD¢|3 < oo}

|ee|=0

where a,, > 0 is a numerical sequence and || - ||2 is the canonical norm with space L?(R") all functions are assumed
to be the real valued on

Hled
DO‘ = g (e D) Qn\?
0z 0xg? - - (Ozp™)
where o = (a1, a2, -+, @) is a multi-index for differentiation | = >°°° | ;.

The duality paring of the space W>{a,, 2} and W~>°{a,, 2} is postulated by the formula

o0

(¢ﬂ/’) = Z Ao wa(l')Dad)(w) dz

jaj=0 7
where
¢ € Woo{aou2}a e Wioo{aav2}
From above, W>{a,, 2} is everywhere dense in L?(R") with topological inclusions and W~>°{a,, 2} dense
the topological dual space with respect to L?(R"), so we have the following chain
W>{a,,2} C L*(R") C W~"{a,,2}

Analogous to the above chain we have

W§{aa,2} € L*(R™) C Wy *{aa, 2}

o0

W5 {aa,2} = {¢(z) € C(R™) : [¢l* = Y aall D93 < oo,

|a|=0
DI*lglr =0, |w|=0,1,-}
Let us consider the elliptic operator of infinite order with finite dimension.

oo

Ay= > (-1)laaD*y aq > 0. (2.1)
|a]=0

This operator is bounded self-adjoint elliptic operator mapping W°{as, 2} onto W, *{a,, 2}.
We introduce a continuous bilinear form on W§°{a,, 2}

m(y, ¢) = (Ay, d)

= 3 ((-D"eaD?y(a).0(a)) , 0020
|a|=0

= 3 ((0MaaD*y(@),6() |, -+ al@)w@), o) ienny
|a|=1
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where g(x) is a real valued function from Lo(R"™) such that ¢(z) > v,1 > v > 0.
The ellipticity of A is sufficient from the coerciveness of 7(u,v) on W>{a,, 2}

In fact,
Z aaD u (x))Lz(Rn)
la|=1
+ (q(@)u(@), u(z))2(Rn)
> (Y aaDu(z), D*u(x))p2(rr) + v(u(@), u(x))L2(re)
|a]=1
(oo} oo
= Y aallDu@)[|F2 gy + v D aallD*u(@)l|72 (g0 — v Z ao|| DYu(@)l[72 gy + vlullFz(pn)
jal=1 laj=1 lla=1
= Vullfy e qon 2y + (1= 1) D aal D*u(@)|72(zn
|a]=1
Then

m(u,u) > v]ulfyeq, 2- (2.2)

3. Semilinear Elliptic Control Problem for Infinite Order Operator

3.1. Problem statement

We consider optimal control problems governed by semilinear elliptic equation for infinite order with finite
dimension.

min J(y,) 1= 2y = vl + ey G
subject to

Py {Ay+y=0 in Q 3.2)
Yyl + bz, y) = u on T, |w=0,1,2---
and
Uqg(z) < uz) < up(x). (3.3)

where A denotes an elliptic operator of infinite order having the form (2.1) and b : I' x R — R is a function.
The function u denotes the control and y(u) is the solution (state of the function) associated to the control w.
Let us consider the set of admissible control by

Usa = {u € L*() : ug(z) < u(z) <wp(z) faa zeT}
Note that U, is non-empty, convex and bounded in ¢/ = L?(T").

Definition 3.1. A function y € W {a,, 2} is said to be a weak solution of the partial differential equation (3.2) if
for all v € W*{a,, 2} the equation

o0

> [ aat0 ) s + [ e+ [ biopds = [ s

lee|=0

is valid
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To make this well defined, we impose the following assumptions:

Assumption Al:

Let Q C RY be a bounded Lipschitz domain with boundary I" and A is an elliptic operator and the coerciveness
condition (1.2) of w(y, y) on W*{a,, 2} is satisfied if ¢(z) > v,1 > v > 0.

The function b: ' x R — R is bounded and measurable with respect to z € I' for any fixed y € R and is
continuous and monotone increasing with respect to y for almost all z € I'. It follow from this assumption, in
particular, that b(x, 0) is bounded and measurable in I". This property of the function b guarantees the existence of
unique weak solution of partial differential equation

Assumption A2:

i) Let Q C RY be a bounded domain with Lipschitz-Continuous boundary T’

ii)The function b is measurable with respect to x for every y € R and twice differentiable with respect y for
almost every « € I'. Moreover, it satisfies the boundedness and local lipschitz conditions of order k = 2; for b this
means, for example, that there are constants X > 0 and L(M) > 0 such that for almost every z € I" we have

[b(, 0)] + [by (, 0)| + [byy (2, 0)] < K,

|byy (2, y1) — byy (2, 92)| < L(M)|y1 — y2|¥ y1,y2 € [—M, M|

iii) Additionally b, (x,y) > 0 for almost every « € I" and all y € R. Moreover, there is a set E; C I' of positive
measure and constant )\, such that

by(z,y) > N YV z€eE,Vy€eR.

The above set of assumptions is too restrictive. In fact, for the existence of optimal controls the conditions in (ii)
including Lipschitz continuity, are needed only for the functions themselves (order k=0). For first-order necessary
optimality conditions, (ii) needs to postulated up to order k£ = 1 only, while Assumption A2 is needed in its entirety
for second-order conditions.

Theorem 3.1. Suppose that Assumption Al and A2 hold. Then the elliptic bondary value problem (3.2) has for any
u € L*(T) a unique solution y € W {ay, 2}. If in addition b(x,0) = 0, then there exist a constant C' > 0 which is
independent of b, u, such that and the estimate

yllweefan,2y < Cllullr2r (3.4)

By apply Schauder fixed point theorem to prove the existence of a solution y € W*>{a,, 2} see [13]

3.2. Standard results

We recall some well-known results on (P)

We consider y in the state space Y = W>{a,,2} N C(Q) and the control u € U,y C L*(T). Moreover, we
introduce the control-to-state operator G : L?(I') — Y that assigns ¥ to u.

The following result to show that the weak solution y € W>{a,, 2} is actually even essentially bounded.

Theorem 3.2. Under the assumption Al on Q and b the state equation (3.2) admits for all u € L*(T') exactly on
solution y = G(u) € Y and the estimate

lyllwesfan.21 + Wllc@) < CoollullLzry 3.5)
holds true with a constant C' .

Remark 3.1. In [23] the boundedness of b is not essential for the previous existence results. The important property
is the monotonicity. This fact is utilized to prove the existence solution and a weakly assumptions are presented so
that the existence of a unique solution y € H(Q) N C(Q) to

dy

~Ay+y=0 in Q —Z4+9°y=u on T
ov
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Summarizing, the first-order necessary optimality condition (3.2) is a non-convex optimal control problem.
Although J is convex, the nonlinear term in (3.2) makes the problem (P) non-convex.

Therefore, the first-order necessary optimality condition are not sufficient. So that the second-order conditions
come into play.

4. First-order Necessary Optimality conditions

First-order Necessary Optimality conditions describe the relationship between the optimal control, the state and an
associated adjoint state. These form a system of equations known as the optimality system, which must be satisfied
by the optimal control.

4.1. Existence of optimal control

Definition 4.1. A control @ € U, is said to be optimal if it satisfies, together with the associated optimal state
g = y(u), the inequality
J(y(u),a) < J(y(u),u) YV u€ U

A control is said to be locally optimal in the sense of L?(T) if there exists some € > 0 such that the above
inequality holds for all u € U,q such that ||u — || z2(r) < e.

The solution mapping G := u — y, the solution y = G(u). Obviously G is a nonlinear mapping also continuous

We transformed the control problems (3.1) under inverting into reduced quadratic optimization problems in term
of u, namely

fu) = J(y,u)
= J(G(u), u)

1 A
= §HG(U) —Yall72(q) + §||U||2L2(r)
1

Q/Q(G(u)—yd)Q dx—i—;\/ruQ ds

the problem is to find min f(u). where
Usa = {u € L*(T) : ug(x) < u(x) <up(z)}

Theorem 4.1. Suppose that Assumptions Al and A2 hold. If the admissible set U,q is not empty, the problem (P)
has at least one optimal control.

Proof
The proof is more or less standard. In all what follows, we denote the optimal solution by (7, @) where § = G(u)
and « is said to be an optimal control.

By A > 0, and Assumption A1, we find a bounded minimizing sequence {u, } C L*(T), y, = G(u,) and we can
assume without loss of generality u,, — u, n — co.

By Theorem (3.1) the associated sequence {y,,} is bounded in W*{a,,, 2}. Moreover, since W>{a,, 2} is by
[23][Th 7.4, page356] is completely embedded in L?((2), we also have the strong convergence

yn — 7y in L*(Q)
We know that y € C(€), it follows from the boundedness of y,, € L*°(2) that
0(x, yn) — bz, 9) |20y < Lllyn — Fll2(0)

and thus
b(z,yn) = b(z,y)  in L*T)
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y=G(a)
The optimality of « is a standard conclusion, therefore
J= lim J(ynaun) = J(?j,’&)
n—oo
O

Suppose that Assumptions Al and A2 hold for I' and b. Then G is a Lipschitz continuous mapping from L2(T)
into W>{a,, 2} N C(Q), that, there is a constant L > 0 such that

|G (u1) — G(uz2)|| < Lflur — uz||z2(r)
ie.
ly1 = v2llwefan,2y + lv1 — v2llo@) < Lllur — uzllz2(r)
wherever u; € L2(T') and y; = G(u;), i =1,2.

Lemma 4.2. Suppose that Assumptions Al and A2 are satisfied. Then the operator G is twice continuously Frechet
differentiable from L*(T) — Y. Its first derivative, denoted by w = G'(u)h, h € L*(T) is given by the solution of
the linearlized equation

Aw +w =0,
Wl + by (e, p)w =h, o] =0,1,2,-- @b
withy = G(u).
Moreover the second derivative z = G" (u)[u1, ug] solves equation
Az+2=0 in Q 4.2)

le‘ |F =+ by(za y)Z = 7byy(xa y)y1y27 |U)| = 07 17 27 e
withy = G(u) and y; = G'(u)u; € W{aq,2} fori=1,2,.
The detailed proof of this Lemma can be found in [23] [Th 4.24 Page 239].

5. Second-order derivative
Since b is twice continuously differentiable together with the differentiability of G' (of Lemma (4.2)) this yields the
following Theorem.

Theorem 5.1. Under the Assumptions of lemma (4.2), f is twice continuously Frechet differentiable from L?(T') to
R its first derivative is given by

fwh=f(u)(u—1u) Yu€Uy

) 5.1)
— [ () + Aata)ho) ds
r
where p solves the adjoint equation
Ap+p=y—yd in Q
52
p‘w||p+by(l‘,y)p:0, |w|:0,1727 ( )
with y = G(u). For the second derivative, we obtain
S (w)[ur, ua) = (y1,y2) L2(0) + Mu, u) 2y — / byy (T, y)y1y2 p ds (5.3)
r

where y and p are as defined above and

yZ:G/(u)ul 1= ]-727
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Proof
From
f(u) = J(G(u),u)
1 A
= 5lIG () - yall* + 5HUII%2(F),
we get

fw)h = (y — ya, w)r2(0) + Au, h) L2y
where y = G(u) and w = G’(u)h denotes the weak solution of the linearized equation (4.1) with to right hand side

h.
Now, inserting p as test function in the weak formulate of (4.1), we obtain

oo

Z (—1)'“‘ / aoD*wp dx +/ wp dr + / by (z,y)wp ds = /(u —u)p ds
=0 Q Q r r
Z / aaD*wDp dx +/ wp dr + / by (z,y)wp ds = /(u —u)p ds
=07 © Q r r
On the other hand, we insert w in the weak formulation of equation (5.2) yields
Z / ao D*Dw dx + / pw dx + / by (z,y)pw ds = /(y — ya)w dx
=0 @ Q r Q

subtracting one equation from the other finally yields
(Y = ya,w)r2) = (h,p)L2(1)-
Applying again the chain rule, we arrive at
f(W)ur, ug] = (G'(u)ur, G'(w)uz) p2(0) + (G(uw) — ya, G" (w)[u1, uz]) L2(q) + Mu1, u2) 2(r)

A similar discussion as above, where
1
z = G"(u)[ug, uz)

denote the weak solution of (4.2), then gives
(Y — ya, Z)L2(Q) = —(byy(ffa y)ylyz,P)m(Q)
O

For a given right hand side in L2(Q2), equation (5.2) admits a solution p in Y = W>{a,, 2} N C(£2), since the
operator A has the form (2.1).

Theorem 5.2. Let U = L*(T") be a Banach space, let C C U be convex, and suppose that the functional f : U — R
is twice continuously Frechet differentiable in an open neighborhood of u € C. Let the control u satisfy the first-
order necessary condition

fu)(u—u) >0

and assume there is some 6 > 0 such that
@) (u—a)?>6bllu—uliery V(u—u)eU (5.4)
Then there exist € > 0 such that we have the quadratic growth condition holds:

4] , _
= allZamy + £(@) < f(w) if u—ll2@) <eVueU (5.5)
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This theorem will be applicable to optimal control problems involving semilinear partial differential equations
if the control-to-state operator G is twice continuously differentiable as a mapping from L? into the state space
and if the control appears only linearly or quadratically in the cost functional and only linearly in the differential
equation.

6. Conclusion

In this paper, we have investigated a boundary optimal control problem governed by a semilinear elliptic equations
involving an elliptic operator of infinite-order with finite dimension. The control variable acts on the boundary
of the domain and is subject to box constraints, while the state system is characterized by a nonlinear boundary
condition. The analysis has been carried out within the framework of sobolev spaces of infinite order. Under suitable
assumptions on the nonlinear boundary term, we established the existence and uniqueness of the solution to the
state equation and analyzed the associated control-to-state mapping. In particular we discussed its continuity and
differentiability properties, which are essential for the formulation of the optimal control problem. Furthermore,
we introduced the reduced cost functional and derived the first-order necessary optimality conditions using the
adjoint system and variational inequality. In addition, we investigated the second order derivatives of the reduced
cost functional providing further insight into the structure of the control problem. The result presented in this
work extend classical optimal control theory for semilinear elliptic equations to the setting of infinite-order elliptic
operators with boundary control. This extension is not straightforward due to the specific analytical difficulties
associated with infinite-order boundary conditions which require a careful adaptation of standard techniques.

Finally, we emphasize that the framework developed in this paper opens the way for several possible extensions.
Future work may include the study of more general nonlinearities, derivation of sufficient second order optimality
conditions, Lagrange method, numerical approximation schemes and the analysis of more complex control
structures in the context of infinite order operators.
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