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Abstract We study the dynamics for a nonlinear model of a cantilever beam, the dynamics of the system are governed
by a quasilinear equation. We analyze the existence of a pitchfork bifurcation on the conservative case with the presence of
heteroclinic orbit, then we study the persistence of heteroclinic orbits when the system is subjected to a periodic perturbation
of the form f(t) = γcos(wt).
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1. Introduction

A cantilever beam is a type of beam that is supported or fixed at only one end, while the other end remains free.
Due to this configuration, cantilever beams are subjected to significant bending moments and shear forces at the
fixed end.

Load

Support

Cantilever beams are commonly employed in a wide range of structures and infrastructures, including:

1. Bridges and walkways: To avoid the need for intermediate supports that may obstruct traffic or water flow.
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2. Building balconies: To extend without the need for additional support columns.
3. Cranes and mechanical arms: To enable movement in open spaces without support restrictions.

The design process must account for key factors, including material strength, applied loads, and stiffness, to ensure
the prevention of excessive deformations or potential structural failure. In the case of free vibrations of a thin
and inextensible cantilever beam carrying an intermediate concentrated mass with rotational inertia, The system
exhibits dynamics governed by a nonlinear equation.

ü+ u+ αu2ü+ αuu̇2 + βu3 = 0 (1)

where α is the geometric nonlinearity coefficient and β is the inertial nonlinearity coefficient. The third and fourth
terms in equation (1) represent the cubic inertial nonlinearity resulting from the inextensibility assumption. The
last term corresponds to a static nonlinearity associated with the potential energy stored in bending.
A cantilever beam without mass and with a lumped mass attached to its free end, while being harmonically excited
at its base, has received considerable attention due to its relevance in applications such as mast antennas, towers,
flexible robotic manipulators, and space structures. When the beam’s support moves, it may be subjected to external
or parametric excitation. In the parametric case, resonance is considered, and nonlinearities begin to influence the
motion and therefore cannot be neglected, requiring the use of models of this type.

ü+ u+ αu2ü+ αuu̇2 + βu3 = f(t) (2)

In the presence of a periodic forcing term satisfying f(t+ T ) = f(t) [1, 2], the analysis of the system becomes
increasingly difficult due to its pronounced nonlinearity and parameter dependence. In [3], Herişanu and Marinca
conducted an analytical investigation of the nonlinear oscillations involving free planar and large-amplitude flexural
vibrations of a thin and inextensible cantilever beam carrying a concentrated mass with rotational inertia positioned
at an intermediate location along its span. An approximate analytical technique, specifically the optimal homotopy
asymptotic method, was applied [4]. Further studies of interest related to the model and its analysis are available in
[10, 8]. Whereas previous studies [3, 9] have concentrated on approximate analytical solutions for free vibrations,
this study establishes rigorously the existence of heteroclinic dynamics in the forced system.

2. Spectral Analysis of the System

This section focuses on recasting equation (1) as a system with the aim of studying of its solutions in the phase
plane. By defining ξ = u̇, the equation can thus be reformulated as follows:{

u̇ = ξ

ξ̇ = −u−βu3−αuξ2

1+αu2

(3)

Where α > 0 and β ∈ R. The equilibrium states of the system are characterized by:

P0 = (0, 0) P1,2 = (± 1√
−β

, 0)

For β < 0. When β ≥ 0, the only equilibrium solution is P0 = (0, 0). Let us consider the function given by:

H(u, ξ) =
−u− βu3 − αuξ2

1 + αu2
,

in this case, the Jacobian matrix associated with system (3) can be expressed as:

J(u, ξ) =

[
0 1
Hu Hξ

]
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where;

Hu =
−1− 3βu2 − αξ2 + αu2 − αβu4 + α2u2ξ2

(1 + αu2)2

Hξ =
−2αuξ

1 + αu2

If β < 0, the equilibrium solutions P1,2 arise. It is important to note that Hξ(P1,2) = 0. Furthermore, owing to the
symmetry of the function H , it follows that Hu(u, ξ) = Hu(−u, ξ). Thus:

Hu(P1) = Hu(P2)

Calculating Hu

(
1√
β
, 0

)
, under the change of variable β → −β, we obtain:

Hu(
1√
β
, 0) =

−1 + 3β
β − αβ

β2

(1 + α
β )

2
=

2

(1 + α/β)2

which leads to:

J(u, ξ) |P1,2=

[
0 1
2

(1+α/β)2 0

]

Therefore, the eigenvalues of the Jacobian matrix can be expressed as:

λ2 − 2

(1 + α/β)2
= 0, λ = ±

√
2

(1 + α/β)2

Thus, the equilibrium points P1,2 will correspond to hyperbolic saddles when −β > 0.
Now, by analyzing the equilibrium point P0 = (0, 0), it can be seen that the Jacobian matrix takes the following
form:

J(0, 0) =

[
0 1
−1 0

]

Consequently, the eigenvalues are λ = ±i, implying the existence of centers. The solution trajectories of the
system are depicted in the following figure.
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Figure 1. Contour lines for energy

The system (1) can be written as:

(1 + αu2)ü+ u(1 + βu2)
Hamiltonian part

+ αuu̇2

No Hamiltonian
= 0

Considering the energy of the system associated with the Hamiltonian part, we see that:

ü+
u(1 + βu2)

1 + αu2
= 0

and the associated energy is expressed as:

u̇2

2
+

β

2α
u2 +

α− β

2α2
ln(1 + αu2) = E(u, u̇)

which has potential energy given by:

φ(u) =
β

2α
u2 +

α− β

2α2
ln(1 + αu2).
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Figure 2. Potential energy φ(u), for −β > 0.

Thus, at P0 there will be local nonlinear centers. Based on the previous results, we state the following theorem:

Theorem 1
The equilibrium solutions for system (3) are classified as follows:

• For β > 0, there exists a unique equilibrium point, P0 = (0, 0), which represents a nonlinear center of the
corresponding Hamiltonian system.

• For β < 0, there are three equilibrium points: P0 = (0, 0), which is a nonlinear center, and P± =
(±1/

√
−β, 0), which represent hyperbolic saddles.

The bifurcation diagram below provides a summary of the equilibrium solutions as a function of the parameter
β.

Figure 3. Pitchfork bifurcation diagram associated with the model.
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3. Melnikov Function

In this section, we analyze the persistence of heteroclinic orbits when the cantilever model is subjected to a
periodic perturbation of the form f(t) = γ cos(wt), the use of a cosine-type forcing in the mathematical model
of a cantilever beam is particularly relevant, as it provides a realistic representation of periodic external excitations
commonly encountered in mechanical systems, such as actuator-induced vibrations, harmonic dynamic loads,
or environmental perturbations. From a dynamical perspective, this type of forcing enables the investigation of
fundamental phenomena including resonance and interactions with the natural frequencies of the system. Moreover,
being a smooth, bounded, and periodic function, cosine forcing offers a mathematically convenient framework for
the rigorous analysis of nonlinear dynamics, facilitating the application of qualitative and analytical tools. In the
presence of nonlinearities, such excitation may give rise to complex dynamical behaviors, including bifurcations
and heteroclinic connections, making it a canonical choice in the study of forced structural vibrations. Investigating
how these orbits behave under small perturbations is of significant practical relevance, as even minor vibrations
can destabilize the cantilever’s oscillations and potentially result in fractures.
The system will be considered in the following form:

x′ = f(x) + ϵg(x, t) x ∈ R2 (4)

where f denotes a Hamiltonian vector field in R2, g ∈ C∞(R2 ×R2/(TZ)), and ϵ ≥ 0. For the unperturbed case
of problem (4) (i.e., when ϵ = 0), we assume the existence of a family of periodic orbits described by:

Γe := {(u, ξ) : H(u, ξ) = e}, e ∈ (a, b) (5)

where Γe tends to a center as e → a and to an invariant curve, denoted by Γβ , as e → b. When Γβ is bounded, it
constitutes a heteroclinic orbit connecting two saddle points and enclosing a family of dense periodic orbits. The
leading-order approximation of Γe(t, ϵ) is characterized by the zeros of the Melnikov function Me(t), defined as
follows:

Me(t) =

∫
H(u,ξ)=e

g ∧ d(u, ξ) =

∫
H(u,ξ)=e

g2du− g1dξ (6)

where g(x, t) = (g1(x, t), g2(x, t)), with x = (u, ξ). Thus, identifying the zeros of (6) becomes essential.

Theorem 2
([5], Theorem 6.4) Suppose e0 ∈ (α, β) and t0 ∈ R.

1. If Me0(t0) ̸= 0, then there are no limit cycles near Γe0 for ϵ+ |t0 + t| sufficiently small.
2. If Me0(t0) = 0 is a simple zero, then there exists exactly one limit cycle Γe0(t0, ϵ) for ϵ+ |t0 + t| sufficiently

small, which approaches Γe0 as (t, ϵ) → (t0, 0).

The Melnikov function can be understood as the first approximation in ϵ of the distance between the stable and
unstable manifolds of the saddle points, measured in the direction perpendicular to the unperturbed orbit, and is
specifically given by:

d(ϵ) = ϵ(
Mβ(t0)

f(Γβ)
) +O(ϵ2)

For further details, see [6, 7].
We will now consider the following system:

u′ = ξ,

ξ′ = −
u
(
1 + βu2

)
1 + αu2

+ ε

(
γ cos

(
ω(t+ t0)

)
− αuξ2

1 + αu2

)
.

(7)
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where the functions f(u, ξ) and g(u, ξ, t) are defined as follows:

f(u, ξ) =

(
ξ

−u(1+βu2)
1+αu2

)
; g(u, ξ, t) =

(
0

γcos(w(t+ t0)− αuξ2

1+αu2

)

If ϵ = 0, we study the energy associated with the system,

(u̇)2

2
+

∫
u(1 + βu2)

(1 + αu2)
u̇dt = cte

∫
u(1 + βu2)

(1 + αu2)
=

∫
β

α
u+

∫
ηu

(αu2 + 1)
=

β

2α
u2 +

η

2α
ln(1 + αu2)

The energy system is derived as follows:

u̇2

2
+

β

2α
u2 +

η

2α
ln(1 + αu2) = E(u, u̇) = cte

Where η = 1 + β/α. The heteroclinic orbit is characterized by the following curve:

H(1/
√

−β, 0) =
β

2α

1

β
+

η

2α
ln|1 + α

|β|
| = HB

The solution for the heteroclinic curve is:

1

2
(
du

dt
)2 = HB − β

2α
u2 − η

2α
ln|1 + αu2|

Which leads to:

du

dt
=

√
2HB − β

α
u2 − η

2α
ln|1 + αu2|

Separating variables and integrating:

t =

∫
dt =

∫
du√

2HB − β
αu

2 − γ
2α ln|1 + αu2|

In this way:

u(t) = γ0(t)

thereby defining the heteroclinic curve.
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Figure 4. Red: Heteroclinic curve; Green: Periodic solution

Let us define the Melnikov function for the heteroclinic orbit γ0.

M(t0, ϕ0) =

∫ ∞

−∞
f(γ0(t) ∧ (γ0(t), t+ t0)dt

Where γ0(t) = (uh(t), ξh(t)) represents the solution of (7) corresponding to the heteroclinic orbit for ϵ = 0, and
f ∧ g = f1g2 − f2g1, with f = (f1, f2) and g = (g1, g2).

f(γ0(t) =

(
ξh(t)

−uh(1+βu2
h)

(1+αu2
h)

)

g((γ0(t), t0 + t) =

(
0

ςcos(w(t+ t0)− αuhξh
(1+αu2

h)

)
In this case, the Melnikov function is expressed as:

Mβ(t0) =

∫ ∞

−∞
ξh(t)[ςcos(wt)cos(wt0)− ηsen(wt)sen(wt0)−

−αuhξ
3
h

(1 + αu2
h)

]dt.

Note that an important property of this system is that it is reversible, which implies that if (u(t), ξ(t)) is a solution
for {

u′ = ξ

ξ′ = −u(1+βu2)
(1+αu2)

then (u(−t),−ξ(−t)) is also a solution, indicating that the solutions are invariant under t → −t and ξ → −ξ.
Furthermore, this suggests that uh(t) is an even function while ξh(t) is an odd function. Thus:∫ ∞

−∞
cos(wt)ξh(t)dt = 0

then:

Mβ(t0) = −γsin(wto)

∫ ∞

−∞
ξh(t)sin(wt)dt−

∫ ∞

−∞

αuh(t)ξ
3
h(t)

(1 + αu2
h(t))

dt

let us consider the following function:

Stat., Optim. Inf. Comput. Vol. 16, July 2026



VILLA, G. CASTRO, D. AND CAMELO, A. 805

φ(t) =
uh(t)ξ

3
h(t)

1 + αu2
h(t)

it follows directly from the properties of uh(t) and ξh(t) that

φ(−t) =
uh(−t)ξ3h(−t)

1 + αu2
h(−t)

=
−uh(t)ξ

3
h(t)

1 + αu2
h(t)

= −φ(t)

it is an odd function, and therefore ∫ ∞

−∞

uh(t)ξ
3
h(t)

1 + αu2
h(t)

dt = 0

with this result, the Melnikov function can be expressed as:

Mβ(t0) = −γsin(wt0)

∫ ∞

−∞
ξh(t)sin(wt)dt = Mβ(t0) = −γZsin(wt0)

for

Z =

∫ ∞

−∞
ξh(t)sin(ωt)dt

Theorem 3
If Z is finite, then under the assumptions stated in item 2 of Theorem 2, the heteroclinic orbit of (7) persists
provided that ϵ is sufficiently small.

Proof
Let us consider the change in the limits of integration, derived from the system du/dt = ξ, which leads to
dt = du/ξ, where 0 < t < +∞, implying that −1/

√
−β < u < 1/

√
−β. Based on this, it can be seen that

Z = 2

∫ +∞

0

ξh(t) sin(ωt)dt

|Z| ≤ 2

∫ +∞

0

| sin(ωt)ξh(t)
1

ξh(t)
|du = 2

∫ 1/
√

−β

−1/
√

−β

du =
4√
−β

< ∞

This establishes that the Melnikov function;

Mβ(t0) = γZ sin(ωt0)

has simple zeros.

4. Conclusions and numerical analysis.

In this work, the dynamical behavior of a cantilever beam model under periodic forcing was investigated. By
means of Melnikov theory, it was shown that for sufficiently small perturbations, the associated Melnikov function
admits simple zeros. This result ensures the transversal intersection of the stable and unstable manifolds of the
perturbed system, implying the persistence of heteroclinic connections. Consequently, the analysis provides a
rigorous theoretical justification for the emergence of complex global dynamics in the forced cantilever beam
model.
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Table 1. Parameters and initial conditions used in the numerical simulations

Simulation u0 ξ0 ε α β γ ω, t0
1 1 0 10−6 2 −1 1 2π, 2π
2 1 0 10−8 2 −1 1 2π, 2π
3 1 0 10−10 2 −1 1 2π, 2π
4 1 0 10−12 2 −1 1 2π, 2π

u
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(a) Intersection of stable and unstable manifolds.
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(b) In blue the solution u and orange ξ.

Figure 5. Phase portraits obtained from numerical simulations with parameters given by case 2 in table 1, where we can note
the intersection in the stables and unstable manifolds.
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Figure 6. Numerical simulations of the system dynamics. Left: no intersection between the invariant manifolds. Right:
transversal intersections of the solutions u and ξ for the values in simulation 1 in the table 1.
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Figure 7. Numerical simulations of the system dynamics. Left: no intersection between the invariant manifolds. Right:
transversal intersections of the solutions u and ξ for the values in simulation 3 in the table 1.

For a larger value of the perturbation parameter, the stable and unstable manifolds remain close to each
other but no transversal intersections are observed. This behavior illustrates the loss of validity of the Melnikov
approximation for moderate values of ε, While transversal intersections occur for sufficiently small ε, Figure ??
shows that for larger perturbations the invariant manifolds approach each other without intersecting.
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