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Abstract This paper deals with a 6 finite difference scheme to solve two-dimensional 4th-order partial differential equation
with variable coefficient, which governs the transverse vibrations of a thin plate. First we establish some a priori estimates
for the weak solution of our problem. Then, we introduce a new variable, allowing us to convert the plate equation into
a system of two second-order differential equations. Stability and convergence analysis are carried out by employing the
energy estimate method. We present a class of domain decomposition methods (DDM) called restricted additive Schwarz
(RAS). This method is used as a preconditioner for the GMRES algorithm to solve systems of linear equations arising
from the discretization of the plate equation by the present scheme. Numerical experiments are provided, confirming the
effectiveness of the algorithms.
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1. Introduction

We consider the transverse deflection of a simply supported thin plate governed by the following two-dimensional
4th-order partial differential equation with variable coefficient of the form,

0%y (84u o u

- - J——— _ — <
o ot (i + 250 + 5t ) = Fent), (n) €00 <t ST, m

where Q = {(z,y) | Lo < x,y < L1} C R? is a bounded spatial domain with boundary ', T > 0, u(x,y) is the
transverse deflection, and f(z,y,t) is the applied transverse loading at point (x,y) and time ¢. The variable
coefficient a = a(z, y) is assumed to satisfy

0<ag<alzr,y) <ap < +oo, (x,y) €9, 2)

with ag and a; being constants.
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Equation (1) is supplemented with the following initial conditions

U(Z‘,y,O):uO(l‘,y), L0§x7y§L17
3
Ou(z,,0) ©

ot =o(z,y), Lo <z,y<Ly,

where ug and v are the initial deflection and initial velocity, respectively. We consider the following boundary
conditions:

U(L()»yvt):gl(yvt)v U(L17y7t):.92(yat)7 L(] SZ/SLh 0<t§T7
w(zx, Lo, t) = g3(x,t), w(x,L1,t) = ga(x,t), Lo<z<L;, 0<t<T,
0%u(Lg,y,t) 0%u(Ly,y,t) 4)
) oy, CELY D Lo<y<IL, 0<t<T
Ox2 1(ya )7 922 Q(ya )7 0x>Y > L, <t 1,
0?u(z, Lo, t) 0?u(z, Lq,t)
T:hg(l',t)7 T:h4(l‘,t), LOSISLl, O<tST

Equation (1) is commonly used to describe the vibration problems related to thin plate structures. These
structures play a central role in various industrial sectors, such as civil engineering, automotive, aerospace, and
aeronautics. Solving 4th-order PDEs by analytical methods is extremely complex and difficult in most cases; it
is necessary instead to use numerical approaches. A number of numerical methods have been proposed to solve
the Equation (1). The finite difference method has proved very attractive because of its flexibility and robustness
in producing highly accurate solutions. Many authors such as Crandall [14], Conte [13], Gourlay [18], Twizell
and Khaliq [31], have successfully used finite difference methods to solve 4th-order PDEs. In addition, compact
difference schemes have been applied successfully to solve 4th-order PDEs, for example, the authors in [1] solved a
one-dimensional 4th-order differential equation using a compact finite difference scheme for the spatial derivative
and a second-order Crank—Nicolson approximation for the temporal derivative. Mohanty and Kaur [27] proposed a
compact finite difference scheme for Equation (1) with a convergence rate of O(72 + h*). In [22], the authors used
a combination of a proper orthogonal decomposition with a compact finite difference scheme to solve Equation
(1). According to the results in [1, 22, 27], the compact finite difference schemes indeed provide very high spatial
accuracy to solve Equation (1) with constant coefficient. However, to the best of our knowledge, stability and
convergence results for variable coefficient problem is still an issue. A high-order compact difference scheme
to solve a two-dimensional nonlinear 4th-order equation was presented in [21]. Spline functions have also been
employed in getting the numerical solution of many types of PDEs, For example, Caglar et al. [9] considered
a family of B-spline methods for solving a 4th-order non-homogeneous PDE. Aziz et al. [2] have developed a
three-level method based on a parametric spatial quintic spline and finite difference discretization in time to solve a
4th-order non-homogeneous PDE. A numerical scheme based on sextic B-spline for a 4th-order PDE was presented
by Mohammadi in [26]. The author used finite difference method and a sextic B-spline method on uniform meshes.
Mittal et al. [25], have presented two numerical methods based on cubic B-spline to approximate the spatial
derivative appearing in a 4th-order PDE, for the time derivative, the authors have used the forward difference
approximation. In the work [11], the authors have solved a 4th-order nonlinear variable coefficient equation using
a Crank—Nicolson mixed finite-element scheme combined with the proper orthogonal decomposition technique,
which remarkably reduced the CPU time.

In this paper, we present a numerical scheme to solve the 4th-order Equation (1) with variable coefficient, using
a finite difference spatial scheme combined with a time #—scheme. Stability analyses for constant coefficient
discretizations are often carried out using Fourier analysis. Since this technique does not extend to variable
coefficient problems, we prove the stability and convergence using the energy method. The convergence order
of the proposed scheme is second order both in temporal and spatial directions, but solving at each time step the
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il-conditioned linear system resulting from the discretization of Equation (1) via our scheme is a difficult task,
since its condition number is of order O(h~*), growing fast and unboundedly when the mesh size h approaches 0.
Therefore, the classical iterative methods or direct methods are not suitable in this case. Instead, it is very important
to employ an advanced iterative solver and construct a proper preconditioner, which can significantly reduce the
condition number in the equivalent preconditioned linear system.

We consider domain decomposition methods (DDMs) as parallel preconditioners for the 4th-order Equation (1).
DDMs are nowadays found to be highly efficient and widely adopted to solve algebraic systems obtained from the
discretization of many types of partial differential equations (PDEs) [3, 4, 5, 7, 29]. Various domain decomposition
algorithms have been developed and analyzed, such as the additive Schwarz (AS) method [16], and the restricted
additive Schwarz (RAS) method [10]. These methods were further analyzed in [15, 24, 30]. The RAS method is a
parallel domain decomposition method and has shown better performance compared to the other DDM methods in
terms of number of iterations and CPU time (see [17]). The work in [6] presented synchronous and asynchronous
RAS methods accelerated with the epsilon algorithm, resulting in further computational cost reductions. Our focus
here is to employ the RAS method as a preconditioner for the GMRES method, which improves its convergence
when solving the 4th-order partial differential Equation (1).

Our paper is organized as follows. In Section 2 we derive some a priori estimates for the weak solution of the
Equations (1)-(4). In Section 3, we construct the finite difference scheme combined with the time §—scheme for
Equation (1). In Section 4, we analysis the stability and convergence of the proposed scheme in the [2—norm. In
Section 5, we present and apply the RAS preconditioner to solve the discrete problem. In Section 6, two numerical
experiments are presented to verify the theoretical findings and confirm the effectiveness of the RAS preconditioner.
Section 7 is for the concluding remark.

2. Estimates for the weak solution of (1)-(4)

For any function ¢ = ¢(x,y,t), we denote by ¢(t), the function p(¢) : (z,y) € Q — ¢(z,y,t), t € [0,T].
According to [12], for any initial data ug € H?(Q2) and ¢ € L?(12), the problem (1)-(4) admits a weak solution
u € L*(0,T; H), where H = {v € H*>(2); v=00n 09}, In addition, we have the following result:

Theorem 2.1
We assume homogeneous boundary conditions, ug € H?(Q2) and vy € L*(2), then the weak solution of the
Problem (1)-(4) satisfies the following estimates:

ou(t
|Au(t)|| L2y < C, and H% <C,

2@ <
where C' > 0 is a constant independent of ¢.

Proof
Consider the potential energy E,,(t) of the system (1)-(4) given by

2

0O vy, (5)

ot

1 1
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We have,

d 3|Au t)|? 1/ _1 0 [Ou(t)

th“ / d dy+2 o Ot| ot
B ou(t) _ 1 0u(t) O*u(t)
—/QAu(t)A< 9 >dxdy—|—/9a TR dzdy,

/QNu(t)ag(tt)dxdy /F<a”( Oult) O(Au(t)) _aun 2 (M>>dr+/ﬂa18“(t) Pu ) ey,

ot on ot

= (e o T Py (P0G st 7 (%)

:/Q a L f (1) ()d dy +/F(ag§t)a(%¢ft)>—m(t); (62§t>)>d1“.

where 0/0n is the outward normal derivative on I'. We then obtain:

d B _ Ou(t)
GEu0 = [ 1075 ey,

Then, using Cauchy-Schwarz inequality, we obtain

2

d Ou(t)
—Ey(
5. _22/|f edady+ 5 [ | 250 daay
then,
4 pu(t) < = 2 E
I u(t) < Tagnf(t)HLz(Q) +a1Ey(t).
Applying Gronwall inequality, we have for all £ > 0, the following energy identity
1 (T
Eu(t) S EU(O) + ﬁ/ ||f(t)||%2(9)dt exp (alT), (6)
0Jo
c

where, E,,(0) is giving by:
1 1
Eu(0) = 5| Ao gy + 5 Va0

20

The desired estimations follows immediately using (5) and (6), which completes the proof. O

3. Description of the 6 finite difference method

We first introduce an additional variable v defined by v = —V?2u, where V? stands for the Laplace operator
2 2
(1 e, V2 = a(?) 5+ 902 > then Equation (1) can be converted into a system of two second-order equations:
Y
0%u v 0%
2 a(z,y) <8x2 + 8y2) = f(z,y,t), (z,y)€Q, and0 <t <T, @)
u 0%u
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For a numerical solution of the system (7)-(8), we partition the spatial domain §2 using the grid points
(xi,yj) = (ih,jh), i=0,...,N, j=0,...,N,

where h = 1/N is the step size of the space variables « and y and N € N. Let 7 = T denotes the step size of the
time variable ¢, and define ¢, = n x 7, forn =0, 1,...,J, with J € N. Let at the grld points (x;,y;, t,,), the exact
solution values of u(z,y,t) and v(z,y,t), be denoted by ug; and v} and the approximate solution values by U:
and V7, respectively. We assume that the exact solution u(w y, 1), 1n1t1al and boundary conditions are sufﬁ01ently
regular to achieve and conserve the order of accuracy of the finite difference approximations. We consider the
following space and time difference operators:

Table 1. Space and time difference operators

Operator Formula
52 Wit1,j — 2Uij + Ui1,j
U 2
520 Wijh1 — 2Wij + Ui i1
yWij B2
2 2
Ahuij — (6zuij + 5yu”)
n+1 _ n n—1
S2ur Uiy — 2uiy Ui
12

By Taylor expansion in time, we obtain for the second-order time derivative in (7),

O%u 72 0t

ij 6
o2 ~ %%~ oA 360 g O ) ©)

We then apply the Taylor expansion in time to the second-order spatial derivatives in (7), and we get,

(9211% 821}%4-9 84 n 0 86 n o . 0
52 = ot O apasr 7 gage T O (10)
(92?}% QQU%JFG 9 84 n 6 86 n o 11)
02 02 90,7 gy T O (

Where we have denoted "0 = "+ 4 (1 — 20)¢™ + ™1, for any function ¢ and 0 < 6 < 1.
Substituting the equations (9)-(11) into the Equation (7) evaluated at (z;, y;,t,,), yields:

(5t2u a”Av"+19 f"w + s (12)

1]7
where
4, n 6,,n 2 n
g O I Tt U _ai.gT2M
Y12 ot 360 OtS J 2

Since u;}; is the exact solution of (7), it follows that

4 o' (AU% )
ott

— ainT

—0(f T =2/ + ) +0(r°), (13)

n 2 1 64UZ T4 84 77JL T4 661}% 484 (A’Ug) 6
n - _ —— - e S P ) 14
=T <12 ") e Taeae W' e TOT) 1
Hence,
1 ol
n _ 2 - Zj
Sip =T (12 0> 57 +O(r ) (15)
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In order to achieve second-order accuracy in space, in Equation (12), we apply the Taylor expansion for the space
derivatives, and we get

n+6 _ 2 n+6 2, n+60 v
Avij = 69;%]' —|—5yvij 12

B2 347)?*0 841)?*0
<8x]4 + 8yj4 +0(hY), (16)

Hence (12) can be rewritten as:

Sfuy — agg (2070 + 6207 H0) = 10 417t (17)
where
. . B2 3417%+9 841—};;_+9 .
Tij,l :Sij —aijﬁ ( 81'4 + ay4 +O(h ) (18)
Canceling the higher-order terms in (18), yields
i1 = siy + O(h%), (19)
Similarly, by considering the Equation (8) at (x;, y;, t,), it can be rewritten as:
vl + (07 + 6y) uiy = Tj 5 = O(h?). (20)
Finally, replacing uj; and v’ by their approximations U;%, V/j, respectively, we arrive at the the following fully

discrete scheme,

S7UL — aij (2VT0 + 67vit?) = fi40 fori, j=1,...,N -1, andn=1,...,/J, (1)
V4 (62 +02) UL =0, fori, j=1,...,N—1, andn=1,...,.J. (22)

In order to represent (21)-(22) in matrix—vector form, for any function ¢, we let:

~ ~ ~ ~ T
$Ph = (9017902;803>~~790N—1) )

where

T .
Pj = (()017]',@27]',()037]',...,()DN_L]‘) for ally = 1,. .. ,N — 1.

Consider the following matrices defined by

Th I Ml
I T, I M,

Ah . .o 7
.0 .
I Th MNfl

I
=
I

The matrix I is the identity matrix of order N — 1, T}, and M;( for j = 1,..., N — 1) are matrices of order N — 1

defined by

1 1 1
:|7Mj:diag|:a.,'7..., ]
1j @2, AN-1,

-1 2 -1
W27 h? b2

Th =tri |:
where diag(ey,) denotes a diagonal matrix formed from the vector ¢y, and ¢7i [b1, ba, b3] denotes the tridiagonal
matrix with the diagonal values is by, the subdiagonal and superdiagonal values are b; and b3, respectively. Note

that Ay, is the matrix representation of the difference operator Ay,. Both A;, and M, are of order (N — 1)2.
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Then, writing (21)-(22) in matrix—vector form yields:

M, 52U + ALV = My 70+ Cp, (23)

V' — AnUy = Ry, (24)

The discretized initial conditions are given by

ug; = uo (x5, ), (25)

-2 -2
ul; = uo(wi,y;) + o (i, y5) — =ai; (A%uo(wi,y;)) + ?f(xiaijo)

2
7 7 df(2i,y;,0)
g i (AQT/JO(%,%')) + FTJ’
with 4, 5 = 0,..., N. The right-hand side vectors R, and C}, are of order (N — 1)2, consisting of the boundary
conditions values. Using Taylor expansion in time and the two equations (7) and (8), it can be seen that the error
of the approximation (26) is of order O(7%). Note that the choice of 6 = 0 in (23)-(26) leads to an explicit scheme,
and 0 # 0 leads to an implicit scheme.

(26)

4. Stability and convergence analyze in 2 —norm
We next show the stability and convergence in the discrete /2—norm of the 6§ Scheme (23)-(26), using the energy
method. We define the following discrete spaces V}, and Vj, o as follows
Vh :{UhE (UZJ) ) i7j:O7"'>N}>
Vho ={Un € Vi; Uy; =Unj =Ujp =Uin =0, 4,5 =0,...,N}.
For each Uj,, W), € V4, o, define the following discrete 12 inner products and corresponding norms

N-1
(U, W) =0 > Uy x Wy, |UL|I* = (Un, Un), 27
ij=1
N-1
(02U, Wiy =1 > 62U 5 x 62Wi g, ||62U][° = (02U, 02Un), (28)
ij=1
N-1
(AU, AyW,,) = h? Z (ApUij) x (ApWi5), |ALUL|? = (AyUn, AUY), (29)
inj=1

and let in the sequel C' means a general positive constant, which have different meaning in different places. The
following lemmas and propositions will be used in the study of stability and convergence analysis of the Scheme
(23)-(26).

Lemma 4.1 ([32])
For any U,, W, € Vh,O’ we have <z4hl]h7 Wh> = <U;L, A}LW}L>.

Lemma 4.2 (Discrete Gronwall’s lemma [23])
Suppose that {Ek , k> O} and { gk, k> O} are two non-negative sequences and ¥° > 0. If

k—1 k
E* §\I'O—|—TZE”+TZQ”, k>0,

n=0 n=0

k
then EF satisfies EF < eF7 <\IJO + TZg”) . k>0.

n=0
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Lemma 4.3
For any U}, € V}, o, we have (A7U,,U,) < ‘

Wlth A}QLU}L = Ah(AhUh).

Proof

2 b2
The proof follows easily by expanding the scalar product (A7 Up, Uy, ), then applying the inequality ab < % + 5
so that each term can be estimated by the bound ||Up||? which lead to the desired inequality. O

Proposition 4.1

Let (U}, V;*') € Vi0 X Va0 be the solution of the Scheme (23)-(26), and consider for n =0,1,...,J, the

following discrete energy denoted by £, hintd 2,

n+1 n n+1
Uttt —up Uttt -
)

T

natl U 1
ELTE = J((M + 07 A7) 2L )+ (A O, (30)
we obtain

1. If — < @ <1, then the quantity £ el is non-negative, and satisfies the following inequality

n 1 |Jurtt —our |
A || 31)
1
2. For0 <0< T under the following CFL condition:
4./a1T 1
“= \{; ~ /201 -46) 2
£ Z’U"Jr% is also non-negative, with the following inequality holds
n 1 urtt —up|?
£Z;+2>E(1+(49—1a2) Hhh (33)
Proof
1. We have,
Bt L UTL+1 Ur Un+1 —_Unr 1 . .
ghnta _ 2<(Mh +6072A2) L - h —h - b+ §<Ath ,Upthy,
1 utt-up uptt-up, 1
= S (M, + 072 A7) —=h——, ———) + (AL (U + U, U+ U
1 n n n
- gl o), uptt - oy,
Then,
ntl 1 Ut - Ui U"+1 Uy
A <<Mh+(9) 2A2> )
2 T
1
+ §<A,%(U,fg+1 + U, UM + Uy, (34)

Using Lemma 4.1, we obtain that
(AFUT + U, Ut + Up) = (AU + U, AR (U + U > 0.
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1
Then with 1 < 60 <1, it is obvious that the first term in the right side of (34) is also non-negative, hence

hontl . . . 1 .
Euvnﬂ‘ is non-negative. Furthermore, since —||W},||? < (M, W},, W},) for any W), € V}, o, we obtain
a
) 1 2
h,nt3 1 U};H_ — Uf?
guu Z -
2(11 T

2. We now prove the inequality (33). According to (34), we get

n urtt —up ottt -up
ElE > <<Mh+(9> 2A2> h Zh By,
T T
Using Lemma 4.3, we obtain
( AQU"+1 Ui Uttt — Uh> 64 —up|)?
T - T
So, we get
1 1 urtt —up uptt -uyp 1 urtt —up
(60— 2)r2(A2 2 b Zh LY > ——(46 - 1)a? || L—=
2 4 T T 2a, T
Hence it follows ) )
Uyt - Up

gnrte > 21 (14(491)&2)" (35)

ai

T

1
With the assumption in (32) the right-hand side of (35) is non-negative, and {;'Z;ZHZ is a non-negative

quantity.
O
Proposition 4.2
1
Let& Z;,nJr 2 be defined as in Proposition 4.1, then for any n = 0, 1, ..., J, we have the following energy estimation:
Vet < el +or >t 6o
k=0
with
V2 1
& . ifo<6< -,
1+ (40 — 1)a? 4
V?H if;<0<1
Proof
We write Equation (23), in the following form
uptt —our + Uyt
(M), + 07° A7) T; o+ AV = My, fi0 37
n+l _ rrn—1
Taking the scalar product of (37) with h2—h leads to
T
Un+1 _ 2Un + Un71 UnJrl _ Un71
2 42\ Yh h h h h
(M + 072A3) p : 5 )
U7L+1 Un—l Un+1 Un—l
+(ARV T ) = (M ) (38)
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then developing the left-hand side of equation (38), we get

n+1 n— n n— n+1 n n n
U " _2Uh +Uh ' U i Uh 1>:2i<(]\4'h_’_0,7_2"42)lj-h+ _Uh’Ulz,+1_Uh>
T

U Un 1 U Un—l
——<Mh+92A2) - ,— Th Y. (39)

(M), + 67> A3) =L

T2 2T T

Inserting the Equation (39), into the equation (38), leads to
ghnts _ghn—z _ <M Fro Ut .
We then apply the Cauchy-Schwarz inequality, to obtain
ghnts _ ghn—d _ 7<M FHO UM U + %(th}fw,U{f —uph,

§Hth;?+9|| (IO = Ul + oy = U =H) -

1
e [f0<H < T from the inequality (33), we have

h, n+2 h, n—f 1+ (40 B 1)042 n n n n—
Verrt o Jetnt s = (10 - UR + UE - U ).

hence,

82;)"+%_£Zvn 5 < T 2@1 ”th;;+0|| <\/ hn+z+\/ghn 2>7
2¢/1+ (40 — 1)a?

Dividing this inequality by \/ ghrts 4 \/ ERTTE we get

-1 2
\/ h TL+2 . \/Sh n < T al ||Mh }'rLLJrQH (40)
1+ (40 — 1)a?

1
* For the case 1 < 0 < 1, by using inequality (31), and similar arguments as above we obtain

Jeer _\Jem it

Then, using the mathematical induction, both (40) and (41) leads to the inequality (36) foralln = 0,1,...,.J, And
this ends the proof. O

=NV ek (41)

Definition 4.1
[20] A finite differences scheme is said to be stable in a norm ||.|| if the solution U} satisfies:

U1 < ¢,

with C' > 0is independent of n and h. This implies that the norm of the solution U;’ remains bounded as n — +o0
for a fixed h.

Theorem 4.1 (Stability)
Let U;} be the numerical solution of the Scheme (23)-(26) and suppose that the initial conditions are sufficiently

1
regular so that £ Z;ﬁ < C, Then we have
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1
1. If 1 < 6 < 1 then the Scheme (23)-(26) is unconditionally stable.

1
2. If0<0 < 1 then the Scheme (23)-(26) is stable provided that:

042<1 L
—2\1—-40/"

Proof

1
1. If0<0 < 1 Combining the two inequalities (33) and (36) leads to

1+ (40 — 1)a?) || UM —Up 1 =
\/( +( )a ) h h < gﬁ;} +BTZ Mh.f}]f+0 . (42)
2a4 T P
1
2. If 1 < 0 < 1, similarly using (31) and (36) gives
L ||\uptt —uop Wl ~ L
— || R\ <\ En? M, 0. 43
o7 — < + Br kZ:O nhi (43)
After rearranging, both (42) and (43) can be written as
‘ Ut = Up| <287/ Co + 28272 ) || M )],
k=0
Next, by using the triangle inequality, we get foralln =1,...,J,
n—1
‘ ur| < |\up |+ HU;; Uyt < |UpTt 4 287/ Co + 28772 > || ML £
k=0
Summing this inequality over n starting from 1 leads to
n -1
HU; < HU,? +28n7\/Co + 2827 > || My £ (44)
1=1 k=0

We can easily show that 3 2 < aq, providing the CFL condition for the case if 0 < 6 < 1/4. Finally, since Uﬁ = Uﬁ,

then ||U. ,? < C, and we obtain the following desired result
HU,? < NUP|| +2y/a1T\/Co + 2a,T?|| M, Orgla<xj||f,ll+0||. (45)
c
where C' > 0 is independent of n and h. This ends the proof. O

Theorem 4.2 (Convergence)
Assume that 7 = O(h), then the solution of the Scheme (23)-(26) converges to the exact solution of the Problem
(7)-(8) in the [?—norm with order O(72 + h?).
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Proof
Let (uf};,vf;) and (U}, Vi) be the solutions of the Problem (7)-(8) and the scheme (23)-(26), respectively. Then
(u}, vy) at time ¢, satisfies:

My 02 u} + Aot = My, fr40 Ty (46)

On the other hand, (U}, V") satisfies:
M, S2U + ALV = My, 70 47

Defining e}y = up — U}!, dj, = vy — V;" as the errors vectors, then subtracting (46) and (47) yields:

My diey + Apd) =Ty, (48)
Similarly, by (8) and (24), we obtain
— Apey =T, (49)
Letting £ = dj — ATy, then we have
{ My 67el + A&’ =T — ATy, (50)
£ — Apey, =0, 51

We can now employ the stability results obtained in the previous section applied to the system above. We have

g -l = LTy - ATy e e ), (52
then,
8211”4_% _8251_7 2<T1? n+1 ezil> 2<T2a et 5}7;71>7
2<T1, ey’ —ey 1>—7<T2, R ER), <T;,£;;+sz-1>, (53)

Summing up for n from 1 to k in both sides of (53), yields:

e

hk+g 1

Enity _ghs 4~ Z Ti e n+1—62_1>—%<T2k, ’“+1+£h>+ <T2, &+ €Y, (54)

l\D

Using the Cauchy—Schwarz inequality, leads to

h’k+l 13 n 1
ENTE<EN 4 ZHTI Mep™ — en™ Il + *||T2 lgn™ + &l + S1T2 1l1€n + €xll (55)

According to the Proposition 4.1 and Equation (34), we have, respectively,

lertt — ep|| < 7\/28E07 "7 and ||ghH! + €F|2 < sgli e

substituting these inequalities into (55), yields:

hyk+3 ghnts hn—1 hk L
Enti < ++f||T2H||£h+£h||+— Z||T1 [ <\/ = +\/8 >+f||T2|| T2 (56)

Stat., Optim. Inf. Comput. Vol. 15, June 2026



5182 RESTRICTED ADDITIVE SCHWARZ ALGORITHM FOR PDE

1 1 1
By means of the two inequalities ab < §a2 + 51)2 and 2ab < ~a? + eb?, we get
€

hk+ % h,1 h,n++ \/ \[ \[ hk+1
Euw * < Ew ||T2 11€5 + &Rl + — Z‘guv e ZHT1 I + 7||T2 I+ Z-euv 7,

n=0

then we choose € such that € < /2, we get

hk+% h,% h71+
Euy * <& ||T21H||§h +& + V2P Z : ZII r?+ 7HT2 2.

Apply now the Gronwall inequality in Lemma 4.2, to obtain

k
hk+3 h,% n
Euw 2 <C <8mﬁ TS NlIgh + &l + 7> _IT ||2> ;

n=0

We now estimate each term in the right hand side of (59). From (25), we have

€) =0 and e} = O(1%)

then, £ = Aye) =0and ||€}| = || Ane} || < %Hem With 7 = O(h), we get

€L < Ch2.
For the term € Z;,%, by definition we have
&£ 71 M ot 2A2 e}b_e?l e%b eh
uv <( h+ ) . ) T > + 3 <£h7 €h>
It follows,
2
h} ap 61 60 0
8uv2 < ? h b +§||£}1z_£2H2’

Combining (60) and (61), yields:
£l < O((7*) + (%)),
For the other terms, We recall that

IT3 || < Ch? and |T7'|| < C(7* + 1?),

then,
k

IT5 1€ + &2l < C(h2)* and 7 ) || T7|)* < C (72 + h?)?
n=0

Substituting (62)-(63) into (59) , we obtain

ELFYE < 02 4 22,

len ! — ep|| < ry/28€012,

Finally, since
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then,

len M < el + llen ™ = erll,

< |le|| +r\/28€m "> (65)

Summing up for n from 0 to k in both sides of (65), yields:

k
lef ) <> y2pelrt (66)
which implies, by using (64),
ey ™| < C(r% + h?). (67)
This completes the proof. O

5. Restricted additive Schwarz preconditioner

Applying the method (23)-(26) to solve the plate equation (1) leads at every time step to a linear system of the form
QnUp = by, (68)
which the associated matrix Q;, is given by:
Q= M, + 972A,%.

For such discretization, it’s well established that the condition number s of Q), satisfies : kK = (’)(h_4) (see [19]),
thus growing fast and unboundedly when the mesh size & tend to 0. Our aim in this section is to construct and apply
the restricted additive Schwarz preconditioner for Qj,.

In order to apply the restricted additive Schwarz preconditioner, the domain 2 C R? will be decomposed into

~ P
p non-overlapping subdomains €;, i = 1,...,p, such that Q = (J Q;. The overlapping decomposition of 2 is
i=1

obtained using the following definition:
Q; = {x € Q/ dist(z,Q;) < 6}

where the parameter ¢ is the width of the overlap between the subdomains §2;. The overlapping subdomains €2;,
1=1,...,p, satisfies

See, the Figure 1 (from [8]) for an example of a non overlapping decomposition (left) and overlapping
decomposition (right) of the domain ).
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ﬁl @2 /QB @4 Q,

/QS ﬁ6 ﬁ7 /QS ------------------------- Q 8
@9 /\10 ﬁn @12 ------------ g 10 ----------------
§13 ﬁ14 /Q15 /QIG -------------------------------------

Figure 1. Left: Domain partition without overlap for 16 subdomains. Right: The 16 subdomains with overlap.

Let us denote by g the size of the discretization matrix Qj, and let Z = {1,...,q} be the set of all indices of
the grid points inside €. Similarly we let for each 1 < ¢ < p, Z; denotes the set of all indices of the grid points
in the interior of €2;. The cardinality of the set Z; is denoted by n;. Note that, since {€2;}}_, form an overlapping
decomposition of 2 It follows that

p
LNT; #0, Vi#j, and T = | J T,

i=1
We then, define the submatrix A; of size n; x n; corresponding to the subdomain 2;, using the following relation:
A; = RiAR],

where R; is the restriction matrix, i.e., a n; X ¢ rectangular matrix such that for any vector v € R4, R;v € R™ isa
vector whose entries correspond to the values of v at grid points in the interior of the subdomain €2;.
The transpose RT of R; is defined by: For any vector v € R"™, we have

(Riv), =wvj, ifj € Zyand (Riv) =0, ifj ¢ L.
We also introduce the rectangular matrix R?, which restricts now a full vector v in R, to a subvector whose entries
corresponds to the values of v at grid points in the interior of the subdomain §2;, hence excluding the grid points

inside the overlapping region.
Defining

P
Poi=> (R)TA 'R,
i=1
Then, the Restricted additive Schwarz method for Equation (68) consists of solving the following preconditioned
linear system:
ProsQnUn = Progn, (69)

By using an iterative method. Since the new system matrix P,,1Q; is not symmetric, we choose to use the

GMRES method as an acceleration method. Note that the preconditioner P, is not assembled explicitly; instead,
we only need to compute its action on any given vector, which is achieved by the following algorithm:
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Algorithm 1: Restricted Additive Schwarz Preconditioner

input : v
1 Do in parallel for each subdomain €;:
2 bz «—— R;v
3 solve the linear system: A;x; = b;
4 Wi <— (R?)T$l
5 Sum:

p
—1
6 P"w’U<— E wy
i=1

output: P_lv

Remark 5.1
In a parallel computing environment, each processor (or core) i, (1 < ¢ < p) will be charged to solve using direct
method a linear system associated with the subdomain €2;.

6. Numerical experiments

To validate the performance of the scheme and the RAS algorithm presented in this work, two numerical examples
are considered. In the following we calculated the [? and [*® errors via the formulas:

N-1
lehlloe = | _max |l = US|, and flefllo =y | > Jufj = UG,

ij=1

The order of convergence of the present scheme is computed via the formula:

Orion 108 e /ey
log (s1/2)

where ||es, || and ||es, || are the errors for the mesh of sizes s; and sq, respectively, and ||.|| is either the 2 or the [*°
norm.

The linear system (68), at every time step, is solved iteratively by the preconditioned GMRES method, using the
restricted additive Schwarz preconditioner. The stopping criterion is to bring the relative residual under tol = 107,
All experiments presented in this section were obtained using MATLAB R2022a on a MacBook computer equipped
with a 2.3 GHz, 8GB of RAM, Intel Core i5. For the implementation of the parallel domain decomposition
algorithm we have used the parallel computing toolbox (PCT) included in MATLAB. Each subdomain’s linear
system is assigned to one processor core and solved using MATLAB’s backslash operator.

Problem 1

We consider homogeneous plate Equation (1) with a(z,y) = 1, Q = [0,1]?, T = 1. The applied transverse loading
fis:

f(x,y,t) = (72 + 647*) exp(—t) sin(27x) sin(27y),
the analytic solution is

u(z,u,t) = exp(—mt) sin(2nz) sin(2my).

Figure 2, left, shows the numerical solution surface obtained by the present scheme at 7= 1 with h = 1/64,
7 =0.0016 and 6 = 1/4. The agreement with the exact solution (plotted in the right of the same figure) is seen to
be very good.
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Figure 2. Left: The numerical solution Uy, of Problem 1 with h =1/64 and 7 = 0.0016, § = 1/4 at T' = 1. Right: The
analytical solution u of Problem 1 at T =1

Table 2 shows the /2 and [°° errors and the spatial convergence orders of the numerical solution U, obtained
in solving Problem 1 for different values of the mesh size h and 7 = 0.0004, § = 1/4 at T = 1, using the present
scheme. It can be seen that as h — 0 the numerical solution converges to the analytical solution. The experimental
order of space convergence is almost 2, which is in accord with the theoretical order. In Table 3, we present the
experiment results in solving Problem 1 for different values of the time step 7, with fixed h = 1/256, and 6 = 1/2
at 7" = 1, which confirms that the present scheme has order two in time.

Table 2. Errors and convergence orders in space for Problem 1 with 7 = 0.0004 and 0 = 1/4 atT =1

h [°° — Error Order 12 — Error Order

5 2.2507 x 10792 — 1.1253 x 10792 —

% 6.6445 x 10793 1.760109 3.3223 x 10793 1.760112

o 1.5826 x 1093 2.069908 7.9128 x 10704 2.069905

ﬁ 3.8756 x 10704 2.029763 1.9378 x 107%4 2.029764
Average 1.953260 1.953260

Table 3. Errors and convergence orders in time for Problem 1 with h = 1/256 and 6 = 1/2 atT =1

T [*° — Error Order 12 — Error Order

1—10 7.0300 x 10792 — 3.5150 x 10792 —

% 2.0106 x 10792 1.805901 1.0053 x 10792 1.805901

i 5.8481 x 10793 1.781586 2.9240 x 10793 1.781586

20 1.2789 x 10793 2.192999 6.3947 x 10~ 2.192999
Average 1.9268 1.9268

For comparison purposes, we solve the linear system (68) at every time step by the GMRES method without a

preconditioner. Then, we apply the restricted additive Schwarz preconditioner associated with 4 subdomains with
an overlap width § = 0.1. In Table 4 we list the condition number values when solving Problem 1, showing that it
increases as O(h™%).
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Table 4. Without preconditioner: Growth of the condition number for Problem 1 with 7 = 0.0016, § =0.1,p =4, 60 =1/2
atT =1

h Condition number Rate
5 6.0192 x 1019 ——
3%2 8.2487 x 10701 —3.7765
6%1 1.3095 x 10103 —3.9887
ﬁ 2.0956 x 10704 —4.0003
Average —3.9218

The condition number, the number of iterations and CPU time (in seconds) for the RAS preconditioned method and
the unpreconditioned method are given in Table 5, for different mesh sizes h and 7 = 0.0004 at time step 7" = 1.
One can see that as h decreases, the condition number grows fast and unboundedly for the unpreconditioned case.
As a consequence the number of iterations and CPU time for the RAS method are significantly lesser than those
for the unpreconditioned case, which show the effectiveness of the RAS method.

Table 5. Condition number, GMRES iterations and CPU time for solving the Problem 1 with 7 = 0.0016, 6 = 0.1, p = 4 and
0=1/2atT =1

h without preconditioner RAS preconditioner
Condition number  Iteration CPU Time (s) Condition number  Iteration CPU Time (s)
1—16 6.0192 x 10100 3 2.2558 x 10701 1.3302 x 10100 6 4.4275 x 10791
# 8.2487 x 10101 12 3.8850 x 1079¢ 1.6238 x 10100 7 6.4997 x 10100
a1 1.3095 x 10103 44 9.2983 x 10100 3.3950 x 10100 7 3.3499 x 10701
o5 2.0956 x 10704 165 2.6886 x 10192 2.2535 x 107! 8 1.9041 x 10702
102 ‘ ‘
—%— §=0.0100
—#% §=0.0300
——§=0.0500 |+
—+-§=0.0700
—=— §=0.0900
: ]
ok,
**ﬁ***** E

45 50 55 60

lteration

Figure 3. Problem 1: Convergence history of the GMRES method using RAS preconditioner for different overlap widths 4,
p=2h=1/64,and r = 0.015
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In Figure 3, we show the number of iterations to achieve a relative residual error lesser than 10~ for the restricted
additive Schwarz preconditioner applied with different overlap sizes J to solve Problem 1. The obtained results
show that the RAS algorithm performs better for bigger J, since the RAS algorithm converges in less iterations in
this case.

Problem 2
We consider a thin plate occupying the domain 2 = [0, 1]2, the transverse deflection u is governed by equation (1),
we leta(z,y) = 1 + 22 + y?, T = 1, and the applied transverse loading is given by:
flz,y,t) = (1 447 (1 + 22 + y?)) sinh(t) sin(7z) sin(7y).
The analytic solution is given by
u(z,u, t) = sinh(t) sin(nzx) sin(my).

Figure 4, shows the good agreement of the numerical solution (h = 1/64 at T = 1) obtained by our proposed
scheme with the analytical solution.
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Figure 4. Left: The numerical solution Uy, of Problem 2 with h =1/64 and 7 = 0.0016, § = 1/4 at T'= 1. Right: The
analytical solution u of Problem 2 at 7' =1

Similar to Problem 1, we let 7' = 1, then we solve the Problem 2 by the present scheme for different values of
the mesh size h and for § = 1/8. In this case (0 < 6 < 1/4) the time step 7 is chosen, in order to fulfill the CFL
restriction. The [? and [* errors and the spatial convergence orders for Problem 2 are reported in Table 6. Again,
with h approaching zero, the numerical solution converges to the analytical solution, and the experimental order of
space convergence is almost 2, which is in accord with the theoretical order.

Table 6. Errors and convergence orders in space for Problem 2 with = 1/8 atT =1

h [*® — Error Order 1?2 — Error Order

%6 7.7739 x 10793 — 3.8869 x 10793 —

$ 1.9358 x 10793 2.005680 9.6788 x 10794 2.005717

& 4.8347 x 107 2.001457 2.4173 x 107% 2.001449

o= 1.2084 x 107% 2.000340 6.0418 x 1079 2.000337
Average 2.002492 2.002501

Stat., Optim. Inf. Comput.

Vol. 15, June 2026



C.CHAHIDI, Y. KHALI, S. KHALLOUQ, N. NAGID

5189

Table 7. Errors and convergence orders in time for Problem 2 with h = 1/256 and § = 1/2 atT =1

T [*° — Error Order 12— Error Order

5 5.5315 x 1079 — 2.7660 x 10793 —

5 1.4132 x 10793 1.968697 7.0669 x 10794 1.968629

6 3.4516 x 107 2.033649 1.7258 x 10794 2.033829

5 6.4388 x 10~ 2.422384 3.2193 x 1079 2.422423
Average 2.141576 2.141627

In Table 7, we present the numerical results in solving Problem 2 for different values of the time step 7, with

fixed h = 1/256, and 6 = 1/2 at T' = 1. As we can see, the present scheme has order two in time. In Table 8, we
compare our algorithm (RAS preconditioner) with the Additive Schwarz (AS) preconditioner studied in [19] and
the ILU(0) preconditioner. We take 7 = 0.01, tol = 10712, 9 = 1/2 and T = 1. As can be seen in these results,
when h decreases (i.e., when the size of the problem increases) the number of iterations and CPU time for the RAS
method are significantly better compared to those of the Additive Schwarz case and to those of ILU(0) case. We
note that when solving the Problem 2 for h = 1/512, the ILU(0) method cant reaches the stopping criterion, which

is not the case with the RAS method.

Table 8. GMRES iterations and CPU time for solving the Problem 2 with 7 =0.01 § = 0.35,p=2and 0 =1/2atT =1

h RAS preconditioner AS preconditioner ILU(0) preconditioner
Iteration CPU Time (s) Iteration CPU Time (s) Iteration CPU Time (s)
55 10 1.0871 x 10702 11 1.1877 x 10702 17 1.0255 x 10702
? 02 +02 +02
70 10 1.7949 x 10% 12 2.1344 x 10 22 3.0949 x 10
70 10 3.4932 x 10792 12 4.1794 x 10792 30 7.0410 x 10102
T 10 4.7692 x 10702 12 5.7277 x 10702 45 1.6079 x 10+03
513 10 1.3746 x 10703 12 1.5871 x 10703 —— ——
102§ : :
—%*— §=0.0500
—¥—6=0.1250
10° ** —o- 5:2.2003 ]
—¥— 4 =0.275
\ **\,\ —=— §=0.3500
b o
- 107 \q *»*
R,
s 10¢ a\o oy
= e
é \b M*x
106 \Q *‘k\*
S
X e
108 b E

10710

.
20
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Figure 5. Problem 2: Convergence history of the GMRES method using RAS preconditioner for different overlap widths 9,

p=2,h=1/64,and 7 = 0.015
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We present in Figure 5, the number of iterations of GMRES method combined with the the restricted additive
Schwarz preconditioner for different overlap widths § to solve Problem 2. The obtained results show again that the
RAS method performs better with bigger 6.

7. Concluding remarks

A two-dimensional 4th-order variable coefficient PDE governing the vibrations of a simply supported thin plate
is studied in this paper. We first established some a priori estimates for the weak approximation of the solution of
(1), then we presented a finite difference spatial scheme combined with a # time scheme to solve our problem.
We studied the stability and convergence using the energy method since Fourier analysis cant easily handle
variable coefficient problems. Numerical analysis and experiments show that the present scheme is unconditionally
stable and convergent in the 12 norm when 1 /4 <60 <1, and it is conditionally stable and convergent in the
12—norm under the CFL restriction when 0 < # < 1/4. The convergence order is two in both temporal and spatial
variables. To precondition the discrete approximations of the problem (1) obtained using our scheme, we used
the restricted additive Schwarz preconditioner for the GMRES method. This parallel preconditioning technique
improves significantly the condition numbers and speed up the solution process when the size of the linear system
increases as shown by the numerical experiments reported in section 6. We are currently working to extend this
technique to solve three-dimensional biharmonic equation and nonlinear 4th-order PDE.
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