‘ STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. x, Month 202x, pp 0-45.
Published online in International Academic Press (www.IAPress.org)

|APress

A Unified Framework for Characterizing Wrapped Distributions Using
Truncated Moments and Reverse Hazard Function

G. G. Hamedani »*, Amin Roshani 2, Nadeem S. Butt 3

L Department of Mathematical and Statistical Sciences, Marquette University, Milwaukee, USA
2Department of Statistics, Lorestan University, Khorramabad, Iran
3 Department of Family and Community Medicine, King Abdulaziz University, Jeddah, Saudi Arabia

Abstract Bell and Nadarajah [1] provided an exceptional review of the existing "Wrapped Distributions” in an alphabetic
order. We suggest every interested reader carefully read the “Introduction” given in their paper. The current paper deals
with various characterizations of these distributions in two main sections, one for the continuous case and the other for
the discrete case. The characterizations for the continuous wrapped case are based on a simple relationship between two
truncated moments. It should be mentioned that for this characterization the cumulative distribution function need not have
a closed form and depends on the solution of a first order differential equation, which provides a bridge between probability
and differential equation. The fact that our characterizations in the continuous case does not require that the distribution
function have closed form, set them apart from other existing characterizations results. We like to point out that our paper is
a theoretical research in a challenging and mathematically elegant field, called the ”Characterizations of Distributions”.

As we mentioned in our previous works, sometimes in real life cases, it is very difficult to obtain samples from a continuous
distribution. The observed values are generally discrete due to the fact that they are not measured in continuum. In some
cases, it may be possible to measure the observations via a continuous scale, however, they may be recorded in a manner
in which a discrete model seems more suitable. Consequently, the discrete models are appearing quite frequently in applied
fields and have attracted the attention of many researchers. The characterizations for the discrete wrapped case will be based
on certain function of the random variable whose form depends on the nature of the distribution of the random variable.
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1. Introduction

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know
if their model fits the requirements of a specific underlying probability distribution. To this end, the investigator
will rely on the characterizations of the selected distribution. Generally speaking, the problem of characterizing a
distribution is an important problem in various fields and has recently attracted the attention of many researchers.
Consequently, various characterization results have been reported in the literature. These characterizations have
been established in many different directions. Our characterizations are in the directions mentioned in the Abstract,
which is completely different from the ones reported in the literature.

To illustrate the practical usefulness of such results, consider two classical applications. A well-known result
due to Cramér states that if X and Y are independent random variables such that their sum X + Y is normally
distributed, then both X and Y must themselves be normally distributed. This property uniquely characterizes the
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normal law: the stability of the normal distribution under addition. As a technical example, consider independent
measurement errors arising from two different instruments, say X from a thermometer and Y from a pressure
gauge. If the total error X + Y in a derived physical quantity (for instance, an equation of state involving both
measurements) is empirically found to be normally distributed, then Cramér’s theorem ensures that each of
the component errors must themselves follow a normal law. This provides a rigorous justification for modeling
experimental errors by Gaussian distributions, a cornerstone assumption in many areas of physics, engineering,
and signal processing.

Another example arises from the exponential distribution, which is the only continuous distribution possessing
the memoryless property. This identity provides a complete characterization of the exponential law and is widely
used in applied probability. For instance, in reliability analysis, if the remaining lifetime of a component does not
depend on how long it has already lasted, then modeling the lifetime by an exponential distribution is well justified.
This principle underlies the exponential failure-time model commonly used in survival analysis, queuing theory,
and reliability engineering.

We will employ the same notations for the parameters used by the original authors of the proposed wrapped
distributions.

We list below first the cumulative distribution functions (cdf) and probability density functions (pdf) of the
wrapped continuous distributions mentioned in [1], 1.1-1.45. Then we list the cdfs and probability mass functions

(pmfs) of the discrete wrapped distributions mentioned in [1], 1.46-1.55.

1.1. Wrapped Akash (WAk) Distribution

F(x;/\)z/wf(u;)\)du, 0<z<2rm @)
0
and

f(z;\) =Ce P (z), 0<ux<2m, )
where A >0 is a  parameter, C = W and P(z)=(1+2%) (1- 6_271')\)2 n

4re—2mA (:c + 4+ e 2 — xe’Q’”‘).

1.2. Wrapped Aradhana (WAr) Distribution

Py = [ fusN e, 0<e<om ®
0
and

f(z;\)=Ce P (z), 0<uz<2m, ()
where \ > 0 is a parameter, C' = Wi\w and P (z) = (1(_1;:”2);) + “&fﬁl";i}j? + 47r26(_12_7r:,(i:f);2ﬂ).

1.3. Wrapped Binormal (WBN) Distribution, WLOG for 1 = 0,01 = 05 = 1

F(x):/owf(u)du 0<z<om 5)
and
f(z)=Cze /2P (2), 0<uz<2m, (6)
where C' = \/% and P (v) = 271 o0 e 2km(athm)

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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1.4. Wrapped Birnbaum-Saunders (WB-S) Distribution

F(x;u,d):/ fusp,6)du, 0<ax<2m, @)
0
and
— (52
fz;p,6)=Ce Vi )*P(z), 0<z<2m, (8)
where 0<u<2m,6>0 are parameters, C = 661% Vﬂ‘i:rle* TR and P(x)=

dp 52u
Z‘X’ % e~ 4(:c+2krr’)(r§+l) .
k=0 \ (z+2km)3/?

1.5. Wrapped Cauchy (WC) Distribution

F(w;%u)=/ fuyy,p)du, 0<z<2m, ©)
0
and
I (x; )= ¢ 0<xz<2m (10)
T ~ coshy —cos (z — p)’ ’
where v > 0, u € R, § > 0 are parameters and C = %
1.6. Wrapped Chi-Square (WC-S)Distribution
F(:c;k):/ fusk)du, 0<zx<2m, (11)
0
and

f(z k) =Ce 2P (z), 0<uz<2m, (12)

k
where k>0 is a parameter, C' = 5i5m, P (z) = @ (e7™;1—% Z) I'(k) is the gamma function and

n

D (z;8,a) = Z:O:o (ajiin)

1.7. Wrapped Exponential (WE) Distribution

1 767/\m
F(I%)\):my 0<x< 2w, (13)
and
f(azk)=Ce ™, 0<ux<2m, (14)

where A > 0 is a parameter and C' = ﬁ
1.8. Wrapped Exponential Inverted Weibull (WEIW) Distribution
F(a:;a,)\)—/wf(u;a,)\)du, 0<x<2m, (15)
and i
f(z;a,\)=Ce *P(x), 0<z<2m, (16)
where a > 0, A > 0 are parameters, C' = aX and P (z) = ¢* Y, (z + ork) (et {e_('”””’“)w] /\.
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1.9. Wrapped Gamma (WG) Distribution
Fard) = [ flurdde 0<s<om a”
0
and

flxz;r, ) =Ce P (x), 0<uz<2m, (18)

where 7 > 0, A\ > 0 are parameters, C' = %, P(z)=® (e"**1—r,£),T (k) is the gamma function and

n

P (z;s,a)=> " oty

1.10. Wrapped Generalized Geometric Stable (WGGS) Distribution

1 — [ar . Be B
F(gc):{1+2 {sm(kx)—i——cos(kx)}}, 0<z<2m, 19)
2m ; k k k
and
fx)=Ccos(m—z)P(x), 0<uz<2m, (20)

where C' = 5, and P (2) = im0 (142377 [ cos (kx) + By sin (kx)]).

1.11. Wrapped Generalized Gompertz (WGG) Distribution

oo
Z {F (c,ew?:a) -T (c,ezﬁgk%ﬂ , 0<z<2nm, 21

k=—o0

F (z;a,b,c) =

T (¢)

and

f(z;a,b,¢) = Ceb®P(x), 0<azx <2, (22)

where 0 < a < 2m,b>0,c> 0 are parameters, « + 27k > a,C = Wl(c)v I' (¢) is the gamma function, P (z) =
> e . exp {% 2k —a) — ™% " } and T (¢, z) is the incomplete gamma function.

1.12. Wrapped Generalized Normal Laplace (WGNL) Distribution

F(x):/gcf(u)du7 0 <z <2m, (23)
and ’
f(x)= S {1 —|—2i [ cos (kx) +Bksin(kx)]} , 0<z<2m 24)
2m —
1.13. Wrapped Generalized Skew Normal-1 (WGSN-1) Distribution
F(m;a,,u,a,)\):/mf(u;a,u,a,)\)du, 0<z<2m, (25)
and i
fz;a,pu,0,N) = Cmef%P (), 0<uz<2m, (26)
where a>-1L,peRo>0X1eR are parameters, C= m, P(z)=

Y e~ 7oz [kt (2mk—p)’] [1+0® (2 (x+2nk —p))] and ®(x) is the cdf of the standard
normal random variable.
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4 A UNIFIED FRAMEWORK FOR CHARACTERIZING WRAPPED DISTRIBUTIONS

1.14. Wrapped Generalized Skew Normal-2 (WGSN-2) Distribution

F(x;a,ﬂ,u,W):/ flua, B pw)du, 0 <z <2, 27
0
and
:c2

[z e, B, p,w )—C’9U67211J72P(:1c)7 0<x<2m, (28)

where o € R, 5 € R, u € R,w > 0 are parameters, C' = ﬁ
e} 3
Pa)=at Y e drlemomerenin?]g (o (ZE2TRZMY g (TR p
et w w ’

and & (z) is the cdf of the standard normal random variable.

1.15. Wrapped Half-Logistic (WHL) Distribution

F (z;p,0 /fuu, u, 0<uzx <2, 29)
and
f(z;p,0) :C’efgp(:c), 0<x<2m, (30)
where 0 < ;1 < 27,0 > 0 are parameters, C = 2 and P(z) = i e e —.
7 k=—oco (e e e s “+2e7>
1.16. Wrapped Half-Normal (WHN) Distribution
F(x;p,0 /fu,u7 u, 0<z <2, (€1))]
and
flz;p,0)=Ce sP(x), 0<uz<2m, (32)
where 0 <y < 27,0 > 0 are parameters, C' = 2 and P(z) = io: -
k=0 (e T 4eT T o 42 )

1.17. Wrapped [12]’s Skew Laplace (W[12]’sSL) Distribution
pec(,@+2ﬂ'7257\') (1—e )+ (1—p) e(2r—1)cB (ecﬁ _ 1)

6271‘6 -1

F(z;8,c,p) = , 0<z<2n, (33)

and

f(x;8,¢,p) =Ce P (x), 0<uzx<2m, (34)
where 3 € R, c.0,p € (0,1) are parameters, C' = ——~— and P (z) = pce®P+27=26m) 4 (1 — p) ecle+(1+2m=1)8),

1.18. Wrapped Hyperexponential (WHE) Distribution

x

F({ﬂ; )\1, )\2) = f(u, )\1, )\g)du, 0 S X S 27T, (35)
0
and
fz A, \2) = Ce—MP( ), 0<x<2m, (36)
where Ay > 0, Ay > 0 are parameters, C' = 222 and P (z) = Y ;7 e~ 2™ — e= (o= Az 3700 fo=2kmda,
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1.19. Wrapped Ishita (Wishita) Distribution

F(x;)\)—/mf(u;)\)du, 0<z<2m, (37)
0
and
f(z;)) =Ce P (z), 0<ux<2m, (38)
where A > 0 is a parameter, C' = /\’\—_:2 and P (z) = 17’\:}22“ + (;*jzi;i’;;z + 4”26(_12:7(1;6)_32"”

1.20. Wrapped Laplace (WL) Distribution

x
F(a:;n,)\):/ fusk,N)du, 0<z<2m, 39)
0
and
f(z;r,\) =Ce 2P (z), 0<az <2, (40)
: AR 1 e(MJr%)m
where A > 0 is a parameter, C' = 2% and P () = —=s=r + Sexmo1

1.21. Wrapped Length-Biased Weighted Exponential (WLBWE) Distribution
F(:E;a,)\):/ fusa, ) du, 0<azx <2, 41)
0
and

f(z;a,\)=Ce™P(z), 0<ux<2m, (42)

where o >0,A>0 are parameters, C = [2(((: ':12);2 and P (z) = —tmx <x + ffij:i) -

—adz

. ore—2mA(1+a)
1T _c—27A(iFa) [1"" 1_e—27A(iFa) |*

1.22. Wrapped Levy (WLevy) Distribution

F(w;c,,u)z/wf(u;c,u)du, 0<z<2m, (43)
0
and
f(zie,p) =Ce 3P (z), 0<x<2m, (44)
where ¢ > 0, 1 € R are parameters, C = e /;= and P (z) = > 00 m

1.23. Wrapped Linnik (WLinnik) Distribution

F(:(:;)\)z/wf(u;/\)du, 0<z<2m, (45)
0
and
fz; ) =Ce P (x), 0<x<2m, (46)
where A\ > 0 is a parameter, C' = W and P (z) = (1+z) (1 — e 2™) 4 2me =22,
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6 A UNIFIED FRAMEWORK FOR CHARACTERIZING WRAPPED DISTRIBUTIONS

1.24. Wrapped Lindley (WLindley) Distribution

sin (kx)
F(x: _ <zxr<2 4
(x;0,q) 5 T+ 2 ZkzlJraka]’ 0<z<2m, 47
and
f(z;o,a) =C(cosz)P (z), 0<zx<2m, (48)
where o > 0,0 < a < 2 are parameter, C' = 5 and P (z) = (cos z) ! [1 +23 07, legkk? .
1.25. Wrapped Lomax (WLomax) Distribution
= 2%\ Y 4 2km\
F(z: — =7 — <zr<
(2;0,0) Z(1+ a) Z<1+ . > , 0<axz<2nm (49)
k=0 k=0
and
f(z;0,a) = Cg~ (et p (), 0<uz<2m, (50)
—a—1
where o > 0, a > 0 are parameters, C = 2 and P (z) = > ;7 ( %) :

1.26. Wrapped Modified Lindley (WML) Distribution

F(m;)\):/mf(u;)\)du, 0<z<2m, (51)
and i
f(z;\)=Ce P (z), 0<ux<2m, (52)
where A > 0 is a parameter, C' = — 6,4” and P () =1 +e 2™ + 61::; [2/\30 —14 %}
1.27. Wrapped Weibull Pareto (WWP) Distribution
F (z;p,0 /fuu, u, 0<z <2, (53)
and
flx;p,0)=Ce *P(x), 0<uz<2m, (54)

where 1 >0,0 >0 are parameters, x> pu, WLOG we take p=0,0=1, C=1 and P(x)=

1
Z e2k7r+ef2a;72k7r+2e—w‘
k=—o00

1.28. Wrapped Normal (WN-1) Distribution

F(zsp,0)= Y [®(z+2rk) - ®(2rk)], 0<z<2m (55)
k=—o0
and
f(z;p,0) = Cre® /2P (), 0<uz<2m, (56)
where p€R,0 >0 are parameters, WLOG we take pu=0,0=1, =Lt and P(2)=

-1 0 —rkx—2(rk)?
z Zszooe (k) .
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1.29. Wrapped Pareto (WP) Distribution

F(:z?;)\,oz)—/wf(u;/\,oz)du7 0<ax<2m, (57)
and i
f(z; ) a)=Ce P (z), 0<ux<2m, (58)
where A >0, >0 are parameters, C = %, I'() is the gamma function and P(x)=
fooo 7)ff:f(;,:) solemads.
1.30. Wrapped Quasi-Lindley (WQL) Distribution
F(a:;a,b)/xf(u;a,b)du, 0<z<2m, 59)
and i
f(z;a,b) =Ce P (x), 0<uz<2m, (60)
where a > 0,b > 0 are parameters, C = 25 and P (z) = 124 (123126_;:;
1.31. Wrapped Rama (WRama) Distribution
F(x;)\)z/wf(u;/\)du, 0<z<2m, 61)
and i
fz;\) =Ce™P(x), 0<ux<2m, (62)
where A >0 is a  parameter, C = W and  P(x) =2+ (i’fiii:) z? 4
(o) (s o e S ),
1.32. Wrapped Richard (WRichard) Distribution
F(x;m,n):/zf(u;m,n)du, 0<x<2m, (63)
0
and
flz;m,n)=e"™P(x), 0<azx<2m, (64)
where m > 1,n > 1 are parameters and P (z) = Y _,—, % [1+ (m—1)ekt2mn)] =
1.33. Wrapped Shanker (WShanker) Distribution
Fo\) = — elizm (1 e );\a;e:1r> . ?;T:\Sl;(i—ja«‘e)_e;i’; 0<az<2n, (65)
and
fz;))=Ce™M™P(x), 0<uz<2m, (66)
where \ > 0 is a parameter, C' = % and P (z) = 1_’\;95“ + (1?::;:;)2.
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8 A UNIFIED FRAMEWORK FOR CHARACTERIZING WRAPPED DISTRIBUTIONS

1.34. Wrapped Skew Laplace (WSL) Distribution
F(x;)\la)‘Qa)‘3>M?0) :/ f(u7 )\17>\2,)\37,LL70') du7 OS.’I?SQTF, (67)
0
and

fx; A, Aoy Az, p,0) =Ce™ P (x), 0<uz<2m, (68)
where A\ e R, A2 > 0,03 € R, p € R,0 >0 are parameters, WLOG we take u=0,0=1, C = %, P(z)=
1+ St 4 A (2301, A2, As) 5 A (23 A1, Ag, Ag) = Sope el T — e=la(@ 2] sion [g (2 + 27k)] and

e2m —1

g(z) = 7%
1.35. Wrapped Normal (WN-2) Distribution
F(x;g,g,)\):/zf(u;g,g,)\)du, 0<z<2m, (69)
0
and
Flz;6,C,N) = Cae ™ 2P (z), 0<uz<2m, (70)

where ¢ >0,( € R,A€R are parameters, WLOG we take (=0,(=1 C= \/%, P(z) =

T e 2mhe=2h)’ § (X (4 27k)) and ® () is the cdf of the standard normal random variable.

1.36. Wrapped Stable (WS) Distribution
cdf not analytically expressible,

and
pdf not analytically expressible,

1.37. Wrapped Student’s t (WSt) Distribution

xr
F(x;u,)\,y):/ fusp, A v)du, 0<ax <2, 71)
0
and
flzpAv)=Ca~ T " 'P(2), 0<uz<2m, (72)
r(+5*)

where 0 < p < 27, A > 0,v >0 are parameters, C' = I'(v) is the gamma function and P (z) =

N (v/2)v/av’

o0 v41 (+2 k— )2 _142»1

FER TR C
v

k=—o00

1.38. Wrapped Transmuted Exponential (WTE) Distribution

(e_/\“') [(6_2”)‘ —1)+A (1 + (e72 — 1)) — e_)‘““]

0<x < 2m, (73)
and

f(z; N\ A)=Ce P (z), 0<ux<2m, (74)
where A > 0, |A]| < 1 are parameters, C' = % and P () = (e — 1) = A (A + 1) (e72™ —1).
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1.39. Wrapped Two-Parameter Lindley (WTPL) Distribution

F(z;¢, ) =1 —61_2”4 <1 —e T acx >

a+ (¢
4 2mag (1—e¢7) LCQ 0< <2, (75)
a+¢ (1 —e—2m¢)
and
f(@¢,a)=Ce™"P(z), 0<uz<2m, (76)
where ¢ > 0, > —( a parameters, C' = W and P (z) = (1 + az) (1 — e~27¢) + 21rae ™27,
1.40. Wrapped Two-Sided Lindley (WTSL) Distribution
F(x;a,ﬁ)z/wf(u;a,ﬁ)du, 0<z<2m, (o))
0
and
f(r;a,8)=Ce P (x), 0<a<2m, (78)
where a > 0, 8 > 0 a parameters, C = 2(a+1)(672m_1)%(/3+1)(ef2wﬁ_1)2 and
P (x) =a?e*™™ (B4 1) (672“3 —1)? [(x +1)e*™ — g+ 27 — 1]
+ 827D (o 1) (e7 2™ —1)2 [(@r+1-2)e® +2—1].
1.41. Wrapped Variance Gamma (WVG) Distribution
Lacks a closed-form pdf or cdf.
1.42. Wrapped Weighted Exponential (WWE) Distribution
F(ﬂc;a,)\):/zf(u;a,/\)du, 0<z<2m, (79)
0
and
f(z;a,\)=Ce P (z), 0<ux<2m, (80)
where o > 0, A > 0 are parameters, C' = 2% and P (z) = 377%™ [1 — e eMet2km],
1.43. Wrapped Weibull (WWeibull) Distribution
F(z;p,0) = If(u;,u,o)dm 0<x<2m, (81)
0
and
f(z;p,0) =Ce P (x), 0<uaz<2m, (82)

o0

where ;1 € R, o > 0 are parameters, WLOG we take p = 0,0 =1,C = 2 and P (z) = Y.

k=0

1

(e2F7 fe—23—2k7 1 2e-7) "
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1.44. Wrapped XGamma (WXG) Distribution
F (z;0) z/ flu;N)du, 0<z<2m,
0
and

fz;\) =Ce P (x), 0<x<2m,

where A > 0 is a parameter, C' = W and
P(x)=1+ ATIZ +2mA [(r—x) e ™ + (z + )] (1_662_7;1)\)2.
1.45. Wrapped XLindley (WXL) Distribution
e
F (z;\) /0 fu; N du, 0<a <2,
and
f(z;\) =Ce P (z), 0<ux<2m,
where A > 0 is a parameter, C' = W and P (z) = (1 — e 2™) (A + 2+ 2) + 2me 2™\
1.46. Wrapped Binomial (WBinomial) Distribution
— 27y
F(xz;r,m,n,p) = UZ:O)\“P(u), T=—r= 0,1,....m—1,

and

. 2
f(x;rymyn,p) = A"P(r), m:ﬂ,r:(),l,...,m—L
m

where r=0,1,..m—-1m>1n>m—-1,0<p<1 are parameters, A:(%) and

% - ﬁ n cm —k
l[c:() } (%-‘rkm)pk (1 o p)n "
1.47. Wrapped Discrete Cauchy (WDC) Distribution

There is no r on the RHS of the formula given for the pmf.

1.48. Wrapped Discrete Exponential (WDE) Distribution

_ 27A(zt1)

1—6 m

F(z;m, \) = Tl 2

zel,

and

flaym ) =Ce™™, zel,

_2mA
where A > 0 are parameters, C' = 11166,2’;} and I ={0,1,...,mm — 1}.

1.49. Wrapped Discrete Mittag-Leffler (WDML) Distribution

No closed form for cdf or pmf.

(83)

(84)

(85)

(86)

87)

(89)

(90)
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1.50. Wrapped Discrete Skew Laplace (WDSL) Distribution

* 2mr
F(; —cS g P - 1, 91
(z37m,m, P, q) Zq (), z=="2 re€ ©1)
and
2mr
f(z;T7m7p7Q):OqTP(T)3 I:W, T€I7 (92)
where r =0,1,....m—1,m e N,pe€ (0,1),q € (0,1) are parameters, C' = (171)(]()1(;’:)15;(‘71)7(1,”,) and P(r) =

qTTE (1L =p™) + (p/g)" (1 — ™).

1.51. Wrapped Geometric (WG) Distribution

L 5(1-9)
F (x; = 1
(asrmd) = 3 gy #€ L (93)
and
d(1—46)"
: 0)= ———— I 4
f(l',r7m, ) 17(175)?77,3 xe ) (9)
where z = 0,1,...,m — 1,m € N, § > 0 are parameters.
1.52. Wrapped Negative Binomial (WNB) Distribution
. 27r
F (x; = 1—-p)"P = — I 5
(a7, m,n, p) ;< PP, x="" rel, 95)
and
r 2mr
f(:r,r,m,n,p):(lfp) P(T)? ZE:W, TEI? (96)
where r = 0,1,...,m —1,m € N,n € Z*,p € (0, 1] are parameters and P (r) = > .-, (”kffl”*l)p" (1—p)*™.
1.53. Wrapped Poisson (WP) Distribution
rp _ 27
F (x;7,m, \) Z)\ v="—, rel, 97)
and
27r
fz;r,m,A\)=X"P(r), z=—, r€l, (98)
m

where r = 0,1, ...,m — 1,m € N, X\ > 0 are parameters and P (r) = Y ;- %

1.54. Wrapped Poisson-Lindley (WPL) Distribution

2mr
0) E AP (u = — I
F (z;r,m,0) =C T o rel, 99)
and
f(z;r,m,0) =CA"P(r), x:@, rel, (100)
m
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where 7 =0,1,..m—-1,meN,§>0 are parameters, C:%,/\:ﬁ and P (r)=
(r+6+2)[(1+6)" —1] +m.

1.55. Wrapped Zero-Inflated Poisson (WZIP) Distribution

e _
Flormw) =97 (1 w)e?, z=0 (101)
CYT_ AP(u), xz€N
and
1—w)e =
flonmaw) =49t Umwes e =0 (102)
CM*P (z), zeN

where r = 0,1,..m —1,m € NA > 0,w € [0,1],C = (1 —w)e  and P (2) = 3.

€T

2. Wrapped Continuous Distributions

As mentioned in the Introduction, characterizations of distributions is an important area of research which has
recently attracted the attention of many researchers. This section deals with various characterizations of the
continuous distributions listed in the Introduction. These characterizations are based on a simple relationship
between two truncated moments. It should be mentioned that for this characterization the cdf need not have a
closed form and depends on the solution of a first order differential equation, which provides a bridge between
probability and differential equation.

2.1. Characterizations Based on Two Truncated Moments

Our first characterization result employs a theorem due to [52], see Theorem 1 below. Note that the result holds
also when the interval H is not closed. Moreover, as mentioned above, it could be also applied when the cdf F'
does not have a closed form. As shown in [53], this characterization is stable in the sense of weak convergence.

Theorem 1. Let (2, F,P) be a given probability space and let H = [d,e] be an interval for some d <
e (d= —o0, e =00 might as well be allowed) . Let X : 2 — H be a continuous random variable with the
distribution function F' and let ¢; and ¢ be two real functions defined on H such that

Elg (X) | X > 2] =E[q (X) [ X > a]n(z), =e€H,

is defined with some real function 7. Assume that q1,q2 € C* (H), n € C?(H) and F is twice continuously
differentiable and strictly monotone function on the set H. Finally, assume that the equation 7g; = ¢2 has no
real solution in the interior of H. Then F' is uniquely determined by the functions ¢, g2 and 7, particularly

= : 7]/ (U) ex —S(Uu u
””LC%wmw—@w p (s (w) du,

where the function s is a solution of the differential equation s’ = 7 ;’1 a - and C' is the normalization constant,
such that [, dF = 1.

Remark. The goal is to have as simple the function 7 (x) as possible, so it is important to choose appropriate
functions ¢; (z) and ¢o () to achieve the goal.

We have grouped the distributions which have the same format and provided just one characterization proof for
the Proposition 1 below for the continuous case. Similarly, for the discrete case.
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Proposition 1. Let X : Q — (0,27) be a continuous random variable and let ¢, () = [P (z)]”" and g, (z) =
q1 (z) e~ for z € (0,27) . The random variable X has pdf (2) if and only if the function 7 defined in Theorem
I has the form

n()=<(eM+e ), z€(0,2m).

Proof
Let X be arandom variable with pdf (2), then

27
(1-F@)Eqg(X)|X>z]= / Ce ™ Mdu = % (e_)‘”” - 6_2”’\) , x€(0,2m),
and
27 C
(1-F(x)Elg2(X) | X > 2] = Ce My = oY (6_2/\1 - 6_4’”\) , x€(0,2m),
and finally
n(@)q (z) — g2 (z) = _a 2(:5) (e*)‘“: — 672‘“—)\) < 0forz € (0,2m).
Conversely, if 7 is given as above, then
/ /\e—)\m
s’ (x) = 7 (z) 0 (@) = , x€(0,2m),
O = @ a @ —a@ e P02
and hence
s(z)=—log (e —e ?™), z€(0,2m).

Now, in view of Theorem 1, X has density (2). O

Corollary 1. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 1. The pdf
of X is (2) if and only if there exist functions g» and 7 defined in Theorem 1 satisfying the differential equation

@) A
n (J?) q1 (J?) — Q2 (]}) e— AT _ o271\’

x € (0,27).
Corollary 2. The general solution of the differential equation in Corollary 1 is
— AT =27 -1 —A\z —
n(z) = (e —e7?™) [/Ae A (g1 () 1qQ(x)dz+D},

where D is a constant.

Proof
If X has pdf (2), then clearly the differential equation holds. Now, if the differential equation holds, then

70 = (2 ) 1)~ (22 ) (00 ),

or
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10~ (o ) 10 =~ () 0 0 o),

T —e

or
(7 =)' (1) = (e ) (@) = = (A ™) (1 (0) ' 2 (2),
or

L =@ = - e (0 (@) a2 ),

from which we arrive at

O

Note that a set of functions satisfying the differential equation in Corollary 1, is given in Proposition 1 with

D= 67;“. However, it should also be noted that there are other triplets (g1, g2,7) satisfying the conditions of
Theorem 1.

Proposition 2. Let X : Q — (0,27) be a continuous random variable and let ¢, () = [P (x)]”" and g, (z) =
¢ (z)e=** for x € (0,27) . The random variable X has pdf (4) if and only if the function 7 defined in Theorem
1 has the form

1
B (e +e ™), z€(0,2m).

Corollary 3. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 2. The pdf
of X is (4) if and only if there exist functions g» and 7 defined in Theorem 1 satisfying the differential equation

W (@) _ Ae™
n (1') q1 (1') — Q2 ({E) e~ AT _ =27\’

n(x) =

z € (0,2m).

Corollary 4. The general solution of the differential equation in Corollary 3 is

n(@) = (e —e72™) " [— / Ae™ (g1 (2)) " ga () dx + D,
where D is a constant.

Proposition 3. Let X : Q2 — (0,2) be a continuous random variable and let ¢ (x) = [P (2)]”" and ¢, (z) =

¢ (z) e (57 for z € (0,27) . The random variable X has pdf (8) if and only if the function »n defined in
Theorem 1 has the form

541 S+1

n(z) =< (e_( i ) + e (5 )(2”)) , x€(0,2m).

Corollary 5. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 3. The pdf
of X is (8) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation
(%}) e*(%)f

0 (v)qi () B ) )
1@ 0 (@) -2 @) Ci)e _—(en ©° (0, 27).
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Corollary 6. The general solution of the differential equation in Corollary 5 is

(o) = (e (8- e (9em) o [ (SED) (80 0 (0) e @) o+ D).

where D is a constant.

Proposition 4. Let X : Q — (0,27) be a continuous random variable and let ¢, () = [P (z)]”" and g, (z) =
q1 (z) e~2% for 2 € (0,27) . The random variable X has pdf (12) if and only if the function 7 defined in Theorem
1 has the form

1
n(xz) = 3 (e—%x + e‘”) , x€(0,2m).

Corollary 7. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 4. The pdf
of X is (12) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

_1
5T

, x€(0,2m).

W@ e
n(z)q (r) — g2 (v) 3T — e

Corollary 8. The general solution of the differential equation in Corollary 7 is

1 1

n(z) = e T e —e 2% (@ (x))_lqg(x)dx—FD ,
2

where D is a constant.

Proposition 5. Let X : Q — (0, 27) be a continuous random variable and let ¢; (x) = 1 and ¢ (z) = ¢ (z) e ™"

for z € (0,27) . The random variable X has pdf (14) if and only if the function 7 defined in Theorem 1 has the
form

1

n(z) =3

5 (e*M + 6727‘—)‘) , x€(0,2m).

Corollary 9. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 5. The pdf
of X is (14) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

" (33) q1 (33) B Ae— i i
n(x)q (z) —qz(x) e e — =27\’ € (0,2m).

Corollary 10. The general solution of the differential equation in Corollary 9 is

where D is a constant.

Proposition 6. Let X : Q — (0,27) be a continuous random variable and let ¢, (x) = [P (x)]”" and g, (z) =

q1 (z) e=* for z € (0,27) . The random variable X has pdf (16) if and only if the function 7 defined in Theorem 1
has the form

(e + 6727‘—) , xe(0,2m).

N |

n(z) =
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Corollary 11. Let X : Q — (0,27) be a continuous random variable and let ¢; () be as in Proposition 6. The pdf
of X is (16) if and only if there exist functions g2 and n defined in Theorem 1 satisfying the differential equation

@) e

n(z)qr(z) — g2 (x)  e" —e 2"
Corollary 12. The general solution of the differential equation in Corollary 11 is

x € (0,2m).

(@)= (e —e?)" [—/e_m (@1 (2))"" g2 (w) dz + D] ,
where D is a constant.

Proposition 7. Let X : Q — (0,27) be a continuous random variable and let ¢, () = [P (x)]”" and g, (z) =
q1 (z) e=** for x € (0,27). The random variable X has pdf (18) if and only if the function 1 defined in Theorem
1 has the form

1
n(x) = 5 (e*M + 6727‘—)‘) , x€(0,2m).

Corollary 13. Let X : Q — (0,27) be a continuous random variable and let ¢; () be as in Proposition 7. The pdf
of X is (18) if and only if there exist functions g2 and n defined in Theorem 1 satisfying the differential equation

M @aq(@) AT

n (1’) q1 (x) — Q2 (:E) T e Ar _ 27X

Corollary 14. The general solution of the differential equation in Corollary 13 is

z € (0,2m).

n(e) = (e —e72) " [‘ / A (g1 (@) gz (@) do+ D
where D is a constant.

Proposition 8. Let X : Q — (0,2x) be a continuous random variable and let ¢; (z) = [P ()] and g, (z) =
@1 () e~ =* for # € (0,27) . The random variable X has pdf (30) if and only if the function 7 defined in Theorem
1 has the form

1

77($)Z§

Corollary 15. Let X : Q — (0,27) be a continuous random variable and let ¢; () be as in Proposition 8. The pdf
of X is (30) if and only if there exist functions g2 and n defined in Theorem 1 satisfying the differential equation

(e’%(%) + 67%‘%’) , xz€(0,2m).

7 (@) q (v) _ Lle—oe
n(x)q (z) — q2 () e— st _ o—=(2m)’

Corollary 16. The general solution of the differential equation in Corollary 15 is

z € (0,2m).

1 1

0@ = (- ete) - [ Lot @) m@ 0]

where D is a constant.

Proposition 9. Let X : Q — (0,27) be a continuous random variable and let ¢, () = [P (x)]”" and g, (z) =

@1 () e~ =* for z € (0,27) . The random variable X has pdf (32) if and only if the function 7 defined in Theorem
1 has the form

(67%(271—) + 67%‘%’) , x€(0,2m).

N

n(z) =
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Corollary 17. Let X : Q — (0,27) be a continuous random variable and let ¢; () be as in Proposition 9. The pdf
of X is (32) if and only if there exist functions g2 and n defined in Theorem 1 satisfying the differential equation

i (x) g1 () le—se
— a 0,2m).
D 0@ -t @ et _etem €0

Corollary 18. The general solution of the differential equation in Corollary 17 is

1) = (7=t | [ @ @],

g

where D is a constant.

Proposition 10. Let X : © — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g () =

q1 (z) e for z € (0,27) . The random variable X has pdf (34) if and only if the function » defined in Theorem
1 has the form

n(z) = % (e7 +e7), xe(0,2m).

Corollary 19. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 10. The

pdf of X is (34) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation
/ —CIT

n (l‘) q1 (l‘) = — ce —, = (0, 27‘(‘) ]

n(@)q(x) —q2(x) e @ —e 2

Corollary 20. The general solution of the differential equation in Corollary 19 is

0() = (e — o) ! [— [ @@ w@ i),

where D is a constant.

Proposition 11. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, () =
q1 (z) e=1% for x € (0,2m) . The random variable X has pdf (36) if and only if the function 7 defined in Theorem
1 has the form

n(z) = (e_)‘”” + 6_2”)‘1) , xe€(0,2m).

N

Corollary 21. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 11. The
pdf of X is (36) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

Yall ___he ),

n(z)qr (z) —q2(z) e hr —e72mh
Corollary 22. The general solution of the differential equation in Corollary 21 is
n(a) = (7N -t { [ae @ @) @) do D).

where D is a constant.
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Proposition 12. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g, () =
q1 (z) e=?* for z € (0,27) . The random variable X has pdf (38) if and only if the function 7 defined in Theorem
I has the form

1

n(z) =3

5 (e +e ™), ze(0,27).

Corollary 23. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 12. The
pdf of X is (38) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

W (@) _ Ae™
n (x) q1 (x) — Q2 (:E) e~ AT _ =27\’

Corollary 24. The general solution of the differential equation in Corollary 23 is

z € (0,2m).

n(@) = (e —e )7 [— / Ae ™ (g1 () g2 () dz + D

where D is a constant.

Proposition 13. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g, (z) =
q1 (z) e for x € (0, 27) . The random variable X has pdf (40) if and only if the function 7 defined in Theorem
1 has the form

1

n(x) =5

5 (e_)‘m‘ + 6_2”)‘“) , x€(0,2m).

Corollary 25. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 13. The
pdf of X is (40) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

' (z) g (z) ke ART
= , o)
n(x)q (v) — gz (x) e Az — e=2mAn’ z € (0,2m)

Corollary 26. The general solution of the differential equation in Corollary 25 is

where D is a constant.

Proposition 14. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g3 (z) =
q1 () e for z € (0,27) . The random variable X has pdf (42) if and only if the function 7 defined in Theorem
1 has the form

1

n(z) =5

5 (e 4+e ), ze(0,2m).

Corollary 27. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 14. The
pdf of X is (42) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

P@a e
n(z)q (z) —qz(x) e 2o — e 2T\’ € (0,2m).

Corollary 28. The general solution of the differential equation in Corollary 27 is
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0(@) = (e —e2™) 7 [— / Ae ™™ (g1 ()" g2 () dz + D

where D is a constant.

Proposition 15. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g5 () =
q1 (z) e~ 3% for z € (0,27) . The random variable X has pdf (44) if and only if the function 1 defined in Theorem
1 has the form

(6759” + 672#5) , x€(0,2m).

Corollary 29. Let X : Q@ — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 15. The
pdf of X is (44) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

(1)1 () get

,'7/
n(x)q (x) —qa (2) e~ 54 o> z € (0,2m) .

Corollary 30. The general solution of the differential equation in Corollary 29 is

n(a)= (78 - [‘/ge‘g’” (01 ()" 2 () do + D .

where D is a constant.

Proposition 16. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g5 (z) =
q1 (z) e=* for z € (0,27) . The random variable X has pdf (46) if and only if the function 7 defined in Theorem
1 has the form

n(xz) = (e*M + 6727‘—)‘) , x€(0,2m).

NN

Corollary 31. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 16. The
pdf of X is (46) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

n(x)q(x)  Ae
n(x)q () —qo () e 2o — =27’ r € (0,2m).

Corollary 32. The general solution of the differential equation in Corollary 31 is

n(@) = (e — )7 [— / Ae ™ (g1 ()" g2 () dx + D

where D is a constant.

Proposition 17. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g5 () =
q1 (z) e=** for z € (0,27) . The random variable X has pdf (52) if and only if the function 7 defined in Theorem
1 has the form

(67)@ + 6727‘—)\) , xze(0,2m).
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Corollary 33. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 17. The
pdf of X is (52) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

W (@) _ Ae™
n (1') q1 (1') — Q2 ({E) e~ AT _ =27\’

z € (0,2m).

Corollary 34. The general solution of the differential equation in Corollary 33 is

n(x) = (e—m — 6_2“>‘)_1 [—/)\e_” (@1 (x))_1 ¢z (x)dx+ D],
where D is a constant.

Proposition 18. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g3 () =
¢1 (z) e~ for z € (0,27) . The random variable X has pdf (54) if and only if the function » defined in Theorem 1
has the form

n(z) = % (e +e"), x€(0,2m).

Corollary 35. Let X : 2 — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 18. The
pdf of X is (54) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

—T

77/ ($> q1 (l‘) _ e
n (I) q1 (:E) — {2 (SC) e T — 67271"

x € (0,2m).

Corollary 36. The general solution of the differential equation in Corollary 35 is

— oy —1 . _
n(z)=(e"—e ) [—/6 (a1 (2)) ™" g2 (w) dz + D] ,
where D is a constant.

Proposition 19. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and gz () =
q1 (z) e=>* for z € (0,2n) . The random variable X has pdf (58) if and only if the function 7 defined in Theorem
1 has the form

1 .
n(x) = 3 (e_’\I + 6_2”’\) , x€(0,2m).

Corollary 37. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 19. The
pdf of X is (58) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

@) e
n(z)q (x) —qa () e —e 21N’

Corollary 38. The general solution of the differential equation in Corollary 37 is

z € (0,2m).

n(z) = (e - 52“)71 [/M” (1 () g2 (x)dz + D,
where D is a constant.

Proposition 20. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g5 (z) =
q1 (z) e for z € (0,27) . The random variable X has pdf (60) if and only if the function 7 defined in Theorem
1 has the form

(efbx + 6727”’) , xz€(0,2m).

@)=
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Corollary 39. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 20. The
pdf of X is (60) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

W@ a(x) b
n (1’) q1 (1') — Q2 (:C) e—bz _ o—27b’

Corollary 40. The general solution of the differential equation in Corollary 39 is

z € (0,2m).

nia) = (e — e {— / be ™" (1 (1)) g (¢)da + D | |
where D is a constant.

Proposition 21. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g5 () =
q1 (v) e for z € (0,27) . The random variable X has pdf (62) if and only if the function 7 defined in Theorem
1 has the form

1
n(z) = 3 (e 4+e ™), ze(0,2m).

Corollary 41. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 21. The
pdf of X is (62) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

@) e
n(@)q () —qo(z) e 2 — 27N’

Corollary 42. The general solution of the differential equation in Corollary 41 is

z € (0,2m).

n(@) = (e —e72m) 7 [— / A (g1 (2)) " qo () du+ D |
where D is a constant.

Proposition 22. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, () =
q1 () e=™* for x € (0,27) . The random variable X has pdf (64) if and only if the function 7 defined in Theorem
1 has the form

1

n(x)= 3 (e7™ + 6727””) , x€(0,2m).

Corollary 43. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 22. The
pdf of (64) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

—mx

n' () q1 (z) _ me
n (37) q1 (x) — {2 (_’17) e—me _ e—27r7n’

Corollary 44. The general solution of the differential equation in Corollary 43 is

z € (0,2m).

—mx —2m™m -1 —mx -
1@ = (e =) = e @) @) de D).
where D is a constant.

Proposition 23. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g5 (z) =
q1 (z) e=?* for z € (0,27) . The random variable X has pdf (66) if and only if the function 7 defined in Theorem
1 has the form

n(x) =< (eM+e ™), z€(0,2m).
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Corollary 45. Let X : Q) — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 23. The
pdf of X is (66) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

W (@) _ Ae™
n (1') q1 (1') — Q2 ({E) e~ AT _ =27\’

z € (0,2m).

Corollary 46. The general solution of the differential equation in Corollary 45 is

n(x) = (e—m — 6_2“>‘)_1 [—/)\e_” (@1 (x))_1 ¢z (x)dx+ D],
where D is a constant.

Proposition 24. Let X : Q — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g5 () =
¢1 (z) e~ for z € (0,27) . The random variable X has pdf (68) if and only if the function » defined in Theorem 1
has the form

n(z) = % (e +e"), x€(0,2m).

Corollary 47. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 24. The
pdf of X is (68) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

—T

77/ ($> q1 (l‘) _ e
n (I) q1 (:E) — {2 (SC) e T — 67271"

x € (0,2m).

Corollary 48. The general solution of the differential equation in Corollary 47 is

— oy —1 . _
n(z)=(e"—e ) [—/6 (a1 (2)) ™" g2 (w) dz + D] ,
where D is a constant.

Proposition 25. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g () =
q1 (z) e=>* for z € (0,27) . The random variable X has pdf (74) if and only if the function 7 defined in Theorem
1 has the form

1 .
n(x) = 3 (e_’\I + 6_2”’\) , x€(0,2m).

Corollary 49. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 25. The
pdf of X is (74) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

@) e
n(z)q (x) —qa () e —e 21N’

Corollary 50. The general solution of the differential equation in Corollary 49 is

z € (0,2m).

n(z) = (e - 52“)71 [/M” (1 () g2 (x)dz + D,
where D is a constant.

Proposition 26. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, (z) =
q1 (z) e=¢* for x € (0,27) . The random variable X has pdf (76) if and only if the function 7 defined in Theorem
1 has the form

(67<I + 6727‘—4) , xe(0,2m).

N |

n(z) =
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Corollary 51. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 26. The
pdf of X is (76) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

0 (z) q1 (x) _ CeS®
n (x) q1 (l) — Q2 (:E) e—Cx _ o—27¢”

Corollary 52. The general solution of the differential equation in Corollary 51 is

xz € (0,2m).

n(w) = (e —e27¢) 7 [_/CB_@ (q1 ()" g2 () dx + D,
where D is a constant.

Proposition 27. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g5 (z) =
q1 (z) e=** for z € (0, 27) . The random variable X has pdf (78) if and only if the function 7 defined in Theorem
1 has the form

1
n(x) = 3 (e7* +e72™), 2 €(0,2m).

Corollary 53. Let X : QQ — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 27. The
pdf of X is (78) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

—Qx

W (@a(@)
n(@)q (x) —qo(z) e o — e 2ma’

Corollary 54. The general solution of the differential equation in Corollary 53 is

x € (0,2m).

—Qx —21T -1 —Qax -
0@ = (=) = faee @) wds 4 D).
where D is a constant.

Proposition 28. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and gz () =
q1 (z) e=>* for z € (0,2n) . The random variable X has pdf (80) if and only if the function 7 defined in Theorem
1 has the form

1 .
n(x) = 3 (e_’\I + 6_2”’\) , x€(0,2m).

Corollary 55. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 28. The
pdf of X is (80) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

@) e
n(z)q (x) —qa () e —e 21N’

Corollary 56. The general solution of the differential equation in Corollary 55 is

z € (0,2m).

n(z) = (e - 52“)71 [/M” (1 () g2 (x)dz + D,
where D is a constant.

Proposition 29. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, (z) =
q1 (z) e=?* for z € (0,27) . The random variable X has pdf (82) if and only if the function 7 defined in Theorem
1 has the form

n(x)=<(eM+e ™), z€(0,2m).
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Corollary 57. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 29. The
pdf of X is (82) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

W (@) _ Ae™
n (1') q1 (1') — Q2 ({E) e~ AT _ =27\’

z € (0,2m).

Corollary 58. The general solution of the differential equation in Corollary 57 is

n(z) = (e —e2)7 [— / A (g1 (2)) ' qo () du+ D |
where D is a constant.

Proposition 30. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g3 (z) =
q1 (v) e=** for z € (0,27) . The random variable X has pdf (84) if and only if the function 7 defined in Theorem
1 has the form

1
n(z) = 3 (e +e ™), ze(0,2m).

Corollary 59. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 30. The
pdf of X is (84) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

@ a(x) e
n(z)q (r) —qa(x) e~ — 27N’

Corollary 60. The general solution of the differential equation in Corollary 59 is

z € (0,2m).

n(e) = (e —e72m) [‘/ e (g (2)) " g2 () dx + D)
where D is a constant.

Proposition 31. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and ¢, (z) =
q1 (z) e=* for x € (0,27) . The random variable X has pdf (86) if and only if the function 1 defined in Theorem
1 has the form

1
n(x) = 3 (ef)‘x + 6727‘—)\) , x€(0,2m).

Corollary 61. Let X : Q — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 31. The
pdf of X is (86) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

@) e
n(@)q () —qo(z) e 2 — 27N’

Corollary 62. The general solution of the differential equation in Corollary 61 is

z € (0,2m).

n(z) = (e - 52“)71 [//\6“ (1 () g2 (x)dz + D,
where D is a constant.

Proposition 32. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, (z) =
@1 (z) e~/ for x € (0,2n) . The random variable X has pdf (6) if and only if the function 7 defined in Theorem
1 has the form

n(x) = <67I2/2 + 6727{'2) , xe(0,2m).
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Proof
Let X be arandom variable with pdf (6), then

27
(1- F(2) Elq1 (X) | X > 2] = / Cue™ 2= ¢ (/2 =)z e (0,2m),

and

2m N
(1-F(z))Elg(X) |X2x]:/ Cue™™ du =

| Q

(€7m2 — 674“2> , x€(0,2m),

and finally

(@) g (2) — g2 () = =2 2(@ (eiiz/? — 6*2”2) < 0forz € (0,2).

Conversely, if 7 is given as above, then

/ —22/2
/ ' (x) q1 (z) e
T TR e e
and hence
s(x) = —log (e_wz/2 - 6_2”2) , x€(0,2m).
Now, in view of Theorem 1, X has density (6). ]

Corollary 63. Let X : Q2 — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 32. The
pdf of X is (6) if and only if there exist functions g5 and 7 defined in Theorem 1 satisfying the differential equation

0 (z) q1 (x) re—e/2
1@ @) —g() eer_egom T (0, 27)

Corollary 64. The general solution of the differential equation in Corollary 63 is

0@ = (=) |- [or R 0 @) w @ de+ D).

where D is a constant.

Proof. If X has pdf (6), then clearly the differential equation holds. Now, if the differential equation holds, then

, $€_$2/2 1’6_12/2 1
n (z) = PRy —r—) n(x) — Py —r (q1(2)) " g2 (2),

or

ze~ /2 g~ /2 _
n' (z) — (W) n(x)=— (W (q1 () ' a2 (2),

or

(772 = e Yot @) = () @) = = (22) (a1 () 2 o).
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or

Note that a set of functions satisfying the differential equation in Corollary 63, is given in Proposition 32 with
2

D= e_; . However, it should also be noted that there are other triplets (g1, g2,7) satisfying the conditions of
Theorem 1.

Proposition 33. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and ¢, (z) =

q1 () e /2 forx € (0,27) . The random variable X has pdf (56) if and only if the function ) defined in Theorem
1 has the form

1 f
n(x) = B <6712/2 + 6727‘—2> , xe(0,2m).

Corollary 65. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 33. The

pdf of X is (56) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation
/ —z2/2

IWal e

n(@) g (z) —g(z) e /2 —em

Corollary 66. The general solution of the differential equation in Corollary 65 is

—1
nle) = (=) {‘ / e (q1 ()" g2 (2) dw+ D |
where D is a constant.

Proposition 34. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g5 (z) =

q (x) e /2 forx € (0,27) . The random variable X has pdf (70) if and only if the function ) defined in Theorem
1 has the form

1 - -
n(x) = 5 <67IZ/2 + 6727{'2) , xe(0,2m).
Corollary 67. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 34. The

pdf of X is (70) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

(@aq () we/?

,',]/
n@)q(x) =gz (x) e /2 —em2m

Corollary 68. The general solution of the differential equation in Corollary 67 is

xz € (0,2m).

o —1
() = (=) {‘ / 2™ (q1 () g2 (2) dw+ D |
where D is a constant.
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Proposition 35. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g, (z) =

¢ () e~ /27" for x € (0,27) . The random variable X has pdf (26) if and only if the function 7 defined in
Theorem 1 has the form

1

n(x) = 3 (6_12/202 + 6_4”2/2”2) , x€(0,2m).

Corollary 69. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 35. The

pdf of X is (26) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation
W@a(n) e

n(@) g () — g2 (2)  ev?/207 — emidn?/20

x € (0,2m).

Corollary 70. The general solution of the differential equation in Corollary 69 is

o2

2 2 2 2\ —1 x 2 2 —
n(x) — <e—z /20 _6—47r /20 ) |:_/e—$ /20 (Q1 (.1')) 1q2 (l‘)d.l?—'—D ,

where D is a constant.

Proposition 36. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g5 (z) =
¢ () e~ /2% for x € (0,27) . The random variable X has pdf (28) if and only if the function » defined in
Theorem 1 has the form

1
n(z) = 3 <e_ar:2/2w2 + 6_4”2/2w2> , xe(0,2m).

Corollary 71. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 36. The
pdf of X is (28) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation
1 (2) 1 () Spe

- 0,2m).
n(@)q () — g2 () e o?/2w? — g—4n?/2w?” z € (0,2m)

Corollary 72. The general solution of the differential equation in Corollary 71 is

—1
n(x) = (6_902/2“2 — 6_4”2/2“2) [— / L e/ (1 () " g2 (x)dz + D,

w2
where D is a constant.

Proposition 37. Let X : Q — (0, 27) be a continuous random variable and let ¢; () = sin (z — p) and g2 () =
¢1 (z) log (coshy — cos (x — p)) for x € (0,27) . The random variable X has pdf (10) if and only if the function
7 defined in Theorem 1 has the form

n(x) = % {log (coshy — cos (2m — p)) + log (coshy — cos (x — u))}, € (0,2m).

Proof
Let X be arandom variable with pdf (10), then

(1F(x))E[ql(X)|XZx]—/:WC< sin (u— p) )du

coshy — cos (u — )
= C'{log (coshvy — cos (2w — u)) — log (coshy — cos (x — p))}, =z € (0,2m),
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and

2“C< sin (u — 1)

coshvy — cos (u — M)) (log (coshy — cos (u — w))) du

(1 - F (2)) Elg2 (X) |X2x]=/
_C
=3

{(log (coshy — cos (2 — p)))? — (log (coshy — cos (z — u)))2} , x€(0,2m),

and finally

q (z)

n(@)q(z) — g (z) = — (log (coshy — cos (27 — 1)) — log (coshy — cos (x — p))) < 0 for = € (0,27).

Conversely, if 7 is given as above, then

o 1@ @)

(@) g (z) - g2 (2)

sin(z—p)
(cosh y—cos(z—p))
= 0,2

log (cosh~y — cos (2 — ) — log (cosh vy — cos (z — 1))’ v €(0.2m),

and hence
s(z) = —log (log (coshy — cos (2m — p)) — log (coshy — cos (z — ), =z € (0,2m).

Now, in view of Theorem 1, X has density (10). ]

Corollary 73. Let X : 2 — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 37. The
pdf of X is (10) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

sin(x—p)
77/ (a:) q1 (a:) _ (cosh y—cos(z—p))

n(x)q () — g2 (z)  log(coshy — cos (2m — 1)) — log (coshy — cos (z — p))

, xe(0,2m).
Corollary 74. The general solution of the differential equation in Corollary 73 is

n (x) = (log (coshy — cos (21 — 1)) — log (coshy — cos (z — p))) ™" x

[ / ( 1) (o () g (2 da+ D

coshy — cos (z — p))

where D is a constant.

Proof
If X has pdf (10), then clearly the differential equation holds. Now, if the differential equation holds, then

sin(z—p)
/ _ (cosh y—cos(z—p))
m (@) = <1og (coshy — cos (2 — ) — log (coshy — cos (x — ,u))) n(x)
ooy s3]
B cosh y—cos(z—p —1
<1og (coshy — cos (2 — p)) — log (coshy — cos (x — u))) (g () a2 (@),
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or
! (ZE) _ (coshs'iyn—(gccc;l(taZ—p)) (1')
! log (coshy — cos (2 — p)) — log (coshy — cos (z — w)) "
sin(xz—p)
- _ (coshy—cos(z—p)) N oo (2
= <log (coshvy — cos (2 — pu)) — log (coshy — cos (x — ﬂ))) (q1 () " g2 (z),
or
(o (ot = cos (27 — 1) = 1o coshy  cos o W) (1)~ (o s ) )
_ sin (z — p) N .
(et @ @) @),
or

% {(log (coshy — cos (2 — ) — log (coshy — cos (z — w))) n (z)}
_ sin (x — p) N oo (2
-- (3 )@ @) w .

coshy — cos (z — p))

from which we arrive at

1 (z) = (log (coshy — cos (27 — p)) — log (coshy — cos (x — u)))f1 X

{—/( @) (0 () g (x) da+ D

coshy — cos (z — p))

29

O

Note that a set of functions satisfying the differential equation in Corollary 73, is given in Proposition 37 with

D= (log(cosh y—cos (27 —pu)))?
2

conditions of Theorem 1.

. However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the

Proposition 38. Let X : Q — (0, 2) be a continuous random variable and let ¢ (z) = [P (z)]” " sin (7 — z) and
q2 (r) = q1 (x)sin? (m — x) for z € (0,27). The random variable X has pdf (20) if and only if the function 7

defined in Theorem 1 has the form
1.,
n(z) = 5 sin (m—z), z€(0,2m).
Proof
Let X be arandom variable with pdf (20), then

(1-F(z)Elg1 (X) | X > z] /WCCOS(WU)SiH(TFI)du

:%SiHQ(TF—JJ), z € (0,2m),
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and
2
(1-F(z)E[g(X) | X >2]= C cos (1 — u) sin® (1 — u) du
= %sin‘l(ﬂf:c), z € (0,2m),
and finally
n (@) @ () — g2 () = J“Q(f”) sin? (1 — 2) < 0 for z € (0,27).

Conversely, if 7 is given as above, then

Gy M @a)  2esEox) o

n(z)q () — g2 () sin(m —xz) ’ ’ ’

Conversely, if 7 is given as above, then
¢ (@) = " () q1 () _ 2cos (m — x) sin (7 — ) z € (0,27)
n (@) q (z) — ¢z (z) sin? (7 — x) ’ T

and hence

s(z) = —log (sin® (mr —z)), € (0,2m).
Now, in view of Theorem 1, X has density (20). O

Corollary 75. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 38. The
pdf of X is (20) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

n(@)q(x)  2cos(m—a)sin(r —x)
n(z) a1 (z) — g2 (z) sin? (7 — )

Corollary 76. The general solution of the differential equation in Corollary 75 is

, xe(0,2m).

-1

n(z) = (sin® (7 — x)) {—/QCOS(w—x)sin(ﬂ—x) (g1 ()" g (a:)da:—l—D],

where D is a constant.

Proof
If X has pdf (20), then clearly the differential equation holds. Now, if the differential equation holds, then

o () — <2(zos(7rx)sin(ﬂ':z:)>n(x)_ (QCos(ﬂx)sin(ﬂ'x)

sin? (7 — ) sin? (m — )

) (0 (@) 2 (a),

or

i () — <2cos (m —x)sin (77—9(;)) 0 (2) = — <2(:os (m —x)sin (7 — m)) (@1 (@) 2 (),

sin? (1 — ) sin? (7 — )
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or

(sin2 (m—x)) 0 (x) — (2cos (m — ) sin (7 — z)) n (z) = — (2cos (1 — z) sin (1 — 2)) (¢ () g2 (2),

or

2 {(sin? (= ) m (1)} = — (2cos (7 — a)sin (7 — ) an () "o (),

from which we arrive at

-1

n(z) = (sin® (7 — 2)) {— / 2 cos (1 — x) sin (7 — ) (q1 (2)) " g2 (z) dz + D| .

O

Note that a set of functions satisfying the differential equation in Corollary 75, is given in Proposition 38
with D = 0. However, it should also be noted that there are other triplets (gi, g2, 1) satisfying the conditions of
Theorem1.1.

Proposition 39. Let X : Q — (0, 27) be a continuous random variable and let ¢, (z) = [P ()] " sin(m — z) and

q2 () = q1 (x)sin® (m — x) for x € (0,27). The random variable X has pdf (24) if and only if the function 7
defined in Theorem 1 has the form
1

n(z)zisin2(7r—x), x € (0,2m).

Corollary 77. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 39. The
pdf of X is (24) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation
7 () q1 (@) _ 2cos (m — ) sin (7 — )

n(z)q1 () — g2 (2) sin? (7 — )

, x€(0,2m).

Corollary 78. The general solution of the differential equation in Corollary 77 is

n(x) = (sin2 (m— :c))71 {—/2005 (m—a)sin(r — ) (@1 (x))f1 g2 (z)dx+ D],

where D is a constant.

Proposition 40. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and g, (z) =
q1 (z)es® for x € (0,27). The random variable X has pdf (22) if and only if the function 7 defined in Theorem
1 has the form

n(z) = (6%(271—) + e%w) , x€(0,2m).

| =

Proof
Let X be arandom variable with pdf (22), then
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and
27 ) b
1-F@)E[@p(X)|X >z = / Cet'du = 2.C (62%@70 — 62%1) , z € (0,27),
. c
and finally
n@)q () — g (x) = qlT(:C) (eﬁ(%) - eﬁz) > 0 forx € (0,2m).
Conversely, if 7 is given as above, then
’ cLET
/ ' (z) g1 () 5€°
= = 0,2
S (I) 77(26)6]1(26)—(]2(1‘) 6%(27") e%x’ CCE( ) 7T)a
and hence
s(x) = —log (65(2”) - e%a”) , x€(0,2m).
Now, in view of Theorem 1, X has density (22). O

Corollary 79. Let X : Q — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 40. The
pdf of X is (22) if and only if there exist functions g, and ) defined in Theorem 1 satisfying the differential equation
’ c fx
n (‘T) q1 (‘T) = — 2beb — = (0727.[.)
n@)aq () —ga(x)  erC™ —ebr

Corollary 80. The general solution of the differential equation in Corollary 79 is

0 () = (6%(2”) - 6%”)71 [—/zeg‘” (1 ()" g2 (x) dx+D] :

where D is a constant.

Proof
If X has pdf (22), then clearly the differential equation holds. Now, if the differential equation holds, then

10 = (5 ) 10 () (@ @) o).
or
70 - () 10 =~ (Feh o ) @ @) e o),
or
(@ et ) (@) = (5e57) (@) = = (5¢5) (@1 (@) " 2 (@),
or
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(e =) n @} == (58) @ @) o),

from which we arrive at

c

n(x) = (e%@”) - eﬁ)71 {—/ (fe%z) (1 () " g2 (z)dz + D] .

O

Note that a set of functions satisfying the differential equation in Corollary 79, is given in Proposition 40 with
e22(27r)

D =<2
Theorem 1.

. However, it should also be noted that there are other triplets (q1, g2, 7) satisfying the conditions of

Proposition 41. Let X : Q — (0,27) be a continuous random variable and let ¢, (x) = sin? (z) [P ()] and
¢ (z) = q1 (x)sin? (x) for € (0,2n). The random variable X has pdf (48) if and only if the function 7 defined
in Theorem 1 has the form

n(z) = —sin®(x), x€(0,2n).

Proof
Let X be arandom variable with pdf (48), then

1-F@)EqnX)|X>z2= C'sin? (u) cos (u) du = —% sin® (z), =z € (0,27),
and
27‘(‘ C
(1-F(z))Flg2 (X) | X > 2] = / C'sin* (u) cos (u) du = s sin® (z), € (0,27),
and finally
n(x)q (z) — g (x) = _a éx) sin? (z) < 0 for z € (0,27).
Conversely, if 7 is given as above, then
A
S T@a@ (cgs(x)) 0o,
@ = Pa® - @ sin (v) (0,2m)
and hence
s(x) = —8log (sin(x)), =z € (0,2m).
Now, in view of Theorem 1, X has density (48). O

Corollary 81. Let X : Q@ — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 41. The
pdf of X is (48) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

@ aq(x) [ cos(z)
)@ B 8(

n@)q(z) — g2 (z) sin (z)

>, z € (0,2m).
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Corollary 82. The general solution of the differential equation in Corollary 81 is

n(z) = (sin’ (x))_l [/ 8 cos (z) sin () (q1 (2)) " 2 (x) dz + D} ,
where D is a constant.

Proof
If X has pdf (48), then clearly the differential equation holds. Now, if the differential equation holds, then

= (-s(50)) 10 - (5 (20)) @@ ).

or

or

(sin® (2)) 0’ (@) — (=8 (cos (z) sin («))) 1 (x) = — (=8 (cos (x) sin (x))) (a1 (x)) " g2 () ,

or

(v @) m (@)} = — (-8 (cos (&) s () (1 ()" g0 )
from which we arrive at

(o) = (o) | [ $eos o) s 0) (a1 0) g (o) o+ .

O

Note that a set of functions satisfying the differential equation in Corollary 81, is given in Proposition 41 with
D = 0. However, it should also be noted that there are other triplets (¢1, g2, ) satisfying the conditions of Theorem
L.

Proposition 42. Let X : Q — (0,27) be a continuous random variable and let ¢; (z) = [P ()] and gz () =

q1 () = for z € (0,2x) . The random variable X has pdf (50) if and only if the function 7 defined in Theorem
1 has the form

Proof
Let X be arandom variable with pdf (50), then

(xfo‘ - (27r)_a) , x€(0,2m),

2
(1-F@)E[n(X) | X >2]= / Cu*tdu = g

and
27
(1—F () Elg(X) | X >2] = / Cu=20" gy = % (x—% - (277)*2“) .z e (0,21),
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and finally

¢ (v)
2

n(x)q (z) —q2 () = — (l‘_a — (27r)7a) < 0forx € (0,27).

Conversely, if 7 is given as above, then

! —a—1
i) = D nl o , x€(0,2m),
O e -—e® ey SO
and hence
5(z) = —log (% — (21) ™),z € (0,2m).
Now, in view of Theorem 1, X has density (50). O

Corollary 83. Let X : 2 — (0,27) be a continuous random variable and let ¢; («) be as in Proposition 42. The
pdf of X is (50) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

77/ (;p) Q1 (x) B ar—o-1 N i
n (x) q1 (x) — @2 (x) o —— (27T)_a’ € (0,27).

Corollary 84. The general solution of the differential equation in Corollary 83 is

1@ = -0 )7 |- [t @) n@ o),
where D is a constant.

Proof
If X has pdf (50), then clearly the differential equation holds. Now, if the differential equation holds, then

—a—1

v (@) = (“""”) 1) - (‘“) (0 () a2 ),

zmo — (2m)" z— — (2m)"

or
/0= () 10 =~ () ) ),
or
(= = @m) )0 (@) — (o) ) = — () (@1 (2)) 2 ),
or
L= @ ) @)} =~ (0 (0 (@) 2 2,

O
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Note that a set of functions satisfying the differential equation in Corollary 83, is given in Proposition 42 with

D= % However, it should also be noted that there are other triplets (¢, g2,7) satisfying the conditions of
Theorem 1.

Proposition 43. Let X : Q2 — (0,27) be a continuous random variable and let ¢; (z) = [P (z)]”" and g, () =
1 (z)z~ s forz € (0,27) . The random variable X has pdf (72) if and only if the function 7 defined in Theorem
| has the form

n(x) == (a:_VTH + (277)_%1) , x€(0,2m).
Corollary 85. Let X : Q) — (0,27) be a continuous random variable and let ¢; (x) be as in Proposition 43. The
pdf of X is (72) if and only if there exist functions g, and n defined in Theorem 1 satisfying the differential equation

n () q (o) B (4£1) oo -1 ) )
n(x) q1 (33) — Q2 (I’) o o V—é—l B (2,”)7:/;1 y € (0,2 )

Corollary 86. The general solution of the differential equation in Corollary 85 is

n@ = (a5 - em ) [—/ (”§1> e (g () g2 (@) de + D)

where D is a constant.

Proposition 44. For the WS the cdf and pdf are not analytically expressible. No characterizations via our
Propositions are possible.

Proposition 45. WVG lacks a closed-form pdf or cdf. No characterizations via our Propositions are possible.

3. Wrapped Discrete Distributions

Characterizations of discrete distributions are important to many researchers in the applied fields. An investigator
will be vitally interested to know if their model fits the requirements of a particular discrete distribution. To this end,
one will depend on the characterizations of this distribution which provide conditions under which the underlying
distribution is indeed that particular discrete distribution.

As we mentioned in the Abstract, the characterizations for the discrete wrapped case will be based on certain
function of the random variable whose form depends on the nature of the distribution of the random variable.

Proposition 46. Let R:Q — I ={0,1,....,m — 1} be a random variable. The pmf of R is (88) if and only if

3 1 pUnd—
E{[P(R)] IR< k} = 5=D <Zf_o )J”P(r)> : (103)

Proof
If X has pmf (88), then for k € I, the left-hand side of (103), using finite geometric sum formula, will be

k k+1
(F )Y ) = ( : ) (=)
r=0

S o AP ()
B 1 )\k+1 -1
=D\ P )
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Conversely, if (103) holds, then

k k1l
S {P@I f@)} =F by (,\i 5 (Zéo Wj@) , (104)

r=0

From (104), we also have

el { } 1 ( P )
[P (2)) " f(x)f =F(k—1) —
2 A=D A\ iap ()

r=0

k _
= (F )= 1) 5 (z’“Al — m) . (105)
r=0

Now, subtracting (105) from (104), yields

. 1 ARFL 1 aiil

1 M—1
T e=D (2’::3 ATP(r)) '

From the above equality, after some algebra, we have

1 ( AR )_ 1 ( PG )
f(k)  O-1 k_o ATP(r) O=D \ I p(r)
F k o -1 1 A\k—1
" PO - oo (z’:;é wm)
NP (k)
=
D ormo AP ()

which is the reverse hazard function corresponding to the pmf (88), so X has pmf (88). O

Proposition 47. Discrete case number 1.47, WDC.

There is no r on the RHS of the formula given for the pmf.

Proposition 48. Let X : Q2 — I be arandom variable. The pmf of X is (90) if and only if

1 1—e 50 e AEHD 1

Proof
If X has pmf (90), then for k& € N*, the left-hand side of (106), using finite geometric sum formula, will be
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k

1 . 1 — =272 e~ ME+1L) _

P (oe) =0 (s ) (S
=0 1 — e m

1 e 22 e—2mA e AME+1)
1T 2mx P YCE)

1—e 5 e AE+D) _ 1
(e,
Conversely, if (106) holds, then

i {[P ()] f(x)} = F (k) ( ! __e_jw> (e_:(iﬂ) - 1) . (107)

=0 1—e m

From (107), we also have

1—e % |
=<F<k>—f<k>><1_e_w>(e_k_1>- (108)

1 B 1—e %% e Ak 1—e % e M1
{1P ) }f(k)—F(k'){<1_em55+1>>< ' ) (1_e_gxk>(e_x_1)}+

From the above equality, after some algebra, we have

1—6_% (eik(,H»l)—l) _ ( 1—6_t% ) (eikk—l) _ 2@ 2k
f (k) e 27rA£:+1) PE ] |- ZEOE e—x_1 l—e"m Je

- — & - - EPISYCESVI
F (k) [P (k)] 1 (11_—6_& ) (ee_ik__11> 1—e =
which is the reverse hazard function corresponding to the pmf (90), so X has pmf (90). 0

Proposition 49. Discrete case number 1.49, WDML.

No closed form for cdf or pmf.
Proposition 50. Let R : ) — I be arandom variable. The pmf of R is (92) if and only if
= 1— q(kJrl)
E {[p (R |R< k} - L . (109)
(1=a) X a P (r)
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Proof
If R has pmf (92), then for k € I, the left-hand side of (109), using finite geometric sum formula, will be

k
-1 Ty ! q(k+1) —
(PG (e =¢ (czfoqrmr)) ()
1— g+

1-q) X gqP(r)

Conversely, if (109) holds, then

b _ g(k+D)
Z{[P(r)]_lf(r)}=F(k)<( Loa” ) (110)

r=0

From (110), we also have

k-1

-1 1*qk
P(r re=Fk-1
> AP s} = ><(1_q) : )

k—1
< >0 ¢ P (7)

(F(k)f(k))< Lo ) i
(1—61) Zr;o q"P (7“)

Now, subtracting (111) from (110), yields

-1 1_qk+1 1_qk
Pk k) =F (k -
PO} ”{<<<1—q>zf_oqrp<r>) <<l—q>zf_équ<r>)>}+

1—q’C
k .
I )<<1q>z’::éqrp<r>>

From the above equality, after some algebra, we have

(ot )~ (i)
f(B) G-, aP® (—a) %55 a"P(r)

F (k) PET - (sitere)
q"P (k)

Zf:o q P (T) 7

which is the reverse hazard function corresponding to the pmf (92), so X has pmf (92). O

Proposition 51. Let X : Q — {0,1,...,m — 1} be arandom variable. The pmf of X is (94) if and only if
1—(1—6)m> X} } <1—(1—5)m) (k+1)
E — ) (1-=94 X<k;=|——"+ (1 +(1-96 . 112
{55 ) a9 i) (rasa®)an
Proof

If X has pmf (94), then for k € {0,1,...,m — 1}, the left-hand side of (112), using finite geometric sum formula,
will be
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k m k
(F )Y (-0 = (ﬂ) S (-8

r=

- a-em 1—(1—g)+D
S \1-(@a -t 1—(1-24)

= (i‘_%‘_‘?{:) (1+a-9*m).

Conversely, if (112) holds, then

k

Z{(l—(la—(s)m) (1- 5)xf(x)} = F (k) (ﬂ) (1 +(1- 5)<k+1)) . (113)

=0

From (113), we also have

§{<1_(16_5)m> (1_5)”(%)}:17(%—1) <11__((11__?)7:) 1+ (1-9)")

8

— (F(k) - f () (11_(1_5))m (1 T (1- 5)’“) . (114)

Now, subtracting (114) from (113), yields

{(1 — (15_ 5)m> (1- 5)’“} f(k) =F (k) (11__((11__?;> {(1 +(1- 6)“““)) - (1 +(1- 5)‘“)}+

£ (k) <11__((11__5§> (1 +(1- 5)‘“) .

From the above equality, after some algebra, we have

roy _ (Eage) {(ira-9") - (1 a-o)}
re () a-at - () (e -)
_sa-9"
1—(1- 5)(k+1)’

which is the reverse hazard function corresponding to the pmf (94), so X has pmf (94) O
Proposition 52. Let R : ) — I be arandom variable. The pmf of R is (96) if and only if

1 _ (1 _p)(k"!‘l)

E{[P(R)]—l |ng} P IVTIER

(115)

Proof
If R has pmf (96), then for k& € N*, the left-hand side of (115), using finite geometric sum formula, will be
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k (k+1)
1 TV 1 (1 _p) -1
ey () (5

1-(1-p*
P a"P(r)
Conversely, if (115) holds, then

k 1
Sy T ey i (e B (116)
> } :

r=0 pZTIO qu (T)
From (116), we also have

= 5 1-(1-p)f )
P(r fryy=Fk-1
TZO{[ ()} = F( ><er o
— (F (k) f (k) (“) . (117)
r=0

Now, subtracting (117) from (116), yields

—1 L-¢"" Lo
k k) =F (k Iy SNkl ooy
(1w} e >{((pzm<r>) )

l—qk
Kl ———— .

From the above equality, after some algebra, we have

f(k) (pEZZQTP(T)> B (pE’ﬁl;E(f;‘P(r)) _ @ —p)" P (k)

FB e - (etrs)  Lrmo(-p) PO

which is the reverse hazard function corresponding to the pmf (96), so X has pmf (96). O

Proposition 53. Let R: Q — {0,1,...,m — 1} be arandom variable. The pmf of R is (98) if and only if

L _ AkHD ]
E{[P(R)] \ng}_ TS NP0 (118)

Proof
If R has pmf (98), then for k € {0, 1,...,mm — 1}, the left-hand side of (118), using finite geometric sum formula,

will be
-1 i —_— 1 AEHD)
g{”<z’:_0x~p(r>>< A-1 >

A(k—i—l) -1
A=1)3F AP (r)
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Conversely, if (118) holds, then

: -1 AEFD
> {ipe f<r>}=F<k><(A ) (119)

= — 1) Y NP (r)

From (119), we also have

k—1

r=0

1 A1
P f )} =Fk—1) -
{ } ((A — )R AP <r>>

—(F (k) £ (k) ( At ) . (120)
G- DS AP ()

Now, subtracting (120) from (119), yields

B - AL B e —1
{PwI} £ k) =F (k) { ( TN m) <(A SOy NP m) } "

e —1
k .
J®) ((A— Y r AP <r>>

From the above equality, after some algebra, we have

() (o)
fk)  \O-D)F_ AP (=1 S Fg ATP(r)

F () PEI™ - (aorestrm)
AR P (k)

S AP (r)

which is the reverse hazard function corresponding to the pmf (98), so X has pmf (98). O

Proposition 54. Let R: Q — {0,1,...,m — 1} be arandom variable. The pmf of R is (98) if and only if

(1+0)* ) 1

E {[P (R |R< k} - . (121)
03 0o (1+0)" P (r)
Proof
Proof is the same as that of Proposition 53. O
Proposition 55. Let X : 2 — N* be a random variable. The pmf of X is (100) if and only if
1 AE+D) _q
E{P(X)]" | X <k} = (122)

A=D1 AP (r)

Proof
If X has pmf (100), then for k£ € N, the left-hand side of (122), using finite geometric sum formula, will be
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. o 1 AR+ g
e o= (e ) o (5T)
)\(kJrl)_l

A—1)Yh NP (x)

Conversely, if (122) holds, then

k . B AR+ g
S A{P@I™ @)} =F®) ((A_l)zk W(x)) (123)

r=1 r=1

From (123), we also have

k—1
Z{[P(:c>]‘1f(m)}=F(k—1)< - )

o A=D1 AP (2)

= (F (k) — f () At (124)
- A=D1 o i AP(2))

Now, subtracting (124) from (123), yields

1 AR+ A -1
P (k k) =F (k -
UPEIT} ”{((A—nzi_lw(m)) ((A—l>z§:1AwP<w>>}+

P
k .
I )<<A—1>Zi:iw<x>>

From the above equality, after some algebra, we have

AR _ AF—1 i
fk) ((A—nz’;zl wm) ((H)Zfz;ixmw)) NP (R)
F k o —1 Af—1 - k z ’
" P& - ((H)Zfz;i AfP(w)) Lo AP (7)

which is the reverse hazard function corresponding to the pmf (100), so X has pmf (100). O
Proposition 56. Let X : ) — N* be a random variable. The pmf of X is (102) if and only if

= /\(k+1) -1
E {[P O] | X < k} - ; . (125)
A=1)2 g AP (1)
Proof
Proof is the same as that of Proposition 55. O
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