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relationship between two truncated moments and (i) the reverse hazard function and. It should be mentioned that for the
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1. Introduction

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know
if their model fits the requirements of a specific underlying probability distribution. To this end, the investigator
will rely on the characterizations of the selected distribution. Generally speaking, the problem of characterizing a
distribution is an important problem in various fields and has recently attracted the attention of many researchers.
Consequently, various characterization results have been reported in the literature. These characterizations have
been established in many different directions. The present work deals with certain characterizations of each of the
following 15 distributions proposed by Zaninetti:

I) New probability distributions in Astrophysics: I. The truncated generalized gamma, (2019).

IT) New probability distributions in Astrophysics : II. Generalized and double truncated Lindley, (2020).

IIT) New probability distributions in Astrophysics : III. The truncated Maxwell-Boltzmann distribution, (2020).

IV) New probability distributions in Astrophysics : IV. The relativistic Maxwell-Boltzmann distribution, (2020).
V) New probability distributions in Astrophysics : V. The truncated Weibull distribution, (2021).

VI) New probability distributions in Astrophysics : VI. The truncated Sujatha distribution, (2021).

VII) New probability distributions in Astrophysics : VII. The truncated gamma-Pareto distribution applied to
cosmic rays, (2022).
VIII) New probability distributions in Astrophysics : VIIL. The truncated Weibull-Pareto distribution, (2022).
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G. G. HAMEDANI AND A. ROSHANI 1

IX) New probability distributions in Astrophysics : IX. The truncated exponential, half-Gaussian and Sech-
Square distributions with application to the galactic height, (2022).
X) New probability distributions in Astrophysics : X. Truncated and Mass-Luminosityyy relationship for Fréchet
distribution, (2022).
XI) New probability distributions in Astrophysics : XI. Left truncated for Topp-Leone distribution, (2023).
XII) New probability distributions in Astrophysics : XII. Truncation for Gompertz distribution, (2024).
XIII) New probability distributions in Astrophysics : XIII. Truncation for Benini distribution, (2024).
XIV) New probability distributions in Astrophysics : XIV. Truncation of the modified lognormal distribution,
(2025).
XV) New probability distributions: XV. Truncation of the exponentiated gamma distribution. (IJAA), 15(2), 90-
108.

We list below the cumulative distribution function (cdf) and probability density function (pdf) of each one of

these distributions in the same order as listed above. We will be employing the same notation for the parameters as
chosen by the original author.

1.1. The double truncation generalized gamma

The cdf and pdf of (I) are given, respectively, by

xT
F(aia,b,¢) :/ Flusab,)du, @ <<, )
]
and

f(z;a,b,¢) = Czcle b p (), x <x<ad,, )

where a,b,c,x;, 2, are all positive parameters, C = [I; (zy;a,b,c) — I, (z;a,b,¢)]"", I (z;a,b,¢) =
[x*te b dr and P (z) = 297¢.

1.2. The new generalized Lindley
The cdf and pdf of (II) are given, respectively, by

F(x;a,b,c):/ f(usa,b,¢)du, x <z <uxy, 3)
xy
and

f(z;a,b,c) = Ce P (x), x<x< Ty, 4

where a, b, ¢, z;, z,, are all positive parameters, C' = [(1+¢)T (a) T (b)]”",T (a) is the gamma function and
P (x) = c* 2 1T (b) + 21T (a).

1.3. The double truncated Maxwell-Boltzmann distribution

The cdf and pdf of (III) are given, respectively, by
F(z;a,21, ) =/ flusa,z, ) du, < x <y, Q)
T
and

f(@ia,m,m,) = Coe 32 P(z), 3 < <y, (6)
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2CHARACTERIZATIONS OF TRUNCATED UNIVARIATE CONTINUOUS DISTRIBUTIONS INTRODUCED BY LORENZO ZANINETTI

where a, x;, x,, are all positive parameters,

C=-2 {a2 [(amerf (;%) +aVamert <afl@>>

2 27) 71
+2x,e 2227 — 21’[6%2:| } ,
erf (z) = % Iy e~"dt and P (z) = x.

1.4. The relativistic Maxwell-Boltzmann distribution

The cdf and pdf of (IV) are given, respectively, by

F(m;T)—/mf(u;T)du, 0<z<e, @)
0
and

f(z;T)=Cz*P(z), 0<z<c, (®)

~1
. PR c 9 71ﬂ<1 1—1“’2) %(1 1—”“2)
where T is relativistic temperature, C = | [ w?e <2/ dw and P (z) =e¢ 2/

1.5. The truncated Weibull distribution

The cdf and pdf of (V) are given, respectively, by

o= (@/0)° _ o= (a1 /b)°

F(z;b,¢c,m,2q) = e ey L roy AR <z <y, )
and
fx;be,my,xy) = Cacle= @0 4 <z < xy, (10)
where b, ¢, x;, x,, are all positive parameters, C' = (E_W/b:f:i(xl/b)c )
1.6. The truncated Sujatha distribution
The cdf and pdf of (VI) are given, respectively, by
F(z;b, 8,2, Ty) = /If(u;b,s,xl,xu)du, 2 <1 < Xy, (11)
z
and
f(x;b, 8,2y, 20) :C’e*%IP(x), T < T < Xy, 12)

where a, s, x;, x,, are all positive parameters, C' = %,
A= [(52 (b +b+2) +bay (b+2) s+ b°x7) — (s* (B> +b+2) + bz (b+2) 5) efgmu} s
and P (v) = s% + sw + 22

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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1.7. The double truncated gamma-Pareto distribution

The cdf and pdf of (VII) are given, respectively, by

-
F(z;0,¢,0,2,2,,) = / fusa,e,0,2,x,)du, x <x<my,
zy
and

f(z;0,0,0,2,2,,) = C’xf(%H)P(x), T < T < Ty,

/e —a . .
where a > 0,¢ > 0,0 < 6 < 2y, x,, are parameters, C' = ‘QF((;)K ,I' () is the gamma function,

N :a%m) {F <a i <(:iou)1/) +T <a +1,In ((?)”))]
—I—c_a:zc,l/cel/c In (%‘)a _ c—olefl/cel/c I <%)c> |

a—1

r (a +1,In ((%) UC)) is incomplete gamma function and P (z) = In (%)

1.8. The double truncated Weibull-Pareto distribution

The cdf and pdf of (VIII) are given, respectively, by

e—ale/b)° _ g—alz1/b)°

e—a(@./b)° _ g—a(m/b)°’

F(ﬂ?;&,b,c,xl,ﬂfu): T S x < Xy,

and

—acx™! (%) ¢ e—alz/b)*

f (x7 a, bv c, Xy, $u) = e_a(ﬂcu/b)c — e—a(ﬁfl/b)c )

T < T < Ty
where a, b, ¢, x;, x,, are all positive parameters.

1.9. The double truncated exponential distribution

The cdf and pdf of (IX), for the exponential case, are given, respectively, by

o= (@/b) _ o= (a1/b)
e_(zu/b) — e_(fl/b) ’

F(x;b,a:l,xu): 1 < x < Iy,
and

—Le=(/)

flxsbx,xy) = P TRy

T < T < Ty,

where a, b, ¢, 7, T, are all positive parameters.

1.10. The truncated half-Normal distribution

The cdf and pdf of (IX), for the half-normal case, are given, respectively, by
F (z;8,21, 1) = /l-f(u;s,xl,xu)du, T S x < Ty,
x
and |
fzss,xp,my) = Cre=®/28°p (), = <z <umY,

Stat., Optim. Inf. Comput.
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4CHARACTERIZATIONS OF TRUNCATED UNIVARIATE CONTINUOUS DISTRIBUTIONS INTRODUCED BY LORENZO ZANINETTI

where s, x;, z, are all positive parameters,

S IC T

-1

and P (z) = 2~ %

1.11. The truncated Sech-Square distribution

The cdf and pdf of (IX), for the Sech-Square case, are given, respectively, by

F(x;b,a:l,xu>=/ Flusb,a,zy)du, m <z <z, @1
x
and
A 2
sech(i)
;bv s Ly ) — b
Faboot ) = i (52) — tanh (2))
=Ce /PP (2), x <z <y, (22)

where b, z;, z,, are all positive parameters, C = [4b (tanh (%) — tanh (2t))] “and P (2) = (e2e/b — 1)2.

1.12. The Truncated Fréchet distribution

The cdf and pdf of (X) are given, respectively, by

e (@/b) _ o= (/)"

F (z;b,a,xp, ) = gy e < x < xy, (23)
and
abax—a—le—(z/b)fo‘
b W) =
flasbasone) = =
= C’a:fo‘flef(m/b)fa, T < X < Ty, 24)

ab®

where b, a, 7, z,, are all positive parameters and C' = — YRR
e~ (zu/b)7 _e— (21

1.13. The truncated Topp-Leone distribution
The cdf and pdf of (XI) are given, respectively, by

b2 (mf (2b— )" — 2f <%*$>ﬁ)

F(x;8,21,0) = , x; <z <b, (25)
( ) ) e=28 (2b — )’ -1
and
2 2 A
F@pab)=C(-2+2) (-2 +2) P@), z<z<b (26)
b2 b b2 b
where 3, x;, b are all positive parameters and C' = *ﬂ’)ﬂl and P (z) = (—3% + %)71 (2—22).
z)e —x)P —
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1.14. The truncated Gompertz distribution
The cdf and pdf of (XII) are given, respectively, by

e~ 5" _em e
F (z;a,b,z1,2,) = v —a W ST < Ty, 27
and
f(z;a,b,z,2,) = Ce_%wP(x), T < x < Xy, (28)
where a, b, 2, x,, are all positive parameters, C' = [e‘%ebzl — e‘%ebm“} B and P (z) = ae®.

1.15. The truncated Benini distribution

The cdf and pdf of (XIII) are given, respectively, by

1— e (=m(2))(-Bm(2)-a)

1 — gat+28 ln(xu)x;ae—,ﬁ(an(xu)+1n2(a)) ’

F(x;a,ﬂ,o,xu): o < x <@y, (29)
and

f(z;a,B,0,2,) = foaflP(:c), o< T < Ty, 30)

where o > 0,5 > 0,0 < o < x,, are parameters,

C =% |:1 o O,a+2ﬁ 1H(Iu)I;aefﬁ(an(Iu)Jrlnz(a))} -1

and
P (QZ) = [25 hl(g) + Oz} eln(%)(*ﬁln(f)—a)'
o

1.16. The truncated lognormal distribution
The cdf and pdf of (XIV) are given, respectively, by

T
and

flaym,o,a,2,) = Ca™'P(2), <<y, (32)

where m, o, 2, x,, are all positive parameters,

o= fo (g () o (g ()]

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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1.17. The truncated exponentiated gamma distribution
The cdf and pdf of (XV) are given, respectively, by

xp d_ _ z d
PP S g £ G Bl e ) el G Bl 3 ) (33)

[L(c) =T (e;8)]" = [T (e) = T (e, )] "

and

Flasb e d oz, x,) =Ce v P(x), = <z <y, (34)
b=
(@)= (e, )] @ -1 (e.5)] "

I (c, %)= f;;b t“~Le~'dt is incomplete gamma function and P (z) = —2°~! [T (c) — T (e, %)]dil.

where b, ¢, d, 2, z,, are all positive parameters, C' =

I (c) is the gamma function,

2. Characterization of Distributions

As mentioned in the Introduction, characterizations of distributions is an important area of research which has
recently attracted the attention of many researchers. This section deals with various characterizations of the
distributions listed in the Introduction. These characterizations are based on: (i) a simple relationship between
two truncated moments and (i7) the reverse hazard function. It should be mentioned that for the characterization
(¢) the cdf need not to have a closed form and depends on the solution of a first order differential equation, which
provides a bridge between probability and differential equation.

2.1. Characterizations Based on Two Truncated Moments

In this subsection we present characterizations of the distributions mentioned in the Introduction, in terms of a
simple relationship between two truncated moments. Our first characterization result employs a theorem due to [1],
see Theorem 1 below. Note that the result holds also when the interval H is not closed. Moreover, as mentioned
above, it could be also applied when the cdf F' does not have a closed form. As shown in [2], this characterization
is stable in the sense of weak convergence.

Theorem 1. Let (2, F7,P) be a given probability space and let H = [d,e] be an interval for some d <e
(d = —o0, e = oo might as well be allowed). Let X : 2 — H be a continuous random variable with the distribution
function F' and let ¢; and ¢ be two real functions defined on H such that

Elg(X) | X 22]=E[q (X) [ X 22]n(z), zel,

is defined with some real function 7. Assume that q1,q2 € C' (H), n € C*? (H) and F is twice continuously
differentiable and strictly monotone function on the set H. Finally, assume that the equation nq; = ¢» has no
real solution in the interior of H. Then F' is uniquely determined by the functions g1, g2 and 7, particularly

v (u)
F:v:/C exp (—s(u)) du,
= [ €l | 00
where the function s is a solution of the differential equation s’ = ” ;’1/ — - and C' is the normalization constant,

such that [, dF = 1.
Remark. The goal is to choose ¢; (z) and go () so that 5 () has a simple form.

Here is our first characterization.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Proposition 2. Let X : Q — (z;,z,) be a continuous random variable and let ¢ (z) = [P (2)]7" and ¢ (z) =
q1 (x) e~ for x € (x;,2,) . The random variable X has pdf (2) if and only if the function 7 defined in Theorem
I has the form

(e*bxc + e’bxf‘) , x € (1, xy) -

Proof
Let X be arandom variable with pdf (2), then

(1=F () Elq(X) [ X =z

= / Cutte " du
xr
¢
be

and
(1 - F(x))E[% (X) |X > gc] :/ Cutle=20u g,
C | _opee b
= Tbc (e 2b e 2b. u)’ = (xl’xu)’
and finally

q1 (m) (e—bx“ _ e—bxi) <0

5 forz € (z, ) .

n(@)q (z) — g2 (z) = —

Conversely, if 7 is given as above, then

, bexc e be"
s @) = n(x)ql(x) = =, T E€(X,Ty),
( ) 77(95) q1 (33) — Q2 (x) e—bze _ o—baf ( 1 )
and hence
3 (I) - 710g (eibmc o efb@*i) , T € (‘Tla‘Tu) .
Now, in view of Theorem 1, X has density (2). .

Corollary 1. Let X : Q — (x;,2,,) be a continuous random variable and let ¢; (x) be as in Proposition 2. The pdf
of X is (2) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation
/ bexc1 —bz®
@ aq(x) _C;Ec e L se(ana).
n(@)q (z) —gqz(x) e —e bt

Corollary 2. The general solution of the differential equation in Corollary 1 is

n(z) = (6_quc — e_bxi)il {— / bex e " (q1 () @2 (@) dx + D} ,
where D is a constant.

Proof
If X has pdf (2), then clearly the differential equation holds. Now, if the differential equation holds, then

beatLebz” beatLebz° _
0 (z) = (e—’m“—e—bxi) n(z) — (e—W—e—’mi> (q1 () ! a2 (z),

Stat., Optim. Inf. Comput. Vol. x, Month 202x



SCHARACTERIZATIONS OF TRUNCATED UNIVARIATE CONTINUOUS DISTRIBUTIONS INTRODUCED BY LORENZO ZANINETTI

or
cmc—le—bwc cxc—le—bat:C _
' (z) — (eb_bm_e_bx) n(x)=— <eb_bz_e_bxu> (q1 () ' % (2),
or
(7" = ™) (@) = (beat1e ™) (@) = = (bex "1™ (1 (2)) 2 (2).
or
% (e—bavC _ e—bxi) n (l’)} — _ (bch—le—bxc) (Q1 (l’))il % (.7}),

from which we arrive at

n(a) = (e — ety {‘ / bea"' e (g1 ()" g2 (2) da + D .
O

Note that a set of functions satisfying the differential equation in Corollary 1, is given in Proposition 2 with
D= "72;“ . However, it should also be noted that there are other triplets (g1, g2, n) satisfying the conditions of

Theorem 1.

Proposition 3. Let X : Q — (z;,x,) be a continuous random variable and let ¢ (z) = [P (z)]”" and g, (z) =

q1 () e~ " for x € (x;,,). The random variable X has pdf (4) if and only if the function 7 defined in Theorem
1 has the form

1
n(x) = 3 (e_cz + e_cz“') , X € (m,xq).

Proof
Let X be arandom variable with pdf (4), then

(1-F()Eln(X) | X >2]= Ce=%duy,
C
=2 (o), we (o),
and
(1—F(2))Elgs(X) | X > ] :/ Y Ce-2ugy
¢ —zcT —2¢cTy
= 5 (727 e a e (w ),
and finally
n(x) ¢ () - g2 () = ~alo) (7 —e ™) <0 forz € (z,2y).

Conversely, if 7 is given as above, then

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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! cx
8/ ((E) _ n (‘T) q1 (.’I}) = — ce - , = (xl’-ru) 7
n(@) q () —qe(xr) e —e u
and hence
s(z)=—log (e —e ), z€ (z,zy).
Now, in view of Theorem 1, X has density (4). O

Corollary 3. Let X : Q — (2;,2,) be a continuous random variable and let ¢; (x) be as in Proposition 3. The pdf
of X is (4) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

—CT

n' () i (z) _ ce
n(z)q (z) — g2 (x) e—CT _ p—CTy

, X € (m,xq).

Corollary 4. The general solution of the differential equation in Corollary 3 is

n(xz) = (e_c'1c — e_c“)fl {—/ce_”C (¢1 (w))_l g2 (x)dz+ D],
where D is a constant.

Proof
Proof is similar to that of Corollary 2. 0

Note that a set of functions satisfying the differential equation in Corollary 3, is given in Proposition 2 with

D = <= However, it should also be noted that there are other triplets (g1, g2,n) satisfying the conditions of
Theorem 1.

Proposition 4. Let X : Q — (z;,x,) be a continuous random variable and let ¢ (z) = [P (z)]" and g, (z) =
2

q1 () e" 227 forz € (z;,2,) . The random variable X has pdf (6) if and only if the function 7 defined in Theorem
1 has the form

1 22 I%L
77(3:)25 (e_fm? —|—e_2a?> x € (z1,2y)
Proof
The proof is similar to that of Proposition 2. O

Proposition 5. Let X : Q2 — (0,¢) be a continuous random variable and let ¢y (z) = [P (z)]"" and g5 (z) =
q1 (z) 23 for x € (0,c) . The random variable X has pdf (8) if and only if the function 7 defined in Theorem 1 has
the form

n(x) = (c3+x3), x € (0,c).

DN =

Proof
Let X be arandom variable with pdf (8), then

c

1-F@)E[n(X) | X>2]= [ Cu’du

w|Q F—

(03 —xg), xz € (0,¢),
and

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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(66—966), z € (0,¢),

and finally

n(x)q (x) — g (x) = @ () (03 - :17‘3) >0, forx e (0,¢).

Conversely, if 7 is given as above, then

/ 31.2
Y M@aE s
O e -—aw & 00
and hence
s(x):—log(c3—m3), x € (0,c).
Now, in view of Theorem 1, X has density (8). O

Corollary 5. Let X : Q — (0,¢) be a continuous random variable and let ¢; (x) be as in Proposition 5. The pdf of
X is (8) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

' (2) q1 (z) 322 . )
n(r)q () —q(z) & —a3’ € (0,c).

Corollary 6. The general solution of the differential equation in Corollary 5 is

n)= (¢ o) [— / 322 (q1 (2)) " @2 (x) dz + D| |
where D is a constant.

Proof
Proof is similar to that of Corollary 2. O

Note that a set of functions satisfying the differential equation in Corollary 3, is given in Proposition 5 with
6 . . . . ..
D = 5. However, it should also be noted that there are other triplets (g1, g2, 7)) satisfying the conditions of Theorem
1.

Proposition 6. Let X :Q — (z;,7,) be a continuous random variable and let ¢ (z) =1 and ¢z (7) =
q1 () e @/Y° for x € (x;,x,). The random variable X has pdf (10) if and only if the function 7 defined in
Theorem 1 has the form

1 c c
n(@) = (@ 4 e @) pe (a,m).

Proof
Let X be arandom variable with pdf (10), then

(1-F(@)Elg(X) | X > 1] = / " e gy

C ¢ c
= E (e_(z/b) - e_(zu/b) ) ) LS (xlvxu)v

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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and

ezn
(1-F)E[g(X)|X >z = / Cuc™te™2@/0) gy,
= g (2 e e (),

and finally

n@) q () —q(x) = 7(]17(56) (67(95/17)“ — e*(“/b)c) <0, forxe (x,xz,).

Conversely, if 7 is given as above, then

/ —cpnc—1,—(x/b)°
vy 1 (@)a (@) b™ca e
YO e @ —w@ o G 2 @),
and hence
s(x) = —log (e_(x/b)c - e_(“/b)c) ;o x € (2, 2y).
Now, in view of Theorem 1, X has density (10). ]

Corollary 7. Let X : Q — (x;,z,,) be a continuous random variable and let ¢; (x) be as in Proposition 6. The pdf
of X is (10) if and only if there exist functions ¢, and 7 defined in Theorem 1 satisfying the differential equation

n (z)q1 () _ bCextT e @/0)" v e (an2)
1) qr (@) — gz () e~ @B — =@/ bl

Corollary 8. The general solution of the differential equation in Corollary 7 is

c c _1 c
n(z) = (e_(w/b) — e~ (@u/t) ) [—/bcx“le_ww (1 (@) g2 (2)dz + D,

where D is a constant.

Note that a set of functions satisfying the differential equation in Corollary 7, is given in Proposition 6 with
D= % However, it should also be noted that there are other triplets (g¢1, g2, 7) satisfying the conditions of

Theorem 1.

Proposition 7. Let X : Q — (x;,x,) be a continuous random variable and let ¢; (z) = [P (z)]” " and ¢o (z) =
@1 (z) e=5* forz € (x;,1,) . The random variable X has pdf (12) if and only if the function 7 defined in Theorem
1 has the form

n(z) = (e_%m +6_%x“> . x € (T, Ty).

DN =

Proof

The proof is similar to that of Proposition 3. O
Proposition 8. Let X : Q — (z;,z,) be a continuous random variable and let ¢ (z) = [P ()] and g, (z) =
q1 (x) x=1/¢ for x € (x;,2,) . The random variable X has pdf (14) if and only if the function 7 defined in Theorem
1 has the form

1
n(x) = 3 (mfl/Cer;l/c), x € (T, Ty) .

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Proof
Let X be arandom variable with pdf (14), then

(1—F(2)Eq (X) | X > ] :/ S Cutdu
=cC (ac_l/c —w;l/c) , x € (z,my),

and

(I1-F(x)Elg(X) | X >z = / Cu=*'du
= %CC (1-*2/0 — 1,7:2/0) . X € (z,24),
and finally

n@)q(z) — g2 (z) = 7(]17(95) (1371/6 *:L’;l/c) <0 forz € (z,x,).

Conversely, if 7 is given as above, then

’ -1,—-11
8/ (x) — Ui ($) q1 ($) _ c e = (xlaxu)a
n(@)q(v) —qz(x)  g=1/c _ g 4¢
and hence
s(z) = —log (x_l/c - x;l/c> , T € (z,xy).
Now, in view of Theorem 1, X has density (14). ]

Corollary 9. Let X : Q — (z;,x,) be a continuous random variable and let ¢; (x) be as in Proposition 8. The pdf
of X is (14) if and only if there exist functions g2 and n defined in Theorem 1 satisfying the differential equation

;7/ @ aq(x) ol x € (x,2y)

n@)aq(x) =g () g1/e - gt

Corollary 10. The general solution of the differential equation in Corollary 9 is

0@ = (o =) [ [t @) e an s )]

where D is a constant.

Note that a set of functions satisfying the differential equation in Corollary 7, is given in Proposition 6 with

—2/e . . P ..
D= %T However, it should also be noted that there are other triplets (¢, g2,7) satisfying the conditions of
Theorem 1.

Proposition 9. Let X :Q — (z;,7,) be a continuous random variable and let ¢ (r) =1 and ¢z (z) =
q1 (x) e @/ for x € (x;,2,). The random variable X has pdf (16) if and only if the function 7 defined in
Theorem 1 has the form

n@) =5 (T p e ) re (@)
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Proof
The proof is similar to that of Proposition 6. In fact the cdf for V is the same as the cdf for VIII for a = 1. O

Proposition 10. Let X : Q — (x;,2,) be a continuous random variable and let ¢ () =1 and ¢ (x) =
q1 (x) e=*/® for z € (x,x,) . The random variable X has pdf (18) if and only if the function 7 defined in Theorem
1 has the form

(e*I/b + e*””“/b) , T € (z,xy) .

N

n(z) =

Proof
The proof is similar to that of Proposition 3. In fact the cdf (18) is a special case of the cdf (15) fora =c=1. O

Proposition 11. Let X : Q — (2, z,) be a continuous random variable and let ¢ (z) = [P (z)]”" and ¢ (z) =

22
q1 (z) e 27 forz € (x;,z,). The random variable X has pdf (20) if and only if the function 7 defined in Theorem
1 has the form

Proof
The proof is similar to that of Proposition 2. O

Proposition 12. Let X : Q — (x;,2,,) be a continuous random variable and let ¢, () = [P (z)]”" and ¢, (z) =
q1 (x) e=*/® for z € (x,x,) . The random variable X has pdf (22) if and only if the function 7 defined in Theorem
1 has the form

n(z) = <e*$/b + e*"”“/b> s X € (T, 2q) .

Proof
The proof is similar to that of Proposition 3. O

Proposition 13. Let X : Q — (x;,2,) be a continuous random variable and let ¢ () =1 and ¢ (x) =

q1 (z) e ®"®" for x € (x;,2,). The random variable X has pdf (24) if and only if the function 7 defined in
Theorem 1 has the form

Proof
Let X be arandom variable with pdf (24), then

1-F@)EqnX)|X>2]= /% Cu—1e """ qu

I
—
|
<
°
ﬁ-%‘
R
|
<
°
%%‘
R
~—
8
m
—
8
8
<
N

and

(1-F(@)E[gp(X)|X>zx]= /’"u Cu——1e=26"u" gy,

_C
T 2ab”

_9p . — _ o,
<€ 20%x,, —e 20%x )’ $6($l,$u),
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and finally

@ (@)
2

o, —a
—b Ty

n@) q(z) —q(z) =

(e

- efbaf(X) >0 forxz e (x,x,).
Conversely, if 7 is given as above, then

(o3 —x
/ abaxfozflefb T

e—boay,* _ p—bYzTe

)@

() q () — g () x € (1, 24)

)

and hence

u

s(z) = —log (e*ba“"

Now, in view of Theorem 1, X has density (24).

- eiba“ﬁa) , T € (x,Ty).

O

Corollary 11. Let X : Q — (z;,z,) be a continuous random variable and let ¢; () be as in Proposition 13. The
pdf of X is (24) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

—a—1,-b%z™

ab®x e

@)

1(x) —qa(x) etz — g—boae

77/
, x € (1, %) -
1) (
Corollary 12. The general solution of the differential equation in Corollary 11 is

n(z)

where D is a constant.

o, —a @ —a -1 e
(e = eve) {_ / bz () (2)) " g3 (2) dw + D

Note that a set of functions satisfying the differential equation in Corollary 11, is given in Proposition 13 with

o —
e—2b% ey

D= 5 ° However, it should also be noted that there are other triplets (¢1, g2, 7) satisfying
Theorem 1.

Proposition 14. Let X :  — (2;,b) be a continuous random variable and let ¢; (x)

[P (@)

the conditions of

and ¢ (z) =

B
¢ () (—i—j + 279”) for x € (x;,b) . The random variable X has pdf (26) if and only if the function 7 defined in

Theorem 1 has the form

Proof
Let X be arandom variable with pdf (26), then

(1—F(x))E[q1(X)X2x]:/:C( %‘ Z)(-Zi 2b>51du
:_% <_§22+2;)6—1}, x € (z1,b),

and
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(- F (@) Bl (X) | X > 1] =/:c<—2b?j+§) (_ﬁﬁg‘)wldu

c 2 9\ ¥
Z‘w{(‘”ﬁﬁf) ‘1}’ = & lanb),

2 B
n(z)q (z) — g2 () :_qIZ(CU) {<_§2+2;> —1} >0 forx e (x1,b).

Conversely, if 7 is given as above, then

and finally

@a@ _PED)
) @1

s (z) = = , x€(x,b),
n(x) g1 () — g2 (2) (-2 2%*)5_1
and hence
2 9 B
s(x):—log<<—9£2+:> —1), x € (x1,b).
Now, in view of Theorem 1, X has density (26). O

Corollary 13. Let X : Q@ — (z;,b) be a continuous random variable and let ¢; () be as in Proposition 14. The pdf
of X is (26) if and only if there exist functions g2 and 7 defined in Theorem 1 satisfying the differential equation

7 () q1 (x) _ 5(% -3) (_ggé + ZTI) ) v e (@h)
n(z)q1 () — g2 (z) (-2 2y’ o

Corollary 14. The general solution of the differential equation in Corollary 13 is

n(e) = {(—”g F) 1}1 [—/5 (Z-2)(2+2) wer nwarn|.

where D is a constant.

Note that a set of functions satisfying the differential equation in Corollary 11, is given in Proposition 13 with
D= % However, it should also be noted that there are other triplets (g1, g2, 7) satisfying the conditions of Theorem
1.

Proposition 15. Let X : Q — (x;,2,,) be a continuous random variable and let ¢ (z) = [P (z)]”" and ¢, (z) =

q1 (z) e~ %% forz € (z;,,) . The random variable X has pdf (28) if and only if the function 7 defined in Theorem
1 has the form

(ef%m + 67%”3“’) , T € (x,Ty).

N | =

n(z) =

Proof
The proof is similar to that of Proposition 3. O
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Proposition 16. Let X : Q — (0, z,,) be a continuous random variable and let ¢, (z) = [P (z)]”" and ¢, (z) =
¢1 () z~® for z € (0,x,) . The random variable X has pdf (30) if and only if the function 7 defined in Theorem
I has the form

(z7+2;%), z€(0,24).

N |

n(x) =

Proof
Let X be arandom variable with pdf (30), then

(1 - F (x)) E [Ch (X) | X > Z‘] _ /:’-Uu. Cu=—1ge
C

(x_a — x;o‘) , X € (0,my),

and
(1= F @) Ele(0) | X 2= [ cu
c
= % (.T_2a m—Za) , e <0_7 xu)’
and finally
n(@) g (z) — g2 () = =L 2(3:) (z7%—2,%) <0 forz € (0,2y)
Conversely, if 7 is given as above, then
s (z) = 7 @) (@) = S x € (0,y)
n(@aq(x) =g (@) a7 -z B
and hence
s(x)=—log(z™*—a,%), € (0,z,)
Now, in view of Theorem 1, X has density (30) ]

Corollary 15. Let X : Q — (0, z,) be a continuous random variable and let ¢; () be as in Proposition 16. The
pdf of X is (30) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

—a—1

n"@a) _ axmt

77(33) q1 (33) — g2 (CIJ) o T — oy T € (07 xu) .

Corollary 16. The general solution of the differential equation in Corollary 15 is

1) = (@ — ) [— [or @ @) @ 0]

where D is a constant.

Note that a set of functions satisfying the differential equation in Corollary 15, is given in Proposition 16 with

D= % However, it should also be noted that there are other triplets (¢1,q2,7) satisfying the conditions of
Theorem 1.
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Proposition 17. Let X : Q — (x;,2,,) be a continuous random variable and let ¢ (z) = [P (z)]”" and ¢, (z) =
¢1 () In (z) forz € (2y,x,). The random variable X has pdf (32) if and only if the function 7 defined in Theorem
I has the form

(In(z,) +In(x)), z€ (z;,2)-

l\D\»—t

n(z) =

Proof
Let X be arandom variable with pdf (32), then

(1-F @) Elq (X) | X > ] = l/
C

=C(n(zy) —In(z)), z€ (x,2y),
and
(1= F(@)E[g(X) | X > 1] = / Cu™' In (u) du
= (@)~ m@)?), e (),
and finally

n(x)q () — g (x) = @ 2(x) (In(z,) —In(x)) >0 forx € (x,z,).

Conversely, if 7 is given as above, then

/ —1
§ () = T@a _ z oz (na),
O = D0 -—a® ~ RE) W@ e
and hence
s(z) = —log(In(z,) —In(z)), =z € (z,z4).
Now, in view of Theorem 1, X has density (32) O

Corollary 17. Let X : Q — (z;,z,) be a continuous random variable and let ¢; () be as in Proposition 17. The
pdf of X is (32) if and only if there exist functions g2 and ) defined in Theorem 1 satisfying the differential equation

n"@a (@) 2! T € (T, 0).

n@)a(2) —g(x)  In(z,)—In(x)’

Corollary 18. The general solution of the differential equation in Corollary 17 is

n(z) = (n(z,) —In(z)) " [—/xl(fh (@) a2 (@)dz +D|,

where D is a constant.

Note that a set of functions satisfying the differential equation in Corollary 17, is given in Proposition 17 with

D= W However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of

Theorem 1.
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Proposition 18. Let X : Q — (x;,2,,) be a continuous random variable and let ¢ (z) = [P (z)]”" and ¢, (z) =
q1 (x) e=*/® forx € (x;,x,) . The random variable X has pdf (34) if and only if the function 7 defined in Theorem
I has the form

1
n(z) = B <e*$/b + e*"”“/b> , X € (T, xq) .

Proof
The proof is similar to that of Proposition 3. O

2.2. Characterization in Terms of the Reverse (or Reversed) Hazard Function

The reverse hazard function, r g, of a twice differentiable distribution function, F', is defined as

, « € support of F.
x

In this subsection we present characterizations of the new distributions in terms of the reverse hazard function.

Proposition 19. Let X : Q — (x;, x,) be a continuous random variable. The random variable X has pdf (10) if
and only if its reverse hazard function r (x) satisfies the following differential equation

e e _(z/pye 4 —chb™Cxc1
o (z) + b2 rp (2) = e (#/0) - {e—(x/b)" ———r } , x € (x,y),

i PN b=l (wu/B)°
with boundary condition lim, ., rp (z) = ( cb~a e .

e—(zu/b) _e=(=1/b)¢

Proof .
Multiplying both sides of the above equation by ¢(*/%)°, we have

d c d —chb a1
2 ) o (=/b) - =
dm {e Tr (l‘)} - dl’ {e(w/b)c — e*(fﬁl/b)c } 9

or
—c,.c—1
(2/b)° B —cb™x
{e TE (Z‘)} - {e(m/b)c — e*(ml/b)c )
or
_becchlef(m/b)c
TE (-r) = e—(w/b)c — e_(wl/b)c’
which is the reverse hazard function corresponding to the pdf (10). O

Proposition 20. Let X : Q — (2;,z,,) be a continuous random variable. The random variable X has pdf (18) if
and only if its reverse hazard function r (x) satisfies the following differential equation

1 1 © -2
o (2) + y7F (z) = —b—2672T (efx/b - ef””/b) , € (x,xy),

. e _1lgwu/b
with boundary condition lim,_,, rr (z) = (#>

e—cu/b_e—z/b

Proof
It is similar to that of Proposition 19. O
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Proposition 21. Let X : Q — (z;,x,) be a continuous random variable. The random variable X has pdf (20) if
and only if its reverse hazard function r (z) satisfies the following differential equation

e () + :—QTF () = 3\52%6 i dd (— erf (ml\/ﬁ> + erf (muﬁ>)1, r € (21, 24)

T 2s

with boundary condition lim,_, ., rp (z) = SV

Proof
It is similar to that of Proposition 19. O

Proposition 22. Let X : Q — (z;,x,) be a continuous random variable. The random variable X has pdf (24) if
and only if its reverse hazard function rr (x) satisfies the following differential equation

d -z
(@) + (a+ 1)z rp (z) = ab®z™ 7 — { ¢ } , x € (z,xy),

dx e—b“w‘” _ e*b"‘zl’“

. . 5 porgp— a1 —bYz
with boundary condition lim, ., rr (z) = (W .

—a g
e—b¥a, Y _¢ bYz;

Proposition 23. Let X : Q — (z;,b) be a continuous random variable. The random variable X has pdf (26) if
and only if its reverse hazard function r (z) satisfies the following differential equation

- -1 (<5 3) (<5 + ?)F @

2 B—1
s [T 2 a

9 _ 2z

b , x € (x1,b),
dx{x’lg(%—ml)ﬂ—xﬁ(%—x)ﬁ} (#1,0)

with boundary condition lim,_; rp () = 0.

Remark (I). As far as the similarity of the formats of the pdfs are concerned, we can group the distributions as
follows: Group 1 (1.1, 1.3, 1.5, 1.10); Group 2 (1.2, 1.6, 1.11, 1.14, 1.17); Group 3 ( 1.4 ); Group 4 (1.7, 1.15,
1.16); Group 5 (1.8, 1.9, 1.12); Group 6 (1.13).

Remark (IT). Below is a short list of certain distributions characterized in [3] which have no closed form cdfs.

¢ Wrapped Chi-Square Distribution with pdf

f (k) =Ce 3P (z), 0<ux<2m, (35)
k_
where k£ > 0 is a parameter, C' = z’ffk/;),P(x) =® (e ™1 - g, %) ,I' (k) is the gamma function and

P (z;s,a) => ", ﬁ
* Wrapped Exponential Inverted Weibull Distribution with pdf

f(z;a,A)=Ce "P(x), 0<a<2m, (36)
1A
where a > 0, A > 0 are parameters, C' = a) and P (z) = e* 33 (z + 2rk) =tV {e_(”%k) } :
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* Wrapped Gamma Distribution with pdf

f(z;r\)=Ce P (z), 0<uz<2m, (37)

where 7 > 0,\ > 0 are parameters, C = %, P(z)=® (e7**1—r, &) T (k) is the gamma
function and @ (z;s,a) = >.° ﬁ
* Wrapped Generalized Skew Normal-1 Distribution with pdf

flrya,u,o0N) = Cre 32 P (), 0<uz<2m, (38)

_ 2 _
where a>-1L,peRo>01eR are parameters, C= et VEr P(zx)=

R D e (CL RIS CLEDN [1+0® (2 (z+2rk—p))] and ® () is the cdf of the standard
normal random variable.
* Wrapped Half-Logistic Distribution with pdf

f(z;p,0)=Ce =P (x), 0<uzx<?2m, 39)
where 0 <y < 27, 0 > 0 are parameters, C' = 2 and P(z) = ) L

2kn—p 2z +42km—p —x\ °
k=—occ (e ¢ +e [ +2e o

* Wrapped Levy Distribution with pdf

f(z;e,p)=Ce 2P (x), 0<ux<2m, (40)
where ¢ > 0, 1 € R are parameters, C' = e Ve and P(z) =% m
* Wrapped Richard Distribution with pdf
flx;mn)=e "™ P(x), 0<uz<2m, 41)
where m > 1,n > 1 are parameters and P (z) = Y _,—, % [14 (m— 1) e Fat2mn)] =

* Wrapped Weibull Distribution with pdf

f(xp0)=Ce P (x), 0<uz<2m, (42)

where p€R,0>0 are parameters, WLOG we take p=0,0=1C= 2 and P(x) =

(o2

- 1
EO (62k7r+6721-72k7r+267m) .

3. Conclusions

Lorenzo Zaninetti proposed 15 truncated univariate continuous distributions from 2019-2025, all published in
the “International Journal of Astronomy and Astrophysics”. Zaninetti performed super complicated derivations
to present the cdfs and pdfs of these distributions. The present work may be considered as a supplement to
Zaninetti’s excellent works. Here, we present certain characterizations of these distributions based on: () a simple
relationship between two truncated moments and (i7) the reverse hazard function. It should be mentioned that for
the characterization (¢) the cumulative distribution function need not to have a closed form, as is the case with
some of these 15 distributions, and depends on the solution of a first order differential equation, which provides a
bridge between probability and differential equation.
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