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Abstract Stochastic differential equation mixed-effects models (SDEMEMs) provide a flexible framework for studying
time-evolving processes governed by stochastic dynamics. Analytical inference is often intractable due to incomplete
observations, inter-individual variability, repeated measurements, and measurement error. This work focuses on Bayesian
inference for latent states and model parameters in SDEMEMs using numerical discretization and Monte Carlo
methodologies. We implement three discretization schemes—Euler–Maruyama (EM), the modified diffusion bridge (MDB),
and the residual diffusion bridge (RDB)—combined with Markov Chain Monte Carlo (MCMC), pseudo-marginal, and
Sequential Monte Carlo (SMC) approaches. In particular, we investigate Individual Augmentation (IA), the Metropolis-
adjusted Langevin algorithm (MALA), and Hamiltonian Monte Carlo (HMC). The proposed methods are evaluated using
both simulated and real datasets, including a bivariate Ornstein–Uhlenbeck (OU) process and orange tree growth data. The
results indicate that correlated pseudo-marginal methods improve sampling efficiency by increasing the effective sample size
(ESS). Gradient-based methods, particularly HMC, generally achieve higher acceptance rates and larger ESS values than IA-
based approaches, although at a higher computational cost due to repeated gradient evaluations. Among the discretization
schemes, MDB and RDB improve proposal conditioning and acceptance rates relative to EM, whereas EM and MDB provide
lower computational cost than RDB. These results highlight practical trade-offs between computational efficiency, sampling
performance, and implementation complexity in Bayesian inference for SDEMEMs.
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1. Introduction

Many physical and biological processes are modeled using diffusion processes governed by stochastic differential
equations (SDEs). SDEs provide a flexible framework for describing dynamic systems with inherent uncertainty,
making them well-suited for modeling random phenomena. Proper modeling requires carefully identifying
relevant system components and accurately estimating their latent states and parameters.

In many applied fields, repeated measurements are collected from populations of objects, animals, or individuals.
There is growing interest in analyzing such stochastic systems, with applications in biomedical experiments [44],
tumor growth studies [43], pharmacokinetics/pharmacodynamics [17], population dynamics [30], growth curve
analysis [16], intracellular processes [55], insect population modeling [56], Ornstein-Uhlenbeck processes [21],
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and finance [53], among others.

The theory of mixed-effects models is well established in frequentist statistics, with a vast literature on their
applications [32, 7, 34, 10, 46]. More recently, there has been growing interest in extending these models to
SDEMEMs [39, 44, 13, 43, 41, 52, 51, 6, 21, 57].

An SDEMEM describes a temporal process whose dynamics follow an SDE, meaning they are influenced by
stochastic noise. The model includes fixed effects (shared across individuals) and random effects (individual-
specific), which may enter either the latent process dynamics or the observation model. SDEMEMs extend
traditional regression models for longitudinal data by incorporating random effects to account for both within- and
between-individual variability [49]. These models are especially valuable for analyzing repeated measurements
taken at discrete time points in the presence of observational error across multiple experimental units.

Given a set of stochastic processes corresponding to K individuals, an SDEMEM consists of K SDEs whose
drift and diffusion terms may depend linearly or non-linearly on the latent states. The parameters include fixed
effects, assumed to be common across all individuals, and random effects that vary across individuals [12, 44].
A major challenge in SDEMEMs is the estimation of parameters and latent states due to the lack of closed-form
solutions.

In certain cases, exact simulation-based methods such as the algorithm of [4] can be employed, avoiding
discretization error through retrospective rejection sampling under specific structural assumptions on the drift and
diffusion. Alternatively, parameter inference can be achieved using variational methods, such as the black-box
variational inference approach developed by [48], which uses a standard mean-field variational approximation of
the parameter posterior, and introduce a recurrent neural network to approximate the posterior for the diffusion
paths conditional on the parameters. Others approaches are numerical approximation techniques [38], MCMC
methods [35, 29, 37], and SMC methods [33, 18].
Recent developments in Bayesian inference for stochastic differential equation mixed-effects models (SDEMEMs)
include simulation-based inference methods for nonlinear stochastic mixed-effects systems, manifold MCMC
approaches for diffusion models, filtering-based Bayesian estimation strategies, efficient diffusion bridge
constructions, and gradient-based algorithms such as MH, MALA, HMC, and Lip-MALA for large-scale inverse
problems and stochastic dynamical systems [28, 27, 9, 8, 40].
This work contributes to the Bayesian inference literature for stochastic differential equation mixed-effects models
(SDEMEMs) through a unified comparative study of MCMC, particle MCMC, and Sequential Monte Carlo (SMC)
methodologies for latent diffusion inference. In particular, we compare augmentation-based, gradient-based, and
pseudo-marginal sampling strategies within a common inferential framework.
First, we investigate a one-dimensional SDEMEM for orange tree growth using real longitudinal data, where the
latent diffusion trajectories are approximated using the Euler–Maruyama (EM), modified diffusion bridge (MDB),
and residual diffusion bridge (RDB) schemes. Second, we evaluate Individual Augmentation (IA), the Metropolis-
adjusted Langevin algorithm (MALA), and Hamiltonian Monte Carlo (HMC) for Bayesian parameter estimation
in nonlinear latent diffusion models. Third, we analyze correlated and uncorrelated pseudo-marginal approaches,
including MH-Gibbs, MALA-Gibbs, and HMC-Gibbs algorithms, using simulated data from a bivariate Ornstein–
Uhlenbeck process.
The proposed comparison highlights the trade-offs between computational cost, acceptance probability, effective
sample size (ESS), numerical approximation accuracy, and implementation complexity across the different
inference methodologies.
The remainder of this paper is organized as follows. Section 2 introduces the formulation of stochastic differential
equation mixed-effects models (SDEMEMs). Section 3 presents the numerical discretization schemes used to
approximate the latent diffusion processes. Section 4 describes the Bayesian inference methodologies and Monte
Carlo algorithms considered in this work. Section 5 reports the numerical experiments and applications to both
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real and simulated datasets. Finally, Section 6 summarizes the main findings and discusses directions for future
research.

2. Formulation of SDEMEM

Given an Itô process {Xt}t≥0, the general form of a one-dimensional continuous stochastic differential equation
(SDE) is

dXt = µ (Xt, ϕX , t) dt+
√
ν (Xt, ϕX , t)dWt, X0 = X0(ϕX) (1)

where µ(·) is the drift function,
√
ν(·) is the diffusion coefficient, ϕX are fixed effect model parameters, and

{Wt}t≥0 is a standard Brownian motion process. This formulation can be extended to define a stochastic
differential equation mixed-effects model (SDEMEM) by incorporating individual-specific random effects b(m),
where some parameters can vary between the m = 1, . . . ,K individuals. Consider the case where we have
K experimental units randomly chosen from a theoretical population. Our goal is to perform inference based
on simultaneously fitting all data from the K units. Consider an experiment that involves observing a process
that evolves stochastically, such that each m-unit interval corresponds to a continuous-time Itô process {Xt}t≥0

governed by the stochastic differential equation

dX(m)
t = µ

(
X(m)

t , ϕX ,b(m), t
)
dt+

√
ν
(

X(m)
t , ϕX ,b(m), t

)
dW(m)

t

X(m)
0 = x(m)

0

(
ϕX ,b(m)

)
, m = 1, . . . ,K (2)

where b(m) = (b
(m)
1 , . . . , b

(m)
q )′ ∈ Rq, with distribution b(m) ∼ p(b(m) | ψ), where ψ ∈ Rr denotes the

hyperparameter vector governing the random-effects distribution. The drift and diffusion functions are assumed
to satisfy standard regularity conditions ensuring existence and uniqueness of a weak solution [38]. The model
in (2) assumes that all individuals follow the same underlying functional form, while inter-individual variability
is introduced through both the random effects b(m) and the independent Brownian motion paths {W(m)

t }t≥0. In
general, the transition density associated with (2) is unavailable in closed form, requiring numerical approximations
or Monte Carlo methods for statistical inference. The latent diffusion process {X(m)

t }t≥0is not directly observed.
Instead, inference is performed using discretized latent trajectories x(m)

t ∈ X(m)
t }t≥0. The observations {Y(m)

t }t≥0

are assumed conditionally independent (given the latent process) and we link them to the latent process via

Y(m)
ti

= h
(

X(m)
ti

)
+ ϵ

(m)
ti

, ϵ
(m)
ti

,
i.i.d∼ N (0, ξ2), m = 1, . . . ,K (3)

where h(·) is a possibly nonlinear observation function. A common special case is the linear observation model
h(X(m)

t ) = H ′X(m)
t , where H is a constant matrix. The coupled system defined by (2) and (3) constitutes a state-

space representation of a SDEMEM:

dX(m)
t = µ

(
X(m)

t , ϕX ,b(m), t
)
dt+

√
ν
(

X(m)
t , ϕX ,b(m), t

)
dW(m)

t

Y(m)
t = h

(
X(m)

t

)
+ ϵ

(m)
t , ϵ

(m)
t ∼ N (0, ξ2), m = 1, . . . ,K,

Equation (2) captures both intrinsic stochasticity through the diffusion variance ν(·) and inter-individual variability
through the random effects b(m), whereas (3) accounts for measurement error through the observation noise
parameter ξ.
The main objective is to infer the latent diffusion trajectories {X(m)

t }t≥0 defined by (2) together with the
unknown model parameters θ = (ϕX ,b(m), ψ, ξ). The joint posterior distribution of the latent trajectories x =

(x(1), . . . , x(K)), the random effects b(m) = (b1, . . . , bq), and the model parameters θ, given the observed data
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G. BARRAGÁN-RAMÍREZ, S. INFANTE, I. BECERRA AND A. HENRNADEZ 3

y = (y(1), . . . , y(K)), can be expressed as

p(θ,x | y) ∝ p(ϕX)p(ψ)p(ξ)

K∏
m=1

p(y(m) | x(m), ξ) p(x(m) | ϕX ,b(m)) p(b(m) | ψ). (4)

In general, the likelihood associated with SDEMEMs is analytically intractable because the transition densities of
the latent diffusion process are unavailable in closed form. Consequently, both numerical approximation schemes
and Monte Carlo methods are required for statistical inference. In this work, numerical discretization methods
are employed to approximate the latent diffusion trajectories, while Bayesian inference techniques are used to
characterize the posterior distribution of the latent states and model parameters.

3. Numerical methods for SDEs

In this section, we apply a discretization of (2) between observation times using a data augmentation approach. Let
[tj−1, tj ] denote the interval between two consecutive observation times. We introduce a partition:

tj−1 = τj,0 < τj,1 < . . . < τj,P−1 < τj,P = tj , ∆τ =
tj − tj−1

P
(5)

where P is the discretization level. The complete trajectory from t0 to tn for unit m, (for simplicity, all individuals
are assumed to be observed at the common observation times t1, . . . , tn). Let t0 < t1 < · · · < tn denote the
common observation times for all individuals. For each interval [tj−1, tj ], we introduce a discretization grid
τ0 = tj−1 < τ1 < · · · < τP = tj ,where the intermediate points are used to augment the latent diffusion trajectories.
The complete discretized latent trajectory for the m-th individual is represented as

X(m)
[t0,tn]

=
(
(X(m)

[t0,t1]
)′, (X(m)

(t1,t2]
)′, . . . , (X(m)

(tn−1,tn]
)′
)
,

where

X(m)
[tj−1,tj ]

=
(

X(m)
j,τ0

,X(m)
j,τ1

, . . . ,X(m)
j,τP

)′
contains the latent states associated with the discretization points over the interval [tj−1, tj ], including P − 1
imputed intermediate states.

3.1. Euler-Maruyama

The Euler–Maruyama (EM) discretization is a standard numerical scheme used to simulate approximate trajectories
of stochastic differential equations (SDEs). The method assumes that the drift and diffusion coefficients remain
locally constant over sufficiently small time intervals. For notational simplicity, we define

µτi = µ
(

X(m)
j,τi−1

, ϕX ,b(m)
)
, ντi = ν

(
X(m)

j,τi−1
, ϕX ,b(m)

)
The discretized SDE is then given by

x
(m)
j,τi

= x
(m)
j,τi−1

+ µτi∆τ +
√
ντi ∆W(m)

j,τi−1
, x

(m)
j,τ0

= x
(m)
j,τ0

Consequently, the EM transition proposal is

x
(m)
j,τi

| x(m)
j,τi−1

∼ N
(
x
(m)
j,τi−1

+ µτi∆τ, ντi∆τ
)

which approximates the transition density p
(
x
(m)
j,τi

| x(m)
j,τi−1

, ϕX , b
(m)
)

. When the drift and diffusion coefficients
are constant, the Euler–Maruyama approximation coincides with the exact Gaussian transition density.
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3.2. Diffusion Bridge

Diffusion bridge methods generate trajectories that are more efficiently guided toward future observations. A
diffusion bridge is a trajectory of a diffusion process that satisfies an SDE, conditioned on its value at a fixed future
time. These methods are particularly useful for partially and noisily observed systems with nonlinear dynamics
[56].
The modified diffusion bridge (MDB) constructs proposal trajectories by conditioning the latent diffusion process
on the future observation at time tj . Following [20] and [25], the proposal is obtained through a locally Gaussian
approximation of the conditional transition density, where the drift term is adjusted to guide the latent trajectory
toward the observation. Consequently, the proposal combines the original diffusion dynamics with a correction
term that depends on the discrepancy between the predicted latent state and the future observation. The modified
drift term is given by

µ̃τi = µτi +
ντi

[
y
(m)
tj

−
(
x
(m)
τi + µτi∆i

)]
ντi∆i + ξ2

,

while the modified diffusion coefficient is ν̃τi = ντi −
ν2
τi

ντi
∆i+ξ2 . Under a locally Gaussian approximation, the

proposal transition density is

x(m)
τi+1

| x(m)
τi , y

(m)
tj

∼ N
(
x(m)
τi + µ̃τi∆τ, ν̃τi∆τ

)
,

where ∆τ = τi+1 − τi, and ∆i = tj − τi.

3.3. Residual Diffusion Bridge

The residual diffusion bridge (RDB), proposed by [56], decomposes the latent process X(m)
t into a deterministic

component D(m)
t and a stochastic residual ρ(m)

t , such that X(m)
t = D

(m)
t + ρ

(m)
t for t ∈ [tj−1, tj ]. The MDB is

then applied to the residual process. The deterministic path D(m)
t solves the ordinary differential equation (ODE)

dD
(m)
t = µ(D

(m)
t , ·)dt with initial condition D(m)

0 = X(m)
tj−1

. The residual process is then defined by

ρ
(m)
t = X(m)

t −D
(m)
t ,

and evolves according to:

dρ
(m)
t =

{
µ
(

X(m)
t , ·

)
− µ
(
D

(m)
t , ·

)}
dt+

√
ν
(
X

(m)
t , ·

)
dW

(m)
t , ρ

(m)
tj−1

= 0.

The corresponding adjusted drift term is given by:

µ(X(m)
j,τi

, ϕX ,b(m)) = µτi +
ντi

(
Y(m)

tj
−
(
D

(m)
tj

+ ρ
(m)
τi + (µτi − δDi )∆i

))
ντi∆i + ξ2

The adjusted diffusion variance is

ν(X(m)
j,τi

, ϕX ,b(m)) = ντi −
ν2τi∆τ

ντi∆i + ξ2

where δDi =
D(m)

τi+1
−D(m)

τi

∆τ , ∆τ = τi+1 − τi and ∆i = tj − τi. Under the RDB approximation, the proposal transition
density is

x(m)
τi+1

| x(m)
τi , y

(m)
tj

∼ N
(
D(m)

τi+1
+ ρ(m)

τi + µ̃ρ
τi∆τ, ν̃

ρ
τi∆τ

)
,
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where ρ(m)
τi = x

(m)
τi −D

(m)
τi . Therefore, the RDB proposal density can be written as

qRDB

(
X(m)

τi+1
| X(m)

τi ,Y(m)
tj

)
= ϕ

(
X(m)

τi+1
; D(m)

τi+1
+ ρ(m)

τi + µ̃ρ
τi∆τ, ν̃

ρ
τi∆τ

)
,

where ϕ(·;α,Σ) denotes the Gaussian density with mean α and variance Σ.
The residual diffusion bridge (RDB) further improves proposal conditioning by decomposing the latent process into
a deterministic component and a stochastic residual process, following [56]. The deterministic trajectory captures
the dominant nonlinear dynamics through an auxiliary ordinary differential equation, while the residual bridge
accounts for the remaining stochastic variability. MDB-type corrections are then applied to the residual process
rather than directly to the original diffusion trajectory.

4. Bayesian inference

Denote by x(m) =
(
x
(m)
0 , x

(m)
1 , . . . , x

(m)
T

)
the vector of latent states corresponding to the m-th diffusion process

X(m)
t observed at discrete time points t = 1, . . . , T , m = 1, . . . ,K and define x =

(
x(1), . . . , x(K)

)
as the

collection of all latent trajectories. Similarly, denote the data y(m) =
(
y
(m)
1 , . . . , y

(m)
T

)
, y =

(
y(1), . . . , y(K)

)
, and

fixed/random effects b(m) =
(
b
(m)
1 , . . . , b

(m)
q

)
. Our goal is to infer both the collection of all trajectories x(m) and

the parameters θ. For convenience, we define the full set of unknowns parameters as θ̃ = (x(m),θ).
By Bayes’ theorem, the unnormalized posterior distribution of θ̃ given the data y(m) is

p
(
θ̃ | y(m)

)
∝ p

(
y(m) | θ̃

)
p
(
θ̃
)

where p
(
y(m) | θ̃

)
is the likelihood and p

(
θ̃
)

is the prior distribution over the collection of all latent trajectories
and parameters. We note that the likelihood p

(
y(m) | θ̃

)
simplifies to p

(
y(m)|x(m), ξ

)
, as the observations depend

only on the states and the measurement error parameter. Assuming that ϕX , ψ and ξ are a prior independent, the
joint prior distribution p

(
θ̃
)

can be factorized as

p
(
θ̃
)
= p

(
x(m) | ϕX ,b(m)

)
p
(

b(m) | ψ
)
p (ϕX) p (ψ) p (ξ)

In addition, we have that p
(

b(m) | ψ
)
=

q∏
t=1

p
(
b
(m)
t | ψ

)
and

p
(

x(m) | ϕX , b(m)
)
=

K∏
m=1

p
(
x
(m)
0

) T∏
t=1

p
(
x
(m)
t | x(m)

t−1, ϕX , b
(m)
)

(6)

p
(

y(m) | x(m), ξ
)
=

K∏
m=1

T∏
t=1

p(y
(m)
t | x(m)

t , ξ) (7)

Note that the transition distribution p(x(m)
t | x(m)

t−1, ϕX , b
(m)) in (6) may be intractable for certain models. In such

cases, we employ numerical approximation methods such as EM, MDB and RDB (see Section 3). In addition,
the individual likelihood p(y(m)

t | x(m)
t , ξ) in (7) is typically intractable in SDEMEMs due to the complexity of the

latent diffusion process. To address this issue, we employ a particle filter—a method from the Sequential Monte
Carlo (SMC) family—which provides an unbiased approximation of the likelihood. In terms of efficiency, there
may exist strong correlation between the latent states x(m) and the model parameters θ.
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The joint posterior distribution of the latent trajectories, random effects, and model parameters is given by

p
(

x(m),b(m), ϕX , ψ, ξ | y(m)
)
∝

[
K∏

m=1

T∏
t=1

p(y
(m)
t | x(m)

t , ξ)

][
K∏

m=1

p(x
(m)
0 )

T∏
t=1

p(x
(m)
t | x(m)

t−1, ϕX , b
(m))

]

×

[
K∏

m=1

p(b(m) | ψ)

]
p(ϕX) p(ψ) p(ξ) (8)

To perform Bayesian inference for the parameters θ in the context of SDEMEMs, we rely on Markov Chain Monte
Carlo (MCMC) methods to sample from the posterior distribution p(θ | y(m)). However, the likelihood function
p(y(m) | θ) involves integration over the latent paths x(m), which is analytically intractable due to the nonlinearity
and stochasticity of the underlying diffusion processes.

4.1. Gibbs sampler

The Gibbs sampler is a Markov Chain Monte Carlo (MCMC) method used to generate samples from complex
posterior distributions by iteratively sampling from lower-dimensional conditional distributions. At each iteration,
the parameters are updated sequentially according to their full conditional posterior distributions while conditioning
on the current values of the remaining variables. Gibbs sampling is particularly attractive in hierarchical Bayesian
models and SDEMEMs when some conditional distributions admit closed-form expressions or can be efficiently
approximated [24]. Instead of augmenting the MCMC state space with the latent variables x(m), we consider the
marginal posterior distribution obtained by integrating them out p(θ | y(m)) =

∫
p(θ, x(m) | y(m)) dx(m). We recall

that θ = (ϕX ,b(m), ψ, ξ), and the posterior distribution factorizes as

p
(
ϕX ,b(m), ψ, ξ | y(m)

)
∝ p

(
y(m) | ϕX ,b(m), ξ

)
p
(

b(m) | ψ
)
p(ϕX) p(ψ) p(ξ)

and p
(

y(m) | ϕX ,b(m), ξ
)
=
∏K

m=1 p
(

y(m) | ϕX ,b(m), ξ
)

. This factorization suggests a Gibbs sampler that
iteratively samples each parameter from its full conditional distribution, given the current values of the others:

p
(
ϕX | b(m), ψ, ξ, y(m)

)
∝ p

(
y(m) | ϕX ,b(m), ξ

)
p(ϕX)

p
(
ψ | ϕX ,b(m), ξ, y(m)

)
∝ p(b(m) | ψ) p(ψ)

p
(

b(m) | ϕX , ψ, ξ, y(m)
)
∝ p

(
y(m) | ϕX ,b(m), ξ

)
p(b(m) | ψ)

p
(
ξ | ϕX ,b(m), ψ, y(m)

)
∝ p

(
y(m) | ϕX ,b(m), ξ

)
p(ξ)

Several comprehensive reviews of the Gibbs sampler and its variants can be found in the literature; see, for instance,
[35, 3]. When conjugate priors are available, the full conditional distributions admit closed-form expressions and
can be sampled directly. Otherwise, the corresponding parameters are updated using Metropolis-Hastings steps
within the Gibbs sampling framework (MH-within-Gibbs).

4.2. Metropolis-Hastings algorithm

The Metropolis-Hastings (MH) algorithm is a Markov Chain Monte Carlo (MCMC) method for generating samples
from a posterior distribution p

(
θ | y(m)

)
when direct sampling is not feasible. It constructs an ergodic Markov

chain whose stationary distribution is the target posterior [35]. At each iteration i, given the current state θ(i), the
algorithm proceeds as follows:

1. Propose a new value θcand ∼ q(θcand | θ(i)), where q is a proposal distribution.

2. Compute the acceptance probability: α = min

{
1,

p(y(m)|θcand)p(θcand)q(θ(i)|θcand)
p(y(m)|θ(i))p(θ(i))q(θcand|θ(i))

}
.
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3. With probability α, accept the proposal by setting θ(i+1) = θcand; otherwise, set θ(i+1) = θ(i).

The resulting sequence {θ(i)} defines an ergodic Markov chain that converges to the target posterior distribution.

4.3. Particle filter

The particle filter (PF) is a sequential Monte Carlo method used to estimate the latent states of a state-space model
when the system is observed with noise and evolves over time. In models where the latent process is non-linear or
non-Gaussian—as is common in SDE’s and SDEMEM’s—analytical solutions are not available. The particle filter
provides an approximation to the filtering distribution using a set of weighted samples, or particles, denoted by
{x(m,n)

t , w
(m,n)
t }Nn=1 [11]. The algorithm proceeds in three main steps:

1. Prediction (sampling): particles are sampled from a proposal distribution.
2. Update (weighting): weights are assigned based on the likelihood of the new observation.
3. Resampling: particles are resampled according to their weights to avoid degeneracy.

A key advantage of the particle filter is its ability to produce a non-negative, unbiased estimate of the marginal
likelihood p

(
y(m) | θ

)
, which is essential for pseudo-marginal MCMC methods [11, 45]. The bootstrap particle

filter is a special case of this algorithm in which the proposal distribution is the state transition p
(
x
(m)
t | x(m)

t−1,θ
)

,
which is numerically approximated using methods such as Euler-Maruyama, the modified diffusion bridge (MDB),
or the residual diffusion bridge (RDB). The importance weights are then given by the observation likelihood
p(y(m)

t | x(m)
t ,θ) [26]. The complete procedure for estimating the likelihood using a bootstrap particle filter is

presented in Algorithm 1.

Algorithm 1 Bootstrap particle filter to estimate likelihood p
(
y(m) | θ

)
1: Require: Data y(m) = {y(m)

1 , . . . , y
(m)
T }, parameters θ, number of particles N , u are auxiliary variables used

for prediction and resampling steps.
2: Ensure: Individual likelihood estimate p̂(y(m) | θ,u)
3: Initialize: Sample x(m,n)

0 ∼ µ(x
(m,n)
0 | θ) for n = 1, . . . , N ; set p̂ = 1

4: for t = 1 to T do
5: for n = 1 to N do
6: Prediction: x(m,n)

t ∼ p(x
(m,n)
t | x(m,n)

t−1 ,θ) using a numerical discretization scheme such as EM, MDB,
or RDB. In this step, the auxiliary variables u are used to simulate increments of the Brownian motion paths
in the numerical scheme.

7: Weighting: w(m,n)
t = p(y

(m)
t | x(m,n)

t ,θ) using equation 3
8: end for
9: Normalize weights: w̃(m,n)

t = w
(m,n)
t /

∑N
i=1 w

(m,i)
t

10: Estimate likelihood: p̂ = p̂ ·
(

1
N

∑N
n=1 w

(m,n)
t

)
11: Resample {x(m,n)

t }Nn=1 with replacement according to {w̃(m,n)
t }Nn=1. The random variables u are used in

the resampling step
12: end for
13: Individual likelihood estimate: p̂

(
y(m) | θ,u

)
= p̂

14: The non-negative unbiased estimate of p
(
y(m) | θ

)
is given by

p̂(y(m) | θ,u) =
K∏

m=1

p̂(y(m) | θ,u) (9)
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4.4. Pseudo-Marginal MCMC approach

The pseudo-marginal MCMC approach is a Bayesian inference methodology designed for models with intractable
likelihood functions. Instead of evaluating the exact likelihood p (y | θ), the method replaces it with a non-negative
unbiased estimator p̂ (y | θ), typically obtained through Monte Carlo techniques such as particle filtering. The
resulting Markov chain targets the exact posterior distribution despite using stochastic likelihood estimates [2].
Pseudo-marginal methods are particularly useful in SDEMEMs, where the latent diffusion processes make direct
likelihood evaluation analytically infeasible.
When the likelihood p

(
y(m) | θ

)
is intractable—as occurs in SDEMEMs,where the individual likelihood

contributions

p
(

y(m) | θ
)
= p

(
y(m) | ϕX ,b(m), ξ

)
cannot be evaluated analytically—it can be replaced by a non-negative unbiased estimator p̂(y | θ,u), where
u ∼ p(u) denotes a collection of auxiliary random variables introduced to construct the likelihood estimator.
The auxiliary variables u represent the complete set of random draws used within the particle filter, including
the Gaussian random variables employed to simulate Brownian motion increments in the discretized diffusion
trajectories, together with the random variables used during the resampling steps. Within the correlated pseudo-
marginal framework, correlation is introduced directly on these auxiliary variables in order to reduce the variance
of successive likelihood estimates. This strategy is known as the pseudo-marginal MCMC approach [2]. At iteration
i of the Metropolis–Hastings (MH) algorithm, given the current state (θ(i),u(i)) a candidate pair(θcand,ucand), is
proposed according to

θcand ∼ q(θcand | θ(i)), ucand ∼ p(u)

The proposed values are accepted with probability

α = min

{
1,
p̂
(
y(m) | θcand,ucand

)
p(θcand)q(θ(i) | θcand)

p̂
(
y(m) | θ(i),u(i)

)
p
(
θ(i)
)
q
(
θcand | θ(i)

) } . (10)

4.5. Particle Marginal Metropolis-Hastings algorithm

The Particle Marginal Metropolis-Hastings (PMMH) algorithm is a Pseudo-Marginal MCMC method that replaces
the intractable likelihood with a non-negative, unbiased estimate obtained from a particle filter [1]. In this
context, the auxiliary random variables u correspond to the random numbers used to propagate and resample the
particles within the filtering algorithm. A known drawback of the PMMH algorithm is the difficulty in designing
efficient proposal distributions. Moreover, the Markov chain may get stuck when the likelihood is significantly
overestimated at a given parameter value θ, since this leads to a low acceptance probability for new proposals
unless their likelihoods are similarly overestimated. This issue is linked to the variability of the log-likelihood ratio

R = log

(
p̂
(
y(m) | θcand,ucand

)
p̂
(
y(m) | θ,u

) )
. whose variance should remain sufficiently small to ensure satisfactory mixing of the Markov chain. A common
strategy to reduce this variance is to increase the number of particles N used in the particle filter [6]. Although
this increases the computational cost per iteration, it generally improves the accuracy of the likelihood estimator.
Empirical and theoretical studies suggest that efficient pseudo-marginal performance is often achieved when the
variance of the log-likelihood ratio remains close to one [50].

4.6. Correlated Particle Marginal Metropolis-Hastings (PMMH)

The Correlated PMMH algorithm is a variant of the Particle Marginal Metropolis-Hastings method [1], designed
to improve sampling efficiency by reducing the variance of the estimated likelihood ratio. It achieves this by
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G. BARRAGÁN-RAMÍREZ, S. INFANTE, I. BECERRA AND A. HENRNADEZ 9

Algorithm 2 Particle marginal Metropolis-Hastings algorithm

Require: Data y(m), initial values (θ(1),u(1)), N number of particles for particle filter algorithm, number of
iterations I , burn-in B

Ensure: Posterior samples θ(B+1), . . . , θ(I)

1: Sample u(1) ∼ p(u)
2: Compute the likelihood estimate p̂(Y | θ(1),u(1)) using Algorithm 1
3: for i = 1 to I do
4: Sample θcand ∼ q(θ | θ(i)) and ucand ∼ p(u)
5: Compute the likelihood estimate p̂

(
y(m) | θcand,ucand

)
using Algorithm 1

6: Calculate the acceptance probability

α = min

{
1,
p̂(y(m) | θcand,ucand) p(θcand) q(θ(i) | θcand)

p̂(y(m) | θ(i),u(i)) p(θ(i)) q(θcand | θ(i))

}
7: Draw ζ ∼ U(0, 1)
8: if ζ ≤ α then
9: Accept the proposal: (θ(i+1),u(i+1)) = (θcand,ucand)

10: else
11: Set (θ(i+1),u(i+1)) = (θ(i),u(i))
12: end if
13: end for
14: Discard the first B iterations and return {θ(B + 1), ...,θ(I)}

correlating the auxiliary random variables u used to compute the likelihood estimator at successive MCMC
iterations [14]. At iteration i, given the current state (θ,u), the algorithm proceeds as follows:

1. Propose a new value θcand ∼ qθ(· | θ(i)).
2. Correlated auxiliary variables: Sample ucand ∼ N (ρu(i), (1− ρ2)I), where ρ ∈ [0, 1) controls the level of

correlation and I is the identity matrix.
3. Compute the likelihood estimate: p̂(y(m) | θcand,ucand) using a particle filter (e.g., bootstrap filter). Note that
p̂(y(m) | θ(i),u(i)) is already available from previous iteration.

4. With probability α given by equation (10), accept the proposal by setting (θ(i+1), u(i+1)) = (θcand,ucand);
otherwise, set (θ(i+1),u(i+1)) = (θ(i),u(i)).

This approach leverages correlation in the auxiliary space to stabilize the Metropolis-Hastings ratio and increase
acceptance rates, particularly when the number of particles is small [57].

4.7. Metropolis-adjusted Langevin algorithm (MALA)

The Metropolis-adjusted Langevin algorithm (MALA) is a MCMC method that i ncorporates gradient information
to guide the proposals more effectively. MALA uses a first-order Langevin diffusion process to propose moves in
directions of increasing posterior density [47, 31, 37]. The proposal is defined as:

θcand ∼ q(θcand|θ) = N
(
θ +

ϵ2

2
M∇θ log p

(
θ | y(m)

)
, ϵ2M

)
where ϵ is a step size parameter, M is a preconditioning matrix, ∇θ log p

(
θ | y(m)

)
is the gradient of the posterior

distribution and the acceptance probability follows the standard MH ratio adjusted for the asymmetric proposal, i.e.,
q(θ|θcand) ̸= q(θcand|θ). MALA offers improved convergence properties compared to random walk MH, especially
in high-dimensional spaces or when the posterior is strongly correlated. In practice, the gradient must be computed
or approximated, and the step size ϵ must be carefully tuned to balance efficiency and acceptance rate. Optimal
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tuning theory and empirical studies suggest that choosing ϵ so that the average acceptance probability is around
0·574 leads to good performance in many settings [45]. In many practical scenarios, the preconditioning matrix is
unknown beforehand. A common adaptive strategy is to initially set M as the identity matrix and then estimate
the covariance matrix Σ̂ of the target distribution from the MCMC samples obtained during initial pilot runs. The
preconditioning matrix M is subsequently set to Σ̂. Algorithm 3 outlines the steps to sample from the posterior
distribution using MALA.

Algorithm 3 Metropolis-adjusted Langevin algorithm (MALA)

Require: Data y(m), initial value θ(1), step size ϵ, preconditioning matrix M, number of iterations I , burn-in B
Ensure: Samples {θ(B+1), . . . ,θ(I)}

1: for i = 1 to I do
2: Draw Z ∼ N (0, I)
3: Propose candidate:

θcand = θ(i) +
ϵ2

2
M∇θ log p(θ

(i)|y(m)) + ϵ
√
MZ

4: Compute acceptance probability:

α = min

{
1,
p(y(m)|θcand) p(θcand) q(θ(i)|θcand)

p(y(m)|θ(i)) p(θ(i)) q(θcand|θ(i))

}
5: Draw ζ ∼ U(0, 1)
6: if ζ ≤ α then
7: Accept the proposal θ(i+1) = θcand

8: else
9: Set θ(i+1) = θ(i)

10: end if
11: end for
12: Discard the first B iterations and return {θ(B+1), . . . ,θ(I)}

4.8. Hamiltonian Monte Carlo (HMC)

Hamiltonian Monte Carlo (HMC) is an MCMC method originally developed for molecular dynamics [19] and
later adapted for Bayesian inference in high-dimensional spaces [36, 5]. HMC improves sampling efficiency
by introducing auxiliary momentum variables and simulating Hamiltonian dynamics to explore the posterior
distribution more effectively. Let θ ∈ Rd be the parameter vector, p

(
θ | y(m)

)
denote the posterior density of θ,

and p ∈ Rd an auxiliary momentum variable drawn from a Gaussian distribution N (0,M), where θ is is interpreted
as the position of a particle and − log p

(
θ | y(m)

)
escribes its potential energy while p is the momentum with

kinetic energy 1
2p

′M−1p then the total energy of a closed system is the Hamiltonian function,

H(θ,p) = U(θ) +K(p) = − log p(θ | y(m)) +
1

2
p′M−1p

where U(θ) = − log p(θ | y(m)), K(p) = 1
2p

′M−1p and let L (θ) = log p(θ | y(m)). The (unormalized) joint
density of (θ,p) is then given by,

f (θ,p) ∝ p(θ | y(m)) exp

(
−1

2
p′M−1p

)
∝ exp (−H(θ,p))
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For continuous time t, the system evolves according to Hamilton’s equations:

∂θ

∂t
=
∂H(θ,p)

∂p
= M−1p,

∂p

∂t
= −∂H(θ,p)

∂θ
= −∇θ log p(θ | y(m))

where ∇θ log p(θ | y(m)) is the gradient of L (θ) with respect to θ. Since these equations cannot be solved
analytically in most applications, a symplectic integrator such as the leapfrog method is used [36, 23], which
discretizes the Hamiltonian dynamics as the following steps:

p(τ+
ϵ
2 ) = p(τ) +

ϵ

2
∇θL

(
θ(τ)

)
θ(τ+ϵ) = θ(τ) + ϵM−1p(τ+

ϵ
2 )

p(τ+ϵ) = p(τ+
ϵ
2 ) +

ϵ

2
∇θL

(
θ(τ+ϵ)

)
for some user specified small step-size ϵ > 0.
HMC alternates between sampling a new momentum and proposing a new (θ,p) pair by simulating Hamiltonian
dynamics. The candidate is accepted or rejected based on the change in Hamiltonian energy. HMC can yield higher
effective sample sizes per iteration than standard random walk proposals, especially in complex posteriors. In
summary, the steps for sampling model parameters using HMC are presented in Algorithm 4.
The performance of gradient-based samplers such as MALA and HMC depends strongly on the tuning parameters,
particularly the step size ϵ, the number of leapfrog steps L, and the mass matrix M. Poor tuning may lead to
unstable Hamiltonian trajectories, low acceptance probabilities, or inefficient random-walk behavior, especially in
high-dimensional SDEMEMs. In this work, the gradients required for MALA and HMC were computed from the
approximate log-posterior distributions induced by the Euler–Maruyama (EM), modified diffusion bridge (MDB),
and residual diffusion bridge (RDB) discretization schemes. By discretizing the latent diffusion process, the
corresponding transition densities admit tractable Gaussian approximations, allowing stable evaluation of posterior
gradients with respect to the model parameters. Importantly, the particle-filter likelihood estimator was not directly
differentiated. Instead, particle filtering was used exclusively within the pseudo-marginal PMMH framework to
construct unbiased likelihood estimators. The MALA and HMC algorithms were therefore applied to approximate
posterior distributions conditioned on augmented latent trajectories, avoiding the noisy gradient estimates typically
associated with particle-filter differentiation. Consequently, the gradients used during the MALA and HMC updates
remained deterministic conditional on the latent augmented states, improving numerical stability during proposal
generation. The implementation of MALA and HMC requires repeated evaluations of ∇θ log p

(
θ | y(m)

)
.

4.9. Individual-Augmentation pseudo-marginal (IA)

The Individual-Augmentation (IA) algorithm proposed by [6] estimates the marginal likelihood of each individual
by integrating over their random effects via importance sampling:

p̂
(

y(m) | θ
)
∝ 1

Lre

Lre∑
l=1

p̂
(

y(m) | ϕX ,b(m)
l , ξ

)
p
(
b
(m)
l |ψ

)
g
(
b
(m)
l |ψ

) , where b
(m)
l ∼ g

(
b(m)|ψ

)
.

Here, g(·|ψ) is an importance proposal, and the weights adjust for the discrepancy between the proposal and prior.
The Laplace approximation is employed for p(b(m)|ψ) using an approximate latent trajectory x(m), computed from
one of three numerical discretization schemes [6].
The Individual-Augmentation (IA) pseudo-marginal algorithm combines importance sampling over the random
effects with particle filtering for latent state estimation. At each MCMC iteration, the likelihood is approximated
through Monte Carlo integration using the procedure summarized in Algorithm 6. The resulting unbiased
likelihood estimator is then embedded within a pseudo-marginal Metropolis–Hastings framework, as described
in Algorithm 5. Algorithm 5 follows the standard pseudo-marginal PMMH framework described in [1].
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Algorithm 4 Hamiltonian Monte Carlo (HMC)

Require: Data y(m), initial value θ(1), step size ϵ, number of leapfrog stepsL, mass matrix M, number of iterations
I , burn-in B

Ensure: Posterior samples {θ(B+1), . . . ,θ(I)}
1: for i = 1 to I do
2: Sample momentum: p(i) ∼ N (0,M−1)
3: Set θ∗ = θ(i) and p∗ = p(i)

4: Make a half-step update on the momentum:

p∗ = p∗ +
ϵ

2
∇θ log p(θ

∗ | y(m))

5: Simulate leapfrog dynamics: For ℓ = 1 to L
6: Update position:

θ∗ = θ∗ + ϵM−1p∗

7: if ℓ < L then
8: Update momentum:

p∗ = p∗ + ϵ∇θ log p(θ
∗ | y(m))

9: end if
10: end for
11: Make a final half-step update on the momentum:

p∗ = p∗ +
ϵ

2
∇θ log p(θ

∗ | y(m))

12: Negate momentum: p∗ = −p∗

13: Compute acceptance probability:

α = min
{
1, exp

[
−H(θ∗,p∗) +H(θ(i),p(i))

]}
14: Draw ζ ∼ U(0, 1)
15: if ζ ≤ α then Accept the proposal: θ(i+1) = θ∗

16: else Reject the proposal: θ(i+1) = θ(i)

17: end if
18: Discard the first B iterations and return {θ(B+1), . . . ,θ(I)}

5. Applications

In this section, we illustrate and compare the proposed algorithms using two case studies: a real dataset on orange
tree growth and a simulated dataset from a bivariate Ornstein–Uhlenbeck (OU) process. Correlated versions of the
MCMC methods follow the approach of [57].

5.1. Orange tree growth model

We analyze the orange tree growth data from [46], which contains seven circumference measurements (in mm) for
each of five orange trees, recorded at known time points t(m)

j (in days), with j = 1, . . . , 7 and m = 1, . . . , 5.
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Algorithm 5 Individual-Augmentation Pseudo-Marginal (IA)

Require: Data y(m), initial values (θ(1),u(1)), number of iterations I , burn-in B
Ensure: Posterior samples {θ(B+1), . . . ,θ(niter)}

1: Draw auxiliary variables ucand ∼ p(u(1)).
2: Compute the likelihood estimate p̂

(
y(m)|θ(1),u(1)

)
using Algorithm 6

3: for i = 1 to I do
4: Propose θcand ∼ q(θcand|θ(i−1)) and ucand ∼ p(u(i))
5: Compute the estimate p̂

(
y(m) | θcand,ucand

)
using the likelihood estimation procedure described in

Algorithm 6.
6: Compute acceptance probability:

α = min

{
1,
p̂
(
y(m) | θcand,ucand

)
p
(
θcand

)
q
(
θ(i)|θcand

)
p̂
(
y(m) | θ(i),u(i)

)
p
(
θ(i)
)
q
(
θcand|θ(i)

) }

7: Draw ζ ∼ U(0, 1)
8: if ζ ≤ α then
9: Accept the proposal (θ(i+1),u(i+1)) = (θcand,ucand)

10: else
11: Set (θ(i+1),u(i+1)) = (θ(i),u(i))
12: end if
13: end for
14: Discard first B iterations and return {θ(B+1), . . . ,θ(I)}

Algorithm 6 Estimating the likelihood in IA

Require: Data y(m), parameter vector θ, number of random effects draws Lre, number of particles N , auxiliary
variables u

Ensure: Likelihood estimate p̂(y(m) | θ,u)
1: for m = 1 to K do
2: for l = 1 to Lre do
3: Draw b

(m)
l ∼ g

(
b(m)|ψ

)
4: Run the particle filter with N particles to obtain p̂

(
y(m) | b(m)

l , ϕX , ξ,u
)

5: Compute importance weight:

Z
(m)
l =

p̂
(
y(m) | ϕX ,b(m)

l , ξ,u
)
· p
(
b
(m)
l |ψ

)
g
(
b
(m)
l |ψ

)
6: end for
7: Compute: p̂

(
y(m)|θ,u

)
= 1

Lre

∑Lre
l=1 Z

(m)
l

8: end for
9: Compute full data likelihood: p̂

(
y(m)|θ,u

)
=
∏K

m=1 p̂
(
y(m)|θ,u

)
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5.1.1. Model specification. The orange tree growth dynamics are modeled through the following stochastic
differential equation mixed-effects model (SDEMEM):

dX
(m)
t =

1

ϕ
(m)
1 ϕ

(m)
2

X
(m)
t

(
ϕ
(m)
1 −X

(m)
t

)
dt+ σ

√
X

(m)
t dW

(m)
t , X

(m)
0 = x

(m)
0 , (11)

ϕ
(m)
1 ∼ N (µϕ1

, σ2
ϕ1
), ϕ

(m)
2 ∼ N (µϕ2

, σ2
ϕ2
). (12)

The parameter ϕ(m)
1 (measured in mm) represents the asymptotic circumference of the m-th tree, whereas ϕ(m)

2

(measured in days) controls the growth rate. The drift component therefore corresponds to a stochastic logistic
growth model with individual-specific random effects. Observed measurements are modeled through

Y
(m)
t = X

(m)
t + ϵ

(m)
t , ϵ

(m)
t

iid∼ N (0, ξ2) (13)

Weakly informative prior distributions were assigned to the diffusion coefficient σ, the measurement error
parameter ξ, and the population-level parameters

ψ = (µϕ1
, τϕ1

, µϕ2
, τϕ2

)′,

where

τϕ1
= σ−2

ϕ1
, τϕ2

= σ−2
ϕ2

denote the corresponding precision parameters.
The joint prior distribution was specified as

p(θ) = Ga(σ | 1, 0.01) · Ga(ξ | 1, 0.01) · N (µϕ1
| 0, 1002) · Ga(τϕ1

| 1, 0.01)
· N (µϕ2 | 0, 1002) · Ga(τϕ2 | 1, 0.01),

where Ga(· | a, b) denotes a Gamma distribution with shape parameter, a and rate parameter b.

5.1.2. Computational setup. We implemented IA, MALA, and HMC under three discretization schemes: Euler-
Maruyama (EM), modified diffusion bridge (MDB), and residual diffusion bridge (RDB). Settings: P = 50 steps
in discretization schemes, N = 20 particles, Lre = 20 random effects per individual, I = 2000 iterations, B = 200
iterations were discarded (burn-in period). MALA step sizes: ϵ = 0.20 (EM), 0.75 (MDB/RDB). HMC: ϵ = 1/15,
L = 15. These tuning parameters, including the preconditioning matrix M, were selected based on preliminary runs
to improve acceptance rates and effective sample sizes (ESS). Matrix M was chosen as a diagonal matrix based on
preliminary estimates of posterior scale obtained from pilot runs.
The tuning parameters were selected empirically through preliminary pilot simulations aimed at achieving stable
acceptance probabilities and satisfactory effective sample size (ESS) values. For MALA and HMC, the step size ϵ
was adjusted to balance posterior exploration and proposal stability. Excessively small values of ϵ produced slow
random-walk behavior, whereas excessively large values reduced acceptance rates and occasionally generated
unstable proposals. In HMC, the number of leapfrog steps L and the mass matrix M were chosen to maintain
efficient exploration while avoiding unstable Hamiltonian trajectories. For pseudo-marginal implementations, the
number of particles N used in the particle filter was selected to provide sufficiently stable likelihood estimates
without excessive computational cost. In correlated pseudo-marginal methods, the correlation coefficient ρ was
chosen close to one in order to reduce the variance of successive likelihood ratios while preserving adequate
posterior exploration. Consequently, the selected tuning parameters should be interpreted as problem-dependent
empirical choices rather than universally optimal values.

5.1.3. Results and interpretation. In Table 1, we report the performance of various MCMC methods (IA, MALA,
and HMC) combined with the discretization schemes Euler–Maruyama (EM), modified diffusion bridge (MDB),
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and residual diffusion bridge (RDB) for the orange tree growth model. The results indicate that the HMC-
based methods generally achieved higher effective sample sizes (ESS) and acceptance rates than the competing
approaches, although at increased computational cost due to repeated gradient evaluations.
Among the methods considered, HMC-MDB achieved the largest ESS/sec value (0.78 ESS/sec) together with a
relatively high acceptance rate (51.93%), suggesting a favorable empirical trade-off between sampling efficiency
and computational cost for this application. HMC-EM yielded the shortest total runtime (134.86 seconds),
whereas HMC-RDB produced the highest acceptance rate (56.34%). Overall, the HMC-based methods exhibited
competitive performance relative to the IA and MALA approaches in terms of ESS, ESS/sec, and acceptance
probability.
From Table 1, we additionally observe that MALA-EM, HMC-EM, and HMC-MDB generated less correlated
posterior samples, as reflected by their larger ESS values and ESS/sec rates. Figure 1 provides a visual comparison
of these methods through posterior trace plots, histograms, and autocorrelation functions (ACF). The trace plots
suggest satisfactory mixing behavior for MALA-EM and HMC-MDB, while HMC-EM exhibited slightly slower
exploration of the posterior distribution. The corresponding ACF plots indicate lower autocorrelation levels for
MALA-EM and HMC-MDB relative to the remaining methods considered.

Method Time (sec) ESS ESS/sec Acceptance Rate (%)
IA-EM 335.52 24.28 0.07 7.40
IA-MDB 576.93 70.96 0.12 18.21
IA-RDB 1401.30 62.11 0.04 15.41
MALA-EM 141.75 42.40 0.30 43.22
MALA-MDB 159.70 81.51 0.51 55.31
MALA-RDB 486.77 71.58 0.15 46.99
HMC-EM 134.86 75.48 0.56 38.19
HMC-MDB 161.58 126.75 0.78 51.93
HMC-RDB 524.77 122.25 0.23 56.34

Table 1. Orange tree growth model: runtime, effective sample size (ESS), ESS/sec, and acceptance rate for each method and
discretization scheme.

5.2. Ornstein–Uhlenbeck (OU)

We simulate data from a bivariate OU process, commonly used in pharmacokinetics, neuroscience, and finance
[22, 15, 42].

5.2.1. Model specification. The process is modeled as:

dX
(m)
t = (β ∗ b(m))(α−X

(m)
t )dt+ σdW

(m)
t , X

(m)
0 = x

(m)
0 (14)

Y
(m)
t = X

(m)
t + ϵ

(m)
t , ϵ

(m)
t

iid∼ N (0,Σ) (15)

where ∗ denotes elementwise multiplication. Matrices:

α =

[
α1

α2

]
, X

(m)
t =

[
X

(1,m)
t

X
(2,m)
t

]
, β =

[
β11 β12
β21 β22

]
,

b(m) =

[
b
(m)
11 b

(m)
12

b
(m)
21 b

(m)
22

]
, Σ =

[
ξ21 0
0 ξ22

]
.

5.2.2. Computational setup. We simulate M = 5 individuals with j = 20 time points, ∆t = 0.1, and parameters:

θ = (3, 2.5, 1.8, 2, 1, 1.5, 0.3, 0.5, 0.1, 0.5), ψ = (45, 100, 100, 25)
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MALA-EM

HMC-MDBHMC-MDBHMC-MDB

HMC-EM HMC-EM HMC-EM

MALA-EM MALA-EM

Figure 1. Trace plots, histograms, and ACFs of parameter σ using MALA-EM, HMC-EM, and HMC-MDB. Red lines
indicate posterior mean; black lines denote initial values.

We apply MH, MALA, and HMC (with/without correlation) using three update blocks (random effects, parameters,
hyperparameters), withN = 50 particles, I = 5000 iterations,B = 2500 iterations were discarded (burn-in period),
ϵ = 1/10, and L = 10 for HMC. These tuning parameters, including the preconditioning matrix M, were selected
based on preliminary runs to improve acceptance rates and effective sample sizes (ESS). In the correlated versions
we use ρ = 0.999.

5.2.3. Results and interpretation. Table 2 summarizes the performance of different MCMC methods and their
correlated versions applied to the bivariate Ornstein–Uhlenbeck (OU) process. The metrics reported include total
runtime (in seconds), effective sample size (ESS), ESS per second (ESS/sec), and acceptance rate. Among the
methods evaluated in this experiment, the correlated MALA-Gibbs method achieved the highest ESS/sec (14.18)
and the highest ESS/sec (0.0037), indicating superior sampling efficiency. Although this method does not have
the highest acceptance rate, its ability to generate less correlated and more informative samples within a shorter
runtime (3806.18 seconds) makes it the most efficient overall. The standard MALA-Gibbs method shows the lowest
acceptance rate (0.40%), which likely hinders its performance despite having a slightly higher ESS than MH-
Gibbs. The standard MH-Gibbs and its correlated version perform poorly in terms of ESS and ESS/sec, though
the correlated version slightly improves both metrics and shows a substantially higher acceptance rate (18.29%
vs. 2.40%). HMC-Gibbs and its correlated version show balanced performance with moderate ESS and ESS/sec
values, and relatively high acceptance rates (14.73% and 25.57%, respectively). Notably, the correlated HMC-
Gibbs achieves comparable efficiency to its standard counterpart but with slightly reduced runtime and improved
acceptance rate. Overall, the results obtained in these experiments suggest that incorporating correlation into
MCMC updates may improve sampling efficiency. Figure 2 presents the trace plots of posterior samples obtained
from the MCMC methods (MH-Gibbs, MALA, HMC) and their correlated variants. We observe satisfactory
convergence for both the standard and correlated HMC methods. The trace plots illustrate the behavior of the
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posterior samples for the parameter α2 under different sampling schemes. The correlated variants generally exhibit
improved mixing compared to their standard counterparts, as evidenced by reduced autocorrelation and smoother
trajectories. In particular, the correlated MALA and correlated HMC methods show better exploration of the
parameter space, leading to higher effective sample sizes (ESS) as indicated in Table 2. The Gibbs-based methods,
especially MH-Gibbs, display higher autocorrelation and slower convergence, as seen in the fluctuating trace
plots. Overall, the results suggest that incorporating correlation into the proposals enhances sampling efficiency,
particularly for gradient-based methods like MALA and HMC.

Method Time (sec) ESS ESS/sec Acceptance Rate (%)
MH-Gibbs 4191.00 5.10 0.0012 2.40
Corr. MH-Gibbs 3901.66 4.92 0.0013 18.29
MALA-Gibbs 4271.93 5.58 0.0013 0.40
Corr. MALA-Gibbs 3806.18 14.18 0.0037 16.52
HMC-Gibbs 4131.88 10.70 0.0026 14.73
Corr. HMC-Gibbs 3934.39 10.19 0.0026 25.57

Table 2. Bivariate OU process: runtime, effective sample size (ESS), ESS/sec, and acceptance rate.

MH-Gibbs

corr. MH-Gibbs

MALA-Gibbs

corr. MALA-Gibbs

HMC-Gibbs

corr. HMC-Gibbs

Figure 2. Trace plots of parameter α2 for all MCMC methods (with and without correlation) under the bivariate OU model.
Blue lines show initial values; red lines denote true values and posterior means.

Due to computational constraints, convergence assessment in this work relied primarily on trace plots and
ESS diagnostics. Although multiple independent chains and Gelman–Rubin diagnostics would provide additional
validation, they were not systematically implemented in the present study and remain an important direction for
future work.

5.3. Practical considerations, limitations, and tuning issues

The numerical experiments suggest that no single method is uniformly optimal for all SDEMEM settings. The
relative performance of the algorithms depends on the dimensionality of the latent process, the availability of
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gradient information, the variance of the likelihood estimator, and the available computational resources. While
gradient-based methods such as MALA and HMC often improve sampling efficiency, they also require careful
tuning and additional computational effort. Similarly, advanced bridge constructions such as MDB and RDB may
improve proposal quality at the expense of increased implementation complexity and runtime.
The comparison between MDB and RDB highlights an important practical trade-off between proposal quality

Table 3. Practical comparison of the MCMC and bridge methods considered in this work.

Method Advantages Limitations Recommended use

IA-EM Simple implemen-
tation

Low ESS and poor
mixing

Small problems or base-
line comparisons

MALA-EM Faster exploration
than MH

Sensitive to tuning
parameters

Moderate-dimensional
posteriors with available
gradients

HMC-MDB High ESS/sec in
our experiments

Expensive gradient
evaluations

Complex correlated poste-
riors when computational
resources are available

HMC-RDB High acceptance
rates

High runtime and
implementation
complexity

Highly nonlinear diffu-
sion paths

Correlated PMMH Stabilizes noisy
likelihood ratios

Requires careful
particle-filter tuning

Intractable likelihoods
without gradient access

MDB Good balance
between efficiency
and cost

Less accurate condi-
tioning than RDB

General-purpose diffusion
bridge

RDB Improved
conditioned
proposals

Expensive ODE cor-
rections

Difficult nonlinear latent
dynamics

and computational complexity. Although RDB generally produces better conditioned proposals by incorporating
deterministic residual corrections, the empirical gains in ESS and acceptance rate were often moderate relative
to the substantial increase in computational cost. In the orange tree application, for instance, HMC-RDB
achieved only a marginal improvement in acceptance rate compared with HMC-MDB, while requiring more
than three times the runtime. These results suggest that, for moderately nonlinear SDEMEMs, MDB may offer a
more favorable balance between implementation simplicity, computational efficiency, and sampling performance.
Nevertheless, RDB may remain advantageous in highly nonlinear or sparsely observed systems where accurate
bridge conditioning becomes critical for avoiding trajectory mismatch.
The performance of MALA and HMC strongly depends on the tuning parameters, particularly the step size ϵ, the
number of leapfrog steps L, and the choice of the preconditioning or mass matrix. Poor tuning may lead to random-
walk behavior, low acceptance rates, or unstable Hamiltonian trajectories. In high-dimensional SDEMEMs, these
effects become more pronounced due to the strong posterior correlations induced by latent diffusion paths.
Therefore, the tuning parameters used in this work should be interpreted as problem-dependent choices obtained
through preliminary pilot runs, rather than universally optimal values.
The efficiency of MALA and HMC strongly depends on tuning parameters such as the step size ϵ, the number of
leapfrog steps L, and the preconditioning matrix Σ. Preliminary pilot runs suggested that:

• Decreasing ϵ increases acceptance rates but substantially lowers ESS due to smaller exploration steps;
• Increasing ϵ reduces acceptance rates and may generate unstable proposals;
• HMC is generally more robust than MALA to moderate perturbations of ϵ;
• MDB-based methods exhibit greater stability than EM-based proposals under tuning perturbations.
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Finally, the scalability of the proposed methods poses important computational challenges. The computational cost
generally increases with the number of individuals, observation times (T ), and discretization levels. In pseudo-
marginal approaches, larger values of T typically increase the variance of the estimated likelihood, requiring a
larger number of particles (N ) to maintain adequate mixing performance, which further increases the computational
burden and may exacerbate particle degeneracy. Consequently, while HMC remains attractive for moderately
high-dimensional problems due to its use of gradient information, simpler MH-based approaches may remain
computationally cheaper per iteration in large-scale settings. Future research will focus on adaptive HMC strategies,
guided proposals, and scalable particle filtering methods for high-dimensional SDEMEMs.
In our implementation, the gradients required by MALA and HMC were computed from the discretized
approximate posterior distributions induced by the EM, MDB, and RDB schemes. Since the particle-filter
likelihood estimator was not directly differentiated, the resulting gradients remained deterministic conditional on
the augmented latent trajectories, which improved numerical stability relative to noisy particle-gradient approaches.

5.4. Reproducibility

All numerical experiments were implemented in R. All computations were performed on an Intel Core i7-12700H
CPU with 32 GB RAM, running Windows 11. To facilitate reproducibility, the source code and scripts used in this
work are available at: https://github.com/Gabriel-Barragan/SDEMEM

6. Conclusions and Discussions

In this work, Markov Chain Monte Carlo (MCMC), Sequential Monte Carlo (SMC), and numerical discretization
schemes were combined to perform Bayesian inference in stochastic differential equation mixed-effects models
(SDEMEMs). For parameter estimation, Metropolis–Hastings (MH), MALA, and Hamiltonian Monte Carlo
(HMC) methods were considered, while particle filtering techniques were used for latent state estimation. For
the orange tree growth model, the IA, MALA, and HMC approaches were implemented together with the Euler–
Maruyama (EM), modified diffusion bridge (MDB), and residual diffusion bridge (RDB) discretization schemes.
The empirical results indicated that the MALA and HMC methods combined with the EM and MDB schemes
generally achieved larger effective sample sizes (ESS), lower autocorrelation, and higher acceptance probabilities
than the remaining approaches considered in this study. In particular, HMC-MDB provided a favorable empirical
trade-off between sampling efficiency and computational cost for the examples analyzed here.
For the bivariate Ornstein–Uhlenbeck process, correlated and uncorrelated versions of MH-Gibbs, MALA-Gibbs,
and HMC-Gibbs algorithms were investigated under the EM discretization scheme. For the fixed number of
MCMC iterations considered in our experiments, the correlated methods did not necessarily reduce the per-iteration
computational cost. Rather, their main advantage was improved sampling efficiency through variance reduction in
successive likelihood-ratio estimates, which frequently increased ESS/sec values and improved chain mixing.
The numerical experiments also highlighted important trade-offs between proposal quality and computational
complexity. Although the RDB scheme often improved acceptance probabilities by generating trajectories more
consistent with future observations, it also introduced substantially higher computational cost due to the auxiliary
deterministic trajectory and repeated residual corrections required at each discretization interval. In contrast, the
MDB scheme provided competitive performance with considerably lower runtime, suggesting a more favorable
balance between implementation complexity and computational efficiency for moderately nonlinear SDEMEMs.
Overall, the comparisons presented in this study should be interpreted as empirical evidence for the specific models,
tuning choices, and computational settings considered here, rather than as universal rankings of the algorithms.
Future work will focus on scalable particle MCMC methods, adaptive HMC strategies, and guided proposal
mechanisms for high-dimensional diffusion processes [56, 54].
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[52] José Soto, Saba Infante, Franklin Camacho, and Isidro R Amaro. Estimulación de un modelo de efectos
mixtos usando un proceso de difusión parcialmente observado. Revista de Matemática: Teorı́a y Aplicaciones,
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