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Abstract Inrecent years, extensive research has been conducted on support vector machines (SVMs) and their applications
across various scientific fields. Among the various algorithms used for classification and regression in different domains,
SVMs are distinguished by their remarkable power and stability. In this context, this study introduces the design and
implementation of the Adaptive Support Method-Support Vector Machine (ASM-SVM), a fast training algorithm for SVM
classification, a fundamental task in machine learning.

The proposed approach is iterative and determines in a finite number of iterations an optimal or suboptimal solution for the
QP (Quadratic Programming) problem. At each iteration of our algorithm, a descent feasible direction and a step size are
calculated in order to decrease the value of the objective function and the suboptimality estimate. The major advantage of
our algorithm resides in its ability to modify several non-basic variables simultaneously, unlike active-set methods, which
only permit changing one variable per iteration. This feature permits reducing the number of iterations and the computational
cost that is particularly important for many practical applications. Furthermore, our solution eliminates the need to compute
the null-space matrix, making it possible to propose a simple and efficient method suitable for machine implementation.
Numerical results obtained on several datasets prove its effectiveness in training both linear and nonlinear SVM classification
problems. The ASM-SVM method is designed for easy integration into machine learning software systems.
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solution, convergence analysis, training time reduction.
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1. Introduction

Machine learning is a highly interdisciplinary field that integrates computer science, cognitive science,
optimization, statistics, and various other scientific disciplines. Among its many branches, classification stands as a
fundamental supervised learning task, which aims to construct models capable of partitioning data into predefined
distinct classes based on observed patterns [51].

The literature abounds with efficient classification methods, including K-Nearest Neighbors (KNN), artificial
neural networks, Bayesian networks, decision trees, Support Vector Machines (SVMs), and more recently deep
learning architectures [14, 38]. Each of these approaches presents its own strengths and limitations. KNN
classifiers are appreciated for their conceptual simplicity and ease of implementation; however, they exhibit
high sensitivity to irrelevant features and suffer from poor scalability when confronted with large-scale datasets.
Traditional neural networks, while often regarded as universal approximators and successfully deployed across
numerous applications, incur significant computational complexity. Their performance critically depends on careful
architectural choices—including the number of layers, number of neurons, and the learning algorithm—and they
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remain highly vulnerable to noise in the training data. Decision trees, in contrast, are more widely adopted in
practice due to their faster training times and interpretability, yet they lack the flexibility required to model complex,
nonlinear decision boundaries effectively. Deep learning, which extends classical neural networks through multiple
hierarchical layers, has achieved remarkable breakthroughs in domains such as computer vision, natural language
processing, and speech recognition [38, 29]. However, deep models typically require massive amounts of labeled
data, extensive computational resources, and considerable expertise for hyperparameter tuning, which limits their
applicability in data-scarce or resource-constrained environments.

Support Vector Machines, introduced by Vapnik and Chervonenkis in the 1960s [53], are powerful machine
learning models that have gained significant attention in recent years due to their excellent performance in
classification, regression, and many other tasks. Their success is mainly attributed to their solid foundations in
statistical learning theory and convex optimization, which ensure global optimality and strong generalization
capability. Supported by a rigorous mathematical framework, SVMs have been successfully applied in a wide
range of practical domains, including computer vision, [oT systems [1, 33, 3], microelectronic circuit testing
[9], intrusion detection [4, 54], image analysis [39, 46], medical diagnosis [5, 49, 37], and pattern recognition
[40, 42]. Numerous studies have also reported that SVMs achieve superior performance compared with several
other supervised learning techniques [50, 40, 13, 39, 42].

Training an SVM classification problem involves solving a bounded convex quadratic problem (QP) with
one linear equality constraint in its dual formulation to find a hyperplane that separates the classes. In practical
applications, the Hessian matrix of the quadratic form is large and dense, for which classical optimization methods
cannot be applied directly to solve the associated QP. Indeed, such methods become computationally prohibitive
in terms of both memory and time complexity. This limitation has motivated the development of specialized
optimization strategies tailored to the structure of SVM problems.

Nowadays, there are several efficient methods for solving SVM problems, including decomposition and active-
set methods [45, 34, 32, 47, 48, 12], as well as interior-point methods [22, 56, 17]. The basic idea of the two first
methods is to solve a smaller QP subproblem at each iteration; the working-set, also called the basis in the simplex
method, is then adjusted until the algorithm finds an optimal solution. In the literature, existing methods of this
type differ in how they fix the size of the working-set and the strategy adopted to update its elements. For example,
the SMO algorithm (Sequential Minimal Optimization) presented in [45] fixes the size of the working-set to only
two variables, and consequently, the solution is then calculated analytically without needing to use an optimization
solver. The LibSVM solver [15] is the most well-known software implementing this technique, where the strategy
of selecting the working-set is based on second-order information [20], which ensures the convergence of the SMO
algorithm.

For general decomposition methods [34, 32], the size of the working-set is fixed in advance and is introduced as
a parameter by the user. The SVMLight package [34] is one of the state-of-the-art for decomposition methods. In
active-set methods [47, 48], the working-set size is variable from an iteration to another and is adjusted by adding
or deleting one element of this set. The SVM-QP package [47] implements the dual active set method [28], and
singularities can be encountered when an infinite descent direction is calculated. However, the revised simplex
method [48] and the primal-dual method [18] allow singularities to be avoided when resolving for the descent
direction that implements the null-space technique.

Interior-point methods (IPMs) [22, 56, 17] provide an alternative framework by optimizing all variables
simultaneously through barrier functions [57]. At each iteration, a Newton system derived from the Karush-Kuhn-
Tucker (KKT) optimality conditions is solved to determine the search direction. IPMs are known for their strong
numerical robustness and their polynomial-time complexity, particularly for sparse optimization problems [52].
However, their practical efficiency is often limited by the need to solve large linear systems at every iteration,
which leads to significant computational and memory costs and reduces their scalability on large-scale datasets
compared with decomposition-based methods.

Adaptive support methods have been developed by Gabasov et al. for solving linear and quadratic problems
[23, 25, 26], and have also been extended to solve other problems [23, 24, 11, 9, 36]. These approaches, commonly
referred to as support methods, rely on the notion of support, which generalizes the classical concept of a basis
in simplex-type algorithms. Unlike the simplex framework, where the basis uniquely determines an extreme-point
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solution, the support concept allows more flexibility since a support solution may lie at an extreme point, on a
face, or even in the interior of the feasible region. Consequently, the support and the associated solution are not
intrinsically linked, which provides additional freedom in constructing feasible iterates and improves numerical
robustness. For this reason, adaptive support-based approaches can be regarded as an intermediate framework
between active-set methods and interior-point methods.

Recently, adaptive support-based methods have attracted renewed interest and have been successfully applied
to several classes of optimization and machine learning problems. Developments include SVM classification
problems [18, 12], support vector regression models [2], portfolio optimization and financial decision-making
[7, 8], as well as linear fractional programming problems [30]. These recent advances demonstrate the effectiveness
of adaptive support methods for handling large-scale, structured, and computationally challenging optimization
problems.

In this paper, we present a new computational method for solving the SVM classification problem in its dual
formulation. Our approach is iterative and generates a sequence of feasible points for the primal problem. At
each iteration, a descent direction is calculated in order to reduce the suboptimality estimate representing the
duality gap. Besides, we change the working-basis (support) that ensures the nonsingularity of the new basis
matrix. Unlike the classical simplex algorithm [55] and our previous support-based method [12], which update
only one nonbasic variable at a time, the proposed ASM-SVM approach allows the simultaneous modification of
all nonbasic variables violating the optimality conditions. This strategy significantly accelerates convergence by
improving the descent process and reducing the number of iterations required to reach an optimal solution.

The proposed ASM-SVM algorithm is implemented in Matlab. We analyze its performances against popular
SVM training algorithms, like the revised simplex method (SVM-RSQP) [48] and the SMO method [45],
using several selected datasets from the UCI machine learning repository [19]. For the SMO algorithm, two
solvers are considered: (i) SMO-MAT, implemented in MATLAB and invoked via the svmtrain function from
the Bioinformatics Toolbox; and (ii) the widely used LibSVM package (version 3.11) [15], written in C++ with
a MATLAB interface. Both solvers share the same core techniques, including shrinking, caching, and working
set selection strategies [20, 27]. The numerical experiments are encouraging and prove that ASM-SVM achieves
better performance than SMO-MAT, LibSVM and SVM-RSQP on on most selected datasets.

The main contributions of this work can be summarized as follows:

* We introduce a novel adaptive support-based framework that dynamically updates the working basis while
preserving nonsingularity of the associated matrix.

* We design an iterative algorithm that generates a sequence of feasible primal points and computes descent
directions guided by a duality-gap-based optimality measure.

* We establish theoretical convergence results of the proposed ASM-SVM algorithm.

* We introduce a new solution that acts as a bridge between active-set methods and interior-point techniques,
effectively combining their complementary strengths.

* We implement the proposed method in MATLAB and perform an extensive experimental evaluation on
benchmark datasets, showing that ASM-SVM outperforms classical methods such as SMO-MAT [45],
LibSVM [15] and the revised simplex-based SVM solver (SVM-RSQP) [48].

The remainder of this paper is organized as follows. In the next section we present the SVM classification
problem, where we give the standard dual formulation of an SVM classification and its primal problem. Section
3 is devoted to the adaptive method for training an SVM problem and we prove its convergence in section 4.
Numerical experiments are presented in section 5, where we compare our approach with SMO-MAT, LibSVM and
SVM-RSQP on ten benchmarks chosen from the UCI machine learning repository [19]. Section 5 contains some
concluded remarks and perspectives of this work.
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2. SVM classification problem

We consider a training sample (z;,y;), i € I = {1,2,...,m}, where y; € {—1,+1} is the class of the example
x; € RP, m and p are respectively the number of training examples and the number of features. The SVM
classification problem consists in solving the following convex quadratic problem:

m(in fla) = %O/Qa —fa, (1a)
ya=0 (1b)
0<a<Ce, (1c)

where the m-vector « is the Lagrange multipliers vector associated with the m constraints of the primal problem

and e is an m-vector of ones. The n x n symmetric matrix () is defined by its elements ¢;; = y;y; (24, z;), i, =

1,...,m, and is positive semidefinite when the kernel function ¢, verifying ¢(z;, z;) = ¢(x;) ¢(x;), fulfills the

Mercer’s condition [16]. The nonlinear function ¢ projects each input example in a higher-dimensional space, and

the constant C' > 0 is the regularization parameter that controls the trade-off between maximizing the margin and

minimizing classification errors. The symbol (") represents the transposition operation and y = y(I) = (y;, i € I).
The dual problem associated to (1) is the following concave quadratic program:

1
anlljixf —io/Qa —Cé'¢ (2a)
Qa+by—s+&=e, (2b)
§2>0,£>0, (2¢)

where s and ¢ are m-dimensional vectors representing the slack and surplus variables, respectively. The scalar b is
the bias term of the separating hyperplane w’¢(x) + b = 0, where

w = Z ayip(x;)
i1

is the normal vector recovered from an optimal solution of (1). In the dual formulation, b appears as the Lagrange
multiplier associated with the equality constraint in equation (1b). Although expressed in a different form, problem
(2) remains fully equivalent to the standard soft-margin primal SVM model (see, e.g., [16, 47]); the reformulation
is introduced solely to facilitate the algorithmic developments presented in this paper.

Since the primal problem (1) is convex and its corresponding dual problem (2) is concave, the Karush-Kuhn-
Tucker (KKT) first-order optimality conditions are both necessary and sufficient. These conditions characterize an
optimal solution « and are formulated as follows [43]:

Qa+by—s+&=e, (3a)
Yo =0, (3b)
i(la; —C) =0, s;0;=0,i=1,2,--- ,m, (3¢)
si >0, &>0, i=1,2,---,m, (3d)
0<; <C, i=12,---,m. (3e)

Using the notation § = s — &, the stationarity conditions (3a) combined with the complementarity conditions (3c)
can be rewritten as follows:

0=Qa+by—e, @
such as
6220, ifOéi:O,
0; <0, ifa;=C, %)
6 =0, f0<a;<C, i=1,...,m.
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From the complementarity conditions (3c), the individual multipliers s; and &; can be uniquely recovered from ¢;
as follows:

e Ifa; =0,then§; =0and s; = 9; > 0.
e Ifa; =C,thens; =0and § = —6; > 0.
. If0<ai<C,thensi=§i:0and5i:0.

More compactly, these relationships can be expressed as s; = max(0, d;) and &; = max(0, —d;), ensuring that the
non-negativity constraints (3d) are always satisfied.

Before solving problem (1), let o* be its optimal solution and b* its optimal multiplier associated with constraint
(1b). Examples with its variables 0 < of < C and o} = C are called nonbounded and bounded support vectors,
respectively. These two types of examples form the support vectors that define the separation surface between the
two classes. Thus, the decision function for classifying a new example « is defined as follows:

h(z) = sign (Zafyigo(:c,xi)—i-b*)
i=1
= sign S apip(m ) +b* | (6)
i=1/0<a}<C

3. Adaptive Support Method (ASM-SVM) for SVM training

The proposed approach for training an SVM classifier is an extension of the adaptive methods introduced in
[23, 25, 26, 11] for solving quadratic programs. It also simplifies the primal-dual method proposed in [18] by
avoiding the use of the projected Hessian matrix, which relies on the null-space matrix of the constraints. The
algorithm of our method is iterative and generates a sequence of feasible points for both the primal problem and
its dual that converge to an optimal solution. This approach can be viewed as an active set approach that uses the
information of the primal problem and its dual.

We start this section by providing some definitions and notations related to the proposed method.

Definition 1
Any m-vector « verifying all the constraints (1b)-(1c) is called a feasible solution of Problem (1) and § =
Qo + by — e is its associated reduced costs vector, where b € R is the Lagrange multiplier associated with the
equality constraint (1b).
Definition 2
A feasible solution o* is said to be optimal if it minimizes the objective function f over all the feasible solutions.
Definition 3
A feasible solution o€ is called e-optimal (or suboptimal) if f(a¢) — f(a*) < e, where o* is an optimal solution
for problem (1) and ¢ is a nonnegative number chosen in advance by the user.

Since problem (1) has one linear equality constraint, so we give here a specific definition of the support concept.

Definition 4 ([12])
A nonempty subset of indices I; C I is called a support (working-set) of problem (1), if and only if the associated
submatrix Qs = Q(Is, I5) is nonsingular.

Note that for all iterations of our approach, the support set I, must contain at least one element. The non-support
(nonbasic) index set is denoted by I, = I\ [;.

According to the partition of the index set I = I, U I,, of variables «, so the matrix @) and the different vectors
are splitted as follows:

ss sn s 55 s s .o
Q - <8ns g’rm) P 4= <zn> ’ 0= <5n) Y= (57;) PO <Zn> ’ where st - Q(IS,IS) - (qij7 bl e
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Is)a an = Q(I.€7I71,) = (Qijy 1€ 137 .] S In) = /nsy an = Q(In71n) = (Qija Z7] S In)a Qg = a(Is) = (aia 1€
Is), an = a(ly,); 0s = 06(Is), 6n = 6(In); ys = y(Is), yn = y(In); es = e(ls), en = e(Iy).
Definition 5
Given a support I, for problem (1), then the pair {«, I} is said to be a support feasible solution (SFS) of the
problem if « verifies relations (1b)-(1c) and §; = §(I;) = 0. We say that the SFS {«, I} is nondegenerate if it
verifies the following relations:

O<a; <C,Vie€el.

We note that the notion of the SFS generalizes that of the basic feasible solution (BFS) for the simplex method
[55], where the nonbasic variables «,, = (o, i € I,,) are restricted to take only one of both bounds (0 or C'), but
they are flexible in the adaptive method, i.e., 0 < a; < C, i € I,,. Indeed, this novel concept allows the adaptive
method to start with any feasible solution for problem (1) that can be an extreme point, a point on the boundary, or
an interior point of the feasible region.

3.1. Optimality and suboptimality criteria

The KKT optimality conditions (3) associated with problem (1) can be equivalently reformulated in terms of the
support set Jp. The corresponding characterization is derived using arguments analogous to those developed in
[23, 25, 26, 11, 12].

Theorem 1 ([23, 25])
Let {«, I} be a support feasible solution to problem (1). Then, the following relations

(52‘ 2 0, if Q; = 0,
6; =0, if 0<a;<C, ie€l,.
are sufficient for the optimality of the point « and are also necessary if the SFS {«, I} is nondegenerate.

It is important to clarify that the optimality conditions stated in Theorem 1 are formulated specifically in terms
of the non-support variables, whereas the KKT optimality conditions (5) concern all variables in problem (1).

Definition 6
The following nonnegative number
BlaI)= > i+ Y i —C) ®)
€1, 8;>0 i€l,,,8;<0
is called the suboptimality estimate of the feasible solution o with respect to the support I.

This non-negative quantity measures the maximum deviation between values of the objective function at the
optimum «* and another SFS {«, I }. We now recall the suboptimality criteria.

Theorem 2 ([25, 26])
Let {a, I} be an SFS for the QP (1), and € a positive number. If we have

Bla, Is) <, ©))
then « is an e-optimal solution to problem (1).

We have always the inequality

fla) = f(@®) < Bla, L)
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3.2. An iteration of the proposed method

The aim of the proposed adaptive support method, named ASM-SVM, is to solve the standard formulation of an
SVM classifier. Starting with an arbitrary feasible solution, our method iteratively constructs a sequence of support
feasible solutions (SFS) that converges globally to an optimal (or potentially suboptimal) solution of problem (1).

At a typical iteration, let {«, I} be the current SFS and ¢ the associated reduced costs vector. The first step
consists of testing the optimality or suboptimality of the current point. If the optimality conditions given in (7)
or the suboptimality criterion in (9) are satisfied, then « is either an optimal or a e-suboptimal solution, and the
algorithm terminates accordingly. Otherwise, the algorithm constructs a new solution @, its corresponding reduced
costs vector ¢, and the new bias term b, as follows:

a=a+0d, 06=6+6t, b=b+0r, witht=Qd+ry. (10)

Here, d and t are n-dimensional vectors representing the improvement directions for the dual and primal
problems (1) and (2), respectively. The scalar 6 denotes the maximum feasible stepsize along the direction d.
The steps of the proposed ASM-SVM algorithm are illustrated by the flowchart shown in Figure 1.

3.2.1. Computation of the adaptive direction: The direction vector d = (ds,d,,)’ is calculated to ensure the
feasibility of the new solution &, and also ensures that f(@) < f(«). Unlike the classical simplex algorithm [55] and
our previous method [12], which update only one nonbasic variable at a time, the proposed ASM-SVM approach
allows the simultaneous changing of all nonbasic variables that do not satisfy relations (7). Consequently, the
nonbasic components d,, = (d;, 4 € I,,) are computed as follows:

—Qy, if §; > 0,
d; = C—ai,if5i<0, (11)
0, if§;, =0,1 € L,.

The basic components ds = (d;,i € I,) are determined by using the following relations:
0s =0s+0t, =0 and y'd=vy.ds +y,d,=0.
By the definition of an SFS, we must have §, = 0 and consequently it results that:
ts = Qssds + Qondn +1ys = 0.

Thus, the subvector d, and the real r will be obtained by solving the following system of equations:

st Ys ds — _ands
y. 0 r —Ypdn )
Since the basic matrix ()4, is nonsingular by the definition of the support concept, the first block equation yields:

ds = *Q;sl (andn + Tys)v (12)

where the scalar r denotes the variation of the bias term, and its value is determined by enforcing the equality
constraint
Yods + ypdn = 0.

Substituting (12) into the above relation gives

7y(/er731 (Qsndyn +1Yys) + y;,dn =0.

Therefore, r is uniquely defined by
d/ n - ns o s
. Iy /Q_lesy) (13)
YsQss Ys
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Initialization
- Determine the initial SFS {«, I}
- Compute b and reduced costs &

}

Optlmal.lty or € Yes
suboptimality
conditions satisfied?

Direction Computation
- Calculate the direction d = (ds, d»)’
- Calculate the reduced costs direction ¢

v

Stepsize Computation
- Determine the stepsize 6
- Update solutions:
a=a+0d,b=b+0r, 6=35+06t

Support Set Update
- Update the support set (Is)
- Recompute quantities (if needed)

|

End

Figure 1. Flowchart of the proposed ASM-SVM algorithm for classification problems

The determination of r, via (13), allows us to calculate the basic component defined in (12), thereby leading to a
complete characterization of the direction d.
Now, we can calculate the direction ¢ = (¢, t,,)’ of the reduced costs vector by the following expressions:

ts =0
s ! 14
{ th = Qnsds + andn + TYn. ( )

3.2.2. Computation of the stepsize: The maximal steplength is calculated as follows:
0 = min{1,0;,,0;,}, (15)
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where 1 is the value of the stepsize for which all the nonbasic variables are relaxed.
The step 6;, is calculated to ensure that all basic variables o remain feasible:

?i’ ifd; <0,
0;, = ?6111151 0;, where 0; = cdfiai’ ifd; >0, (16)

The stepsize o, is determined in such a way that §,, and 6,, do not change their signs:

0; .
—tJ, if 6;t; < 0,
i
400, otherwise.

Oy = r_nilnai, with g; = { (17)

In the case 6 = 1, we stop at the optimal feasible solution & = « + d. If not, we calculate the new suboptimality
estimate of the SFS {&, I, }:

Bla,I) =(1-10) (5(04,13) — Hd’Qd) .
This quantity can be further simplified. By using the expression of ¢ given in (14) and the fact that y'd = 0, thus,
its final expression becomes:

Ba, 1) = (1—0) (B(a, L) — 0dty) . (18)
If B(a,Is) <, then & is a suboptimal solution in problem (1), and we stop the algorithm. Otherwise, we will
proceed to the final step of the method.

3.2.3. Changing the support: This step consists of obtaining the new basis I, from the precedent one I, by adding
or deleting one element of the support set according to the following cases:

1. For0 =6,,,i; € I, we have &;, = 0 or &;; = C, and we have the two following cases:

o If | I, |> 1, then the index i; is transferred to I,,: I, = I, \i1, I, = I,, Ui;.

e If | I, |= 1, then the index i, is exchanged with i as follows: I, = {io}, I,, = I\io. For this case, the
novel bias term b and the reduced costs vector § are adjusted so that 6, = &;, = 0. These quantities can
be updated efficiently without recomputing the gradient at the point &, i.e., Vf (@) = Qa — e:

b=V f(a@)i ig» (19)
§ = Vf(a)+by.

Here, V f(@);, denotes the ig-th component of the gradient vector evaluated at é.

2. For 0 = 0,,,19 € I, we have 51-0 = 0 and do the following index change:
-ZTS :IsUi07 jn :In\ZO

After this step, the ASM-SVM algorithm is iterated until an optimal or a suboptimal solution is found.
Like any other optimization method, our algorithm requires an initial solution. In our implementation, ASM-
SVM can start from the trivial point (o« = 0) or an interior point, calculated as follows:

< e Tt =i —
forie It ={i:y;, =+1}
- o ¢ )
“ { m=— forie]_:{i:yi__l}a (20)

where m* =| I'™ | and m™ =| I~ | are respectively the number of examples in the positive and negative classes.
In both cases, the support set is selected independently of the solution, and we put I, = {1}. It is clear that the bias
b and the reduced costs vector § = (s, d,,)" will be obtained as follows:

55 = O) b = ys(es - Q(IS,I)Q), (21)
6n = Q(Ina I)Oé + byn — €En.
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3.3. ASM-SVM algorithm
The  main steps of our ASM-SVM  algorithm are given by  algorithm 1.

Algorithm 1: ASM-SVM Algorithm for SVM Classification problems

Step 0: Initialization
> Start with an initial SFS {«, I}, with o = 0 or an interior point from (20), and set I, = {1}.
> Compute the bias b and the reduced costs vector  using (21).

Step 1: Optimality/Suboptimality Check
if optimality conditions (7) are satisfied then

‘ Stop: « is an optimal solution to problem (1);
else if 5(«, I,) < e then

| Stop: a is an e-suboptimal solution in (1);
end

Step 2: Direction Computation
> Compute direction d = (ds, d,,)" using (11) and (12).
> Compute the reduced costs direction ¢ = (¢, t,,)’ using (14);

Step 3: Stepsize Computation
> Set § = min{1,0;,,0;, }, where ;, and o, are calculated from (16) and (17), respectively.
> Compute:

a=oa+60d, 6=6+6t, b=>b+0r

Step 4: Suboptimality Update
> Calculate the novel suboptimality estimate (@, I) via (18).
if 6 = 1 then
| Stop: @ is an optimal solution.
else if 3(@, I,) < e then
| Stop: @ is a suboptimal solution.
end

Step 5: Support Set Update

if 6 = Gil, i1 € I, then

if |I5| > 1 then

‘ ISZIS\{il}, jn:InU{Zl},

else
/x |Ig| =1 */
> Set:
Is = {io}, In = I\ {Zo} )
> Recompute b and § using (19).

end

else
/% 0 =0y, 10 € In */
I, =TI, U{io}, In,=1I,\{io};

end

Go to Step 1 with the updated SFS {@, I, };

4. Convergence analysis

In this section, we analyze and prove the convergence of the proposed algorithm.
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Proposition 1
The vector d calculated by relations (11) and (12) is a descent feasible direction for problem (1).

Proof
At any iteration of the above algorithm, let {a, I} be an SFS in problem (1) and @ = « + 6d another feasible
point, such that the m-vector d = (ds,d,,)’ is determined by relations (11) and (12). The stepsize 6 is computed
with formulas (15), with 6 > 0.

First, we prove that d is a feasible direction of problem (2). Indeed, we have

y'd = yds+yndn
= _y;Qs_sl (Qsndn +1ys) + y;dn
= _ngs_lesndn - Ty./ng_slys + y;‘dn

Since the real r verifies equation (14), this implies that

Ty;Qs_slys = d{n (Yn — Qnst_slys)
= y:ldn - y;Qs_lesndn

Finally, we will have

y'd = —y,Qu'Qendn — ypdn + Y.Q Qundn + Y dn
_ 0 (22)

which means that d is a feasible direction for equation (1). As a consequence, the new point & = « + 6d satisfies
the equality constraint of the QP (1). Furthermore, the optimal step 6 = min{1, 6;, , 0, } is calculated such that

0<eq, <C, Viel=I,Ul,.

Secondly, we prove that d is a descent direction, i.e., V f(a)'d < 0, where V f(«) = Qa — e is the gradient of
the objective function f at .. The reduced costs vector associated to the point « is given by

d=Qa+by—e=Vf(a)+by = Vf(a)=05—1by.
Since §, = 0 by the definition of an SFS and d verifies equation (22), we will have

Vi) d = &§d—byd

= ) did;

iel,

= = Y bai— > di(ai—0C)
i€l,:6;>0 i€l,:6;<0

= —B(a, 1) <0.

Therefore d is a descent feasible direction.
Moreover, the value of the objective function at the point @& is expressed by

F@) = fla+0d) = f(a) + 0V F()d+ %Qd'Qd.

Since d is a descent feasible direction for problem (1), for any value of the stepsize # > 0 sufficiently small thus it
follows that

f(@) < f(a). (23)
O
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Let’s now demonstrate the convergence of the adaptive method.

Theorem 3
The algorithm of the adaptive method is finite if, during the process of iterations, a finite number of degenerate
supports appear.

Proof

The proof of this theorem is derived from the above proposition. Each ASM-SVM iteration consists in calculating
a new feasible solution @ = a + 6d from the precedent one «, where d is a decent direction obtained by (11)-(12),
and 6 is the maximal step size obtained by formula (15).

Indeed, in the case of the nondegeneracy of problem (1), we have 6 > 0 and d # 0. Following the proposition 1,
it results that f(@) < f(«). In other words, the objective function value decreases at each iteration of the method.
So, ASM-SVM algorithm generates a strictly decreasing sequence of feasible solutions. Furthermore, since the
number of supports for problem (1) is finite and the algorithm does not visit the same point during its iterations,
ASM-SVM starting form any feasible point converges to an optimal or suboptimal solution in a finite number of
iterations.

The case of degeneracy occurs only for § = 6;, =0, ¢ € I;. For this case, the objective function f remains
unchanged and we proceed to construct another support by performing Step 5 of Algorithm 1. In this case, the
entering index is selected according to Bland’s rule [6], which induces a lexicographic ordering of degenerate
pivots and prevents cycling among support sets. Therefore, degenerate iterations cannot generate an infinite loop
over a finite set of supports.

By combining both cases and using the assumption that only a finite number of degenerate supports occur, the
total number of iterations (degenerate and non-degenerate) is finite. Hence, the algorithm terminates after a finite
number of steps. O

5. Numerical experiments

To assess the effectiveness of the proposed ASM-SVM method, we compare its performance with several well-
known state-of-the-art approaches, namely the revised simplex method SVM-RSQP [48], the Sequential Minimal
Optimization (SMO-MAT) algorithm implemented in MATLAB [41], and the SMO C++ implementation available
in the widely used LIBSVM solver [15].

In this section, we present a numerical comparison between ASM-SVM and these benchmark methods. All
experiments were carried out using MATLAB 9.2 (R2017a). The ASM-SVM algorithm was fully implemented by
the authors. For the SMO-based approaches, we used both the svmtrain function from the MATLAB Bioinformatics
Toolbox and the implementation provided in the popular LIBSVM package, which is implemented in C++
and interfaced with MATLAB through MEX functions. For SVM-RSQP, we employed the original MATLAB
implementation provided by [48], publicly available at: https://github.com/csentelle/simplexsvm

All experiments were carried out on a personal computer equipped with an Intel Xeon(R) processor running
at 2.80 GHz and 32 GB of RAM. The numerical solution accuracy was fixed to 10~° for all methods, while the
stopping tolerance was set to ¢ = 10~3. This value corresponds to the default stopping criterion used in LibSVM
and also defines the suboptimality tolerance adopted for our ASM-SVM.

Experiments were conducted on ten binary classification datasets (australian, splice, ala, wla, Svmguidel, aSa,
mushrooms, w5a, phishing and a7a ). The majority of these test problems have been taken from the UCI database
[19] and available via the internet page of [15]. For each dataset, we have used the linear kernel ¢(z;, ;) = «}x;
with the regularization parameter C' =1 and the RBF kernel with parameters v = % and C =1, such that
plai,3) = el

The criteria of comparison between the four methods are the number of iterations (/ters) obtained at an optimal
solution for training each dataset, the CPU time in seconds, the number of support vectors (mgy ), the number
of bounded support vectors (mpsy ), and the training accuracy expressed in percentage. All the features of these
experiments were scaled to the range [0, 1].
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First, we compare the four methods (ASM-SVM, SVM-RSQP, SMO, and LibSVM) by using the RBF kernel.
In this experiment, all methods are initialized from the same starting point (o = 0) to ensure a fair and unbiased
comparison. For the proposed ASM-SVM algorithm, the initial SFS {«, I} is constructed with the support set
chosen as I, = {1}. The comparative results obtained by the four methods are reported in Table 1, while the global
trends are illustrated in Figure 2, which summarizes both the number of iterations and CPU time (in logarithmic
scale) across all datasets. Best results are highlighted in bold text.

(b) Comparison of CPU Time
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Figure 2. Convergence and computational cost comparison of the four SVM methods using an RBF kernel across 10
benchmark datasets: (a) Number of iterations, and (b) CPU time (seconds).

Based on the numerical results presented in Table 1, ASM-SVM, SVM-RSQP, SMO-MAT, and LibSVM achieve
almost identical classification accuracies on all datasets. Moreover, the corresponding numbers of support vectors
(mgy) and bounded support vectors (mpgy) are very close for all methods. This observation indicates that the
four approaches converge toward comparable optimal solutions and generate nearly identical separating optimal
hyperplanes. Hence, the proposed ASM-SVM method preserves the predictive capability and numerical reliability
of standard SVM solvers.

Concerning the number of iterations, ASM-SVM consistently outperforms the competing methods on all
datasets, as also clearly illustrated in Figure 2(a). In particular, the reduction is highly significant when compared
with SVM-RSQP and remains substantial with respect to SMO-MAT and LibSVM solvers. For example, ASM-
SVM requires only 25, 26, 71, and 162 iterations for the datasets australian, splice, a5a, and a7a, whereas
SVM-RSQP requires 1251, 1936, 6864, and 17285 iterations, respectively. This remarkable improvement can be
explained by the fact that, at each iteration, ASM-SVM simultaneously updates all nonbasic variables violating
the optimality conditions (7), whereas SVM-RSQP updates only one non-basic violating component and the SMO
algorithm optimizes only two variables at each iteration. As a consequence, the proposed strategy considerably
accelerates convergence, especially for medium and large-scale problems.

With respect to CPU time, the trends reported in Figure 2(b) show that ASM-SVM is generally faster than SVM-
RSQP and SMO-MAT on most datasets. The improvement is particularly noticeable for the adult datasets (ala, aSa,
and a7a), where ASM-SVM significantly reduces the computational cost due to its smaller number of iterations.
For instance, on the a5a dataset, ASM-SVM requires only 1.1663 seconds, while SVM-RSQP and SMO-MAT
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Dataset (m x p) | Method Iters | CPU(s) | msy | mpsy | Accuracy(%)
australian ASM-SVM 25 0.0878 | 619 | 611 77.39
(690 x 14) SVM-RSQP | 1251 | 0.4582 | 615 | 611 77.39
SMO-MAT | 310 0.1878 | 615 | 613 77.39
LibSVM 309 0.0371 | 615 | 613 77.39
splice ASM-SVM 26 0.0381 | 968 | 963 56.50
(1000 x 60) SVM-RSQP | 1936 | 0.9251 | 968 | 963 56.50
SMO-MAT | 499 0.0862 | 968 | 963 56.50
LibSVM 487 0.2889 | 968 | 963 56.50
ala ASM-SVM 86 0.1288 | 806 | 775 75.39
(1605 x 123) SVM-RSQP | 1767 | 1.7035 | 802 | 780 75.39
SMO-MAT | 444 0.1118 | 800 | 781 75.39
LibSVM 433 0.1523 | 800 | 782 75.39
wla ASM-SVM | 152 0.4101 | 836 91 97.09
(2477 x 300) SVM-RSQP | 469 1.3872 | 197 114 97.09
SMO-MAT | 131 0.1318 | 171 123 97.09
LibSVM 190 0.0418 | 181 117 97.09
Svmguidel ASM-SVM | 391 0.6547 | 2209 | 2163 64.75
(3089 x 4) SVM-RSQP | 4437 | 1.6578 |2179 | 2177 64.75
SMO-MAT | 1166 | 0.3581 |2178 | 2178 64.75
LibSVM 1118 | 0.1918 | 2178 | 2178 64.75
aSa ASM-SVM 71 1.1663 | 3180 | 3115 75.54
(6414 x 123) SVM-RSQP | 6864 | 20.9586 | 3152 | 3125 75.54
SMO-MAT | 1638 | 8.2448 |3144 | 3132 75.54
LibSVM 1632 | 1.7921 |3146| 3128 75.54
mushrooms ASM-SVM | 1026 | 15.2567 | 4293 | 4153 90.04
(8124 x 112) SVM-RSQP | 9058 | 32.7499 | 4219 | 4193 90.03
SMO-MAT | 2450 | 14.1935 | 4212 | 4200 90.03
LibSVM 2497 | 3.4599 | 4218 | 4195 90.03
wia ASM-SVM | 257 4.4390 | 3925 | 423 97.16
(9888 x 300) SVM-RSQP | 1588 | 15.3623 | 609 | 517 97.16
SMO-MAT | 354 5.2640 | 585 | 538 97.16
LibSVM 451 0.5143 | 600 | 524 97.16
phishing ASM-SVM | 557 | 20.7334 | 8036 | 7976 91.96
(11055 x 68) SVM-RSQP | 16069 | 63.4521 | 8006 | 7992 91.97
SMO-MAT | 4147 | 24.2052 | 8004 | 7996 91.93
LibSVM 4159 | 16.9907 | 8004 | 7994 91.93
a7a ASM-SVM | 162 | 14.8673 | 7930 | 7773 75.66
(16100 x 123) | SVM-RSQP | 17285 | 129.0542 | 7849 | 7827 75.66
SMO-MAT | 4094 | 50.0320 | 7839 | 7833 75.66
LibSVM 4095 | 10.7916 | 7841 | 7831 75.66

Table 1. Comparative results between ASM-SVM, SVM-RSQP, SMO-MAT and LibSVM on ten datasets for the RBF kernel.

require 20.9586 and 8.2448 seconds, respectively. Similarly, on the phishing dataset, ASM-SVM substantially
decreases the CPU time compared with SVM-RSQP while maintaining the same classification accuracy.

Stat., Optim. Inf. Comput. Vol. 16, August 2026



L. BELKHIRI-BRAHMI AND B. BRAHMI AND M. O. BIBI 1461

Nevertheless, despite its smaller number of iterations, ASM-SVM is not always the fastest method in terms of
execution time. As shown in Figure 2(b) and reported in Table 1, LibSVM achieves the lowest CPU time among
all compared methods on several large-scale datasets, including mushrooms, w5a, and a7a.

It’s worth noticing that, as shown in Figures 2(a) and 2(b), even when both perform the same number of

iterations, the C++ implementation of SMO (LibSVM) is significantly faster than its MATLAB version (SMO-
MAT). This well-known disparity results from fundamental differences in programming languages. Indeed, C++ is
a compiled language that allows in-place memory updates and benefits from advanced compiler optimizations. In
contrast, MATLAB is an interpreted language that relies on copy-on-write memory management. It executes loops
slowly and operates within a heavily interactive environment.
Therefore, directly comparing CPU times between ASM-SVM (implemented in MATLAB) and LibSVM
(implemented in C++) is inherently unfair, as this comparison confuses algorithmic efficiency with language
performance. The SMO-MAT versus LibSVM case proves that for the same algorithm with the same iteration
count, MATLAB is slower than C++. In addition, the fact that ASM-SVM (MATLAB) remains competitive with
LibSVM (C++) and often outperforms SMO-MAT (Matlab) in terms of iterations number is a strong indicator that
ASM-SVM achieves a significantly per-iteration cost. If both methods were implemented in the same compiled
language (C++), the iteration count advantage of ASM-SVM would result in clear and substantial superiority in
CPU time over LibSVM. Overall, these results demonstrate that ASM-SVM constitutes an efficient and competitive
alternative for solving nonlinear SVM problems with the RBF kernel.

In the second part of the numerical experiments, we use the linear kernel with the regularization parameter C = 1
in order to compare the four approaches under the same experimental settings as in the previous experiments. Table
2 gives the results of comparison.

(a) Comparison of Number of Iterations (b) Comparison of CPU Time
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Figure 3. Convergence and computational cost comparison of the four SVM solvers using the linear kernel across 10
benchmark datasets: (a) Number of iterations, and (b) CPU time (seconds).

As shown in Table 2, the classification accuracies achieved by all compared methods are very similar for most of
the ten benchmark datasets, which is in line with the results obtained previously for the RBF kernel. The observed
differences are marginal (e.g. 84.50% achieved by ASM-SVM versus 84.40% obtained by other solvers on the
splice dataset), and no method is shown to be significantly more accurate than the others.
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Dataset Method Iters | CPU(s) | msy | mpsy | Accuracy(%)
australian ASM-SVM | 518 | 0.1926 | 219 196 85.51
(690 x 14) SVM-RSQP | 731 | 0.3537 | 211 197 85.51
SMO-MAT 801 | 0.2203 | 236 181 85.51
LibSVM 5063 | 0.0348 | 217 194 85.51
splice ASM-SVM | 748 | 0.1833 | 425 364 84.50
(3175 x 60) SVM-RSQP | 1268 | 0.8477 | 425 364 84.40
SMO-MAT | 9974 | 0.4894 | 425 364 84.40
LibSVM 15504 | 0.2141 | 426 | 363 84.40
ala ASM-SVM | 1015 | 0.2885 | 587 | 522 86.23
(1605 x 123) | SVM-RSQP | 1697 | 1.0224 | 588 | 522 86.23
SMO-MAT | 6470 | 0.4520 | 589 | 522 86.23
LibSVM 10179 | 0.1517 | 589 | 522 86.23
wla ASM-SVM | 232 | 0.1908 | 170 47 99.27
(2477 x 300) | SVM-RSQP | 441 | 0.6211 | 165 47 99.27
SMO-MAT | 2514 | 0.2928 | 167 47 99.27
LibSVM 3028 | 0.0797 | 166 47 99.27
Svmguidel ASM-SVM | 496 | 0.2199 | 782 | 778 95.11
(3089 x 4) SVM-RSQP | 1667 | 0.7635 | 782 | 778 95.11
SMO-MAT | 481 | 0.1639 | 782 | 778 95.11
LibSVM 601 | 0.0408 | 783 | 778 95.11
aSa ASM-SVM | 4406 | 5.0076 | 2293 | 2196 85.02
(6414 x 123) | SVM-RSQP | 6715 | 8.5539 | 2286 | 2198 85.03
SMO-MAT | 27389 | 10.2106 | 2287 | 2197 85.05
LibSVM 27002 | 2.4308 | 2290 | 2195 85.06
mushrooms ASM-SVM 136 | 0.3126 | 335 0 100.00
(8124 x 112) | SVM-RSQP | 108 | 0.5086 | 58 3 100.00
SMO-MAT | 429 | 0.3888 | 236 1 100.00
LibSVM 573 | 0.1870 | 239 0 100.00
wSa ASM-SVM | 704 | 3.5819 | 470 | 245 98.89
(9888 x 300) | SVM-RSQP | 1642 | 5.9228 | 441 258 98.89
SMO-MAT | 13051 | 5.7438 | 446 | 252 98.88
LibSVM 13074 | 0.8277 | 441 252 98.89
phishing ASM-SVM | 4251 | 7.0252 | 1616 | 1558 93.98
(11055 x 68) | SVM-RSQP | 5492 | 22.7785 | 1605 | 1566 93.97
SMO-MAT | 22971 | 15.3853 | 1609 | 1558 93.98
LibSVM 25740 | 5.7324 | 1611 | 1560 93.97
a7a ASM-SVM | 11703 | 29.4476 | 5767 | 5659 84.94
(16100 x 123) | SVM-RSQP | 16507 | 68.6051 | 5755 | 5663 84.90
SMO-MAT | 55195 | 50.7906 | 5761 | 5654 84.92
LibSVM 65006 | 18.6834 | 5756 | 5660 84.89

Table 2. Performance comparison of the four solvers using the linear kernel (C = 1).

The convergence behavior is more clearly illustrated in Figure 3(a), which reports the number of iterations
required across the different datasets. It can be seen that ASM-SVM consistently requires significantly fewer
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iterations than SVM-RSQP, SMO-MAT, and LibSVM. This advantage is particularly pronounced on medium-
and large-scale datasets, where classical SMO-type decomposition methods exhibit a substantial increase in the
number of iterations. These results confirm the effectiveness of the proposed adaptive active-set strategy, which
simultaneously optimizes all nonbasic variables violating the optimality conditions, rather than updating only a
limited subset of variables at each iteration.

Nevertheless, two exceptions can be observed on the svmguidel and mushrooms datasets. On the svmguidel
dataset, SMO-MAT converges slightly faster than ASM-SVM (481 versus 496 iterations). This behavior can be
explained by the fact that, when the total number of support vectors (mgy ) is very close to the number of bounded
support vectors (mpgsy ), SMO-type methods benefit from a favorable solution structure where most variables are
fixed at their upper bounds (a; = C'), making them highly competitive with active-set approaches.

On the mushrooms dataset, SVM-RSQP requires fewer iterations than ASM-SVM (108 versus 136 iterations).
However, this advantage in iteration count is mitigated by a significantly higher computational cost per iteration.
Indeed, SVM-RSQP relies on the reduced Hessian matrix at every iteration to compute its search direction, whereas
ASM-SVM avoids this costly operation through its adaptive updating strategy. As a result, SVM-RSQP requires
(0.5086 s) of CPU time compared with only (0.3126 s) for ASM-SVM, making it approximately (1.6x) slower.
Consequently, these isolated cases do not affect the overall convergence advantage of ASM-SVM solver.

Regarding computational efficiency, Figure 3(b) compares the CPU time of all methods. The results show that
ASM-SVM achieves competitive execution times with respect to SMO-MAT and SVM-RSQP, while maintaining a
clear advantage in convergence efficiency. However, LibSVM remains the fastest method in several cases due to its
highly optimized implementation as explained before. Despite this, ASM-SVM demonstrates a favorable balance
between iteration reduction and computational cost, particularly on larger datasets where convergence behavior
dominates performance.

Overall, numerical results consistently demonstrate that ASM-SVM significantly reduces the number of
iterations while maintaining competitive CPU time and identical classification accuracy. These results confirm
that the proposed method is an efficient and robust alternative for solving large-scale SVM problems.

6. Conclusion

In this paper, we have proposed a new adaptive method for training SVM problems and proved its convergence.
This latter is an enhancement of the primal-dual method [18] for training SVM problems. Our approach is based
on the concept of the support, which generalizes that of the basis in the simplex method and uses the suboptimality
estimate as a stopping criterion. At each iteration, the diminution of the suboptimality estimate is ensured and also
keeps the nonsingularity of the support matrix that is the case for the revised simplex method [48]. In addition,
ASM-SVM allows to change all nonbasic components that is not the case for the simplex method that changes
only the most violated nonbasic variable. This particularity permits to speedup the convergence of the adaptive
method.

Numerical experiments on benchmark datasets demonstrate that the proposed method consistently reduces the
number of iterations while achieving competitive CPU time and identical classification accuracy compared to
state-of-the-art solvers. These results highlight the efficiency and robustness of ASM-SVM for large-scale SVM
training.

As future work, we plan to enhance the scalability of the ASM-SVM algorithm by incorporating caching and
chunking strategies commonly used in decomposition and active-set methods [34, 45]. Furthermore, we intend to
develop a C++ implementation of ASM-SVM to enable a fair and efficient comparison with widely used SVM
solvers, such as LibSVM [15], SVMLight [34], and SVM-QP [47]. In addition, we aim to extend the application
of ASM-SVM to other machine learning tasks such as regression, anomaly detection, and multi-class classification.

Finally, a promising direction for future research would be to extend the proposed ASM-SVM framework to
other SVM formulations, particularly the primal formulation, and to evaluate its performance against state-of-
the-art large-scale optimization methods such as Pegasos [44], stochastic gradient descent (SGD) [10], and dual
coordinate descent methods [31, 21].
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We also intend to investigate a direct multi-class extension of the adaptive support framework, either via
one-versus-one or one-versus-rest strategies, and to report the resulting trade-off between computational cost and
classification accuracy. These enhancements will be accompanied by a standalone C++ implementation to ensure
reproducibility and scalability in production environments.
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