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Abstract In this study, we introduce the conformable fractional derivative, one of the most recent concepts in fractional
calculus. We then employ the conformable fractional Laplace transform (CFLT) to solve a nonhomogeneous conformable
fractional differential equation with variable coefficients, as well as a system of fractional differential equations, as an
application.
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1. Introduction

Fractional calculus is a branch of applied mathematics concerned with derivatives and integrals of arbitrary order.
The concept of fractional derivatives was first introduced more than 300 years ago by L’Hopital and has since
evolved through various definitions, including those of Cauchy, Riemann, Liouville, Griinwald-Letnikov, and,
more recently, Khalil [10].

The importance of fractional calculus has gained significant attention due to its wide range of applications
in various fields, including fluid flow, rheology, diffusion, relaxation, oscillation, anomalous diffusion,
reaction—diffusion systems, turbulence, signal and image processing, diffusive transport phenomena, electrical
networks, viscoelasticity, and many other physical processes [5, 9, 11, 12].

Most nonlinear fractional differential equations do not admit exact solutions; therefore, approximate and
numerical methods are often the most suitable alternatives. Among these are the Adomian decomposition
method, the homotopy perturbation method, the homotopy analysis method, and the differential transform
method [1, 4, 7, 13].

In addition, several analytical methods have been introduced, including the Laplace transform method, Fourier
transform method, vibrational iteration method, and Green’s function method [3, 6, 13].
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Conformable Fractional Derivative

A completely new definition of fractional calculus, which is more influential than preceding definitions of order
a € (0,1]. Also this definition can be generalized to involve any However, the case a € (0, 1] is the most important
one, and the other cases become easy when it is established.

Definition 1.1. [10] Given a function f : [0,00) — R, the conformable fractional derivative of f of order « is
defined by

F(t) = lim ft+et™) - f(t), t>0, ac(0,1]. (1.1)

e—0 3

If f is a-differentiable in some (0, a), a > 0, and 11%1+ f(@)(t) exists, then we define
t—

Fo0) = lim f(¢). (1.2)

t—0+

We write T, (f) for f(®)(t), to denote the conformable fractional derivative of f of order «. If the conformable
fractional derivative of f of order « exists at some ¢, then we say f is a-differentiable at ¢.

In this paper, we present the conformable fractional Laplace transform, which provides an effective tool for
solving complex problems with relative ease. We now introduce some fundamental definitions and properties of
the classical Laplace transform and the conformable fractional Laplace transform.

Also, we present a generalization of conformable fractional Laplace transform derivatives.

2. Basics of Conformable Fractional Laplace Transform (CFLT)

Definition 2.1. [8] Let f : [0,00) — R be a real-valued function and 0 < o < 1.
The conformable fractional Laplace transform of f is defined as:

Lo{f(z)} = Fu(s)
:/O e f(a) do .1

provided the integral exists.

In the following theorem, we present the relation between the usual and conformable fractional Laplace
transform.

Theorem 2.1. [8] Let f : [0,00) — R be a function such that L,{f(x) = F,(s)} exists. Then
Lo Af(@)} = Fa(s) = L{f((az)*)}(s), 0<a<l. (2.2)
Now we display the CFLT for some well-known functions in the following Lemma.

Lemma 2.1. Letk,g e R,m €N, and 0 < a < 1. Then:

(i) Lo{k}(s)=% s>0.
(ii) Ea{xm}(s):am/a%, s> 0.
(iii) Lo {ed® /Y (s) = = s>0.
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Lofsin(qz®/a)}(s) = zfz, s>0.
Lo{cos(qz®/a)}(s) = =z $>0.

Lo{sinh(gz®/a)}(s) = =L=, s> |q|

527q2 bl

Lo{cosh(qz®/a)}(s) = 2=

7 s>ldl-

Comparison for the conformable fractional Natural transform for the derivatives in [16] and in this paper we
used conformable fractional Laplace transform for a new application.

Lemma 2.2. (Conformable fractional Natural transform is denoted by n)
Letk,q e R, m € Nand 0 < a < 1. Then:

(i)
(ii)
(iii)
(iv)
(v)
(vi)

na{k}(s) = %, s>0

na{eqza (S):s—lqu s>0

Ng {sin(qza )} (s) = - —gz2u2’ >0
Ny {cos(%a)} (s) = 2 —|—Sq2u2’ 5>0
N {sinh(%)} (s) = %, s> |q|.
Ny {cosh(%)} (s) = ﬁ, s> ql.

Theorem 2.2. Generalization of (CFLT) of Derivatives

Let f :]0,00) = R be a continuous real-valued differentiable function and 0 < o < 1, then for any integer
number n we have:

Proof

n—1

La{f0 (@)} = " Fals) = s F"70°0), 5>0 @3)

=0

We get the proof using mathematical induction.
Assume that the formula is true for n = 1:

L{f*(x)} = /0 e ¥ (x) dx (Integration by parts)
A

= lim e ¥ fY(x) dx
A—oo Jg

A A
= lim [e*”f(:v)]o + s/ e T f(x)dx
0

A—o0
= (0= f(0)) +sL{f(x)}
— 5F(s) - £(0)

Assume that the formula is true for n and we must prove it for n + 1.

n—1

S0, Lo {f)(2)} = s"Fa(s) — Y &7 f(r=3=D(0), 5> 0is true.

Jj=0
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Now by using definition of CFLT and integration by parts, we get:

sz

Lol fO+D) (4)) = / e pr 0 (g don
0

_ / o sz f(n+1)a(x) 2971 d
0

_ [T e ey gy
0 dx

= [e_saocef”“(x)] —|—/ (x) sz le™ e da
0 0

= —f"0) + 5/ e a f"(z)dyx
0
= —f"*(0) + sLo{f"(x)} (Since the formula is true)

SE5) =Y sf‘f<"j1>“<0>]

=0

=—f"0)+s

Theorem 2.3. Let f, g : [0,00) — R be continuous functions, ,w,p € R, 0 < a < 1. Then:

(i) Ea{éf(x2+wg(x)} =0F,(s) + wGu(s), s>0.
(i) Lo{e ™/ f(z)}(s) = Fa(s +p), s> pl-
(iii) Lo{I*f(2)}(s) = P2 s> 0.

where F,, and G, are the conformable fractional Laplace transform of the functions [ and g respectively.

Proof

(i) Applying the definition (2.1), we have

sz

£aldf (@) wa@)) = [ o [of(0) + gl da

- 5/ xaflf(x)e_%dx—i-w/ xo‘flg(x)e_sz dx
0 0
=0F,(s) + wGa(s)
(i) Using Theorem (2.1), we have

@

px

Lol f@)e T} ) = £ {8 f (@)l }
= £{e" f((ax) )

= ﬁ{f((ax>1/a)}3—>s+p
= Fu(s+p)

(iii) Using Theorem (2.2), we have

Lo{DI*f(x)} = sLa[I* f(x)] — 1% f(0)
where 7 f(0) = 0, then
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O

Theorem 2.4. (Convolution Theorem for CFLT) If f,g have well-defined conformable fractional Laplace
transform Lo {f(z)}, Lo{g(x)} and 0 < o > 1, then

Lo{(f *9)(2)}(s) = Fu(s)Gals), s> 0. 2.4

Theorem 2.5. [3] Let f be continuous on [0,00), and 0 < o < 1. Then F,(s) = Lo{f(x)} has derivatives of all
orders:
xn(x _ " dTL
ST 1@} 0 = (LR, >0 @3
Proof
See [3, 8]. O

3. Applications

In this paper, we apply the CFLT to solve nonlinear fractional differential equations and systems of FDEs with
constant coefficients using the idea of Cramer’s rule.
Problem 1

Consider the nonlinear FDE:

@) = 22a)sin () oo, a1
With the initial condition y(0) = 2.
Solution:
yo(@) _ 2P@)sin (%) y(a)
—y*(x) —y*(x) —y*(z)
@) (2L
= (%) it G2
Let )
R
) = —1 l—a@
(a) y?(z) dx
e _ —1 o
) = ey

Substitution in (3.2)
2%(x) = —2sin <x> + z(x)
!
Applying the CFLT to both sides of equation and using the condition we obtain,

-2

$Z4(8) — 2(0) = 251 + Zo(s)
Zo(8)[s—1]=2— %
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2 2
Za(s)_s—l_(s—l)(SQ—i—l)
2 1 s 1
_371_571+32+1+52+1
1 S 1

s—1+s2—|—1+32—|—1
Applying the CFLIT to both sides of equation to obtain,

z2 ¢ ¢
zlx)=ea 4+cos| — | +sin| —
o a

y(&) = — ! (3.3)

ea +cos (%) + sin (%)

Then, the exact solution is

Problem 2: Consider the following equation of ED.E

)+ 2ul) = os (£
With the initial conditions y*(0) = y(0) = 0.
The solution:
By taking C.F.L.T for both sides and using the initial conditions, we obtain

$2Y,(5) — y*(0) — sy(0) + 2Y,(s) = 22+ 1

(52 +2)Y,(s) =

= ey

Using Partial fraction decomposition, we get

S —S

Yol =y T e

By taking the conformable fractional Laplace inverse transformation (C.F.L.I.T) for both sides for this equation:

ErRRCED)

y(z) = cos <”3:> — cos (ﬁf)

Problem 3: Consider the following system of FDEs

Y.(s) =

Then the exact solution is

YT =Y1 — Y2 + Y3
Y5 =2y1 + Y2 + —ys (3.4)
ys =5y1 — Y2 + —y3

With the initial conditions

Solution:

Stat., Optim. Inf. Comput. Vol. 15, May 2026



T. SALAMEH, G. M. GHARIB, M. ALSAOUDI AND M. A. LABEEB

Let L, {yl} =F, (5) 3 Lo {yQ} =G, (3) , Ly {yS} = H(X(S) .

4283

Applying the CFLT on all the system of fractional differential equation and using the given conditions we get,

sFo(s) —1=1Fy(s) — Go (s) + Hq (5)
$Gq (8) =1 =2F, (s) + G4 (s) — Hy (5)
sHy (s) =1 =5F, (s) — G (8) + Hy ()

The system can be written as:
(s=1)Fu(8)+Go(s) —Hy(s)=1

—2F, (s)+ (s —1)Ga (s) + Ha (s) =
—5F, () + Gy (s) + (s — 1) Hy (s)

Now we use Cramer’s rules to obtain solutions Fy, (s) , G, (s) and H, (s
First, we find Determinant

S

(s—1) 1 ~1
A=| -2 (s—1) 1 =5 —3s%—s
-5 1 (s—1)
Hence
1 1 ~1 2
1 -2
Fa(=5 |1 (5= 1 |=5——"
11 (s=1) STesT TS

(s—1) 1 -1 )

1 §°—s—28
Go(s)=— | -2 1 1 -
A _5 1 (s—1) §3—3s2 —s
Finally, find H,, (s) using Cramer’s rule again.
-1 1 1
| G 52 425 — 8
H,(s) = — ) 1) 1| =
(s) A 5 (s 1 ) 1 §3—3s2—s

Using partial fraction to rewrite F,, (s) , G, (s) and H, (s).

2 —2s s—2
Fa(s) = =
(s) 53 —352 — 5 §2—-3s5—1
3 1
_os=2-3+8  (s—3) -3
= 9 _ 9 2
82—38—1+Z—Z (3_%) _%
I N
= 2 2
-3 -8 -9 %
s2—s—8 8 —T7s+ 23
G - - - -4y =7
o (5) §3—-3s2—5 s s2-3s5—1
8 —Ts+23x 2 8 7s+ 48
s $2-3s—14+92-2 s S_%)z_%
21 |, 25 3 25
_ 8 TTs+5+5 8 . (s—3) n 3
= 2 = ) - 2
% ey -8 e d
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_52+25—8_8 —7s + 26

T3 -3s2—5 s —3s5—1

8 —Ts+ 26 2 _8+—75+21 31

B 2-35—14+9-9 s (5_3)2_%

s, o1 3

:;_7 nZ 13 3\2 13
(5—5)—4 (5—5)—Z

Therefore, we get

Falo) = o m Y oo

s 3 25
Ga(s) = % - 7(8_(§)223g + (573527E
8 3 il
Ha(s):g_’?( 7;)27%4_(572)27%

Applying the CFLIT on all systems we obtain the solution of our problem.
LaHFs (0} = LM St + Lo )
LG, () = £33~ T e + L )
Lo Ha ()} = L35 —7L5 1{(;ﬁ}+ﬁ;l{(3_§%}

Then, the exact solution is

2 «
v () =8 = Ted % cosh (G35 ) & el % sinh (027 ) 6.5
Y2 () — 8 — 7e3*% cosh %% + %e%%smh (%%)

Conclusion

In this work, we deduce the importance of the conformable fractional Laplace transform, which enables the solution
of highly complicated fractional differential equations and systems in a simplified manner, as demonstrated in the
presented problems. Moreover, this fractional transform has numerous applications in physics and engineering,
highlighting its significance and practical value.

Acknowledgment

This research is funded by the Deanship of Research in Zarqa University, Jordan.

REFERENCES

1. M. Abu Hammad, and R. Khalil, Abel’s formula and Wronskian for Conformable Fractional Differential Equations, International
Journal of Differential Equations and Applications, 2014.

2. Z. Al-zhour, F. Alrawajeh, N. Al-mutairi, and R. Alkhasawneh, New results on the conformable fractional Sumudu transforms:
Theories and applications, International Journal of Analysis and Applications, pp. 1019-1033, 2019.

3. A.Atangana, D. Baleanu, and Ahmed Alsaedi, New properties of conformable derivative, Studia Mathematica, vol. 13, pp. 889-898,
2015.

Stat., Optim. Inf. Comput. Vol. 15, May 2026



13.

14.

15.

16.

T. SALAMEH, G. M. GHARIB, M. ALSAOUDI AND M. A. LABEEB 4285

Michele Caputo, and Mauro Fabrizio, A new definition of fractional derivative without singular kernel, Progress in Fractional
Differentiation & Applications, pp. 1-13, 2015.

Varsha Daftardar-Gejji, Fractional Calculus Theory and Applications, Norosa Publishing House Pvt. Ltd., India, 2014.

A. R. Anderson, E. Camrud, and D. J. Ulness, On the nature of the conformable derivative and its applications to physics, Journal
of Fractional Calculus and Applications, vol. 10, no. 2, pp. 92-135, 2019.

G. Gharib, M. Alsoudi, and I. Benkemache, Solving nonlinear fractional Newell-Whitehead Equation by atomic solution, WSEAS
Transactions on Mathematics, pp. 114-119, 2023.

. E S.Silva, D. M. Moreira, and M. A. Moret, Conformable Laplace Transform of Fractional Differential Equations, Journal Axioms,

2018.

M. G. Gharib, M. S. Alsauodi, A. Guiatni, M. A. Al-Omari, and A. M. Malkawi, Using Atomic Solution Method to Solve the
Fractional Equations, Springer Proceedings in Mathematics & Statistics, vol. 418.

R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, A New Definition of Fractional Derivative, Journal of Computational and
Applied Mathematics, vol. 246, pp. 65-70, 2014.

M. G. Gharib, M. Alsoudi, R. Saadeh, W. Al Hakeem, and B. Abujarad, Using Medfield Atomic Solution Method to Solve
Nonhomogeneous Fractional PDE, Springer Proceedings in Mathematics & Statistics, 2023.

R. Saadeh, B. Ghazal, and M. G. Gharim, Applications on Formable Transform in Solving Integral Equations, Springer Proceedings
in Mathematics & Statistics, vol. 418, 2023.

O. Ozkan, and A. Kurt, Conformable Fractional Double Laplace Transform and Its Applications to Fractional Partial Integro-
Differential Equations, Journal of Fractional Calculus and Applications, vol. 11, no. 1, pp. 70-81, 2020.

T. Abdeljawad, On Conformable Fractional Calculus, Journal of Computational and Applied Mathematics, vol. 279, pp. 57-66,
2015.

M. G. Gharib, M. S. Alsaoudi, and M. Abu-Seileek, Conformable Triple Sumudu Transform with Applications, WSEAS Transactions
on Mathematics, pp. 42-50, 2024.

Z. Al-Zhour, N. Al-Mutairi, F. Alrawajeh, and R. Alkhasawneh, New theoretical results and applications on conformable fractional
Natural transform, Ain Shams Engineering Journal, 2021.

Stat., Optim. Inf. Comput. Vol. 15, May 2026



	1 Introduction
	2 Basics of Conformable Fractional Laplace Transform (CFLT)
	3 Applications

