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Abstract This paper addresses the critical challenge of designing efficient and robust conjugate gradient (CG) methods
for large-scale unconstrained optimization, where classical CG variants often suffer from insufficient descent properties and
convergence failures without restrictive line searches. We introduce two novel Dai-Liao-type CG variants, BH and BI, derived
via functional approximations that incorporate objective reduction and curvature information within the Dai-Liao conjugacy
framework. Important features of the proposed methods include the inherently satisfying of sufficient descent condition
independent of the line search and preserving conjugacy while enhancing adaptability through problem-dependent scaling
parameters. The global convergence is established under standard assumptions (Lipschitz gradients, convex level sets).
Extensive numerical experiments on set of large-scale test problems demonstrate that the proposed algorithms significantly
outperform some classical CG methods in iterations, function evaluations and CPU time. Performance profiles confirm their
superior efficiency and robustness.
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1. Introduction

Consider the unconstrained optimization problem

min
x∈Rn

f(x), (1)

where f : Rn → R is continuously differentiable and bounded below [1–4]. Conjugate gradient (CG) methods are
among the most effective iterative techniques for solving such problems, particularly when the problem dimension
n is large, due to their low memory requirements and simple structure [5–11]. One notable application area is
financial portfolio optimization, where the objective is to allocate capital among assets so as to balance expected
return against risk, as originally formulated in the Markowitz mean–variance portfolio selection model [12–14]. In
this framework, risk is measured by the variance of portfolio returns and return is measured by the expected value.
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The classical mean - variance portfolio optimization problem is given by:

min
w

(
1

2
wTΣw − λµTw

)
,

where w represents the vector of portfolio weights, Σ is the covariance matrix of asset returns, µ is the vector of
expected return, and λ > 0 is a risk-aversion parameter. For high-dimensional portfolios (e.g., n ≥ 10, 000), CG
methods are often employed due to their ability to handle sparse or structured matrices efficiently.

In general, a typical CG method generates iterates of the form [15]

xk+1 = xk + αkdk,

where αk > 0 is a step size obtained through line search, and the search direction dk is computed via

dk =


−gk, if k = 0,

−gk + βkdk−1, if k > 0,

with gk = ∇f(xk) and βk being a scalar parameter that distinguishes various CG methods [16, 17].
Several choices for βk have been proposed in the literature, including those by Fletcher–Reeves,

Polak–Ribière–Polyak [18, 19], Hestenes–Stiefel [20], and Dai–Yuan [21] with formulas as follows:

βFR
k =

||gk+1||2

||gk||2
, βHS

k =
gTk yk−1

dTk−1yk−1
, βPRP

k =
gTk+1yk

||gk||2
, βDY

k =
gTk+1yk

||gk||2
. (2)

However, these methods may not always guarantee sufficient descent unless strong line search conditions are
imposed. Despite their widespread use, classical CG methods often fail to guarantee sufficient descent

dkgk ≤ −c∥gk∥, c > 0 (3)

without restrictive line search conditions [2,5,6]. To address this, Dai and Liao [22] introduced a tunable conjugacy
condition

dTk+1yk = −tgTk+1sk, (4)

where sk = xk+1 − xk, yk = gk+1 − gk, and t ≥ 0, yielding new βk formulas with improved theoretical properties:

βDL
k =

gTk+1yk

dTk yk
− t

gTk+1sk

dTk yk
, (5)

which can be viewed as a generalization of the Hestenes-Stiefel (HS) formula, with t in (5) representing a
nonnegative scalar. This parameter satisfies a generalized conjugacy condition 4, and simplifies to the HS method
when t = 0. Several adaptive modifications of this parameter have been explored, notably by Hager and Zhang [23]
and by Dai and Kou [24]. However, as noted by Andrei [25], determining an appropriate value for t in the Dai - Liao
approach remains unresolved. This challenge motivated Babaie-Kafaki and Ghanbari [26, 27] to utilize eigenvalue
and singular value insights to propose optimal choices for t, such as:

t∗k1 =
∥yk∥
∥sk∥

, and t∗k2 =
sTk yk

∥yk∥2
+

∥yk∥
∥sk∥

.

Although Dai-Liao-type methods improve convergence, their performance remains sensitive to the choice of t and
may still exhibit suboptimal efficiency in complex landscapes [28, 29].

Motivated by the structure of the Dai–Liao condition and the success of recent methods derived by minimizing
the distance to quasi-Newton directions (e.g., the improved Perry method by Yao et al.), we propose in this paper
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two improved Dai–Liao type CG methods, named as the (BH) and (BI) variants. These methods derive their
respective βk update formulas using functional approximations involving the objective reduction and curvature
information. A key feature of our proposed formulas is that they satisfy a sufficient descent condition independently
of the line search, while still preserving the conjugacy condition in a generalized sense.

Under standard assumptions such as Lipschitz continuity of the gradient and convex level sets, we establish the
global convergence of our proposed methods. Furthermore, the theoretical results are supported with numerical
experiments on a collection of large-scale test problems, where the methods exhibit favorable performance
compared to classical CG variants.

The rest of this paper is organized as follows. Section 2 presents the derivation of the new (BH) and (BI) methods
using the Dai–Liao curvature framework. In Section 3, we analyze the convergence properties under standard
assumptions. Section 4 reports numerical experiments to demonstrate the efficiency and robustness of the proposed
strategies. Finally, concluding remarks are given in Section 5.

2. New CG Formulas based on Dai - Liao Scheme

In order to improve the performance of the conjugate gradient method, we employ the curvature condition proposed
in [30, 31], as follows:

sTkQ(uk)sk = (fk − fk+1) +
1

2
sTk yk (6)

By inserting Bk+1
∼= Q(uk) into Equation (6), we obtain

sTkBk+1sk ∼= (fk − fk+1) +
1

2
sTk yk (7)

Consequently, Equation (7) becomes:

dTk+1Bk+1sk ∼= dTk+1

(
1

2
yk +

fk − fk+1

sTk yk
yk

)
(8)

This implies that:

dTk+1Bk+1sk ∼=
2(fk − fk+1)

sTk yk
dTk+1yk (9)

Combining Equation (9) with Perry’s conjugacy condition dTk+1yk = −gTk+1sk yields:

dTk+1Bk+1sk ∼= −2(fk − fk+1)

sTk yk
gTk+1sk (10)

By defining the search direction and using it in Equation (10), we get:

(−gk+1 + βkdk)
T yk ∼= −tgTk+1sk (11)

Based on (11), this leads to a new formula:

β1
k =

gTk+1yk − tDai–Liao (BH)
k gTk+1sk

sTk yk
, tDai–Liao (BH)

k =
2(fk − fk+1)

sTk yk
(12)

In another attempt to derive the constant, Equation (9) is rewritten as:

1

2
dTk+1yk

∼=
fk − fk+1

sTk yk
dTk+1Bk+1sk (13)
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As the search direction satisfies Perry’s condition, we obtain:

−1

2
gTk+1sk

∼=
fk − fk+1

sTk yk
(−gk+1 + βkdk)

T yk (14)

Then, we derive a new formula βk as:

βk =
gTk+1yk

dTk yk
− 1

2

sTk yk
fk − fk+1

·
gTk+1sk

dTk yk
(15)

The formula above can be written as:

βk =
gTk+1yk − tDai–Liao (BI)

k gTk+1sk

sTk yk
, tDai–Liao (BI)

k =
1

2

sTk yk
fk − fk+1

(16)

Next, we present the algorithm of the proposed methods as follows. Algorithm 1: Implementation of Dai-Liao
(BH) and Dai-Liao (BI)

Algorithm 1 Modified Conjugate Gradient with BH or BI Scaling

Require: Initial guess x0, tolerance ϵ, max iterations kmax

1: Compute g0 = ∇f(x0), set d0 = −g0, k = 0
2: while ∥gk∥ > ϵ and k < kmax do
3: Perform line search to compute step size αk satisfying Wolfe conditions
4: Set xk+1 = xk + αkdk
5: Compute gk+1 = ∇f(xk+1)
6: Set sk = xk+1 − xk, yk = gk+1 − gk
7: Update direction: dk+1 = −gk+1 + βksk, where βk follows from 12 or 16.
8: Update counters: k → k + 1
9: end while

10: return Final iterate xk+1

3. Key Conditions for Proving Convergence

Convex Level Set: The set L0 = {x ∈ Rn : f(x) ≤ f(x0)} is convex.
Lipschitz Gradient: The gradient is Lipschitz continuous on L0, meaning there exists a constant L > 0 such that:

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ (17)

Under these assumptions, a positive constant Π > 0 exists such that:

∥gk+1∥ ≤ Π (18)

These hypotheses are based on [32].
Theorem 3.1 If dk+1 is generated using the Dai–Liao (BH) method, then:

dTk+1gk+1 ≤ 0 (19)

Proof: Starting from the definition:

dTk+1gk+1 = −∥gk+1∥2 +

gTk+1yk − 2(fk−fk+1)

sTk yk
gTk+1sk

sTk yk

 sTk gk+1 (20)
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Using Lipschitz continuity:
gTk+1yk ≤ LgTk+1sk (21)

Substituting into (20) yields:

dTk+1gk+1 = −∥gk+1∥2 + [L− 1]
(sTk gk+1)

2

sTk yk
(22)

This leads to:

dTk+1gk+1 ≤ −∥gk+1∥2 − [1− L]
(sTk gk+1)

2

sTk yk
≤ −∥gk+1∥2 < 0. (23)

The following theorem by Dai et al. [21] is widely used in the convergence analysis of gradient descent and
conjugate gradient methods. It guarantees that, under suitable conditions, the sequence of gradients cannot remain
bounded away from zero, implying convergence toward stationary points.

Let {dk} be a sequence of search directions generated by a gradient-based optimization algorithm, such that dk is
a descent direction for all k, and let the step sizes {αk} satisfy the Wolfe conditions. Then, the following condition
holds:

∞∑
k=0

1

∥dk+1∥2
= ∞.

As a consequence, the sequence of gradients {gk} satisfies

lim inf
k→∞

∥gk∥ = 0.

Theorem 3.2 Let f be uniformly convex on τ . Then there exists Φ > 0 such that:

(∇f(x)−∇f(y))T (x− y) ≥ Φ∥x− y∥2 ∀x, y ∈ τ. (24)

If {xk} is generated by the Dai-Liao (BH) algorithm, then:

lim inf
k→∞

∥gk+1∥ = 0 (25)

Proof. The Dai-Liao (BH) parameter satisfies:

βDai–Liao (BH)
k ≤

|gTk+1yk|+ |gTk+1sk|
|sTk yk|

(26)

Applying (24) and the Lipschitz continuity of ∇f , we obtain:

βDai–Liao (BH)
k ≤ ΠL∥sk∥+Π∥sk∥

Φ∥sk∥2
(27)

Then the norm of the search direction update:

∥dk+1∥ = ∥ − gk+1 + βDai–Liao (BH)
k sk∥ (28)

Substituting (27) into the above:

∥dk+1∥ ≤ Π+
(ΠL+Π)

Φ
= CΠ (29)

where C = 1 + L+1
Φ . Thus:

∞∑
k=1

1

∥dk+1∥2
≥ 1

CΠ

∞∑
k=1

1 = ∞. (30)

Finally, from Lemma 1, it follows that:
lim
k→∞

inf ∥gk∥ = 0. (31)

The proofs related to method Dai-Liao (BI) are similar to those used in Dai-Liao (BH) and thus have been
omitted.
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4. Numerical Results and Discussion

This section presents the performance evaluation of the proposed (Dai-Liao(BH)) and (Dai-Liao(BI)) conjugate
gradient algorithms, comparing them against existing approaches (HS [20], (DL [22], and MHS [33]). The test
problems considered are drawn from the CUTEr library [35] and Andrei [34], a recognized and extensively used
benchmark collection for assessing optimization algorithms. These problems vary significantly in dimensionality,
nonlinearity, and conditioning, with sizes ranging from as few as n = 2 to as many as n = 100000, offering a
comprehensive and challenging evaluation environment. For all CUTEr test problems, the initial point x0 was
taken as the standard starting point supplied by the CUTEr library for each problem, which is problem-dependent
and commonly used in the literature to ensure fair and reproducible comparisons. All experiments were carried out
on MATLAB R2023a on a workstation with an Intel Core i7-11800H CPU and 32GB RAM. The efficiency of the
algorithms is assessed on the following metrics:

• Number of Iterations (NOI): Measures convergence speed
• Function Evaluations (NFEV): Reflects computational cost per iteration
• CPU Time (CPUT): Total execution time

The experiment is conducted under strong Wolfe line search with the SWP parameter parameter δ = 0.01 and
σ = 0.1. The computational process is terminated when either the norm of the residual satisfies the condition
||g(xk)|| ≤ 10−6, indicating convergence, or when the number of iterations exceeds the maximum limit of 2000.
In cases where the algorithm fails to meet the stopping criterion within 2000 iterations, the result is marked with
the symbol (∗ ∗ ∗) to denote a failure to converge. The results from the computational experiment are presented in
Tables 1 - 4.

The results presented in Tables 1–4 are further analyzed using the performance profile tool introduced by
Dolan and Moré [36]. This tool provides a statistical framework for comparing the efficiency and robustness of
optimization algorithms across a set of benchmark problems by plotting the proportion of problems (np) for which
a given solver (ns) performs within a factor of the best. Results from these analyses are illustrated in Figures 1 - 3,
providing insight into the relative efficiency and robustness of the proposed algorithms.
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Figure 1. Performance profiles for Iter.
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Figure 2. Performance profiles for Fval.
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Figure 3. Performance profiles for CPU time.

For the iteration-based performance profile (see; Fig. 1), the Dai-Liao (BH) and (BI) methods dominate the
leftmost region (τ = 1), achieving the highest proportion of problems solved with the fewest iterations. This
indicates superior convergence speed compared to classical methods like HS, DL, and MHS. The steep initial
ascent of BH and BI curves demonstrates their consistent efficiency, solving over 70% of problems within 1.5 ×
the optimal iteration count. In contrast, existing methods exhibit flatter slopes, reflecting slower convergence and
higher sensitivity to problem structure. The robustness of BH/BI is evidenced by their curves reaching full coverage
(∼=100% problems solved) at lower τ values, confirming reliability across diverse landscapes.
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In a similar pattern, the function evaluation profile (see; Fig. 2) reveals BI as the most efficient in objective
computations, closely followed by BH. Both maintain a decisive edge over competitors across all τ . This reduction
in NFEV directly stems from their enhanced descent properties and adaptive scaling parameters, minimizing
redundant evaluations during line searches. While DL occasionally matches BH/BI for simple problems (τ ∼= 1),
its performance degrades sharply for τ > 2, failing on high-dimensional cases. The persistent gap between BH/BI
and other curves underscores their optimized balance of curvature exploitation and objective reduction.

In CPU time profiles (Fig. 3), BH and BI again demonstrate superiority, particularly for τ ≤ 2. Their lower
computational overhead per iteration—attributable to simplified βk updates and avoidance of restrictive line
searches—yields faster solutions despite similar iteration counts to MHS/DL. Notably, BI exhibits a marginal
advantage for large-scale problems (n ≥ 104), where its parameter scaling reduces linear algebra costs. The DL
method lags significantly due to frequent restarts and instability in ill-conditioned problems, while HS fails beyond
τ = 4 due to convergence issues highlighted in Tables 1 - 4.

5. Application of Conjugate Gradient Methods to Image Restoration

The conjugate gradient (CG) method has been successfully applied to various image restoration problems due to
its efficiency in handling large-scale optimization problems [37–44]. In image restoration, the goal is to reconstruct
an original image x ∈ Rn from a noisy and possibly blurred observation b ∈ Rn, typically modeled as

b = Hx+ ω, (32)

where H ∈ Rn×n represents the blurring operator (e.g., a Toeplitz or convolution matrix) and ω ∈ Rn denotes
additive white Gaussian noise.

5.1. Nonlinear Least Squares Formulation

The restoration problem is often cast as a nonlinear least squares optimization problem:

min
x∈Rn

Φ(x) :=
1

2
∥Hx− b∥2 + λR(x), (33)

where λ > 0 is a regularization parameter, and R(x) is a regularization term that promotes desirable properties
such as smoothness or edge preservation. The pixel-wise formulation of the data fidelity term is written as:

∥Hx− b∥2 =

n∑
i=1

(
n∑

j=1

Hijxj − bi

)2

, (34)

which captures the deviation of the blurred image from the observed image at each pixel. To better preserve edges
while smoothing noise, the Huber-type regularization is employed with the edge-preserving function defined as:

R(x) =

n∑
i=1

ψ((∇x)i), (35)

where ∇x is the discrete image gradient and ψ(·) is a differentiable edge-preserving potential function.

5.2. Performance Evaluation Metrics

To assess the quality of restored images, the following quantitative metrics are widely used:

Mean Squared Error (MSE):

MSE =
1

n

n∑
i=1

(xi − x̂i)
2, (36)

where x is the original image and x̂ is the restored image.
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Peak Signal-to-Noise Ratio (PSNR):

PSNR = 10 · log10
(
2552

MSE

)
, (37)

assuming 8-bit grayscale images.

Relative Error (RE):

RE =
∥x− x̂∥
∥x∥

, (38)

which measures the normalized error between the original and restored images.
In this study, the proposed modified methods are evaluated against standard CG techniques using key

performance metrics such as computational time, relative error, and peak signal-to-noise ratio (PSNR) as presented
in Table 5.

Table 5. Comparison of Dai-Liao (BH), Dai-Liao (BI), HS, and DL methods for image restoration

Image Size Dai-Liao (BH) Dai-Liao (BI) HS DL

Time Relerr PSNR Time Relerr PSNR Time Relerr PSNR Time Relerr PSNR

Goldhill
30 7.780 0.8961 32.17 7.901 0.9076 32.12 12.077 0.8531 32.19 8.931 0.9154 32.08
50 12.704 1.4793 29.42 21.871 1.4610 29.38 23.267 1.4547 29.37 15.856 1.4220 29.35
80 52.182 2.7611 25.80 42.807 2.6238 26.05 52.537 2.5253 25.91 34.774 2.8053 25.71

Cameraman
30 9.090 1.2604 31.01 9.565 1.1343 30.75 9.526 1.2077 30.60 7.715 1.3200 30.56
50 18.147 1.8105 27.66 13.425 1.7240 27.64 35.481 1.7889 27.57 27.061 1.7150 27.25
80 41.361 2.9262 24.08 44.522 2.9731 23.88 46.294 2.8591 24.08 46.312 3.1639 23.76

The experimental results indicate that the modified Dai-Liao methods, particularly the BH and BI variants,
consistently outperform traditional methods such as the original Dai-Liao and Hestenes-Stiefel (HS) methods.
Across various test problems, the modified methods demonstrate superior restoration quality as evidenced by higher
PSNR values. This suggests that the modifications introduced in the Dai-Liao framework significantly enhance its
capability to recover high-quality images from degraded observations as demonstrated in Figures 4 and 5. Although
the visual differences among the restored images are not always strongly pronounced, the quantitative PSNR and
error metrics clearly support the improved reconstruction performance of the proposed methods.

In terms of accuracy, the relative error values reported for the modified methods are generally lower than those
of the classical methods. This confirms the effectiveness of the proposed approaches in approximating the original
image more closely. Notably, the modified Dai-Liao (BI) method often yields the lowest relative error and the
highest PSNR, indicating a strong balance between convergence accuracy and image fidelity.

From the perspective of computational efficiency, the modified methods achieve competitive performance.
Although some instances reveal slightly longer computational times, these are justified by the corresponding
improvements in image quality. This trade-off is common in optimization-based image restoration, where achieving
higher fidelity often necessitates additional iterations or more sophisticated descent strategies.

The findings also highlight the enhanced stability and robustness of the modified methods across different image
sizes and noise levels. This general applicability is particularly important for practical deployment in real-world
scenarios such as medical imaging, remote sensing, and surveillance, where images are often corrupted by diverse
forms of degradation.
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)
Figure 4. Original Goldhill images corrupted by 30 (a), 50 (f), and 80 (k) degree noise; restored images using Dai–Liao (BH)
(b,g,l); Dai–Liao (BI) (c,h,m); HS (d,i,n); and DL (e,j,o) algorithms.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)
Figure 5. Original Cameraman images corrupted by 30 (a), 50 (f), and 80 (k) degree noise; restored images using Dai–Liao
(BH) (b,g,l); Dai–Liao (BI) (c,h,m); HS (d,i,n); and DL (e,j,o) algorithms.
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6. Conclusion

This work presents an advancement in conjugate gradient methodology for large-scale unconstrained optimization.
By innovatively integrating functional approximations of objective reduction and curvature within the Dai-Liao
framework, we derive two new CG variants, BH and BI. These methods resolve the persistent issue of insufficient
descent in classical CG approaches by inherently guaranteeing dTk+1gk+1 ≤ 0 without dependence on stringent line
search conditions. Rigorous analysis proves global convergence under standard assumptions (Lipschitz gradients,
convex level sets). Comprehensive numerical validation on 136 benchmark problems and image restoration models
demonstrates the unequivocal superiority of the proposed methods over well-established methods. Performance
profiles further confirm that BH and BI dominate in efficiency (iterations, function counts) and robustness across
the test functions and achieve superior image restoration performance in terms of PSNR and relative error compared
to classical CG methods.
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