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Abstract Nonparametric regression modeling has commonly applied a single estimator to all predictor variables. Although
this approach is straightforward, it can be overly restrictive because predictors often exhibit heterogeneous relationships with
the response variable, including linear trends, smooth nonlinear patterns, abrupt changes, or localized variations. Using a
uniform estimator may therefore limit model flexibility and reduce predictive accuracy. To overcome this limitation, this
study investigates a Mixed Truncated Spline—Gaussian Kernel Estimator, which allows each predictor to be modeled using
the estimation technique most appropriate to its underlying data structure. The main objective of this research is to compare
the performance of three smoothing parameter selection criteria, namely Cross-Validation (CV), Unbiased Risk (UBR), and
Generalized Cross-Validation (GCV). These criteria are employed to determine optimal smoothing parameters, including the
number and locations of knots in the truncated spline component and the bandwidth in the Gaussian kernel component. The
empirical analysis is conducted using health-related data on heart disease risk factors, a domain characterized by complex and
potentially nonlinear relationships. The results indicate that models incorporating three knot points consistently outperform
alternative specifications. This superior performance is reflected in lower values of Mean Squared Error (MSE) and Mean
Absolute Percentage Error (MAPE), as well as higher coefficients of determination (R?). Among the selection criteria
examined, GCV yields the most accurate and stable model, outperforming both CV and UBR. From a methodological
perspective, this study contributes to nonparametric regression by providing a systematic evaluation of smoothing parameter
selection within a mixed estimator framework. From an applied standpoint, the proposed approach enhances the modeling
of heart disease risk factors by offering greater flexibility and precision. Furthermore, the findings support Sustainable
Development Goal (SDG) 3: Good Health and Well-Being by promoting robust, data-driven methods for evidence-based
health policy formulation.
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1. Introduction

To date, most nonparametric regression modeling approaches have relied on a single type of estimator for all
predictor variables. This approach may lead to substantial limitations, as each predictor can exhibit distinct data
pattern characteristics, such as linear relationships, smooth nonlinear trends, abrupt structural changes, or localized
fluctuations. Imposing a single estimator across all predictors may reduce model flexibility and hinder its ability to
optimally represent complex relationships between the response variable and its predictors.

To address these limitations, Budiantara et al. (2015) introduced the concept of a mixed spline—kernel estimator
for a single predictor [1], which was subsequently extended to the multivariate setting by Ratnasari et al. (2016)
[2]. Further developments by Dani et al. (2021) demonstrated, using simulation data, that mixed spline—kernel
estimators provide superior performance and greater flexibility compared to single-estimator approaches [3].
In general, mixed estimators in nonparametric regression combine multiple types of estimators, allowing each
predictor to be modeled according to its inherent data pattern characteristics [4, 5].

Several previous studies have examined mixed estimators based on two components such as spline—Kernel [1, 6,
7], spline—Fourier series [8—10], and kernel-Fourier series [11-13] and have reported improvements in modeling
performance. Nevertheless, research on smoothing parameter selection for mixed estimator models, particularly in
real-world applications, remains relatively limited. This is a critical issue, as the selection of smoothing parameters
such as knot locations in spline components and bandwidths in kernel components plays a decisive role in
determining estimation quality.

In the context of smoothing parameter selection, Generalized Cross-Validation (GCV), as proposed by Wahba,
has been widely adopted and has demonstrated strong performance across various mixed estimator models [14].
In addition to GCV, Cross-Validation (CV) and Unbiased Risk (UBR) are also commonly used, each possessing
distinct characteristics, advantages, and limitations [15—17]. While previous studies generally report the superiority
of GCV in simulation settings, comparative analyses of CV, UBR, and GCV using real-world application data
remain scarce.

Therefore, this study conducts an in-depth investigation of a mixed truncated spline—Gaussian kernel estimator
applied to health data, with a specific focus on heart disease as one of the leading non-communicable diseases. The
novelty of this research lies in the comprehensive comparison of three model selection criteria CV, UBR, and GCV
for the simultaneous determination of optimal smoothing parameters. This approach is expected to yield models
that are more accurate, stable, and capable of effectively capturing complex relationships among health risk factors.

Beyond its methodological contributions, this study also supports the achievement of the Sustainable
Development Goals (SDGs), particularly SDG 3: Good Health and Well-Being, by providing a more flexible and
accurate statistical modeling framework for analyzing factors influencing heart disease. The findings are expected
to serve as valuable evidence for more effective health policy formulation aimed at the prevention and control of
non-communicable diseases.

2. General Methods

2.1. Nonparametric Regression Mixed Estimators

A mixed estimator in nonparametric regression is a multipredictor nonparametric regression model with
an additive regression structure, in which the regression curve is approximated by two or more types of
nonparametric estimators. This approach allows each predictor component to be modeled using the estimator
that is most appropriate for the underlying data pattern characteristics. Budiantara et al. (2015) introduced an
additive nonparametric regression model with two predictor components, where the first predictor component
is approximated using truncated spline regression, while the second predictor component is approximated using
kernel regression [1].

Suppose that a set of paired observations {(z1;, %2, ¥:), ¢ =1, 2, ..., n)}, is given, where the relationship
between the response variable y; and the predictor variables follows the nonparametric regression model specified
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2 MODEL SELECTION CRITERIA CV, UBR, AND GCV FOR A MIXED ...

in Equation (1).

vi = f(x1i, x2i)+ € (D

Here f(.) denotes an unknown regression function that is assumed to be smooth, in the sense that it is continuous
and differentiable. The random error term ¢; is assumed to follow a normal distribution with zero mean and variance
o2, that is £; ~ N(0, o%). Furthermore, the regression function f(.) is assumed to have an additive structure and
can therefore be expressed as shown in Equation (2) [18].

f(x1i, @2i) = fi(w1s) + fa(22:) )

Here fi(.) and fo(.) are smooth functions, each approximated using a different nonparametric estimator
according to the characteristics of the data. The primary challenge in mixed nonparametric regression lies in
determining the most appropriate combination of estimators for each predictor component, as well as in selecting
optimal smoothing parameters that control the degree of smoothness of the regression curves, such as knot locations
in the spline component and bandwidths in the kernel component. Inappropriate choices of estimator combinations
and smoothing parameters may result in overly smooth models (oversmoothing) or excessively fluctuating curves
(undersmoothing), thereby reducing estimation accuracy and predictive performance.

2.2. Mixed Truncated Spline—Gaussian Kernel Estimator

The initial step is to define the Mixed Truncated Spline—Gaussian Kernel Estimator model. Suppose
that paired data are observed with p predictor variables associated with the spline component and g
predictor variables associated with the kernel component, such that the data can be represented as
(214, -y Zpiy Viis ---» Vgi, ¥;) fori=1,2, ..., n).Itis assumed that the relationship between the predictor
variables (z1;, ..., Zpi, V1i, ..., Uq;) and the response variable (y;) follows a mixed nonparametric regression
model based on a spline—kernel estimator [7, 19].

vi = (2105 22i5 ooy 2Zpi) + M(v1i, V2, oo, Vgi) +E; 3)

Based on Equation (3) and the functional forms of the spline and kernel components, Equation (3) can be
simplified and expressed as Equation (4).

yi = p(zi, vi) +& 4)

where:

p q
plzi vi) =Y fi(z0) + Y has(vsi)
j=1 s=1

Equation (4) can be represented in matrix form as shown in Equation (5).
y=Z(K)y + D(a)y +e 5)

where:

P
Z(K)p = f(z1, 22, o5 2p) = 3 £5(25),
j=1

_ - [ 3]
b1 fi(z1) 5
: D Fi(z) '
ij(zj) = ’ 1,j = [Zo Zy(K1)  Z3(K) - Zp(K,)| |02
=1 :
> filzim) | A
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The kernel function W,,_, represents a weighting function, and its functional form indicates the use of a Gaussian

kernel in Equation (8).

Ka(vs - vsi)
Wa i \Usi) = n 3 3
oo (0si) % Zi:l Ko (vs — vsi) ®)

where:
1 s — Usi
Ko(vs —vg) = —K (u> .
«Q Q

In general, the elements of the matrix D(a)y in Equation (7) can be expressed in Equation (9) as follows.
() = £ 5" W (v ©)
as s1) — n — Qgq S yl'
For s = 1, the kernel estimator in Equation (9) can be written as:

R 1 <&
hal(vu) = - Z Wali(vli)yi-
=1

n-

This expression can be represented in matrix form as:

ilal(vl) = D(al)%

iLal(vll)
~ ilozl(vl2)
hai(v1) = _ :
_iLal(vln)_
%Wan (vll) %Wa12 (’011) %Waln (Ull)
1 1 1
Do) — Wa (V1i2) 5 Way, (vi2) wWar, (v12)
_%Wau (Uln) %Wau (V1n) %Wam (vln)_
Using the same procedure for s = 2, 3, 4, ..., g, the kernel estimators for the remaining predictor components
can be written as:
BOLZ(’UZ) = D(a2)y7 fLa3(’U3) - D(CYS)’!Ja iLa4(’U4) - D(a4)ya ey i"qu(vq) = D(aq)y (]O)
Equation (6) can be obtained as the sum of the matrices D(a,)y, for s =1, 2, 3, ..., ¢, as expressed in
Equation (11).
q
D(a)y =Y D(a.)y = [D(a1) + D(a2) + ... + D(ag)] y. (11

s=1
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The parameter estimates of 1y can be obtained using the Least Squares (LS) method based on Equation (5). The
LS approach seeks to obtain estimators by minimizing the sum of squared errors, such that the error term can be
expressed as shown in Equation (12).

e={I-D(a))y - Z(K)¢ (12)
The sum of squared errors is expressed in Equation (13).
Q| K, a) = (I -D(a)y|* ~ 29" Z(K)" (I - D(a))y + 9" Z(K)" Z(K)y (13)

To obtain the estimate of 1), the partial derivative of Equation (13) with respect to 1 is taken as follows in
Equation (14):
QY| K, a)
o

The resulting partial derivative is then set equal to zero, yielding the estimator of v as presented in Equation

(15).

=—2Z(K)" (I - D () y+2Z(K)" Z(K)y. (14)

%= (Z2(K)"Z(K))"" (Z(K))" (I-D(a)y (15)
Equation (15) can be simplified and expressed as Equation (16).
P =A(K, o)y (16)
where:

A(K, o) = ((2(K)"2(K) " (Z(K))" (I - D (@))).

The truncated spline estimator has been previously defined as Z§:1 Jj(z5) = Z(K), therefore, by obtaining
the estimator of v from the Mixed Truncated Spline—Gaussian Kernel Estimator model, it follows that:

ij(zj) = Z(K)¢ = R(K, a)y.

Let the matrix:
R(K, o) =Z(K) (A(K, o).

By assuming that both estimators are additive, the resulting estimator can be expressed as shown in Equation

(17).

— B(K, a)y (17)
where
B(K, o) = R(K, a) + D(a).

The matrix B(K, «) depends critically on R(K, «), which represents the truncated spline estimator component
with knot locations Ki, Ko, ..., K,,, and on D(a), which corresponds to the Gaussian kernel estimator
component with bandwidth parameter.
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2.3. Smoothing Parameter Selection Criteria
2.3.1 Cross-Validation

Cross-Validation (CV) is a method developed by Craven and Wahba. The original CV formulation proposed by
Craven and Wahba was limited to single-estimator models [20]. One of the main advantages of the CV method is
that it does not require prior knowledge of the error variance o2. Furthermore, the CV method can also be applied
to mixed estimator models [21].

Let y = (y1, ¥2, ..., yn)T € R™ denote the response vector generated from the mixed nonparametric
regression model. Let the fitted response be written in linear smoothing form in Equation (17), where B(K, «) €
R™ ™ is the hat matrix depending on the knot configuration K for the truncated spline component and the
bandwidth parameter « for the Gaussian Kernel component.

The leave-one-out fitted value for the i—th observation, denoted by U(—i) is obtained by excluding the i—th
observation from the estimation process. For linear smoothers, it can be shown that:

Ui — Bii(K, a)y;
1— .B“([(7 Oé)

Y-y =
Hence, the leave-one-out residual can be expressed as:

e Yi~ Ui
yl y(fl) ]_—B”(K7 a)

Substituting B;; (K, «) = R;(K, )+ D;;(«), the Cross-Validation (CV) criterion for the mixed estimator is
defines in Equation (18).

CV(K, &)= [yi — -0’
=1

1 i — Ui
n = [(1-[Ri(K, a) + Dii(a)))
where
Yi : the observed i—th response variable
Ui : the estimated i—th response variable obtained from the mixed estimator model

The CV formula presented in Equation (18) represents a modification tailored to mixed estimator models. It
can be observed that the CV method assigns different weights to each observation according to its contribution
to the model. The matrix B(K, «)) can be obtained from Equation (17), where B(K, «) depends strongly on
the truncated spline and Gaussian kernel component matrices. The estimated response value (g;) is obtained from
the nonparametric regression model using the mixed estimator. The smallest CV value corresponds to the optimal
selection of knot locations and bandwidth parameters.

2.3.2 Unbiased Risk (UBR)

The Unbiased Risk (UBR) method can be used to determine optimal smoothing parameters when information
on the error variance ¢ is available or when o2 is known [22]. This method was introduced by Wang and was
originally limited to single-estimator models [23]. A modified UBR formulation suitable for mixed estimator
models can be expressed as shown in Equation (19).

o? 2
UBR(K, «a) = nil{H(In —(R(K, o)+ D () y|* + Ztrace[In — [R(K, o) + D (a)]]

2 (19)

n %trace[[R(K, a) + D (a)]]Q}
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An estimate of o2 can be obtained using the following formula:

52— I = (R(K, a) + D () ylI*
tracel|(I, — (R(K, a) + D (a))) y|?

where
I, : n x n Identity matrix

The minimum UBR value corresponds to the optimal selection of knot locations and bandwidth parameters.

2.3.3 Generalized Cross-Validation (GCYV)

The Generalized Cross-Validation (GCV) method is a generalization of the CV approach and was developed
by Wahba [14, 24]. The original GCV formulation proposed by Wahba was limited to single-estimator models.
Similar to the CV method, GCV does not require prior knowledge of the error variance o2. The GCV method can
also be applied to mixed estimator models. Defines the residual vector:

€=y—g= (In_B(K7 a)y) =1I, - [R(K’ Oé) + D(a)]y
and the residual sum of squares:
RSS(K, a) = |le|* = |(I, — B(K, a)y)|* = [|[I. - [R(K, a) + D ()] ]’

The mean squared error is given by:

1 1 o X
MSE(K, a) = ~RSS(K, a) =~ > (i — i)’

=1

A modified GCV formulation suitable for mixed estimators can be expressed as shown in Equation (20).

- MSE(K, «)
GCV(K, a) = 2
; l(i trace(l, — [R(K, «) + D (a)]]) ]
- [ nSr (i —9i)° 2] 20)
(trace[I, — [R(K, ) + D (a)]])
where
I, : n x n Identity matrix

The GCV formula presented in Equation (20) represents a modification specifically adapted for mixed estimator
models. The GCV method can be interpreted as a weighted version of CV in which equal weights are assigned to all
observations [25]. The minimum GCV value corresponds to the optimal selection of knot locations and bandwidth
parameters [26].

2.4. Model Performance Evaluation

The performance of the model in this study is evaluated using the Coefficient of Determination (R?), Mean
Squared Error (MSE), and Mean Absolute Percentage Error (MAPE). These measures are employed to assess the
model’s ability to explain data variability as well as its predictive accuracy.

The Coefficient of Determination (R?) measures the proportion of the variability in the response variable that
can be explained by the model and is defined as shown in Equation (21).

n -2
R2=1- Z:%n:l(y—l_yl) 21
> it (Wi — )2 @D

Stat., Optim. Inf. Comput. Vol. x, Month 202x



8 MODEL SELECTION CRITERIA CV, UBR, AND GCV FOR A MIXED ...

Here, y; denotes the i—th observed value, g, represents the estimated value obtained from the mixed estimator
model, and 7 is the mean of all observed values [27].

The Mean Squared Error (MSE) measures the average squared prediction error and is defined in Equation (22)
[27].

n

1
MSE = QZ (yi — 9:)? (22)

i=1
The Mean Absolute Percentage Error (MAPE) measures the relative prediction error in percentage terms and is

defined in Equation (23) as:

Yi — Ui
Yi

100% —
MAPE = — Z (23)

i=1

Smaller MAPE values indicate a higher level of predictive accuracy [28].

2.5. Data, Data Sources, and Research Variables

This study utilizes secondary data obtained from the 2023 Indonesian Health Survey (Survei Kesehatan
Indonesia (SKI)) published by the Ministry of Health of the Republic of Indonesia. The unit of analysis consists of
the 38 provinces in Indonesia, allowing the data to represent population health conditions at the regional level.

A purposive sampling approach is employed, with key considerations including data availability, the timeliness
of information, and the relevance of the data to the research objectives. The use of SKI 2023 data is deemed
appropriate, as it provides comprehensive and up-to-date health indicators, particularly those related to disease
prevalence and its associated determinants. All variables are measured on a ratio scale. Descriptions of the variable
notation, variable names, variable types, and operational definitions for each variable are presented in Table 1 as
follows.

Table 1. Research Variables and Operational Definitions

Variables Notation Description Type of Variables Operational Definitions

Response Y Prevalence of Heart Disease Ratio Calculated as the proportion
of the population experiencing
heart disease relative to the
total population in a given
region and year.

Predictor X4 Prevalence of Hypertension Ratio Calculated as the proportion of
individuals with hypertension
relative to the total population
in a given region and year.

Predictor Xy Prevalence of Diabetes Melli- Ratio Calculated as the proportion
tus of individuals with diabetes
mellitus relative to the total
population in a given region
and year.

Predictor X3 Prevalence of Daily Smoking Ratio Defined as the proportion of
the population who smoke
cigarettes daily during the
observation period.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Variables Notation Description Type of Variables Operational Definitions

Predictor X4 Proportion of Hypertension Ratio Calculated as the proportion of
Follow-up/  Check-ups at hypertension patients who rou-
Health Facilities tinely attend follow-up visits

compared to the total number
of hypertension patients.

Predictor X5 Proportion of Insufficient Ratio Defined as the proportion of
Physical ~ Activity = among individuals aged > 10 years
Population Aged > 10 Years with low levels of physical

activity within a region.
Predictor X Proportion of Habitual Con- Ratio Calculated as the proportion of
sumption of Fatty/ Choles- the population who consume
terol/ Fried Foods > 1 Time fatty, high-cholesterol, or fried

foods at least once within the
observation period.

2.6. Research Methodology

The primary objective of this study is to compare the selection of smoothing parameters in the Mixed
Truncated Spline Gaussian Kernel Estimator model using the CV, GCV, and UBR criteria, as applied to health
data, specifically the prevalence of heart disease in Indonesia. To achieve this objective, the following steps are
undertaken:

1.

Construct scatter plots between the response variable and each predictor variable. Identify which predictor
variables are to be modeled using truncated spline estimators and which are to be modeled using Gaussian
kernel estimators.

Detect the presence of strong relationships or correlations among predictor variables using the Variance
Inflation Factor (VIF).

Model the prevalence of heart disease in Indonesia using a mixed estimator approach combining truncated
spline and Gaussian kernel estimators.

Obtain the optimal CV value based on Equation (18), thereby determining the best model corresponding to
the minimum CV value. Subsequently, compute the R?, MSE, and MAPE.

Obtain the optimal UBR value based on Equation (19), thereby determining the best model corresponding to
the minimum UBR value. Subsequently, compute the R?, MSE, and MAPE.

. Obtain the optimal GCV value based on Equation (20), thereby determining the best model corresponding to

the minimum GCV value. Subsequently, compute the B2, MSE, and MAPE.
Compare the performance of the Mixed Truncated Spline—Gaussian Kernel Estimator models based on the
R?, MSE, and MAPE.

. Compare the performance of the best model (mixed estimator) with models where all predictors are modeled

using spline estimators (full spline) and models where all predictors are modeled using kernel estimators
(full kernel).

3. Results and Discussion

3.1. Scatter Plot

Based on the scatter plot analysis between the response variable, namely the prevalence of heart disease, and
each predictor variable presented in Figure 1, distinct differences in the characteristics of the relationships among
variables were identified.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Predictor variables X; (Prevalence of Hypertension) and X, (Prevalence of Diabetes Mellitus) exhibit
relationships that are generally linear with respect to the response variable. However, this linearity is not global,
as changes in slope occur across different segments of the data. This indicates the presence of structural change
points (knots), suggesting that these variables are more appropriately modeled using truncated spline estimators,
which provide flexibility in capturing such pattern changes.

Furthermore, variables X3 (prevalence of daily smoking), X5 (Proportion of Insufficient Physical Activity among
Population Aged > 10 Years), and X¢ (Proportion of Habitual Consumption of Fatty/ Cholesterol/ Fried Foods > 1
Time) display scatter patterns that do not follow any specific parametric functional form and tend to be nonlinear
and heterogeneous. Therefore, a nonparametric approach using truncated spline estimators is adopted due to its
ability to capture gradual changes in the relationship without imposing a global functional form assumption.

In contrast, variable X, (Proportion of Hypertension Follow-up/Check-ups at Health Facilities) shows a highly
fluctuating relationship without clear changes in slope across specific intervals. This characteristic reflects a smooth
and continuous local pattern, making the kernel estimator more suitable, as it effectively captures local data
structures through optimal bandwidth selection.

Overall, the six predictor variables exhibit different relationship characteristics with the response variable.
Therefore, the modeling approach is determined based on the identification of scatter plot patterns for each variable.
Based on this assessment, variables X, X5, X3, X5, and Xg are proposed to be modeled using truncated spline
estimators, while variable X, is modeled using a Gaussian kernel estimator. This specification is expected to
produce a model that is more flexible and representative in capturing the overall data structure.

In the final stage, a model comparison is conducted using three approaches: a model in which all predictor
variables are modeled using truncated spline estimators (full spline), a model in which all variables are modeled
using Gaussian kernel estimators (full kernel), and a mixed model constructed based on the identified data
patterns. This comparison aims to quantitatively demonstrate the superiority of the proposed mixed model over
homogeneous approaches, thereby providing stronger empirical evidence that pattern-based modeling yields more
optimal performance.
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Figure 1. Scatter-plots Illustrating the Relationships between the Predictor and the Response Variable
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The Pearson correlation coefficients between each predictor and the response variable are summarized in Table 2.

Table 2. Pearson Correlation Coefficients Between the Response Variable and Each Predictor Variable

Variables X, X X3 X4 X5 Xs

Pearson (p)
Correlation Coefficient

0.5614 0.6803 —0.0593 0.5193 —0.0507 0.2805

Accordingly, in this study, variables X7, X2, X3, X5, and Xg are modeled using truncated spline estimators,
while X, is modeled using a Gaussian kernel estimator. The use of distinct estimators for each predictor is grounded
in both data-driven characteristics and theoretical considerations, and is expected to improve model flexibility as
well as overall estimation accuracy.

3.2. Multicollinearity Assessment Using Variance Inflation Factor

Multicollinearity in this study is assessed using the Variance Inflation Factor (VIF) to identify the presence of
high correlations among predictor variables. In general, VIF values below 10 indicate that multicollinearity does
not pose a serious concern for the model [29].

Table 3. Variance Inflation Factor Value for Each Predictor

X1 Xz X3 X4 X5 X6
5.2978 5.2621 1.6549 1.7933 1.3789 1.7605

Based on the VIF calculations presented in Table 3, the obtained values are 5.2978 for X, 5.2621 for X5, 1.6549
for X3, 1.7933 for X4, 1.3789 for X5, and 1.7605 for Xg.

All predictor variables exhibit VIF values below the critical threshold, indicating no strong evidence of
multicollinearity among the predictors. Therefore, all variables can be simultaneously included in the modeling
process without causing distortion in parameter estimation.

3.3. Modeling Using the Mixed Truncated Spline and Gaussian Kernel Estimator

The modeling procedure employs a mixed truncated spline and Gaussian kernel estimator to accommodate
the differing characteristics of the relationships between the response variable and each predictor. This approach
provides flexibility in capturing local pattern changes through spline components while ensuring smooth functional
relationships via the kernel estimator. In this study, the optimal number of knot points and kernel bandwidth are
determined using three criteria: Cross Validation (CV), Unbiased Risk (UBR), and Generalized Cross Validation
(GCV). Model performance is subsequently evaluated based on the Mean Squared Error (MSE), Mean Absolute
Percentage Error (MAPE), and the coefficient of determination (RQ). The modeling results based on the CV, UBR,
and GCV criteria for one, two, and three knot points are summarized in Tables 4—6, respectively.
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Table 4. Results of the Mixed Truncated Spline and Gaussian Kernel Estimator Modeling Based on the
Cross-Validation (CV) Criterion

Truncated Spline Glz(lgsrsli‘szin
Number of Component
Knot Points Component Cv
Location of Knot Points Bandwidth
X1 X2 X3 X5 XG X4
1 8.6551 2.00 20.9862 49.0275 21.6827 38.2689 0.327848 x 10~2
9 3.9931; 0.70;  13.0517; 33.6965; 19.4413; 37 9448 3001631 x 10-2

9.3724 2.20 22.2068 51.3862 41.1655
8.2965; 1.90; 20.3758; 47.8482; 36.8206;

3 9.3724; 2.20; 22.2068; 51.3862; 41.1655; 27.1034 2.001204 x 102
12.2413 3.00 27.0896 60.8206 52.7517

Table S. Results of the Mixed Truncated Spline and Gaussian Kernel Estimator Modeling Based on the
Unbiased Risk (UBR) Criterion

Truncated Spline Glggslsll:}n
Number of Component
Knot Points Component UBR
Location of Knot Points Bandwidth
X X5 X3 X5 X6 X4
1 3.9931 0.70 13.0517 33.6965 19.4413 37.9448 4.272226 x 10~°
9 3.9931; 0.70; 13.0517; 33.6965; 19.4413; 31.1689 4918123 x 10-7

5.7862 1.20 16.1034 39.5931 26.6827
3.2758; 0.50; 11.8310; 31.3379; 16.5448;

3 3.9931; 0.70; 13.0517; 33.6965; 19.4413; 33.8793 6.793533 x 108
4.7103 0.90 14.2724 36.0551 22.3379

Table 6. Results of the Mixed Truncated Spline and Gaussian Kernel Estimator Modeling Based on the
Generalized Cross-Validation (GCV) Criterion

Truncated Spline Glggslsliez}n
Number of Component
Knot Points Component GCV
Location of Knot Points Bandwidth
X1 .X2 X3 X5 X6 X4
1 2.5586 0.300 10.6103 28.9793 13.6482 1.3551 1.867289 x 102
9 10.4482;  2.50;  24.0379; 54.9241; 45.5103; 13551 1.968352 x 10-2

11.1655 2.70 25.2586 57.2827 48.4069
7.9379; 1.80; 19.7655; 46.6689; 35.3724;
3 9.3724; 2.20; 22.2068; 51.3862; 41.1655; 1.3551 6.456789 x 103
11.1655 2.70 25.2586 57.2827 48.4068

Overall, the modeling results based on the three selection criteria CV, UBR, and GCV consistently indicate that
the model with three knot points outperforms models with fewer knot points. This conclusion is supported by the
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fact that the CV, UBR, and GCV values attain their minimum at the three-knot specification, suggesting an optimal

balance between model goodness-of-fit and the complexity of the spline structure.

A comparison of the best-performing models under each criterion is presented in Tables 7. The CV-based model
with three knot points yields an MSE of 0.0054, a MAPE of 9.871%, and an R? of 94.3310%. Meanwhile, the UBR-
based model with three knot points produces an MSE of 0.0083, a MAPE of 9.6066%, and an R? of 92.9491%. The
GCV-based model with three knot points demonstrates the best overall performance, achieving an MSE of 0.0052,

a MAPE of 9.5559%, and the highest R? value of 95.4041%.

Equation (24) presents the best Mixed Truncated Spline and Gaussian Kernel Estimator model selected based on

the CV criterion.
7; = 0.3382 — 0.0105X1; + 0.5068 X5; — 0.0125X3; — 0.0202X5; + 0.0026 X,
+0.1793 (X1; — 8.2965)Jr —0.3066 (X1, — 9.3724)Jr —0.3611 (X4; — 12'2414)+
—0.1895 (Xo; — 1. 90) +0.8363 (Xo; — 2.20)Jr —0.1505 (Xo; — 3.00)Jr

+0.0803 (X5; — 47.8423), — 0.1117 (X5; — 51.3862), + 1.4073 (X5, — 60.8207)

(
— 0.0862 (X3; — 20.3758), + 0.1698 (Xa; — 22.2069), — 0.5679 (Xa; — 27.0896) ,
(
— 0.0813 (Xg; — 36.8207) + 0.1047 (Xo; — 41.1655), — 0.1735 (Xg; — 52.7517)

ciy { st X (27 msts) }
38 | 1 Z 1 K(Xi_XALi)

38 i=1 27.10345 27.10345

24

Equation (25) presents the best Mixed Truncated Spline and Gaussian Kernel Estimator model selected based on

the UBR criterion.
¥; = —0.2359 + 3.7425 X1; — 0.4322X5; — 0.9285X73; + 0.0184 X5, + 0.0190X¢;
— 1.9488 (Xy; — 3.2758) , — 1.5239 (X1; — 3.9931) , — 0.2776 (Xy; — 4.7103)
— 3.1420 (X2; — 0.50) + 4.6485 (X2; — 0.70) — 0.5330 (X2; — 0.90)
—0.4190
+ 0.1766
+ 0.0024

~—~ o~~~

38 — 1 Z 1 ( i 4i)

38 £4i=1 33.8793 33.8793

X3; — 11.8310), + 0.3040 (X3; — 13.0517), + 1.0272 (X3, — 14.2724)
Xs; — 31.3379), — 0.4214 (X5; — 33.6965) , + 0.2270 (X5, — 36.0551) ,
Xe; — 16.5448) | — 0.0307 (X¢; — 19.4413)  + 0.0089 (X¢; — 22.3379) ,

(25)

Equation (26) presents the best Mixed Truncated Spline and Gaussian Kernel Estimator model selected based on

the GCV criterion.
7; = 0.3298 — 0.0057X1; + 0.2026 X5; — 0.0292X3; + 0.0001.X5; — 0.0031X¢;
—0.0079 (X4, — 7.9379)Jr +0.1811 (X4; — 9.3724)Jr —0.5646 (X1; — 11.1655)Jr
—0.0336 (X2; — 1.80) —0.4143 (Xo; — 2.20) +2.1646 (Xo; — 2.7O)Jr

+0.0250 (X3; — 19.7655), + 0.0664 (X3; — 22.2068), — 0.1307 (X3, — 25.2586)
— 0.0488 (X5; — 46.6689), + 0.0929 (X5; — 51.3862) , + 0.1226 (X5, — 57.2827)
~0.0010 (XGZ- — 35.3724), + 0.0985 (X¢; — 41.1655), — 0.1826 (X5; — 48.4068)

1 355172 ( f(ég;l(;é)
)

K(Xi—qu,

1
37 i= 1 1. 355172 1.355172

(26)
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Table 7. Performance Comparison of the Best Models Based on CV, UBR, and GCV Criterion

Best Model MSE MAPE R?

3KnotsCV. 0.0054  9.8710%  94.3310%
3 Knots UBR  0.0083  9.6066%  92.9491%
3 Knots GCV  0.0052 9.5559% 95.4041%

Based on the comparison in Table 7, the three-knot model selected using the GCV criterion is identified as
the preferred model. The GCV-based model achieves the highest coefficient of determination and demonstrates
relatively low and stable prediction errors compared to the alternative models. These results suggest that the GCV
criterion provides a favorable balance between model fit and complexity, thereby reducing the risk of overfitting
and yielding a model with good generalization performance. Accordingly, this model is adopted as the final model
in the present study.

This finding is also consistent with previous studies [3, 22, 30], which report that the GCV method tends to
outperform other selection criteria due to its ability to approximate prediction error efficiently while incorporating
an implicit penalty on model complexity, resulting in more stable and reliable smoothing parameter selection.

Subsequently, a comparison was conducted between the best mixed estimator model based on the Generalized
Cross Validation (GCV) criterion and the single estimator models. The comparison was carried out using three
approaches: a model in which all predictor variables are modeled using truncated spline estimators (full spline),
a model in which all variables are modeled using Gaussian kernel estimators (full kernel), and a mixed model
constructed based on the identified data patterns.

Based on the Table 8, it can be observed that in the truncated spline model, the GCV value decreases as the
number of knots increases, with the model using 3 knots yielding the smallest GCV value of 0.0132. This indicates
that increasing flexibility through additional knots improves the model’s ability to capture the underlying data
patterns. However, the Gaussian kernel model as a single estimator produces a relatively larger GCV value of
0.0504, suggesting that the kernel-only approach is less optimal compared to the spline-based approach.

Meanwhile, the mixed truncated spline and Gaussian kernel model demonstrates the best performance among all
models. This is evidenced by the lowest GCV value obtained under the 3-knot configuration, which is 0.0064. The
substantial reduction in GCV for the mixed model highlights the advantage of the mixed estimator in providing
greater flexibility in capturing complex data structures. Therefore, it can be concluded that the mixed truncated
spline and Gaussian kernel model with 3 knots is the best model in this study, as it achieves the minimum GCV
value.

Table 8. Comparison of GCV Values for Single and Mixed Model

Model Configuration GCV

1 Knot 0.0232

Truncated Spline 2 Knots 0.0154

3 Knots 0.0132

Gaussian Kernel with Optimal Bandwidth 0.0504

1 Knot 0.0187

Mixed Truncated Spline and Gaussian Kernel Estimator 2 Knots 0.0127

3 Knots 0.0064

Stat., Optim. Inf. Comput. Vol. x, Month 202x



I. N. BUDIANTARA, N. CHAMIDAH, A. T. R. DANI, M. ANSHARI, AND M. F. A. FARIZI 15

Comparison of Actual and Predicted Prevalence of Heart Disease by Province

. Actual
e Predicted
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Figure 2. Comparison of Actual and Predicted Prevalence of Heart Disease Across Indonesian Provinces

Based on Figure 2, the side-by-side bar chart comparing the actual and predicted prevalence of heart disease
across provinces shows that the predicted values closely follow the observed data for most regions. This indicates
that the selected mixed estimator model provides a good overall fit and is able to capture the general spatial variation
in heart disease prevalence. In provinces such as DKI Jakarta, West Java, Central Java, DI Yogyakarta, East Java,
East Kalimantan, Papua Tengah, and Kepulauan Bangka Belitung, the predicted values are almost identical to the
actual values. This suggests that the model performs particularly well in regions with moderate to high prevalence
levels, where the underlying relationships between predictors and the response variable are more stable and well
captured by the spline—kernel structure. Some discrepancies between actual and predicted values are observed in
several provinces, including Aceh, Riau, Bali, Nusa Tenggara Timur, Papua Selatan, and Papua Pegunungan. In
these regions, the model tends to slightly underpredict or overpredict the actual prevalence. Such deviations may
reflect local heterogeneity, differences in healthcare access, lifestyle patterns, or unobserved regional factors that
are not fully captured by the available predictors.

Notably, provinces with very low prevalence values, such as Papua Pegunungan, exhibit larger relative prediction
errors, which is common in regression-based models when modeling extreme or boundary observations. However,
the overall pattern remains consistent, and no systematic bias (persistent overestimation or underestimation across
regions) is evident. Overall, the close alignment between actual and predicted values across most provinces supports
the robustness of the final GCV-selected model. The results confirm that the mixed estimator approach effectively
balances flexibility and stability, yielding reliable predictions and strong generalization performance for modeling
heart disease prevalence at the provincial level.
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Figure 3. QQ Plot of Residuals and Plot of Residuals vs Fitted Values

Based on Figure 3, for the best model obtained, the residuals versus fitted values plot shows that the residuals are
randomly scattered around the zero line without forming any specific pattern. This indicates that the model is able
to adequately capture the relationship between the response variable and the predictor variables, and there is no
indication of model misspecification. The relatively consistent spread of residuals across the range of fitted values
further supports that the model provides a good fit to the data. Furthermore, the Q(Q plot of residuals shows that
most of the points lie close to the diagonal line, particularly in the central part of the distribution, indicating that
the normality assumption of the residuals is generally satisfied.

3.4. Discussion

The exploratory analysis using scatter plots indicates that the relationships between heart disease prevalence
and the predictor variables exhibit heterogeneous characteristics. This suggests that relying on a single estimator
may be insufficient to adequately capture the underlying complexity of these relationships. Certain variables, such
as the prevalence of hypertension and diabetes mellitus, display approximately linear trends that are not globally
consistent, while others exhibit nonlinear patterns. These findings provide strong justification for employing a
nonparametric modeling approach based on a mixed truncated spline and Gaussian kernel estimator.

The modeling process was conducted using three model selection criteria: Cross-Validation (CV), Unbiased Risk
(UBR), and Generalized Cross-Validation (GCV). The results show that increasing the number of knots to three
consistently improves model performance, as indicated by reductions in MSE and MAPE, along with an increase in
the coefficient of determination. This implies that additional knots enhance model flexibility in capturing changes
in relationship patterns without substantially compromising model stability.

A comparison of the best models under each criterion reveals that the three-knot model selected using the GCV
criterion provides relatively superior performance. This suggests that GCV achieves a more effective balance
between model fit and spline complexity, thereby reducing the risk of overfitting and yielding a more robust
model. Furthermore, a comparative analysis was conducted between the best mixed estimator model based on
the GCV criterion and single-estimator models. The comparison involved three approaches: a full spline model, a
full Gaussian kernel model, and a mixed model constructed based on the identified data patterns.

Based on Table 8, the truncated spline model exhibits decreasing GCV values as the number of knots increases,
with the lowest value of 0.0132 obtained at three knots. This indicates that increasing model flexibility through
additional knots improves the model’s ability to capture underlying data patterns. In contrast, the Gaussian kernel
model as a single estimator produces a relatively higher GCV value of 0.0504, suggesting that the kernel-only
approach is less optimal than the spline-based approach.

Meanwhile, the mixed truncated spline and Gaussian kernel model demonstrates the best overall performance
among all models. This is evidenced by the lowest GCV value of 0.0064 achieved under the three-knot
configuration. The substantial reduction in GCV highlights the advantage of the mixed estimator in capturing
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complex data structures more effectively. Therefore, the mixed model with three knots based on the GCV criterion
can be regarded as the preferred model in this study.

Overall, the integration of truncated spline and Gaussian kernel estimators provides a flexible yet stable modeling
framework capable of capturing both global structural changes and local variations. The findings confirm that the
mixed estimator is effective in modeling complex relationships in health data. The selected best model, namely the
three-knot GCV-based model, demonstrates good generalization performance and can serve as a reliable alternative
for analyzing health-related data.

4. Conclusion

This study demonstrates that a nonparametric modeling approach using a mixed truncated spline and Gaussian
kernel estimator is effective in capturing the complex relationships between health-related factors and heart disease
prevalence. Among the evaluated models, the three-knot specification selected using the GCV criterion yielded the
best performance, achieving a coefficient of determination (R?) of approximately 95.4%, a minimum GCV value
of 0.006456789, and relatively low prediction errors compared to the CV and UBR criteria.

In comparison, although the CV and UBR-based models produced comparable MSE values, the GCV model
showed a better balance between model fit and complexity, indicating its superiority in controlling overfitting while
maintaining high predictive accuracy. This result highlights that the GCV criterion is more reliable for selecting
optimal smoothing parameters in the proposed mixed estimator framework.

Future research may extend this framework by incorporating spatial or spatio-temporal approaches to account
for interregional dependence and temporal dynamics. Further developments in adaptive or Bayesian-based knot
and bandwidth selection methods may also enhance model accuracy and robustness. The findings of this study
contribute to the achievement of Sustainable Development Goal (SDG) 3: Good Health and Well-Being by
providing an accurate and flexible modeling framework for identifying factors associated with heart disease
prevalence.
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