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Abstract Poisson regression is a fundamental framework for modeling count data; however, the maximum likelihood
estimator becomes unreliable under multicollinearity, yielding unstable estimates with large variance and weak inferential
performance. Ridge regression offers a remedy by shrinking regression coefficients, but its effectiveness depends crucially
on selecting an appropriate shrinkage parameter. This paper proposes a modified cross-validation (MCV) procedure for
Poisson ridge regression that explicitly targets this instability. The method repeatedly reassigns observations to folds,
re-computes the optimal shrinkage parameter over many replications, and then uses an appropriately chosen quantile of
the resulting distribution of optimal values as the final tuning parameter; the quantile is itself selected via cross-validated
prediction error. Extensive Monte Carlo simulations, conducted over varying sample sizes, numbers of predictors, intercept
values, and correlation levels, show that the MCV-based Poisson ridge estimator consistently achieves lower mean squared
error than maximum likelihood, standard cross-validation, and generalized cross-validation, with particularly notable gains
under strong multicollinearity. A real data analysis further demonstrates that the proposed procedure improves prediction
performance in practical count data applications.
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1. Introduction

In regression modeling, data in the form of counts are usually common. “Count data regression modeling has
received much attention in medicine, behavioral sciences, psychology, and econometrics [1, 2, 3]. The Poisson
regression model is the most basic models under count data regression models [4, 34, 35, ?].

In dealing with the Poisson regression model, it is assumed that there is no correlation among the explanatory
variables[36, 37, 38, 39, 40]. In practice, however, this assumption often not holds, which leads to the problem
of multicollinearity. In the presence of multicollinearity, when estimating the regression coefficients for Poisson
regression model using the maximum likelihood (ML) method, the estimated coefficients are usually become
unstable with a high variance, and therefore low statistical significance with incorrect signs [5, 6, 7, 44].

Numerous remedial methods have been proposed to overcome the problem of multicollinearity. The ridge
regression method [8, 46, 45, 47] has been consistently demonstrated to be an attractive and alternative to the
ML estimation method.

Ridge regression is a shrinkage method that shrinks all regression coefficients toward zero to reduce the large
variance [9]. The ridge regression performance greatly relies on the choice of shrinkage parameter. Consequently,
choosing a suitable value of the shrinkage parameter is an important part of ridge regression model fitting [10].
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Several methods, which they are based on the original ridge regression of [8], are available for estimating the ridge
shrinkage parameter in the literature [11, 12, 13, 14, 15, 16, 17]. Cross-validation method (CV), a data-driven
approach, on the other hand, is a practically useful approach for handling the shrinkage selection problem in ridge
regression [18, 48, 49]. This is due to the attractive property of the CV, which does not assume any underlying
distribution about the data. Furthermore, CV can consider a natural choice when the target of model fitting is
prediction [19].

The idea behind the CV is to randomly split the data into k¥ mutually exclusive folds of approximately equal size.
Among the k folds, one fold is retained as validation data set for testing the model fitting, and the remaining & — 1
folds are used as training data set to fit the model with a specific value of the shrinkage parameter [50, 51, 52, 53].
Then, the prediction performance over these splits is averaged to represent the predictability of the fitted model.
After that, the best value of the shrinkage parameter is the corresponding value to the small prediction error. It
is clear that CV method is greatly dependent on the fold assignment process which leads to large variability in
selecting the shrinkage parameter value and, consequently, will negatively affect the prediction performance of the
ridge model.

In this paper, a modification of CV is proposed to address the variability of shrinkage parameter selection.
This modification is based on repeated fold assignment. And then, a proper quantile value of the best shrinkage
parameter values, which are obtained over the repeated fold assignment, is utilized. Due to this proposed
modification, the shrinkage parameter selection is shown to have better performance in terms of model prediction.

2. Poisson ridge regression model

Count data often arise in epidemiology, social, and economic studies. This type of data consists of positive integer
values. Poisson distribution is a well-known distribution that fit to such type of data. Poisson regression model
is used to model the relationship between the counts as response variable and potentially explanatory variables
[16, 20, 21, 22, 23, 24, 25, 26].
Let y; be the response variable and follows a Poisson distribution with mean ¢;, then the probability density
function is defined as
f () = e_d’igﬁiyl
Yi 7%!
In a Poisson regression model, In(¢;) = x'3 is expressed as a linear combination of explanatory variables
X; = (71, ...,2ip)T. The In(¢;) is called as canonical link function which making the relationship between
explanatory variables and response variable linear. The most common method of estimating the coefficients of
Poisson regression model is to use the maximum likelihood method. Given the assumption that the observations
are independent, the log-likelihood function is defined as

, yi=0,1,...; i=12...,n QY

n

(B =>_ {yix] B —exp(x] B) —lny!}. )

i=1

The ML estimator is then obtained by computing the first derivative of the Eq. (3) and setting it equal to zero, as

oL(B)

B

Because Eq. (4) is nonlinear in 3, the iteratively weighted least squares (IWLS) algorithm can be used to obtain
the ML estimators of the Poisson regression parameters (PR) as

Barr = XTWX) ' XTW, 4)

where W = diag(¢;) and v is a vector where i" element equals to &; = In(¢;) + ((yi — #;)/¢:). The ML estimator

is asymptotically normally distributed with a covariance matrix that corresponds to the inverse of the Hessian matrix

cov(Byp) = [—E ( g;f(aﬂﬁ)k)} - = (XTWX)~L. (5)

n

= Z [yi — exp(xgﬂ)] x; = 0. (3)

i=1
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The mean squared error (MSE) of Eq. (5) can be obtained as

MSE (Brr1) = E(Barr, — B) (Brr — B)
ftr[(XTWX) 1] ©)

p
jlk’

where )\, is the eigenvalue of the XWX matrix.

In the presence of multicollinearity, the matrix XTWX becomes ill-conditioned leading to high variance and
instability of the ML estimator of the Poisson regression parameters. As a remedy, Mansson and Shukur [27]
proposed the Poisson ridge estimator (PRE) as

Brre = XTWX + 1) 7' X"WX3,,, 7
= (X"WX + hI) ' XTWv,

where i > 0. The ML estimator can be considered as a special estimator from Eq. (7) with h = 0. Regardless of
hvalue, the MSE of the 3 prEels smaller than that of B apbecause the MSE of B prEels equal to [28]

p
MSE(Bprs) = ;/\HL +h Z/\+h (8)

where o is defined as the j** element of 78 arand v is the eigenvector of the XTWX matrix. Comparing with
the MSE of Eq. (6), MSE(Bprp) is always small for h > 0.

3. The proposed method

The efficiency of ridge regression model strongly depends on appropriately choosing the shrinkage parameter. A
choice of shrinkage parameter that is too small leads to overfitting the PRE, while shrinkage parameter that is too
large shrinks 3 by too much, making a bias-variance tradeoff [29, 54, 55]. Numerous methods, which they are
based on the original ridge regression of Hoerl and Kennard [8], are available for estimating the ridge shrinkage
parameter in the literature [11, 12, 13, 14, 15, 16, 17, 30]. Furthermore, information criteria, such as the Akaike
information criterion (AIC) and the Bayesian information criterion (BIC) can be also used to select the ridge
shrinkage parameter [29, 56, 57].

Cross-validation is one of the most widely used methods to select the shrinkage parameter. In practice, the k-fold
CV (k-CV) is widely used where the data is partitioned into k nearly equal size folds. In these k folds, one fold
will leave as the test set and use the remaining k — 1 folds as the training set. Start with a grid containing the initial
values of the shrinkage parameter, h, the k-CV is calculated for each h. Then, the optimal value of h is the one
that has the minimum CV prediction error. The k-CV method was extended to its generalized form, generalized
cross-validation (GCV), by Golub, Heath [30].

The k-CV is defined as:

k
1 ~ —k(7)
k= CViy = ¢ Z — iy )% )
where ¢; ( h];(’) X, k(i)B;’;(]?( ») 1s the fitted ridge regression model. Then the optimal value of A can be obtained
by minimizing Eq. (9) as
h optimal = airInginR k— CV(hy) (10)

It is worth mentioning that CV method is greatly dependent on the fold assignment process which leads to large
variability in selecting the shrinkage parameter value and, consequently, will negatively affect the prediction
performance of the ridge model.
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To enhance k-CV method and to decrease its variability in selecting the shrinkage parameter value, a modification
is proposed. Specifically, the steps involved in our modification of k-CV are summarized in the following algorithm:
Algorithm: Complete implementation of the proposed modification
Step 1: Assign observations to folds for CV randomly.

Step 2: Fit the ridge regression using this fold assignment.

Step 3: Let h, represents the optimal shrinkage parameter value obtained from the ridge regression model.

Step 4: Repeat steps 1 — 3 for R times

Step 5: Let S(R) = (le, ho, ..., iLR) represents the R values of h.

Step 6: Let IT represents a sequence of  values, where 0 < 7 < 1 is the quantile of S(R).

Step 6: Determine /(r), the quantile of S(R).

Step 7: Find the ridge regression estimator by fitting the ridge regression with the optimum shrinkage parameter,
h(m).

Step 8: Calculate the CV prediction error of the Step 7.

Step 9: Repeat steps 6 — 8 for 7 € II.

Step 10: Select the best quantile, 7, with the smallest CV prediction error.

Step 11: Find the optimum ridge regression estimator by fitting the ridge regression with optimum shrinkage
parameter, h(7).

Obviously, the quantile value will alleviate the CV variability in shrinkage selection because of the re-estimation
of the ridge regression.

4. Simulation results

In this section, a Monte Carlo simulation experiment is used to examine the performance of the new estimator with
different degrees of multicollinearity. The response variable of n observations is generated from Poisson regression
model by:

¢i = exp(x] B), (11)

where 8 = (8o, B1, ..., Bp) With Z§:1 B7 =1and p) = B2 = ... = B, [14, 27]. In addition, because the value of
intercept, 5y, has an effect on ¢, three values are chosen 3y € {1,0, —1}, where decreasing the value of S, leads
to lower average value of ¢;, which leads to less variation [58, 59, 60].

The explanatory variables x; = (x;1, %2, ..., Ti,,) have been generated from the following formula

Tij = (1 — p2)1l2wij +pwip, t=1,2,..,n, j=12,...,p, (12)

where p represents the correlation between the explanatory variables and w;;’s are independent standard normal
pseudo-random numbers. Because the sample size has direct impact on the prediction accuracy, three representative
values of the sample size are considered: 30, 50 and 100. In addition, the number of the explanatory variables is
considered as p = 4 and p = 8 because increasing the number of explanatory variables can lead to increase the
MSE. Further, because we are interested in the effect of multicollinearity, in which the degrees of correlation
considered more important, three values of the pairwise correlation are considered with p = {0.90,0.95,0.99}. For
a combination of these different values of n, p, By, and p the generated data is repeated 1000 times and the averaged
mean squared errors (MSE) is calculated as:

1000
1

MSE(3) = 1000 B-B)"B-8), (13)
=1

where 3 is the estimated coefficients for the used estimator.

The estimated MSE of Eq. (13) for CV, GCV, and our proposed method (MCYV), for the combination of n, p, 3,
and p, are respectively summarized in tables 1, 2, and 3. Several observations can be made.

First, in terms of p values, there is increasing in the MSE values when the correlation degree increases regardless
the value of n, p, By. However, MCV performs better than CV, GCV, and MLE. For instance, in Table 1, when
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p=4,n =100, and p = 0.95, the MSE of MCV was about 56.74%, 39.11%, and 20.82% lower than that of MLE,

CV, and GCV respectively.

Second, regarding the number of explanatory variables, it is easily seen that there is increasing in the MSE values
when the p increasing from four variables to eight variables. Although this increasing can affected the quality of
an estimator, MCV is achieved the lowest MSE comparing with MLE, CV, and GCYV, for different n, p, 5.

Third, with respect to the value of n, The MSE values decreases when n increases, regardless the value of p, p, 3.
However, MCV still consistently outperforms CV and GCV by providing the lowest MSE.

Fourth, in terms of the value of the intercept and for a given values of p, p, n, MCV is always show smaller MSE

comparing with the other methods.

To summary, all the considered values of n, p, p, 39, MCV is superior to CV, clearly indicating that the new

proposed estimator is more efficient.

Table 1. MSE values when 5y = —1

ML CV GCV MCV
p=4 n = 30 0.90 6.249 6.002 5.735 5.135
0.95 6.877 6.63 6.363 5.763
0.99 7.275 7.028 6.761 6.161
n = 50 0.90 4.62 4.373 4.106 3.506
0.95 5.695 5.448 5.181 4.581
0.99 5.887 5.64 5.373 4.773
n = 100 0.90 4.463 4216 3.949 3.349
0.95 4.673 4.426 4.159 3.559
0.99 5.428 5.181 4914 4314
p=38 n = 30 0.90 6.354 6.107 5.84 5.24
0.95 6.973 6.726 6.459 5.859
0.99 7.388 7.141 6.874 6.274
n =50 0.90 4.889 4.642 4.375 3.775
0.95 6.032 5.785 5.518 4918
0.99 6.357 6.11 5.843 5.243
n = 100 0.90 4.799 4.552 4.285 3.685
0.95 5.074 4.827 4.56 3.96
0.99 5.632 5.385 5.118 4.518
Table 2. MSE values when 35 = 0
ML CvV GCV MCV
p
p=4 n =30 0.90 6.2731 6.0261 5.7591 5.1591
0.95 6.9011 6.6541 6.3871 5.7871
0.99 7.2991 7.0521 6.7851 6.1851
n = 50 0.90 4.6441 4.3971 4.1301 3.5301
0.95 5.7191 5.4721 5.2051 4.6051
0.99 59111 5.6641 5.3971 47971
n = 100 0.90 4.4871 4.2401 3.9731 3.3731
0.95 4.6971 4.4501 4.1831 3.5831
0.99 5.4521 5.2051 4.9381 4.3381
p=2_8 n = 30 0.90 6.3781 6.1311 5.8641 5.2641
0.95 6.9971 6.7501 6.4831 5.8831
0.99 7.4121 7.1651 6.8981 6.2981
n =50 0.90 49131 4.6661 4.3991 3.7991
0.95 6.0561 5.8091 5.5421 49421
0.99 6.3811 6.1341 5.8671 5.2671
n = 100 0.90 4.8231 4.5761 4.3091 3.7091
0.95 5.0981 4.8511 4.5841 3.9841
0.99 5.6561 5.4091 5.1421 4.5421

Moreover, Figures 1-6 show the performance of the used method over several correlation values. It is clear from
these Figures that the proposed method, MCYV, exhibits very good performance compared to ML, CV, and GCV.

Stat., Optim. Inf. Comput.
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Table 3. MSE values when 55 = 1

ML CV GCV MCV
p

p=4 n =30 0.90 6.471 6.224 5.957 5.357
0.95 7.099 6.852 6.585 5.985
0.99 7.497 7.25 6.983 6.383
n =50 0.90 4.842 4.595 4.328 3.728
0.95 5.917 5.67 5.403 4.803
0.99 6.109 5.862 5.595 4.995
n = 100 0.90 4.685 4.438 4.171 3.571
0.95 4.895 4.648 4.381 3.781
0.99 5.65 5.403 5.136 4.536
p=3_8 n =30 0.90 6.576 6.329 6.062 5.462
0.95 7.195 6.948 6.681 6.081
0.99 7.61 7.363 7.096 6.496
n =50 0.90 5.111 4.864 4.597 3.997

0.95 6.254 6.007 5.74 5.14
0.99 6.579 6.332 6.065 5.465
n = 100 0.90 5.021 4.774 4.507 3.907
0.95 5.296 5.049 4.782 4.182

0.99 5.854 5.607 5.34 4.74

—— ML -CV GCvV MCV

Figure 1. The performance of used methods when p = 4, n = 30 Sy = —1

5. Real application

To investigate the usefulness of reviewed biased estimators, an application related to the football English league,
season 2016-2017 is employed. This data contains twenty teams, where the response variable represents the number
of won matches. The six considerable predictors included the number of yellow cards (x1), the number of red cards
(z2), the total number of substitutions (x3), the number of matches with 2.5 goals on average (x4), the number of
matches that ended with goals (z5), and the ratio of the goal scores to the number of matches (zg).

First, the deviance test [33] is used to check whether the Poisson regression model is fit well to this data or not.
The result of the residual deviance test is equal to 8.373 with 14 degrees of freedom and the p-value is 0.869. It is
indicated form this result that the Poisson regression model fits very well to this data.

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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——ML —E—CV GV Mcv
8
7.5
7
6.5
6
5.5
5
4.5
4

0.75 0.8 0.85 0.9 0.95 0.99

Figure 2. The performance of used methods when p = 4, n = 50 g = —1

——ML —E—CV Gev Mcv

8
7.5
7
6.5
6
5.5
5
4.5
4

0.75 0.8 0.85 0.9 0.95 0.99

Figure 3. The performance of used methods when p = 4, n = 100 5y = —1

Second, to check whether there are relationships between the explanatory variables or not, Figure 7 displays the
correlation matrix among the six explanatory variables. It is obviously seen that there are correlations greater than

0.86 between =1 and xg, x1 and x4, T and x4, and, x4 and xg.

Third, to test the existence of multicollinearity, the eigenvalues of the matrix XTWX are obtained as 993.758,
142.907, 75.560, 38.999, 21.424, and 1.016. The determined condition number CN = 1/ Aax/Amin Of the data is

31.274 indicating that the multicollinearity issue is exist.

The estimated Poisson regression coefficients, standard errors which are computed by using bootstrap with 500
replications, and MSE values for the ML, CV, GCV, and MCV estimators are listed in Table 4. According to
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——ML —8—CV —A—GCV MCV

8
7.5
7
6.5
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5.5
5
4.5
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0.75 0.8 0.85 0.9 0.95 0.99

Figure 4. The performance of used methods when p = 8, n =30 g = —1

——ML —8—CV —A—GCV mcv

8
7.5
7
6.5
6
5.5
5
4.5
4

0.75 0.8 0.85 0.9 0.95 0.99

Figure 5. The performance of used methods when p = 8, n = 50 By = —1

Table 4, it is clearly seen that the MCV estimator shrinkages the value of the estimated coefficients efficiently.
Additionally, in terms of the calculated standard errors, the MCV and GCV show substantial decreasing comparing
with MLE.
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——ML —8—CV —A—GCV MCV

8
7.5
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6.5
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5.5
5
4.5
4

0.75 0.8 0.85 0.9 0.95 0.99

Figure 6. The performance of used methods when p = 8, n = 100 5y = —1

+ £ &
w1 1

Figure 7. The correlation matrix among the six explanatory variables
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Table 4. The estimated coefficients and MSE values for the ML, CV, GCV, and MCV estimators. The number in parenthesis
is the standard error”.

MLE CvV GCV MCV
B1 -1.219 -1.016 -0.915 -0.887
(0.151) (0.007) 0.011) 0.127)
B2 0.441 0.510 4.004 0.024
0.151) (0.001) (0.002) (0.139)
B3 0.575 0.416 0.412 0.276
(0.175) (0.008) (0.008) (0.108)
Ba -3.476 -2.034 -2.014 -0.147
(0.313) (0.008) (0.007) (0.231)
Bs -2.432 212 -2.017 -1.011
(0.160) (0.004) (0.003) (0.133)
Bs 5.121 0.004 0.003 0.184

(0.287) (0.003) (0.001) (0.230)

MSE 3.681 2.108 2.041 1.221

6. Conclusion

The study establishes that instability in cross-validation—based tuning is a major source of inefficiency for
Poisson ridge regression when multicollinearity is present, and that explicitly targeting this instability can
substantially improve estimation and prediction. By repeatedly reassigning folds, aggregating the resulting
optimal shrinkage parameters, and selecting a suitable quantile in a data-driven manner, the proposed modified
cross-validation (MCV) procedure produces a more stable shrinkage choice and, consequently, a more reliable
Poisson ridge estimator. Across an extensive Monte Carlo design that varies sample size, number of predictors,
correlation strength, and intercept values, the MCV-based estimator consistently yields the smallest mean squared
error compared with maximum likelihood, standard cross-validation, and generalized cross-validation, with the
advantage becoming more pronounced as multicollinearity strengthens or the number of predictors increases. These
gains persist regardless of the intercept specification, indicating that the proposed method is robust to different
mean structures in the Poisson model. The real data application confirms that these improvements translate into
better predictive performance in practice, reinforcing the practical value of MCV as a tuning strategy for count
data regression in applied fields such as epidemiology, social sciences, and economics. Overall, the results suggest
that incorporating resampling-based stabilization and quantile selection into cross-validation offers a simple yet
powerful extension of existing ridge tuning methods for Poisson regression.
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