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Abstract In this research, fractional Caputo partial differential equations are addressed using the q-Homotopy analysis
method merged with the Sawi transform method through the construction of a novel algorithm. This approach combines the
Sawi transform with the g-Homotopy analysis method to demonstrate how complex fractional differential equations can be
solved analytically in a straightforward manner. The proposed algorithm illustrates the effectiveness of applying the Sawi
transform in conjunction with the g-Homotopy method to overcome the challenges associated with handling nonlinear terms
numerically. Several examples are provided to verify the accuracy and efficiency of the proposed approach. The results
indicate that the method converges to the exact solutions when suitable parameters are chosen. Therefore, the proposed
method proves to be a robust and flexible algorithm for solving nonlinear fractional partial differential equations.

Keywords Homotopy analysis method; Caputo derivative; Fractional differential equations

AMS 2010 subject classifications 26A33, 35R11, 65M70
DOI: 10.19139/s0ic-2310-5070-3235

1. Introduction

Fractional calculus has received huge interests in recent decades [1, 2, 3] because of its numerous applications
in different fields of science and engineering. Different kinds of fractional order differential equations have been
studied [4, 5, 6] to explain some complex processes and systems in many scientific fields, such as viscoelastic
materials, mathematical physics, manufacturing innovation, process innovation and image processing. Authors
have established many definitions of fractional derivatives such as Caputo, Baleanu, Atangana and others. Many
complex mathematical models nowadays depend on fractional partial differential equations (FPDEs), especially
those containing Caputo derivatives, because they enable the simulation of memory and the preservation of the
inheritance property of materials and processes more easily [7, 8], also Caputo derivative is easy to handle and
need less computations than other fractional derivatives. These equations can be solved using different kinds of
numerical and analytical methods, but we need to consider optimizing the accuracy and increasing the convergence
[9, 10].
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Recent studies highlight the expanding role of applied mathematical modeling and intelligent computational
methods in addressing complex real-world problems. Mohammad et al. [11] demonstrated that integrating
artificial intelligence with fuzzy systems improves educational equity by enabling adaptive decision-making under
uncertainty. Meanwhile, Al-Sawaie et al. [12] employed a production-function modeling approach to estimate
potential economic output, emphasizing the importance of quantitative analytical tools in macroeconomic analysis.
These contributions illustrate the growing interdisciplinary impact of mathematical and computational techniques
in supporting data-driven solutions across education and economic systems.

There are some complex problems that arise when solving fractional differential equations, especially that
contain nonlinear terms, that complicates getting solutions for them analytically and numerically [13]. The
homotopy analysis method showed its effectiveness in establishing approximate solutions for linear and nonlinear
differential equations, as seen in [14, 15]. Mathematicians have recently worked on merging the homology analysis
method (HAM) with other analytical methods, such as the Adomian decomposition method and the variational
iteration method, to reduce the restrictions when handling fractional differential problems [16, 17]. The g-homotopy
analysis method (q-HAM) has got great attention of researchers due to its effectiveness in improving these methods,
providing more flexibility to get the solutions by interring some auxiliary parameters to be fixed to the solution to
determine the best convergence region [18, 19].

The Sawi integral transform was first established to handle the difficulty and shown when solving fractional
derivatives in FPDEs [20]. It provides some advantages over the existing transforms because of its simplicity when
handling differential equations, and to find the inversion formula, also its duality to Laplace transform gives it
more strength. Moreover, the simplicity of applying Sawi transform to the fractional Caputo derivative gives it
more attention by researchers [21, 22]. We study the g-Homotopy analysis method combined with Sawi transform
to obtain (g-HASTM). This is a new hybrid method for solving FPDEs in the sense of Caputo derivatives [23]. This
technique employs the characteristics of Sawi transform to reduce the difficulty of Caputo fractional differential
equations and expand the solutions utilizing homotopy analysis theory [24, 25]. Due to the properties of Sawi
transform, we choose it to be the key of the presented algorithm in solving the equations [26]. The main contribution
of this paper is to construct a new algorithm for solving nonlinear fractional partial differential equations, the
method is simple and accurate, it presents the solution in a form of infinite series that converges rapidly to the exact
solution in comparison to other numerical methods [27, 28, 29].

This article presents the properties of Sawi integral transform and the main related theorems, its application
to Caputo fractional derivative is presented. We define the g-HAM method and shows its applicability to handle
nonlinear problems and the effects of memory to FPDEs [26]. Moreover, this article introduces some numerical
examples of nonhomogeneous nonlinear FPDEs that are solved by q-HASTM, which proves its applicability and
accuracy such as in similar problems [30, 31].

2. Basic Concepts of Sawi Transform

In this section, we present some properties, existence conditions, linearity, the inverse, the convolution theorem,
and the derivative properties of the Sawi transform [20, 25].

Definition 2.1
Assume that z(t) is a function given with the domain [0, co). Then, the Sawi integral transform of the function z(t),
denoted by &[z(t)], is defined as

1 o ¢
Sz@#)] = Z(u) = ﬁ/ z(t)e  w dt, R(u) > 0. (1)
0
The inverse Sawi transformation is provided as
Sz ()] = —— /CHOO L etz du=2(t), ceR @)
o f, o \w? - ’
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Theorem 2.1
Given the function z(t) to be continuous for ¢ > 0 and satisfies the property

|S[z(1)]] < Ke',  for some K and 6 > 0. 3)
Suppose that $[z(t)] = Z(u) and S[f(¢)] = F(u) and a, j € R, then we get the following characteristic:
Slaz(t) +jf(t) —aé[ )]+ S,

]
S HaZ(u) + jF(w)] = a ST Z(u)] + j STHF ()],
S[t] =u*" 1F(a +1),
. 1
S[e“ ] = m,
CS)[COS(at)] = ma
Sfsin(at)] = ﬁ
Scosh(at)] = m,
S[sinh(at)] = ﬁ,
} dns n—1 Z(/
(‘S|: dt’s :| Zu’ﬂ T n € N.

\

Theorem 2.2
Let $[z(t)] = Z(u). Then for the Heaviside function H (¢), we get

Szt — HH(E - j)] = e " Z(u), )

where H (t) is defined as
1, t>/,

A=) = {0, otherwise.
Theorem 2.3
If $[z(t)] = Z(u) and S[h(t)] = H(u), then
S[z(t) * h(t)] = v?Z(u)H (u), (5)

where the convolution is defined as

z(t) x h(t) = /0 z(T)h(t — 7) dT.

3. Fractional Calculus and Sawi Transform

In this part of the study, we present the needed definitions and properties related to fractional calculus to be used
in this research.

Definition 3.1
The Caputo fractional derivative of a function z(t) of order v is defined as

t
! )/O(t—q)r‘”‘lz(”(q)dqy (6)

bizt) = 7=y

where r — 1 < v <7, r € Nand z(¢) is a continuous function on [0, c0).
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Theorem 3.1
If Z(u) is the Sawi transform of the function z(t), then the Sawi transform of the fractional derivative of z(¢) in the
Caputo sense can be expressed as

v—1 (k)
S [DY2(1)] = ui <Z(u) _ Zuf,?)) L r—l<uv<r )
k=0

Proof. Using the idea of the convolution property, one can obtain

t
/ (t—7) "2 (g) dg = 7V w2 (1).
0

Therefore,

s = o [ (ppgy [ 00w dn) v

1
B |:t7‘7v71 (r) t :|
T(r —w) *20(0)

1

= =5 (w2t ).

Also, from the Sawi transform identities, one can obtain

u? X u) = 2@
S Dpa(0)] = 7 <ur< v (Zlfﬂ - qu33>>

wv uv—1+1
=0
Thus,
. L 5 220
S[th(t)]:m<z(“)7_ouli ) r—l<uv<r. 8)
Corollary 3.1

If the Sawi transform of the function of two variables z(p, 9) with respect to ¢ is given by Z(p,u) and 0 < v < 1,
then

S 3000 = o (200 = L20.0)) = o (SEG0) - L20.0)). ©)

3.1. Analysis of the Method (q-HASTM)

The fundamental idea of g-homotopy analysis merged with the Sawi transform is presented here for solving
fractional Caputo partial differential equations. To simplify the method, we follow the steps of g-HASTM.
Let us begin with the differential equation of nth order

Dyz(p,9) = p(p,9) + L(z(p,9¥)) + N(z(p,?9)), ¥9>0,n—1<v<n, neN, (10)
subject to the conditions
d“z(p,0) _ _
W_(pw(p)7 w_0717"'7n_1' (11)

Here, L and NV are linear and nonlinear differential operators, Djjz(p, 9J) denotes the Caputo fractional derivative,

z(p, ) is the unknown function, and ¢(p, ) is a known function.
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Applying the Sawi transform to Eq.(10), we obtain

S [Dy(p.9)] = 8 [p(p,9) + L(=(p, 9)) + N(z(p, 9))] . (12)
Simplifying, we get
vl L)
S[z(p,0)) =’ (Z 20D 18 (o) + Lo ) + Nl m)]) . (13)
i=0

The nonlinear operator is defined as

NG (p,9;q)] = S[G(p,V; q)]

(i)
(Z “ uﬁ’?ff D+ S, 0) + L(G) + N(Q)]) ) (14)

where G (p,¥; q) is a function of p, ¥4, ¢ € [0,1/m], and m > 1 is the homotopy parameter.
The homotopy equation is defined as

(1 =79)S [G(p, Y5 q) — 20(p, V)] = hq #[G (p,V; q)], (15)

where h # 0 is an auxiliary parameter.
For g =0and ¢ = %, we have

1
Glo0:0) = salp0). G (p.0 1) =0.0) (16)
Using Taylor expansion,
Gp.0:9) = 20(p,9) + Y zm(p 17
m=1
where 5 p
1 m .
zm(p,ﬁ):—'M  m=012,. .. (18)
m! Oq™ =0
Thus,
o) = zo(p.0) + 3 220 (19
7 7 m=1 ™

Differentiating the zero-order deformation equation m times with respect to g, setting ¢ = 0, and dividing by m/!,
yields
S [Zm (P, V) — Kmzm—1(p; 19)} = hdt(p,9)R [Z;nfl (p, 19)] (20)

The vector form is defined as
Zm(p,9) = (20, 21, 225« - + » Zm) - 21
Applying the inverse Sawi transform on Eq. (20), implies
Zm(P, ’19) = ﬂmszl(pv 19) + h(g_l [%(pv ﬂ)m[gmfl]] ) (22)
where

)

RZm-1] = S[zm-1(p,9)] — (1 _ @) Po(p

n u
— S [(1=51) (o, 9) + Llzm-1) + N(zmo1)] 23)
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and

0, m<1,
Km =
n, m>1.

Utilizing the Eq.s (22) and (23), we can obtain the value of . Finally, the g-HASTM series solution can expressed
to be

2p ) = zm(p V). (24)

m=0

4. Applications

Some examples are discussed and solved in this section to prove the simplicity and effectiveness of the presented
g-HASTM.

Example 4.1
Consider the following fractional linear equation with constant coefficients:

0"(p.9) | 0:(p.)

= 1 25
99v H op 0, 0<v <1, (25)
subject to the conditions
z(p,0) = p*. (26)
Applying Sawi transform on Eq. (25), we obtain
8 (o)) = L2(p,0) ~u's Vﬁ;ﬂ | @)
Using the initial condition (26), we obtain
2
, P |92(p,0)
S [z(p,9)] = o T hu S { p . (28)
Applying ¢-HASTM on Eq.(28), we get
i ve [9G(p,Viq
NG, 99l = SG(p, 9] =~ + pu S[ J(gp )], 29)
and we have ) 5 (o.9)
~ _ _ _ K’ﬂ pi v Zm—1\0,
R Ger) = S [zmer (py9)] (1 - ) — S [ 5 } (30)
Hense, we can define the mth-order deformed functions as
R (Zp_1) = W S [Zn(0,9) — KmZm—1(p, )] . 31)

Operating inverse Sawi transform to Eq.(31) to obtain
Zm(p» 19) = ’imszl(pa 19) + hS~* [m (mel)] .
Note that, the first few terms of z,,(p, ¥) is given by.
20(p,9) = z(p, 0) = p*,
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we can find the first two iterations as
21(p,9) = K120(p,9) + h STV R (2)]

2
o »—1 | o P v o 820(/3, 19)
=hd {é [20(p, )] ” + pu’S [8p

2 2
—hS! h - % + uu@&[zp]]

= 2uhp St [uvfl] = l%/(l:iﬁl) ,
22(p,9) = k221 (p,9) + hSTH R (21)]
2nphp 9
T Tw+1)
2uh(h +n)pd°  2u%h? 9
T T(w+1) r(2u+1) "

+hSt [S [21(p, V)] + pu’S {WH

dp

In the same way, one can obtain

v 2v

PO a2 (h + " D)

z3(p,?) = 2uh(h + n)2m

We can find the rest of terms of z,,(p,¥#), m > 4, by a similar procedure. Hens we can define the approximate
analytic solution as

9) = 9 —_—
Z(p7 ) ZO(p7 )+mZ::1 nm
Figure 1 illustrates the plot of the function z(p, ) for different values of ¥ (0.5, 0.7, 0.9, and 1). The function is
evaluated over a range of p values from O to 2. Each line represents a different value of ¥, demonstrating how the

function varies with p and 9. For h = —1, n = 1 and v = 1, the approximate solution converges to the exact one.

2(p,9) = p* = 2upV + p*9?.

Figure 2 is the plot comparing both functions z(p, ). The blue line represents the exact solution, while the red
dashed line corresponds to the approximate solution. Both functions are plotted for ¥ = 1 and over the range of p
from O to 2, showing their distinct behaviors.

Example 4.2
Consider the initial value problem:

9°2(p,9) | 0z(p, V)

= 1 32
Sg TP g =0 0<u<l, (32)
subject to the conditions
2(p,0) = p*. (33)
Applying Sawi transform on Eq. (32), we obtain
1
8 0. 0)] = ~2(0.0) — u"s [pW] | (34)
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Plot of z(p, G)for different values of &
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Figure 1. Plot of the function z (p, ) for different values of #(0.5,0.7,0.9, andl).
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Figure 2. Comparison between the exact and approximate solutions.

Using the initial condition (33), we obtain

Sz(p,9)] = [;—2 —u’S [p%;;ﬁ)] . (35)
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Applying g-HASTM on Eq.(35), we get

2 0 ,
RG] = S (Gl i) - 2 s [, P0G 36)
and we have ) 5 )
R (Zn1) = 8 [zma(p )] = (1= 52) 2 s {pz’”ggp’)] . (37)

Thus, we define the mth-order equations:

R (Zm—1) = B8 [Zn(p, 9) — K zZm-1(p, 9)]. (38)
Running inverse Sawi transform to Eq.(38), to get

2m(py9) = Kimzm—1(p,¥) + hSTH R (Zn-1)]. (39)

Note that, the first few terms of z,,(p, ) is given by

z20(p,9) = z(p,0) = p°,

21(p,9) = K129(p,9) + KSR (20)]

—h§! [S [20(p. 9)] — %2 tu's [PW”

2 2
—hSs [p Porurs [2p2]:|

u u

1T e 2hp? Y
2 1 1
B e e v B
In the same way, we get
2 qu v)2
14 2 (p0?)
9) = 2h(h 4h
22(p0) = 20k + ) Fomy A Ry
2 qu 19”)2 . 21931)
9) = 2h(h +n)> =LY 1 8h%(h (p P .
2a(p0) = 2h(h A )" mam gy + 8 ) o S S R T

Similarly, we get the components of z,,(p, ?), m > 4.
Thus, the expanded solution is given as

Z(pvﬁ) = ZO(pvﬁ) + Z w

m=1

Figure 3 below, is the plot of the function z(p, ¢) for different values of ¥ (0.5, 0.7, 0.9, and 1). The graph shows
how the function behaves as p changes, with decreasing values of z(p, ) as ¥ increases. For h = —1, n = 1 and
v = 1 then obviously, the series solution is converging to the exact one.

@02 _ 5 (29)°

2p,0) = p* = 2070 + p* 5= — P

+...= p267219.
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2(p, 8) = pie~¥

T T T T

0.00 0.25 0.50 0.75 1.60 1.25 1.50 1.75 2.00
p

Figure 3. Plot of the function z (p, ¥) for different values of ©(0.5,0.7,0.9, andl).

Example 4.3
Consider the initial value problem:

0":(p. ) | 9(p,)

500 op =p, O<v<l, (40)
subject to the conditions
z(p,0) = e”. 41
Running Sawi transform on Eq. (40), we obtain
1
S o)) = L2(p.0) s [8(5;19) - p} | @)
Using the initial condition (41), we obtain
e’ 9z(p, )
S 9] =——u'S | ——= —p|. 4
G =S s | 200 @)
Applying g-HASTM on Eq.(43), we get
ep v a ) 19; q
NG 0)] = S (G0 i) - & uvs | PEETD ), @)
and we have
., B Em \ €° vo | 02Zm—1(p,V) Km,
R (Zn1) =8 loma (0] - (1= 22) S s [ap — (1= 43)
Hens we define mth-order functions of the form:
R (Zp-1) =W 8 [Zn(p,9) — KmZm—1(p, )] . (46)
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Applying inverse Sawi transform to Eq.(46) to obtain
Zm(pa 19) = ’imzm—l(pa 19) + hcs)_l [m (Zm—l)] .
Note that, the first few terms of z,,(p,¥) is given by

ZO(p7 19) = Z(pa 0) = epa

Zl(pa’l?) = HIZO(pv 19) + hs™ [m (_'0)]

= hS™ 1S [20(p, V)] —e—:mvs {W —p” _ =)t

dp Tv+1)
To get the value of the second approximation

22(p,9) = K221 (p,9) + A STHR (21)]

= M -1 v M
=nhrany ThS {S[n(ﬁ,ﬁ‘)]—ku&[ - H
:n:h(h+n)(ep—p)i9v hQ(ep_l)ﬁ%

I(v+1) F2u+1) °
Repeating the same procedure, we get z3(p, ) as

23(p,9) = Kaza(p,9) + hSTHR (22)]

_ (&8 =)yl 1)
= nh(h ) ey M T

+hSTHS [22(p,9)] + u'S [WH

dp
:h(h+n)z(€”—ﬂ)ﬂ” +2h2(n+h)(ep—1)192” 3(e” —1) 9%

Tv+1)

Thus, similarly we can compute the rest terms of z,, (p, ), m > 4.
The expanded solution can be defined

— Zm(p,9)
m b
z(p, V) = 20(p, V) + Z o
m=1
Putting h = —1, n = 1 and v = 1, we obtain the series solution converging to the exact one:

1
2(p,9) =9 (p— 219) +er?,
Example 4.4

Consider the nonhomogeneous problem:

z(p,9)  9%z(p,V)
o Op?

- (1 +4,02) z(p, ), 0<wv<1,

subject to the conditions
2

z(p,0) =€’ .

Stat., Optim. Inf. Comput.

Tot+1) " T@o+1)

47

(48)

(49)
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Applying Sawi transform on Eq. (48), we obtain

1 vo [0%2(p, 0
S [2(p,0)] = —2(p,0) + u"S [3(2) — (1+4p%) 2(p, 19)] :
u P
Using the initial condition (49), we obtain

e’ 22
S(p )] = — +u'S [88(52719) — (14 4p°) 2(p, 19)} .

Applying -HASTM on Eq.(51), we get

ep2 2 .
RG] = S (G030 - - —uts | ZELED - (144 6.0:0)|.

and we have

R (not) = 8 B () - (1= 2) v (20 (14 42) a0

Op?
Moreover, we define the mth-order deformation functions:

R (Zm-1) =h'S Znlp,9) = fmzm-1(p,9)] .
Running inverse Sawi transform to Eqs.(54) to obtain

Zm (9, 9) = EmZm—1(p,0) +hS R (Zn_1)] -

Note that, the first few terms of z,,(p, ) is given by

20(p,9) = z(p,0) = e’

Zl(pv 19) = K()Zo(p, 19) + hSs~! [m (20)}
o2 2
=hS 1S [20(p, )] — s w — (144p%) zo(p,ﬁ)H
u 0%p
—heP” 9V

77p2 >—1 v—17 __
=—e” hd$ [u ]7711(1)—1—1)'

The second and third iterations can be obtained similarly,

—h(n+ h)ep219” h2er” 92v

20(p, V) = k2z1(p, V) + hSTH[R (21)] = Tvt1) + F2v+1)°

23(p,9) = Kaza(p,9) + h ST R (2)]
nh(n + h)ep2 9 nh2er” 92
I(v+1) I'2v+1)

2
Tt (14 a)a(o0) |
h(n + h)2epzi9” 2h%(n + h)e”2 92 p3er” Y3

T(v+1) T(2v+1) TBv+1)

+hS7HS [22(p, )] — u’'S

4183

(50)

61V

(52)

(53)

(54

(55)
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The rest terms of z,,(p, ¥), m > 4, are obtained similarly.
The expanded solution is defined to be

,0) = , 0 E —_— .
Z(p ) 20 (p ) + — nm
For h = —1, n = 1 and v = 1, we get the series solution converging to the exact one

z(p, ) = er

5. Conclusion

In this paper, we successfully demonstrated the application of the g-Homotopy Analysis of Sawi Transform Method
(g-HASTM) to solve fractional Caputo partial differential equations. By integrating the Sawi transform with
the homotopy analysis technique, we have provided a robust method capable of deriving approximate analytical
solutions to complex fractional equations. The g-HASTM showed flexibility and accuracy, especially in handling
nonlinear and non-homogeneous equations, validating its potential as a powerful tool for future research in
fractional calculus. The results obtained through various examples confirmed the convergence of the method to
exact solutions with appropriate parameter settings. Furthermore, the proposed method offers valuable insights for
solving problems in applied mathematics, physics, and engineering, where fractional derivatives play a significant
role [32, 33, 34]. The potential for further improvement of G-HASTM, such as extending its applications to multi-
dimensional fractional problems or incorporating other types of fractional derivatives, remains promising. Future
studies could also explore the combination of q-HASTM with other analytical methods to expand its usability in
broader contexts [35, 36, 37].
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