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Abstract We introduce the notion of total distance irregular labeling, called the local total distance irregular labeling. All
edges and vertices are labeled with positive integers 1 to k such that the weight calculated at the vertices induces a vertex
coloring if two adjacent vertices has different weight. The weight of a vertex u ∈ V (G) is defined as the sum of the labels of
all vertices adjacent and edges incident to u (distance 1 from u). The minimum cardinality of the largest label over all such
irregular assignment is called the local total distance irregularity strength, denoted by tdisl(G). In this paper, we established
the lower bound of the local total distance irregularity strength of graphs G and determined exact values of some classes of
graphs namely path, cycle, star, bipartite complete, fan and sun graph.
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1. Introduction

In this paper, we assume that all graphs are finite, simple, and connected. For detailed definitions and notations,
the reader is referred to [4, 5, 6]. Slamin [2] introduced the distance irregular labeling of graph, denoted by dis(G),
the minimum cardinality of the largest label k over all such irregular assignment. The term irregularity strength of
H , denoted by s(H), stand for the least of maximum label among all of the possible irregular assignments of H .
Furthermore, Kristiana, et al. introduced local distance irregularity, the minimum cardinality of the largest label
over all such assignment. Bača et al. [3] established Irregular Total Labeling, which was motivated by the concepts
of irregularity strength and total labeling. For graph H(T, S), a labeling σ : T ∪ S → {1, 2, . . . , k} is a Vertex
Irregular Total Labeling (VITL) if for every x, y ∈ T, x ̸= y then wσ(x) ̸= wσ(y). For every x ∈ T,wσ(x) is defined
as wσ(x) = σ(x) + Σux∈Sσ(ux). The labeling σ is an Edge Irregular Total Labeling (EITL) if for every xy, uv ∈
S, xy ̸= uv then wσ(xy) ̸= wσ(uv). For every xy ∈ E,wσ(xy) is defined as wσ(xy) = σ(xy) + σ(x) + σ(y).
Furthermore, Kristiana, et.al [1] introduce local distance irregularity labeling, and found local distance irregularity
strength of path graph, cycle graph and planary tree graph.

Lemma 1
[2] Let u and w be any two adjacent vertices in a connected graph G. If N(u)− {w} = N(w)− {u}, then the
labels of u and w must be distinct, that is λ(u) ̸= λ(w).
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2. Results and Discussion

In this paper, we integrate the concepts of distance irregular labeling and distance vertex irregular total k-labeling.
As a result, we introduce a new notion, referred to as the local total distance irregularity labeling.

Definition 1
Suppose σ : V (G) → {1, 2, . . . , k} and λ : E(G) → {1, 2, . . . , k} such that the weight calculated at the vertices
induces a vertex coloring if w(u) ̸= w(v) for any edge uv. The weight of a vertex u ∈ V (G) is defined as
the sum of the labels of all vertices adjacent and all edges incident to u (distance 1 from u), that is w(u) =
Σy∈N(u)σ(y) + Σe∈N(u)λ(e).

Definition 2
The local total distance irregularity strength, denoted by tdisl(G), is defined as the minimum among the maximum
labels assigned in all such irregular total distance labels.

Lemma 2
Let G be a connected graph on n ≥ 3 vertices with the chromatic number χ, the minimum degree δ and the
maximum degree ∆ and there is no vertex having identical neighbors, then we have the lower bound of the local
total distance irregular labeling of G is

tdisl(G) ≥ ⌈χ+ δ − 1

∆
⌉

In this paper, we introduce a new concept in graph labeling, referred to as the local total distance irregularity
labeling. We establish a lower bound for this labeling and determine its exact values for several graph classes,
including path graphs, cycle graphs, sun graphs, fan graphs, star graphs, and complete bipartite graphs, as presented
in the following theorems.

Theorem 1
Let Pn be a path graph with order n ≥ 3, the local total distance irregularity labeling of Pn is tdisl(Pn) = 2

Proof
The vertex set V (Pn) = {x1, x2, . . . , xn} and the edge set E(Pn) = {xixi+1; 1 ≤ i ≤ n− 1}. We have ∆(Pn) =
2, δ(Pn) = 1 and χ(Pn) = 2. The cardinality of the vertex set and the edge set, respectively, are |V (Pn)| = n
and |E(Pn)| = n− 1. This proof divided into two cases are as follows. For n ≥ 3, Based on Lemma 2 that the
lower bound of local total distance irregularity labeling of path graph Pn is tdisl(Pn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈ 2+1−1
2 ⌉ = 1.

However, the sharpest lower bound cannot be achieved. If all vertices and all edges are assigned the label 1,
there will exist at least two adjacent vertices with the same weights, namely w(x2) = σ(x1) + σ(x2) + λ(x1x2) +
λ(x2x3) = 1 + 1 + 1 + 1 = 4 and w(x3) = σ(x2) + σ(x4) + λ(x2x3) + λ(x3x4) = 1 + 1 + 1 + 1 = 4, so that
w(x2) = w(x3) for the edge x2x3 ∈ E(Pn). Hence, the lower bound of the local total distance irregularity labeling
of Pn is tdisl(Pn) ≥ 2. Furthermore, we prove that the upper bound of the local total distance irregularity labeling
of Pn is tdisl(Pn) ≤ 2.

σ(xi) =

{
1, for i ≡ 1, 2, 3 mod 4, 1 ≤ i ≤ n
2, for i ≡ 0 mod 4, 1 ≤ i ≤ n
λ(xixi+1) = 1, 1 ≤ i ≤ n− 1

This labeling provides vertex-weight as follows.

w(xi) =

 2, for ı = 1, n
4, for i even, 2 ≤ i ≤ n− 1
5, for i odd, 2 ≤ i ≤ n− 1

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Pn is tdisl(Pn) ≤ 2. It concludes that tdisl(Pn) = 2.
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Theorem 2
Let Cn be a cycle graph with order n ≥ 3, then the local total distance irregularity labeling of Cn is

tdisl(Cn) =

{
2, if n is even
3, if n is odd

Proof
The vertex set V (Cn) = {x1, x2, . . . , xn} and the the edge set E(Cn) = {xixi+1; 1 ≤ i ≤ n− 1}. We have
∆(Cn) = 2, δ(Cn) = 1 and χ(Cn) = 2. The cardinality of the vertex set and the edge set, respectively, are
|V (Cn)| = n and |E(Cn)| = n− 1. This proof divided into two cases are as follows.
Case 1: For n is even
For n ≥ 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of cycle
graph Cn is tdisl(Cn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈ 2+2−1
2 ⌉ = 2. However, the sharpest lower bound cannot be achieved.

If all vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices
with the same weights, namely w(x2) = σ(x1) + σ(x3) + λ(x1x2) + λ(x2x3) = 1 + 1 + 1 + 1 = 4 and
w(x3) = σ(x2) + σ(x4) + λ(x2x3) + λ(x3x4) = 1 + 1 + 1 + 1 = 4, so that w(x2) = w(x3) for the edge
x2x3 ∈ E(Cn). Hence, the lower bound of the local total distance irregularity labeling of Cn is tdisl(Cn) ≥ 2.
Furthermore, we prove that the upper bound of the local total distance irregularity labeling of Cn is tdisl(Cn) ≤ 2.

σ(xi) =

{
1, for i odd, 1 ≤ i ≤ n

2, for i even, 1 ≤ i ≤ n
(1)

λ(xixi+1) =

{
1, for i odd, 1 ≤ i ≤ n− 1

2, for i even, 1 ≤ i ≤ n− 1
(2)

λ(x1xn) = 2

This labeling provides vertex-weight as follows.

w(xi) =

{
5, for i even, 1 ≤ i ≤ n

7, for i odd, 1 ≤ i ≤ n
(3)

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Cn is tdisl(Cn) ≤ 2. It concludes that tdisl(Cn) = 2.

Case 2: For n is odd
For n ≥ 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of cycle
graph Cn is tdisl(Cn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈ 2+1−1
2 ⌉ = 1. However, the sharpest lower bound cannot be achieved.

If all vertices and all edges are assigned the label 1 or 2, there will exist at least two adjacent vertices
with the same weights, namely w(xn) = σ(x1) + σ(xn−1) + λ(x1xn) + λ(xnxn−1) = 1 + 2 + 1 + 1 = 5 and
w(xn−1) = σ(xn) + σ(xn−2) + λ(xnxn−1) + λ(xn−1xn−2) = 1 + 1 + 1 + 2 = 5, so that w(xn) = w(xn−1) for
the edge xnxn−1 ∈ E(Cn). Hence, the lower bound of the local total distance irregularity labeling of Cn is
tdisl(Cn) ≥ 3. Furthermore, we prove that the upper bound of the local total distance irregularity labeling of Cn

is tdisl(Cn) ≤ 3.

σ(xi) =


1, for i odd, 1 ≤ i ≤ n− 1

2, for i even, 1 ≤ i ≤ n− 1

3, for i = n

(4)

λ(xixi+1) =

{
1, for i ≡ 2, 3 mod 4

2, for i ≡ 0, 1 mod 4
(5)

Stat., Optim. Inf. Comput. Vol. x, Month 2025



E.D. PUTRA, SLAMIN, A. I. KRISTIANA, A. SUWITO, R. ALFARISI 3

λ(x1xn) = 1

This labeling provides vertex-weight as follows.

w(xi) =


5, for i ≡ 0, 2 mod 4, 1 ≤ i ≤ n− 2, i = n

6, for i ≡ 3 mod 4, 1 ≤ i ≤ n− 2

7, for i = n− 1

8, for i ≡ 1 mod 4, 1 ≤ i ≤ n− 2

(6)

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Cn is tdisl(Cn) ≤ 3. It concludes that tdisl(Cn) = 3.

Theorem 3
Let Mn be a sun graph with order n ≥ 3, then the local total distance irregularity labeling of Mn is

tdisl(Mn) =

{
2, if n is even
3, if n is odd

Proof
The vertex set V (Mn) = {x1, x2, . . . , xn} ∪ {y1, y2, . . . , yn} and the edge set E(Mn) = {xixi+1; 1 ≤ i ≤
n− 1} ∪ {x1xn} ∪ {xiyi}. We have ∆(Mn) = 3, δ(Mn) = 1 and χ(Mn) = 2. The cardinality of the vertex set
and the edge set, respectively, are |V (Mn)| = 2n and |E(Mn)| = 2n. This proof divided into two cases are as
follows.
Case 1: For n is even
For n ≥ 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of sun graph
Mn is tdisl(Mn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈3+1−1
2 ⌉ = 2. However, the sharpest lower bound cannot be achieved. If all

vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices with the same
weights, namely w(x3) = σ(x2) + σ(x4) + σ(y3) + λ(x2x3) + λ(x3x4) + λ(y3x3) = 1 + 1 + 1 + 1 + 1 + 1 = 6
and w(x4) = σ(x3) + σ(x5) + σ(y4) + λ(x3x4) + λ(x4x5) + λ(y4x4) = 1 + 1 + 1 + 1 + 1 + 1 = 6, so that
w(x3) = w(x4) for the edge x3x4 ∈ E(Mn). Hence, the lower bound of the local total distance irregularity
labeling of Mn is tdisl(Mn) ≥ 2. Furthermore, we prove that the upper bound of the local total distance
irregularity labeling of Mn is tdisl(Mn) ≤ 2.

σ(xi) =

{
1, for i odd, 1 ≤ i ≤ n

2, for i even, 1 ≤ i ≤ n
(7)

σ(yi) = 1, 1 ≤ i ≤ n

λ(xixi+1) =

{
1, for i odd, 1 ≤ i ≤ n− 1

2, for i even, 1 ≤ i ≤ n− 1
(8)

λ(x1xn) = 2
λ(xiyi) = 1, 1 ≤ i ≤ n

This labeling provides vertex-weight as follows.

w(xi) =

{
7, for i even, 1 ≤ i ≤ n

9, for i odd, 1 ≤ i ≤ n
(9)

w(yi) =

{
2, for i odd, 1 ≤ i ≤ n

3, for i even, 1 ≤ i ≤ n
(10)
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It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Mn is tdisl(Mn) ≤ 2. It concludes that tdisl(Mn) = 2 for n even.

Case 2: For n is odd
For n ≥ 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of sun graph Mn

is tdisl(Mn) ≥ ⌈χ+δ−1
∆ ⌉ = ⌈3+1−1

3 ⌉ = 2. However, the sharpest lower bound cannot be achieved. If all vertices
and all edges are assigned the label 1 or 2, there will exist at least two adjacent vertices with the same weights,
namely w(xn) = σ(x1) + σ(xn−1) + σ(yn) + λ(x1xn) + λ(xnxn−1) + λ(xnyn) = 1 + 1 + 2 + 1 + 1 + 2 = 8
and w(xn−1) = σ(xn) + σ(xn−2) + σ(yn−1 + λ(xnxn−1) + λ(xn−1xn−2) + λ(xn−1yn−1) = 2 + 1 + 1 + 2 +
1 + 1 = 8, so that w(xn) = w(xn−1) for the edge xnxn−1 ∈ E(Mn). Hence, the lower bound of the local total
distance irregularity labeling of Mn is tdisl(Mn) ≥ 3. Furthermore, we prove that the upper bound of the local
total distance irregularity labeling of Mn is tdisl(Mn) ≤ 3.

σ(xi) =


1, for i odd, 1 ≤ i ≤ n− 1

2, for i even, 1 ≤ i ≤ n− 1

3, for i = n

(11)

σ(yi) = 1, 1 ≤ i ≤ n

λ(xixi+1) =

{
1, for i ≡ 2, 3 mod 4

2, for i ≡ 0, 1 mod 4
(12)

λ(x1xn) = 1
λ(xiyi) = 1, 1 ≤ i ≤ n

This labeling provides vertex-weight as follows.

w(xi) =


5, for i ≡ 0, 2 mod 4, 1 ≤ i ≤ n− 2, i = n

6, for i ≡ 3 mod 4, 1 ≤ i ≤ n− 2

7, for i = n− 1

8, for i ≡ 1 mod 4, 1 ≤ i ≤ n− 2

(13)

w(yi) =


2, for i odd, 1 ≤ i ≤ n− 1

3, for i even, 1 ≤ i ≤ n− 1

4, for i = n

(14)

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Mn is tdisl(Mn) ≤ 3. It concludes that tdisl(Mn) = 3.

Theorem 4
Let Fn be a fan graph with order n ≥ 3, then the local total distance irregularity labeling of Fn is tdisl(Fn) = 2

Proof
The vertex set V (Fn) = {x1, x2, . . . , xn} ∪ {x} and the edge set E(Fn) = {xix} ∪ {xixi+1; 1 ≤ i ≤ n− 1}. We
have ∆(Fn) = n, δ(Fn) = 2 and χ(Fn) = 3.
For n ≥ 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of fan graph
Fn is tdisl(Fn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈3+2−1
3 ⌉ = 2. However, the sharpest lower bound cannot be achieved. If all

vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices with the same
weights, namely w(x3) = σ(x2) + σ(x4) + σ(x) + λ(x2x3) + λ(x3x4) + λ(xx3) = 1 + 1 + 1 + 1 + 1 + 1 = 6
and w(x4) = σ(x3) + σ(x5) + σ(x) + λ(x3x4) + λ(x4x5) + λ(xx4) = 1 + 1 + 1 + 1 + 1 + 1 = 6, so that
w(x3) = w(x4) for the edge x3x4 ∈ E(Fn). Hence, the lower bound of the local total distance irregularity labeling
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of Fn is tdisl(Fn) ≥ 2. Furthermore, we prove that the upper bound of the local total distance irregularity labeling
of Fn is tdisl(Fn) ≤ 2.

σ(xi) =

{
1, for i odd, 1 ≤ i ≤ n

2, for i even, 1 ≤ i ≤ n
(15)

σ(x) = 1

λ(xixi+1) = 1, 1 ≤ i ≤ n− 1

λ(xix) = 1, 1 ≤ i ≤ n

This labeling provides vertex-weight as follows.

w(xi) =


4, fori = n

5, for i = 1

6, for i even, 1 ≤ i ≤ n− 2

8, for i odd, 1 ≤ i ≤ n− 1

(16)

w(x) = 5n−5
2

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Fn is tdisl(Fn) ≤ 2. It concludes that tdisl(Fn) = 2.

Theorem 5
Let Sn be a star graph with order n ≥ 2, then the local total distance irregularity labeling of Sn is tdisl(Sn) = 1

Proof
The vertex set V (Sn) = {x1, x2, . . . , xn} ∪ {x} and the edge set E(Sn) = {xix; 1 ≤ i ≤ n− 1}. We have
∆(Sn) = n, δ(Sn) = n+ 1 and χ(Sn) = 2. For n ≥ 3, Based on Lemma 2 that the lower bound of local total
distance irregularity labeling of star graph Sn is tdisl(Sn) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈n+1−1
2 ⌉ = n.

However, we attain the sharpest lower bound. Furthermore, we prove the upper bound of the local total distance
irregularity labeling of star graph is tdisl(Sn) ≤ 1. We define the label vertices using formula σ(x) = σ(xi) = 1
for 1 ≤ i ≤ n. This labeling provides vertex-weight such as w(x) = n and w(xi) = 1. Each leaf adjacent to central
vertex and w(x) ̸= w(xi). Therefore, it is easy to see that w is vertex coloring. Hence, we obtain the upper bound
of the local total distance irregularity labeling of Sn is tdisl(Sn) ≤ 1. It concludes that tdisl(Sn) = 1.

Theorem 6
Let Km,n be a bipartite complete graph with order m,n ≥ 2, then the local total distance irregularity labeling of
Km,n is tdisl(Km,n) = 2

Proof
The vertex set V (Km,n) = {x1, x2, . . . , xn} ∪ {y1, y2, . . . , ym} and the edge set E(Km,n) = {xiyj}, 1 ≤ i ≤
n, 1 ≤ j ≤ m}. We have ∆(Km,n) = n, δ(Km,n) = m and χ(Km,n) = n.
For m,n ≥ 2, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of bipartite
complete graph Km,n is tdisl(Km,n) ≥ ⌈χ+δ−1

∆ ⌉ = ⌈m+n−1
n ⌉ = n. However, we cannot attain the sharpest lower

bound.
Hence, the lower bound of the local total distance irregularity labeling of Km,n is tdisl(Km,n) ≥ 2. Furthermore,
we prove that the upper bound of the local total distance irregularity labeling of Km,n is tdisl(Km,n) ≤ 2.

σ(xi) = 2, 1 ≤ i ≤ m
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σ(yi) = 1, 1 ≤ i ≤ n

λ(xiyi) = 1, 1 ≤ i ≤ m, 1 ≤ i ≤ n

w(xi) = 2n

w(yi) = 3m

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of Km,n is tdisl(Km,n) ≤ 2. It concludes that tdisl(Km,n) = 2.

3. Concluding Remarks

In this paper, we integrate the concepts of distance irregular labeling and distance vertex irregular total k-labeling.
As a result, we introduce a new notion, referred to as the local total distance irregularity labeling. and obtained the
local total distance irregularity labeling of some graphs.
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