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Abstract We introduce the notion of total distance irregular labeling, called the local total distance irregular labeling. All
edges and vertices are labeled with positive integers 1 to k such that the weight calculated at the vertices induces a vertex
coloring if two adjacent vertices has different weight. The weight of a vertex u € V(G) is defined as the sum of the labels of
all vertices adjacent and edges incident to u (distance 1 from ). The minimum cardinality of the largest label over all such
irregular assignment is called the local total distance irregularity strength, denoted by ¢dis;(G). In this paper, we established
the lower bound of the local total distance irregularity strength of graphs G and determined exact values of some classes of
graphs namely path, cycle, star, bipartite complete, fan and sun graph.
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1. Introduction

In this paper, we assume that all graphs are finite, simple, and connected. For detailed definitions and notations,
the reader is referred to [4, 5, 6]. Slamin [2] introduced the distance irregular labeling of graph, denoted by dis(G),
the minimum cardinality of the largest label k£ over all such irregular assignment. The term irregularity strength of
H, denoted by s(H), stand for the least of maximum label among all of the possible irregular assignments of H.
Furthermore, Kristiana, et al. introduced local distance irregularity, the minimum cardinality of the largest label
over all such assignment. Baca et al. [3] established Irregular Total Labeling, which was motivated by the concepts
of irregularity strength and total labeling. For graph H(T,S), a labeling o : TU S — {1,2,...,k} is a Vertex
Irregular Total Labeling (VITL) if for every z,y € T, x # y then w, () # w,(y). Forevery x € T, w,(x) is defined
as wy () = o(x) + Lyzeso(ux). The labeling o is an Edge Irregular Total Labeling (EITL) if for every xy, uv €
S, xy # uv then wy(xy) # w,(uv). For every zy € E,w,(xy) is defined as w,(zy) = o(zy) + o(z) + o(y).
Furthermore, Kristiana, et.al [1] introduce local distance irregularity labeling, and found local distance irregularity
strength of path graph, cycle graph and planary tree graph.

Lemma 1
[2] Let u and w be any two adjacent vertices in a connected graph G. If N(u) — {w} = N(w) — {u}, then the
labels of u and w must be distinct, that is A(u) # A(w).
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2. Results and Discussion

In this paper, we integrate the concepts of distance irregular labeling and distance vertex irregular total k-labeling.
As a result, we introduce a new notion, referred to as the local total distance irregularity labeling.

Definition 1

Suppose ¢ : V(G) — {1,2,...,k} and X : E(G) — {1,2,...,k} such that the weight calculated at the vertices
induces a vertex coloring if w(u) # w(v) for any edge uv. The weight of a vertex u € V(G) is defined as
the sum of the labels of all vertices adjacent and all edges incident to u (distance 1 from wu), that is w(u) =

Yyenw)o(y) + XeenwAle).

Definition 2
The local total distance irregularity strength, denoted by tdis;(G), is defined as the minimum among the maximum
labels assigned in all such irregular total distance labels.

Lemma 2
Let G be a connected graph on n > 3 vertices with the chromatic number x, the minimum degree ¢ and the
maximum degree A and there is no vertex having identical neighbors, then we have the lower bound of the local
total distance irregular labeling of G is
X+0-1
A ~|

In this paper, we introduce a new concept in graph labeling, referred to as the local total distance irregularity
labeling. We establish a lower bound for this labeling and determine its exact values for several graph classes,
including path graphs, cycle graphs, sun graphs, fan graphs, star graphs, and complete bipartite graphs, as presented
in the following theorems.

tdiSl(G) Z |_

Theorem 1
Let P, be a path graph with order n > 3, the local total distance irregularity labeling of P, is tdis;(P,) = 2

Proof

The vertex set V(P,,) = {x1,x2,...,x,} and the edge set E(P,,) = {x;x;41;1 <i <n—1}. We have A(P,) =
2, 6(P,) =1 and x(P,) = 2. The cardinality of the vertex set and the edge set, respectively, are |V (P,)| =n
and |E(P,)| = n — 1. This proof divided into two cases are as follows. For n > 3, Based on Lemma 2 that the
lower bound of local total distance irregularity labeling of path graph P, is tdis;(P,) > [Xo—1] = [2+l=1] = 1.
However, the sharpest lower bound cannot be achieved. If all vertices and all edges are assigned the label 1,
there will exist at least two adjacent vertices with the same weights, namely w(x2) = o(z1) + o(x2) + AM(z122) +
Mzozsz) =14+1+14+1=4 and w(z3) = o(x2) + o(x4) + Maows) + Maszzy) =1+ 14+ 1+1=4, so that
w(xe) = w(xs) for the edge xox3 € E(P,). Hence, the lower bound of the local total distance irregularity labeling
of P, is tdis;(P,) > 2. Furthermore, we prove that the upper bound of the local total distance irregularity labeling
of P, is tdis;(P,) < 2.

o) = 1, fori= 1,2,3mod 4,1 <i<n
Y2, fori= 0mod4,1<i<n
/\(xixi+1):1,1§i§n—1

This labeling provides vertex-weight as follows.

2, for1 =1,n
w(z;) = 4, forieven,2<i<n-1
5, foriodd,2<i<n-—1

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of P, is tdis;(P,,) < 2. It concludes that tdis;(P,,) = 2. O
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Theorem 2
Let C, be a cycle graph with order n > 3, then the local total distance irregularity labeling of C,, is

' 2, ifniseven
tdis(Cy) = { 3, ifnisodd

Proof

The vertex set V(C,) = {z1,x2,...,2,} and the the edge set F(C,) = {x;x;41;1 <i<n—1}. We have
A(Cp) =2, §(Cy) =1 and x(C,) = 2. The cardinality of the vertex set and the edge set, respectively, are
|V (Cy)| =nand |E(C,)| = n — 1. This proof divided into two cases are as follows.

Case 1: For n is even

For n > 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of cycle
graph C,, is tdis(C,) > [¥8=1] = [242=1] = 2. However, the sharpest lower bound cannot be achieved.
If all vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices
with the same weights, namely w(z2)=o0(z1)+o(z3)+ AMz122)+ A(z223) =14+1+14+1=4 and
w(xg) = o(x2) + o(x4) + Maozs) + Maszy) =1+14+1+1=4, so that w(zy) =w(zs) for the edge
xox3 € E(C,). Hence, the lower bound of the local total distance irregularity labeling of C,, is tdis;(C,) > 2.
Furthermore, we prove that the upper bound of the local total distance irregularity labeling of C,, is tdis;(C),) < 2.

1, foriodd,1<i<n

o(x;) = ) ) (1)
2, forieven,1 <i<n
1, oriodd,1 <i<n-—1

Mziziv1) = f . . 2
2, forieven,1<i<n-—1
AMzix,) =2
This labeling provides vertex-weight as follows.

9, orieven,l <i1<n

w(z;) = / . . 3)
7, foriodd,1<i<mn

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of C,, is tdis;(C),) < 2. It concludes that tdis;(C),) = 2.

Case 2: For n is odd

For n > 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of cycle
graph C,, is tdis(C,) > [¥2=1] = [2£L=1] = 1. However, the sharpest lower bound cannot be achieved.
If all vertices and all edges are assigned the label 1 or 2, there will exist at least two adjacent vertices
with the same weights, namely w(z,) =o(x1) + o(xp_1) + Ma12,) + Mapzp—1) =14+2+14+1=5 and
W(Tp-1) = 0(zn) + 0(Tp—2) + AM@pxn_1) + M@pn-12n—2) =1+14+14+2 =25, so that w(x,) = w(z,—1) for
the edge x,2,-1 € E(C,). Hence, the lower bound of the local total distance irregularity labeling of C,, is
tdis;(C,) > 3. Furthermore, we prove that the upper bound of the local total distance irregularity labeling of C,
is tdis; (Cp,) < 3.

1, foriodd,1<i<n-—1
o(x;)) =42, forieven,1<i<n-—1 4)

3, fori=n

1, fori =2,3mod4

. %
2, fori =0,1mod4

Mziziv1) = {
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AMzizy) =1

This labeling provides vertex-weight as follows.

5, fori =0,2mod4,1<i<n—2,i=n
6, fori =3mod4,1<i<n-—2

7, fori =n-—1

8, fori=1mod4,1<i<n-—2

w(w;) =

(6)

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of C,, is tdis;(C),) < 3. It concludes that tdis;(C,,) = 3. O

Theorem 3
Let M,, be a sun graph with order n > 3, then the local total distance irregularity labeling of M, is

. 2, ifniseven
tdis (M) _{ 3, ifnisodd

Proof

The vertex set V(M,)={z1,x9,...,2,} U{y1,¥2,...,ynt and the edge set E(M,) = {z;x;11;1 <i<
n—1}U{x12,} U{z;y;}. We have A(M,,) = 3,0(M,,) =1 and x(M,,) = 2. The cardinality of the vertex set
and the edge set, respectively, are |V (M,,)| = 2n and |E(M,,)| = 2n. This proof divided into two cases are as
follows.

Case 1: For n is even

For n > 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of sun graph
M, is tdis;(M,) > [XH2=1] = [3+1=1] = 2. However, the sharpest lower bound cannot be achieved. If all
vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices with the same
weights, namely w(zs) = o(z2) + o(x4) + o(y3) + AM(x2x3) + AMx324) + Myszs) =14+1+1+1+1+1=6
and w(zy) = o(x3) +o(xs) + 0(ys) + Mwsze) + M@waws) + AM(yazs) =14+14+1+1+14+1=6, so that
w(zz) = w(xy) for the edge zszy € E(M,). Hence, the lower bound of the local total distance irregularity
labeling of M, is tdis;(M,) > 2. Furthermore, we prove that the upper bound of the local total distance
irregularity labeling of M,, is tdis;(M,,) < 2.

)

(2:) 1, foriodd,1 <i<n
o(x;) =
! 2, forieven,1 <i<n

o(y))=1,1<i<n

1, foriodd,1<i<n-—1

/\(Jﬁil‘i_,_l) = { (8)

2, forieven,1<i<n-—1

AMzix,) =2
Mzyi)=1,1<i<n

This labeling provides vertex-weight as follows.

w(z:) = 7, forieven,1<i<n ©)
v 9, foriodd,1<i<mn

w(ys) = 2, foriodd,1<i<n (10)
i) = 3, forieven,1<i<n
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It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of M, is tdis;(M,,) < 2. Tt concludes that tdis;(M,,) = 2 for n even.

Case 2: For n is odd

For n > 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of sun graph M,
is tdis;(My,) > [XJX_W = [2+1=17 = 2. However, the sharpest lower bound cannot be achieved. If all vertices
and all edges are assigned the label 1 or 2, there will exist at least two adjacent vertices with the same weights,
namely  w(z,) =o0(z1) + 0(Xn-1) + 0(yn) + AM@12) + M@nZp-1) + M@nyn) =14+14+2+1+1+2=238
and  w(z,—1) =0(xn) +0(Tpn-2) + 0(Yn—1 + A(@nTn-1) + M@n-1Tn—2) + A(@n-1Yn-1) =2+1+1+2+
1+1 =28, so that w(z,) = w(x,—1) for the edge x,z,—1 € E(M,). Hence, the lower bound of the local total
distance irregularity labeling of M, is tdis;(M,,) > 3. Furthermore, we prove that the upper bound of the local
total distance irregularity labeling of M,, is tdis;(M,,) < 3.

1, foriodd,1<i<n-—1
o(x;)) =<2, forieven,1<i<n-—1 (11

3, fori =n

oly))=1,1<i<n

1, fori =2,3mod4
2, fori =0,1mod4
AMzyzy,) =1
Mziy;) =1, 1<i<n
This labeling provides vertex-weight as follows.
5 fori =0,2mod4,1<i<n—2,i=n
;= d4,1<i:<n-—2
w(z:) = 6, forz' 3mod4,1<i<n (13)
7, fori =n-1
8, fori=1mod4,1<i<n-—2
2, foriodd,1<i<n-1
w(y;)) =43, forieven,1<i<n-—1 (14)
4, fori =n

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of M, is tdis;(M,,) < 3.1t concludes that ¢dis;(M,,) = 3. O

Theorem 4
Let F, be a fan graph with order n > 3, then the local total distance irregularity labeling of F,, is tdis;(F,) = 2

Proof

The vertex set V(F,,) = {x1,xa,...,2,} U{z} and the edge set E(F,,) = {z;z} U{z;2;41;1 <i<n—1}. We
have A(F),) =n,d(F,) = 2 and x(F,) = 3.

For n > 3, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of fan graph
F, is tdis;(F,) > [X2=17 = [3+2=1] = 2 However, the sharpest lower bound cannot be achieved. If all
vertices and all edges are assigned the label 1, there will exist at least two adjacent vertices with the same
weights, namely w(x3) = o(z2)+ o(x4) + () + AMz2z3) + AM(z324) + AM(w23) =1+14+14+14+141=6
and  w(xy) =o(x3) +o(zs) + o(x) + Mazzs) + Mzazs) + Mzxy) =1+1+1+14+141=6, so that
w(x3) = w(xy) for the edge x3z4 € E(F,). Hence, the lower bound of the local total distance irregularity labeling
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of F, is tdis,(F,,)

> 2. Furthermore, we prove that the upper bound of the local total distance irregularity labeling
of F, is tdis;(F,) < 2.

] <1<
a(xi):{L foriodd,1<i<n (15)

forieven,1 <i<n
olx)=1
Mzizip1)=1,1<i<n-1
AMzz)=1,1<i<n
This labeling provides vertex-weight as follows.

, fori=n

4
w(z:) = 5, fori=1 (16)
6, forieven,1<i<n-—2
8, foriodd,1<i<n-—1

)

It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of F, is tdis;(F},) < 2.1t concludes that tdis;(F,,) = 2.
O

Theorem 5
Let S,, be a star graph with order n > 2, then the local total distance irregularity labeling of .S, is tdis;(S,) = 1

Proof

The vertex set V(S,) = {z1,22,...,2,} U{z} and the edge set E(S,) = {x;x;1 <i<n-—1}. We have
A(Sp) =n,0(Sp) =n+1 and x(S,) = 2. For n > 3, Based on Lemma 2 that the lower bound of local total
distance irregularity labeling of star graph S, is tdis;(S,) > [X2=1] = [2El=1] =,

However, we attain the sharpest lower bound. Furthermore, we prove the upper bound of the local total distance
irregularity labeling of star graph is tdis;(S,) < 1. We define the label vertices using formula o(z) = o(z;) =1
for 1 < i < n. This labeling provides vertex-weight such as w(z) = n and w(z;) = 1. Each leaf adjacent to central
vertex and w(x) # w(x;). Therefore, it is easy to see that w is vertex coloring. Hence, we obtain the upper bound
of the local total distance irregularity labeling of S,, is tdis;(S,,) < 1. It concludes that tdis;(S,) = 1. O

Theorem 6
Let K,, , be a bipartite complete graph with order m,n > 2, then the local total distance irregularity labeling of
K, 18 tdis) (K, ) =2

Proof

The vertex set V(K n) = {z1,22,..., 20} U{y1,¥2,...,ym} and the edge set E(K,,,) = {z;y;},1 <i<
n, 1 <j <m}. Wehave A(K,, ,,) =n,0(Kp,,n) = mand x (K, ) = n.

For m,n > 2, Based on Lemma 2 that the lower bound of local total distance irregularity labeling of bipartite
complete graph K, ,, is tdis; (K, n) > [XJFg_l] = (mt’;_l] = n. However, we cannot attain the sharpest lower
bound.

Hence, the lower bound of the local total distance irregularity labeling of K, ,, is tdis; (K, ») > 2. Furthermore,
we prove that the upper bound of the local total distance irregularity labeling of K, ,, is tdis;(Kp, ») < 2.

o(z;)=2,1<i<m
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It is easy to see that w is vertex coloring. Hence, we obtain the upper bound of the local total distance irregularity
labeling of K, ,, is tdis; (K, ) < 2.1t concludes that tdis; (K, ) = 2.

3. Concluding Remarks

O

In this paper, we integrate the concepts of distance irregular labeling and distance vertex irregular total k-labeling.
As aresult, we introduce a new notion, referred to as the local total distance irregularity labeling. and obtained the
local total distance irregularity labeling of some graphs.
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