
STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. x, Month 202x, pp 0–23.
Published online in International Academic Press (www.IAPress.org)

Restricted additive Schwarz algorithm for a θ finite difference method to
solve a two-dimensional 4th-order partial differential equation with variable

coefficient

Chadi CHAHID1,*, Yassin KHALI 2, Samir KHALLOUQ 1, Nabila NAGID3

1 Laboratory of Mathematics and Interactions, Faculty of Sciences, Moulay Ismaı̈l University, Morocco
2 Laboratory of Mathematics and Interactions, Faculty of Sciences and Techniques, Moulay Ismaı̈l University, Morocco

3 Laboratory of Mathematics, Modeling and Automatic Systems, Faculty of Sciences Semlalia, Cadi Ayyad University, Morocco

Abstract This paper deals with a θ finite difference scheme to solve two-dimensional 4th-order partial differential equation
with variable coefficient, which governs the transverse vibrations of a thin plate. First we establish some a priori estimates
for the weak solution of our problem. Then, we introduce a new variable, allowing us to convert the plate equation into
a system of two second-order differential equations. Stability and convergence analysis are carried out by employing the
energy estimate method. We present a class of domain decomposition methods (DDM) called restricted additive Schwarz
(RAS). This method is used as a preconditioner for the GMRES algorithm to solve systems of linear equations arising
from the discretization of the plate equation by the present scheme. Numerical experiments are provided, confirming the
effectiveness of the algorithms.
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1. Introduction

We consider the transverse deflection of a simply supported thin plate governed by the following two-dimensional
4th-order partial differential equation with variable coefficient of the form,

∂2u

∂t2
+ a(x, y)

(
∂4u

∂x4
+ 2

∂4u

∂x2∂y2
+
∂4u

∂y4

)
= f(x, y, t), (x, y) ∈ Ω, 0 < t ≤ T, (1)

where Ω = {(x, y) | L0 < x, y < L1} ⊂ R2 is a bounded spatial domain with boundary Γ, T > 0, u(x, y) is the
transverse deflection, and f(x, y, t) is the applied transverse loading at point (x, y) and time t. The variable
coefficient a = a(x, y) is assumed to satisfy

0 < a0 ≤ a(x, y) ≤ a1 < +∞, (x, y) ∈ Ω, (2)

with a0 and a1 being constants.
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Equation (1) is supplemented with the following initial conditions
u(x, y, 0) = u0(x, y), L0 ≤ x, y ≤ L1,

∂u(x, y, 0)

∂t
= ψ0(x, y), L0 ≤ x, y ≤ L1,

(3)

where u0 and ψ0 are the initial deflection and initial velocity, respectively. We consider the following boundary
conditions:

u(L0, y, t) = g1(y, t), u(L1, y, t) = g2(y, t), L0 ≤ y ≤ L1, 0 < t ≤ T,

u(x, L0, t) = g3(x, t), u(x, L1, t) = g4(x, t), L0 ≤ x ≤ L1, 0 < t ≤ T,

∂2u(L0, y, t)

∂x2
= h1(y, t),

∂2u(L1, y, t)

∂x2
= h2(y, t), L0 ≤ y ≤ L1, 0 < t ≤ T,

∂2u(x, L0, t)

∂y2
= h3(x, t),

∂2u(x, L1, t)

∂y2
= h4(x, t), L0 ≤ x ≤ L1, 0 < t ≤ T.

(4)

Equation (1) is commonly used to describe the vibration problems related to thin plate structures. These
structures play a central role in various industrial sectors, such as civil engineering, automotive, aerospace, and
aeronautics. Solving 4th-order PDEs by analytical methods is extremely complex and difficult in most cases; it
is necessary instead to use numerical approaches. A number of numerical methods have been proposed to solve
the Equation (1). The finite difference method has proved very attractive because of its flexibility and robustness
in producing highly accurate solutions. Many authors such as Crandall [14], Conte [13], Gourlay [18], Twizell
and Khaliq [31], have successfully used finite difference methods to solve 4th-order PDEs. In addition, compact
difference schemes have been applied successfully to solve 4th-order PDEs, for example, the authors in [1] solved a
one-dimensional 4th-order differential equation using a compact finite difference scheme for the spatial derivative
and a second-order Crank–Nicolson approximation for the temporal derivative. Mohanty and Kaur [27] proposed a
compact finite difference scheme for Equation (1) with a convergence rate of O(τ2 + h4). In [22], the authors used
a combination of a proper orthogonal decomposition with a compact finite difference scheme to solve Equation
(1). According to the results in [1, 22, 27], the compact finite difference schemes indeed provide very high spatial
accuracy to solve Equation (1) with constant coefficient. However, to the best of our knowledge, stability and
convergence results for variable coefficient problem is still an issue. A high-order compact difference scheme
to solve a two-dimensional nonlinear 4th-order equation was presented in [21]. Spline functions have also been
employed in getting the numerical solution of many types of PDEs, For example, Çağlar et al. [9] considered
a family of B-spline methods for solving a 4th-order non-homogeneous PDE. Aziz et al. [2] have developed a
three-level method based on a parametric spatial quintic spline and finite difference discretization in time to solve a
4th-order non-homogeneous PDE. A numerical scheme based on sextic B-spline for a 4th-order PDE was presented
by Mohammadi in [26]. The author used finite difference method and a sextic B-spline method on uniform meshes.
Mittal et al. [25], have presented two numerical methods based on cubic B-spline to approximate the spatial
derivative appearing in a 4th-order PDE, for the time derivative, the authors have used the forward difference
approximation. In the work [11], the authors have solved a 4th-order nonlinear variable coefficient equation using
a Crank–Nicolson mixed finite-element scheme combined with the proper orthogonal decomposition technique,
which remarkably reduced the CPU time.

In this paper, we present a numerical scheme to solve the 4th-order Equation (1) with variable coefficient, using
a finite difference spatial scheme combined with a time θ−scheme. Stability analyses for constant coefficient
discretizations are often carried out using Fourier analysis. Since this technique does not extend to variable
coefficient problems, we prove the stability and convergence using the energy method. The convergence order
of the proposed scheme is second order both in temporal and spatial directions, but solving at each time step the
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il-conditioned linear system resulting from the discretization of Equation (1) via our scheme is a difficult task,
since its condition number is of order O(h−4), growing fast and unboundedly when the mesh size h approaches 0.
Therefore, the classical iterative methods or direct methods are not suitable in this case. Instead, it is very important
to employ an advanced iterative solver and construct a proper preconditioner, which can significantly reduce the
condition number in the equivalent preconditioned linear system.

We consider domain decomposition methods (DDMs) as parallel preconditioners for the 4th-order Equation (1).
DDMs are nowadays found to be highly efficient and widely adopted to solve algebraic systems obtained from the
discretization of many types of partial differential equations (PDEs) [3, 4, 5, 7, 29]. Various domain decomposition
algorithms have been developed and analyzed, such as the additive Schwarz (AS) method [16], and the restricted
additive Schwarz (RAS) method [10]. These methods were further analyzed in [15, 24, 30]. The RAS method is a
parallel domain decomposition method and has shown better performance compared to the other DDM methods in
terms of number of iterations and CPU time (see [17]). The work in [6] presented synchronous and asynchronous
RAS methods accelerated with the epsilon algorithm, resulting in further computational cost reductions. Our focus
here is to employ the RAS method as a preconditioner for the GMRES method, which improves its convergence
when solving the 4th-order partial differential Equation (1).

Our paper is organized as follows. In Section 2 we derive some a priori estimates for the weak solution of the
Equations (1)-(4). In Section 3, we construct the finite difference scheme combined with the time θ−scheme for
Equation (1). In Section 4, we analysis the stability and convergence of the proposed scheme in the l2−norm. In
Section 5, we present and apply the RAS preconditioner to solve the discrete problem. In Section 6, two numerical
experiments are presented to verify the theoretical findings and confirm the effectiveness of the RAS preconditioner.
Section 7 is for the concluding remark.

2. Estimates for the weak solution of (1)-(4)

For any function φ = φ(x, y, t), we denote by φ(t), the function φ(t) : (x, y) ∈ Ω 7−→ φ(x, y, t), t ∈ [0, T ].
According to [12], for any initial data u0 ∈ H2(Ω) and ψ0 ∈ L2(Ω), the problem (1)-(4) admits a weak solution
u ∈ L2(0, T ;H), where H =

{
v ∈ H2 (Ω) ; v = 0 on ∂Ω

}
, In addition, we have the following result:

Theorem 2.1
We assume homogeneous boundary conditions, u0 ∈ H2(Ω) and ψ0 ∈ L2(Ω), then the weak solution of the
Problem (1)-(4) satisfies the following estimates:

∥∆u(t)∥L2(Ω) ≤ C, and
∥∥∂u(t)

∂t

∥∥
L2(Ω)

≤ C,

where C > 0 is a constant independent of t.

Proof
Consider the potential energy Eu(t) of the system (1)-(4) given by

Eu(t) =
1

2

∫
Ω

|∆u(t)|2dxdy + 1

2

∫
Ω

a−1

∣∣∣∣∂u(t)∂t

∣∣∣∣2dxdy. (5)
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We have,

d

dt
Eu(t) =

1

2

∫
Ω

∂|∆u(t)|2

∂t
dxdy +

1

2

∫
Ω

a−1 ∂

∂t

∣∣∣∣∂u(t)∂t

∣∣∣∣2dxdy,
=

∫
Ω

∆u(t)∆

(
∂u(t)

∂t

)
dxdy +

∫
Ω

a−1 ∂u(t)

∂t

∂2u(t)

∂t2
dxdy,

=

∫
Ω

∆2u(t)
∂u(t)

∂t
dxdy −

∫
Γ

(
∂u(t)

∂t

∂(∆u(t))

∂n
−∆u(t)

∂

∂n

(
∂u(t)

∂t

))
dΓ +

∫
Ω

a−1 ∂u(t)

∂t

∂2u(t)

∂t2
dxdy,

=

∫
Ω

(
∆2u(t) + a−1 ∂

2u(t)

∂t2

)
∂u(t)

∂t
dxdy −

∫
Γ

(
∂u(t)

∂t

∂(∆u(t))

∂n
−∆u(t)

∂

∂n

(
∂u(t)

∂t

))
dΓ,

=

∫
Ω

a−1f(t)
∂u(t)

∂t
dxdy +

∫
Γ

(
∂u(t)

∂t

∂(∆u(t))

∂n
−∆u(t)

∂

∂n

(
∂u(t)

∂t

))
dΓ.

where ∂/∂n is the outward normal derivative on Γ. We then obtain:

d

dt
Eu(t) =

∫
Ω

a−1f(t)
∂u(t)

∂t
dxdy,

Then, using Cauchy-Schwarz inequality, we obtain

d

dt
Eu(t) ≤

1

2a20

∫
Ω

|f(t)|2dxdy + 1

2

∫
Ω

∣∣∣∣∂u(t)∂t

∣∣∣∣2dxdy,
then,

d

dt
Eu(t) ≤

1

2a20
∥f(t)∥2L2(Ω) + a1Eu(t).

Applying Gronwall inequality, we have for all t > 0, the following energy identity

Eu(t) ≤

(
Eu(0) +

1

2a20

∫ T

0

∥f(t)∥2L2(Ω)dt

)
exp (a1T )︸ ︷︷ ︸

C

, (6)

where, Eu(0) is giving by:

Eu(0) =
1

2

∥∥∆u0∥∥2L2(Ω)
+

1

2

∥∥√a−1ψ0

∥∥2
L2(Ω)

.

The desired estimations follows immediately using (5) and (6), which completes the proof.

3. Description of the θ finite difference method

We first introduce an additional variable v defined by v = −∇2u, where ∇2 stands for the Laplace operator(
i.e.,∇2 =

∂2

∂x2
+

∂2

∂y2

)
, then Equation (1) can be converted into a system of two second-order equations:

∂2u

∂t2
− a(x, y)

(
∂2v

∂x2
+
∂2v

∂y2

)
= f(x, y, t), (x, y) ∈ Ω, and 0 < t ≤ T, (7)

v +

(
∂2u

∂x2
+
∂2u

∂y2

)
= 0, (x, y) ∈ Ω, and 0 < t ≤ T. (8)
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For a numerical solution of the system (7)-(8), we partition the spatial domain Ω using the grid points

(xi, yj) = (ih, jh), i = 0, . . . , N, j = 0, . . . , N,

where h = 1/N is the step size of the space variables x and y and N ∈ N. Let τ = T
J denotes the step size of the

time variable t, and define tn = n× τ , for n = 0, 1, . . . , J, with J ∈ N. Let at the grid points (xi, yj , tn), the exact
solution values of u(x, y, t) and v(x, y, t), be denoted by unij and vnij . and the approximate solution values by Un

ij

and V n
ij , respectively. We assume that the exact solution u(x, y, t), initial and boundary conditions are sufficiently

regular to achieve and conserve the order of accuracy of the finite difference approximations. We consider the
following space and time difference operators:

Table 1. Space and time difference operators

Operator Formula

δ2xuij
ui+1,j − 2ui,j + ui−1,j

h2

δ2yuij
ui,j+1 − 2ui,j + ui,j−1

h2

Ahuij −
(
δ2xuij + δ2yuij

)
δ2t u

n
ij

un+1
i,j − 2uni,j + un−1

i,j

h2

By Taylor expansion in time, we obtain for the second-order time derivative in (7),

∂2unij
∂t2

= δ2t u
n
ij −

τ2

12

∂4unij
∂t4

− τ4

360

∂6unij
∂t6

+O(τ6), (9)

We then apply the Taylor expansion in time to the second-order spatial derivatives in (7), and we get,

∂2vnij
∂x2

=
∂2vn+θ

ij

∂x2
− θτ2

∂4vnij
∂t2∂x2

− θτ4
∂6vnij
∂t4∂x2

+O(τ6), (10)

∂2vnij
∂y2

=
∂2vn+θ

ij

∂y2
− θτ2

∂4vnij
∂t2∂y2

− θτ4
∂6vnij
∂t4∂y2

+O(τ6). (11)

Where we have denoted φn+θ = θφn+1 + (1− 2θ)φn + θφn−1, for any function φ and 0 ≤ θ ≤ 1 .
Substituting the equations (9)-(11) into the Equation (7) evaluated at (xi, yj , tn), yields:

δ2t u
n
ij − aij∆vn+θ

ij = fn+θ
ij + snij , (12)

where

snij =
τ2

12

∂4unij
∂t4

+
τ4

360

∂6vnij
∂t6

− aijθτ2
∂2
(
∆vnij

)
∂t2

− aijθτ4
∂4
(
∆vnij

)
∂t4

− θ(fn+1
ij − 2fnij + fn−1

ij ) +O(τ6), (13)

Since unij is the exact solution of (7), it follows that

snij = τ2
(

1

12
− θ
)
∂4unij
∂t4

− θ τ
4

12

∂4fnij
∂t4

+
τ4

360

∂6vnij
∂t6

− aijθτ4
∂4
(
∆vnij

)
∂t4

+O(τ6). (14)

Hence,

snij = τ2
(

1

12
− θ
)
∂4unij
∂t4

+O(τ4), (15)
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In order to achieve second-order accuracy in space, in Equation (12), we apply the Taylor expansion for the space
derivatives, and we get

∆vn+θ
ij = δ2xv

n+θ
ij + δ2yv

n+θ
ij − h2

12

(
∂4vn+θ

ij

∂x4
+
∂4vn+θ

ij

∂y4

)
+O(h4), (16)

Hence (12) can be rewritten as:

δ2t u
n
ij − aij

(
δ2xv

n+θ
ij + δ2yv

n+θ
ij

)
= fn+θ

ij + Tn
ij,1 (17)

where

Tn
ij,1 = snij − aij

h2

12

(
∂4v̄n+θ

ij

∂x4
+
∂4v̄n+θ

ij

∂y4

)
+O(h4). (18)

Canceling the higher-order terms in (18), yields

Tn
ij,1 = snij +O(h2), (19)

Similarly, by considering the Equation (8) at (xi, yj , tn), it can be rewritten as:

vnij +
(
δ2x + δ2y

)
unij = Tn

ij,2 = O(h2). (20)

Finally, replacing unij and vnij by their approximations Un
ij , V n

ij , respectively, we arrive at the the following fully
discrete scheme,δ2tU

n
ij − aij

(
δ2xV

n+θ
ij + δ2yV

n+θ
ij

)
= fn+θ

ij , for i, j = 1, . . . , N − 1, and n = 1, . . . , J, (21)

V n
ij +

(
δ2x + δ2y

)
Un
ij = 0, for i, j = 1, . . . , N − 1, and n = 1, . . . , J. (22)

In order to represent (21)-(22) in matrix–vector form, for any function φ, we let:

φh =
(
φ̃1, φ̃2, φ̃3, . . . , φ̃N−1

)T
,

where
φ̃j =

(
φ1,j , φ2,j , φ3,j , . . . , φN−1,j

)T
for all j = 1, . . . , N − 1.

Consider the following matrices defined by

Ah =


Th I
I Th I

. . .
. . .

. . I
I Th

 , Mh =


M1

M2

.
.
.

MN−1

 .

The matrix I is the identity matrix of order N − 1, Th and Mj( for j = 1, . . . , N − 1) are matrices of order N − 1
defined by

Th = tri

[
−1
h2
,
2

h2
,
−1
h2

]
, Mj = diag

[
1

a1,j
,

1

a2,j
, . . . ,

1

aN−1,j

]
,

where diag(φh) denotes a diagonal matrix formed from the vector φh, and tri [b1, b2, b3] denotes the tridiagonal
matrix with the diagonal values is b2, the subdiagonal and superdiagonal values are b1 and b3, respectively. Note
that Ah is the matrix representation of the difference operator Ah. Both Ah and Mh are of order (N − 1)2.
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Then, writing (21)-(22) in matrix–vector form yields:Mhδ
2
tU

n
h +AhV

n+θ
h = Mhf

n+θ
h +Cn

h , (23)

V n
h −AhU

n
h = Rn

h, (24)

The discretized initial conditions are given by

u0ij = u0(xi, yj), (25)

u1ij = u0(xi, yj) + τψ0(xi, yj)−
τ2

2
aij
(
∆2u0(xi, yj)

)
+
τ2

2
f(xi, yj , 0)

− τ3

6
aij
(
∆2ψ0(xi, yj)

)
+
τ3

6

∂f(xi, yj , 0)

∂t
, (26)

with i, j = 0, . . . , N. The right-hand side vectors Rh and Ch are of order (N − 1)2, consisting of the boundary
conditions values. Using Taylor expansion in time and the two equations (7) and (8), it can be seen that the error
of the approximation (26) is of order O(τ4). Note that the choice of θ = 0 in (23)-(26) leads to an explicit scheme,
and θ ̸= 0 leads to an implicit scheme.

4. Stability and convergence analyze in l2−norm

We next show the stability and convergence in the discrete l2−norm of the θ Scheme (23)-(26), using the energy
method. We define the following discrete spaces Vh and Vh,0 as follows

Vh = {Uh ≡ (Uij) ; i, j = 0, . . . , N} ,

Vh,0 = {Uh ∈ Vh; U0j = UNj = Ui0 = UiN = 0, i, j = 0, . . . , N} .
For each Uh,Wh ∈ Vh,0, define the following discrete l2 inner products and corresponding norms

⟨Uh , Wh⟩ = h2
N−1∑
i,j=1

Uij ×Wij , ||Uh||2 = ⟨Uh,Uh⟩, (27)

⟨δ2xUh , δ
2
xWh⟩ = h2

N−1∑
i,j=1

δ2xUi,j × δ2xWi,j , ||δ2xUh||2 = ⟨δ2xUh, δ
2
xUh⟩, (28)

⟨AhUh,AhWh⟩ = h2
N−1∑
i,j=1

(AhUij)× (AhWij) , ||AhUh||2 = ⟨AhUh,AhUh⟩, (29)

and let in the sequel C means a general positive constant, which have different meaning in different places. The
following lemmas and propositions will be used in the study of stability and convergence analysis of the Scheme
(23)-(26).

Lemma 4.1 ([32])
For any Uh,Wh ∈ Vh,0, we have ⟨AhUh,Wh⟩ = ⟨Uh,AhWh⟩.
Lemma 4.2 (Discrete Gronwall’s lemma [23])
Suppose that

{
Ek, k ≥ 0

}
and

{
gk, k ≥ 0

}
are two non-negative sequences and Ψ0 ≥ 0. If

Ek ≤ Ψ0 + τ

k−1∑
n=0

En + τ

k∑
n=0

gn, k ≥ 0,

then Ek satisfies Ek ≤ ekτ
(
Ψ0 + τ

k∑
n=0

gn

)
, k ≥ 0.
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Lemma 4.3
For any Uh ∈ Vh,0, we have ⟨A2

hUh,Uh⟩ ≤
64

h4

∥∥Uh

∥∥2, with A2
hUh = Ah(AhUh).

Proof

The proof follows easily by expanding the scalar product ⟨A2
hUh,Uh⟩, then applying the inequality ab ≤ a2

2
+
b2

2
,

so that each term can be estimated by the bound ∥Uh∥2 which lead to the desired inequality.

Proposition 4.1
Let (Un

h ,V
n
h ) ∈ Vh,0 × Vh,0 be the solution of the Scheme (23)-(26), and consider for n = 0, 1, . . . , J, the

following discrete energy denoted by Eh,n+ 1
2

uv ,

Eh,n+ 1
2

uv =
1

2

〈
(Mh + θτ2A2

h)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
+

1

2

〈
AhV

n
h ,U

n+1
h

〉
, (30)

we obtain

1. If
1

4
≤ θ ≤ 1, then the quantity Eh,n+ 1

2
uv is non-negative, and satisfies the following inequality

Eh,n+ 1
2

uv ≥ 1

2a1

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2. (31)

2. For 0 ≤ θ < 1

4
, under the following CFL condition:

α :=
4
√
a1τ

h2
≤ 1√

2(1− 4θ)
, (32)

Eh,n+ 1
2

uv is also non-negative, with the following inequality holds

Eh,n+ 1
2

uv ≥ 1

2a1

(
1 + (4θ − 1)α2

) ∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2. (33)

Proof

1. We have,

Eh,n+ 1
2

uv =
1

2

〈
(Mh + θτ2A2

h)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
+

1

2

〈
AhV

n
h ,U

n+1
h

〉
,

=
1

2

〈
(Mh + θτ2A2

h)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
+

1

8

〈
A2

h(U
n+1
h +Un

h ),U
n+1
h +Un

h

〉
− 1

8

〈
A2

h(U
n+1
h −Un

h ),U
n+1
h −Un

h

〉
,

Then,

Eh,n+ 1
2

uv =
1

2

〈(
Mh + (θ − 1

4
)τ2A2

h

)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
+

1

8

〈
A2

h(U
n+1
h +Un

h ),U
n+1
h +Un

h

〉
. (34)

Using Lemma 4.1, we obtain that〈
A2

h(U
n+1
h +Un

h ),U
n+1
h +Un

h

〉
=
〈
Ah(U

n+1
h +Un

h ),Ah(U
n+1
h +Un

h )
〉
≥ 0.
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Then with
1

4
≤ θ ≤ 1, it is obvious that the first term in the right side of (34) is also non-negative, hence

Eh,n+ 1
2

uv is non-negative. Furthermore, since
1

a1
∥Wh∥2 ≤ ⟨MhWh,Wh⟩ for any Wh ∈ Vh,0, we obtain

Eh,n+ 1
2

uv ≥ 1

2a1

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2.
2. We now prove the inequality (33). According to (34), we get

Eh,n+ 1
2

uv ≥ 1

2

〈(
Mh + (θ − 1

4
)τ2A2

h

)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
.

Using Lemma 4.3, we obtain〈
A2

h

Un+1
h −Un

h

τ
,
Un+1

h −Un
h

τ

〉
≤ 64

h4

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2.
So, we get

1

2
(θ − 1

4
)τ2
〈
A2

h

Un+1
h −Un

h

τ
,
Un+1

h −Un
h

τ

〉
≥ 1

2a1
(4θ − 1)α2

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2.
Hence it follows

Eh,n+ 1
2

uv ≥ 1

2a1

(
1 + (4θ − 1)α2

) ∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥2. (35)

With the assumption in (32) the right-hand side of (35) is non-negative, and Eh,n+ 1
2

uv is a non-negative
quantity.

Proposition 4.2
Let Eh,n+ 1

2
uv be defined as in Proposition 4.1, then for any n = 0, 1, . . . , J , we have the following energy estimation:√

Eh,n+ 1
2

uv ≤
√

Eh, 12
uv + βτ

n∑
k=0

∥∥Mhf
k+θ
h

∥∥, (36)

with

β =


√
2a1

2
√

1 + (4θ − 1)α2
, if 0 ≤ θ < 1

4
,

√
2a1
2

, if
1

4
≤ θ ≤ 1.

Proof
We write Equation (23), in the following form

(Mh + θτ2A2
h)

Un+1
h − 2Un

h +Un−1
h

τ2
+AhV

n
h = Mhf

n+θ
h . (37)

Taking the scalar product of (37) with
Un+1

h −Un−1
h

2τ
, leads to

〈
(Mh + θτ2A2

h)
Un+1

h − 2Un
h +Un−1

h

τ2
,
Un+1

h −Un−1
h

2τ

〉
+
〈
AhV

n
h ,

Un+1
h −Un−1

h

2τ

〉
=
〈
Mhf

n+θ
h ,

Un+1
h −Un−1

h

2τ

〉
, (38)
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then developing the left-hand side of equation (38), we get

〈
(Mh + θτ2A2

h)
Un+1

h − 2Un
h +Un−1

h

τ2
,
Un+1

h −Un−1
h

2τ

〉
=

1

2τ

〈
(Mh + θτ2A2

h)
Un+1

h −Un
h

τ
,
Un+1

h −Un
h

τ

〉
− 1

2τ

〈
(Mh + θτ2A2

h)
Un

h −Un−1
h

τ
,
Un

h −Un−1
h

τ

〉
. (39)

Inserting the Equation (39), into the equation (38), leads to

Eh,n+ 1
2

uv − Eh,n− 1
2

uv =
1

2

〈
Mhf

n+θ
h ,Un+1

h −Un−1
h

〉
,

We then apply the Cauchy-Schwarz inequality, to obtain

Eh,n+ 1
2

uv − Eh,n− 1
2

uv =
1

2

〈
Mhf

n+θ
h ,Un+1

h −Un
h

〉
+

1

2

〈
Mhf

n+θ
h ,Un

h −Un−1
h

〉
,

≤ 1

2
∥Mhf

n+θ
h ∥

(
∥Un+1

h −Un
h ∥+ ∥Un

h −Un−1
h ∥

)
.

• If 0 ≤ θ < 1

4
, from the inequality (33), we have

√
Eh,n+ 1

2
uv +

√
Eh,n− 1

2
uv ≥

√
1 + (4θ − 1)α2

τ
√
2a1

(
∥Un+1

h −Un
h ∥+ ∥Un

h −Un−1
h ∥

)
,

hence,

Eh,n+ 1
2

uv − Eh,n− 1
2

uv ≤ τ
√
2a1

2
√

1 + (4θ − 1)α2
∥Mhf

n+θ
h ∥

(√
Eh,n+ 1

2
uv +

√
Eh,n− 1

2
uv

)
,

Dividing this inequality by
√

Eh,n+ 1
2

uv +

√
Eh,n− 1

2
uv , we get√

Eh,n+ 1
2

uv −
√

Eh,n− 1
2

uv ≤ τ
√
2a1

2
√

1 + (4θ − 1)α2
∥Mhf

n+θ
h ∥. (40)

• For the case
1

4
≤ θ ≤ 1, by using inequality (31), and similar arguments as above we obtain√

Eh,n+ 1
2

uv −
√

Eh,n− 1
2

uv ≤ τ
√
2a1
2
∥Mhf

n+θ
h ∥. (41)

Then, using the mathematical induction, both (40) and (41) leads to the inequality (36) for all n = 0, 1, . . . , J, And
this ends the proof.

Definition 4.1
[20] A finite differences scheme is said to be stable in a norm ∥.∥ if the solution Un

h satisfies:

∥Un
h ∥ ≤ C,

with C > 0 is independent of n and h. This implies that the norm of the solution Un
h remains bounded as n→ +∞

for a fixed h.

Theorem 4.1 (Stability)
Let Un

h be the numerical solution of the Scheme (23)-(26) and suppose that the initial conditions are sufficiently

regular so that Eh, 12
uv ≤ C, Then we have
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1. If
1

4
≤ θ ≤ 1 then the Scheme (23)-(26) is unconditionally stable.

2. If 0 ≤ θ < 1

4
then the Scheme (23)-(26) is stable provided that:

α2 ≤ 1

2

(
1

1− 4θ

)
.

Proof

1. If 0 ≤ θ < 1

4
Combining the two inequalities (33) and (36) leads to√

(1 + (4θ − 1)α2)

2a1

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥ ≤√Eh, 12
uv + βτ

n∑
k=0

∥∥∥∥Mhf
k+θ
h

∥∥∥∥. (42)

2. If
1

4
≤ θ ≤ 1, similarly using (31) and (36) gives

√
1

2a1

∥∥∥∥Un+1
h −Un

h

τ

∥∥∥∥ ≤√Eh, 12
uv + βτ

n∑
k=0

∥∥∥∥Mhf
k+θ
h

∥∥∥∥. (43)

After rearranging, both (42) and (43) can be written as∥∥∥∥Un+1
h −Un

h

∥∥∥∥ ≤ 2βτ
√
C0 + 2β2τ2

n∑
k=0

∥∥∥∥Mhf
k+θ
h

∥∥∥∥.
Next, by using the triangle inequality, we get for all n = 1, . . . , J,∥∥∥∥Un

h

∥∥∥∥ ≤ ∥∥∥∥Un−1
h

∥∥∥∥+ ∥∥∥∥Un
h −Un−1

h

∥∥∥∥ ≤ ∥∥∥∥Un−1
h

∥∥∥∥+ 2βτ
√
C0 + 2β2τ2

n−1∑
k=0

∥∥∥∥Mhf
k+θ
h

∥∥∥∥.
Summing this inequality over n starting from 1 leads to∥∥∥∥Un

h

∥∥∥∥ ≤ ∥∥∥∥U0
h

∥∥∥∥+ 2βnτ
√
C0 + 2β2τ2

n∑
l=1

l−1∑
k=0

∥∥∥∥Mhf
k+θ
h

∥∥∥∥. (44)

We can easily show that β2 ≤ a1, providing the CFL condition for the case if 0 ≤ θ < 1/4. Finally, since U0
h = Ū0

h ,

then
∥∥∥∥U0

h

∥∥∥∥ ≤ C, and we obtain the following desired result

∥∥∥∥Un
h

∥∥∥∥ ≤ ∥∥∥∥U0
h

∥∥∥∥+ 2
√
a1T

√
C0 + 2a1T

2

∥∥∥∥Mh

∥∥∥∥ max
0≤l≤J

∥f l+θ
h ∥︸ ︷︷ ︸

C

. (45)

where C > 0 is independent of n and h. This ends the proof.

Theorem 4.2 (Convergence)
Assume that τ = O(h), then the solution of the Scheme (23)-(26) converges to the exact solution of the Problem
(7)-(8) in the l2−norm with order O(τ2 + h2).
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Proof
Let (unij , v

n
ij) and (Un

h ,V
n
h ) be the solutions of the Problem (7)-(8) and the scheme (23)-(26), respectively. Then

(un
h,v

n
h) at time tn satisfies:

Mhδ
2
tu

n
h +Ahv

n+θ
h = Mhf

n+θ
h + T n

1 . (46)

On the other hand, (Un
h ,V

n
h ) satisfies:

Mhδ
2
tU

n
h +AhV

n+θ
h = Mhf

n+θ
h , (47)

Defining enh = un
h −Un

h , dn
h = vn

h − V n
h as the errors vectors, then subtracting (46) and (47) yields:

Mhδ
2
t e

n
h +Ahd

n+θ
h = T n

1 , (48)

Similarly, by (8) and (24), we obtain
dn
h −Ahe

n
h = T n

2 , (49)

Letting ξn = dn
h −AhT

n
2 , then we have{

Mhδ
2
t e

n
h +Ahξ

n+θ
h = T n

1 −AhT
n
2 , (50)

ξn −Ahe
n
h = 0, (51)

We can now employ the stability results obtained in the previous section applied to the system above. We have

Eh,n+ 1
2

uv − Eh,n− 1
2

uv =
1

2

〈
T n
1 −AhT

n
2 , e

n+1
h − en−1

h

〉
, (52)

then,

Eh,n+ 1
2

uv − Eh,n− 1
2

uv =
1

2

〈
T n
1 , e

n+1
h − en−1

h

〉
− 1

2

〈
T n
2 , ξ

n+1
h − ξn−1

h

〉
,

=
1

2

〈
T n
1 , e

n+1
h − en−1

h

〉
− 1

2

〈
T n
2 , ξ

n+1
h + ξnh

〉
,+

1

2

〈
T n
2 , ξ

n
h + ξn−1

h

〉
, (53)

Summing up for n from 1 to k in both sides of (53), yields:

Eh,k+ 1
2

uv = Eh, 12
uv +

1

2

k∑
n=1

〈
T n
1 , e

n+1
h − en−1

h

〉
− 1

2

〈
T k
2 , ξ

k+1
h + ξkh

〉
+

1

2

〈
T 1
2 , ξ

1
h + ξ0h

〉
, (54)

Using the Cauchy–Schwarz inequality, leads to

Eh,k+ 1
2

uv ≤ Eh, 12
uv +

1

2

k∑
n=1

∥T n
1 ∥∥en+1

h − en−1
h ∥+ 1

2
∥T k

2 ∥∥ξk+1
h + ξkh∥+

1

2
∥T 1

2 ∥∥ξ1h + ξ0h∥, (55)

According to the Proposition 4.1 and Equation (34), we have, respectively,

∥en+1
h − enh∥ ≤ τ

√
2βEh,n+ 1

2
uv , and ∥ξk+1

h + ξkh∥2 ≤ 8Eh,k+ 1
2

uv ,

substituting these inequalities into (55), yields:

Eh,k+ 1
2

uv ≤ Eh, 12
uv ++

1

2
∥T 1

2 ∥∥ξ1h + ξ0h∥+
√
2β

2
τ

k∑
n=1

∥T n
1 ∥
(√

Eh,n+ 1
2

uv +

√
Eh,n− 1

2
uv

)
+
√
2∥T k

2 ∥
√

Eh,k+ 1
2

uv , (56)
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By means of the two inequalities ab ≤ 1

2
a2 +

1

2
b2 and 2ab ≤ 1

ϵ
a2 + ϵb2, we get

Eh,k+ 1
2

uv ≤ Eh, 12
uv +

1

2
∥T 1

2 ∥∥ξ1h + ξ0h∥+
√
2β

2
τ

k∑
n=1

Eh,n+ 1
2

uv +

√
2β

2
τ

k∑
n=0

∥T n
1 ∥2 +

√
2

2ϵ
∥T k

2 ∥2 +
√
2

2
ϵEh,k+ 1

2
uv ,

(57)

then we choose ϵ such that ϵ ≤
√
2, we get

Eh,k+ 1
2

uv ≤ Eh, 12
uv +

1

2
∥T 1

2 ∥∥ξ1h + ξ0h∥+
√
2β

2
τ

k∑
n=1

Eh,n+ 1
2

uv +

√
2β

2
τ

k∑
n=0

∥T n
1 ∥2 +

√
2

ϵ
∥T k

2 ∥2. (58)

Apply now the Gronwall inequality in Lemma 4.2, to obtain

Eh,k+ 1
2

uv ≤ C

(
Eh, 12
uv + ∥T 1

2 ∥∥ξ1h + ξ0h∥+ τ

k∑
n=0

∥T n
1 ∥2

)
, (59)

We now estimate each term in the right hand side of (59). From (25), we have

e0h = 0 and e1h = O(τ4) (60)

then, ξ0h = Ahe
0
h = 0 and ∥ξ1h∥ = ∥Ahe

1
h∥ ≤

C

h2
∥e1h∥. With τ = O(h), we get

∥ξ1h∥ ≤ Ch2. (61)

For the term Eh, 12
uv , by definition we have

Eh, 12
uv =

1

2

〈
(Mh + θτ2A2

h)
e1h − e0h

τ
,
e1h − e0h

τ

〉
+

1

2

〈
ξ0h, ξ

1
h

〉
,

It follows,

Eh, 12
uv ≤

a0
2

∥∥∥∥e1h − e0h
τ

∥∥∥∥2 + θ

2
∥ξ1h − ξ0h∥2,

Combining (60) and (61), yields:
Eh, 12
uv ≤ C((τ3)2 + (h2)2), (62)

For the other terms, We recall that

∥T 1
2 ∥ ≤ Ch2 and ∥T n

1 ∥ ≤ C(τ2 + h2),

then,

∥T 1
2 ∥∥ξ1h + ξ0h∥ ≤ C(h2)2 and τ

k∑
n=0

∥T n
1 ∥2 ≤ C(τ2 + h2)2 (63)

Substituting (62)-(63) into (59) , we obtain

Eh,k+ 1
2

uv ≤ C(τ2 + h2)2. (64)

Finally, since

∥en+1
h − enh∥ ≤ τ

√
2βEh,n+ 1

2
uv ,
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then,

∥en+1
h ∥ ≤ ∥enh∥+ ∥en+1

h − enh∥,

≤ ∥enh∥+ τ

√
2βEh,n+ 1

2
uv (65)

Summing up for n from 0 to k in both sides of (65), yields:

∥ek+1
h ∥ ≤ τ

k∑
n=0

√
2βEh,n+ 1

2
uv (66)

which implies, by using (64),

∥ek+1
h ∥ ≤ C(τ2 + h2). (67)

This completes the proof.

5. Restricted additive Schwarz preconditioner

Applying the method (23)-(26) to solve the plate equation (1) leads at every time step to a linear system of the form

QhUh = bh, (68)

which the associated matrix Qh is given by:

Qh = Mh + θτ2A2
h.

For such discretization, it’s well established that the condition number κ of Qh satisfies : κ = O(h−4) (see [19]),
thus growing fast and unboundedly when the mesh size h tend to 0. Our aim in this section is to construct and apply
the restricted additive Schwarz preconditioner for Qh.

In order to apply the restricted additive Schwarz preconditioner, the domain Ω ⊂ R2 will be decomposed into

p non-overlapping subdomains Ω̂i, i = 1, . . . , p, such that Ω =
p⋃

i=1

Ω̂i. The overlapping decomposition of Ω is

obtained using the following definition:

Ωi := {x ∈ Ω / dist(x, Ω̂i) ≤ δ}.

where the parameter δ is the width of the overlap between the subdomains Ωi. The overlapping subdomains Ωi,
i = 1, . . . , p, satisfies

Ω =

p⋃
i=1

Ωi.

See, the Figure 1 (from [8]) for an example of a non overlapping decomposition (left) and overlapping
decomposition (right) of the domain Ω.
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Figure 1. Left: Domain partition without overlap for 16 subdomains. Right: The 16 subdomains with overlap.

Let us denote by q the size of the discretization matrix Qh and let I = {1, . . . , q} be the set of all indices of
the grid points inside Ω. Similarly we let for each 1 < i < p, Ii denotes the set of all indices of the grid points
in the interior of Ωi. The cardinality of the set Ii is denoted by ni. Note that, since {Ωi}pi=1 form an overlapping
decomposition of Ω It follows that

Ii ∩ Ij ̸= ∅, ∀i ̸= j, and I =

p⋃
i=1

Ii.

We then, define the submatrix Ai of size ni × ni corresponding to the subdomain Ωi, using the following relation:

Ai = RiAR
T
i ,

where Ri is the restriction matrix, i.e., a ni × q rectangular matrix such that for any vector v ∈ Rq, Riv ∈ Rni is a
vector whose entries correspond to the values of v at grid points in the interior of the subdomain Ωi.
The transpose RT

i of Ri is defined by: For any vector v ∈ Rni , we have(
RT

i v
)
j
= vj , if j ∈ Ii and

(
RT

i v
)
j
= 0, if j /∈ Ii.

We also introduce the rectangular matrix R0
i , which restricts now a full vector v in Rq, to a subvector whose entries

corresponds to the values of v at grid points in the interior of the subdomain Ω̂i, hence excluding the grid points
inside the overlapping region.
Defining

P−1
ras =

p∑
i=1

(R0
i )

TA−1
i Ri,

Then, the Restricted additive Schwarz method for Equation (68) consists of solving the following preconditioned
linear system:

P−1
rasQhUh = P−1

rasgh, (69)

By using an iterative method. Since the new system matrix P−1
rasQh is not symmetric, we choose to use the

GMRES method as an acceleration method. Note that the preconditioner P−1
ras is not assembled explicitly; instead,

we only need to compute its action on any given vector, which is achieved by the following algorithm:
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Algorithm 1: Restricted Additive Schwarz Preconditioner
input : v

1 Do in parallel for each subdomain Ωi:
2 bi ←− Riv
3 solve the linear system: Aixi = bi
4 wi ←− (R0

i )
Txi

5 Sum:

6 P−1
rasv ←−

p∑
i=1

wi

output: P−1
rasv

Remark 5.1
In a parallel computing environment, each processor (or core) i, (1 ≤ i ≤ p) will be charged to solve using direct
method a linear system associated with the subdomain Ωi.

6. Numerical experiments

To validate the performance of the scheme and the RAS algorithm presented in this work, two numerical examples
are considered. In the following we calculated the l2 and l∞ errors via the formulas:

∥enh∥∞ = max
1≤i,j≤N−1

|unij − Un
ij |, and ∥enh∥2 = h

√√√√N−1∑
ij=1

|unij − Un
ij |2,

The order of convergence of the present scheme is computed via the formula:

Order =
log (∥es1∥/∥es2∥)

log (s1/s2)
,

where ∥es1∥ and ∥es2∥ are the errors for the mesh of sizes s1 and s2, respectively, and ∥.∥ is either the l2 or the l∞

norm.
The linear system (68), at every time step, is solved iteratively by the preconditioned GMRES method, using the

restricted additive Schwarz preconditioner. The stopping criterion is to bring the relative residual under tol = 10−9.
All experiments presented in this section were obtained using MATLAB R2022a on a MacBook computer equipped
with a 2.3 GHz, 8GB of RAM, Intel Core i5. For the implementation of the parallel domain decomposition
algorithm we have used the parallel computing toolbox (PCT) included in MATLAB. Each subdomain’s linear
system is assigned to one processor core and solved using MATLAB’s backslash operator.

Problem 1

We consider homogeneous plate Equation (1) with a(x, y) = 1, Ω = [0, 1]2, T = 1. The applied transverse loading
f is:

f(x, y, t) = (π2 + 64π4) exp(−πt) sin(2πx) sin(2πy),
the analytic solution is

u(x, u, t) = exp(−πt) sin(2πx) sin(2πy).
Figure 2, left, shows the numerical solution surface obtained by the present scheme at T = 1 with h = 1/64,
τ = 0.0016 and θ = 1/4. The agreement with the exact solution (plotted in the right of the same figure) is seen to
be very good.
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Figure 2. Left: The numerical solution Uh of Problem 1 with h = 1/64 and τ = 0.0016, θ = 1/4 at T = 1. Right: The
analytical solution u of Problem 1 at T = 1

Table 2 shows the l2 and l∞ errors and the spatial convergence orders of the numerical solution Uh obtained
in solving Problem 1 for different values of the mesh size h and τ = 0.0004, θ = 1/4 at T = 1, using the present
scheme. It can be seen that as h→ 0 the numerical solution converges to the analytical solution. The experimental
order of space convergence is almost 2, which is in accord with the theoretical order. In Table 3, we present the
experiment results in solving Problem 1 for different values of the time step τ , with fixed h = 1/256, and θ = 1/2
at T = 1, which confirms that the present scheme has order two in time.

Table 2. Errors and convergence orders in space for Problem 1 with τ = 0.0004 and θ = 1/4 at T = 1

h l∞ − Error Order l2 − Error Order
1
16 2.2507× 10−02 — 1.1253× 10−02 —
1
32 6.6445× 10−03 1.760109 3.3223× 10−03 1.760112
1
64 1.5826× 10−03 2.069908 7.9128× 10−04 2.069905
1

128 3.8756× 10−04 2.029763 1.9378× 10−04 2.029764

Average 1.953260 1.953260

Table 3. Errors and convergence orders in time for Problem 1 with h = 1/256 and θ = 1/2 at T = 1

τ l∞ − Error Order l2 − Error Order
1
10 7.0300× 10−02 — 3.5150× 10−02 —
1
20 2.0106× 10−02 1.805901 1.0053× 10−02 1.805901
1
40 5.8481× 10−03 1.781586 2.9240× 10−03 1.781586
1
80 1.2789× 10−03 2.192999 6.3947× 10−04 2.192999

Average 1.9268 1.9268

For comparison purposes, we solve the linear system (68) at every time step by the GMRES method without a
preconditioner. Then, we apply the restricted additive Schwarz preconditioner associated with 4 subdomains with
an overlap width δ = 0.1. In Table 4 we list the condition number values when solving Problem 1, showing that it
increases as O(h−4).
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Table 4. Without preconditioner: Growth of the condition number for Problem 1 with τ = 0.0016, δ = 0.1, p = 4, θ = 1/2
at T = 1

h Condition number Rate
1
16 6.0192× 10+00 −−
1
32 8.2487× 10+01 −3.7765
1
64 1.3095× 10+03 −3.9887
1

128 2.0956× 10+04 −4.0003
Average −3.9218

The condition number, the number of iterations and CPU time (in seconds) for the RAS preconditioned method and
the unpreconditioned method are given in Table 5, for different mesh sizes h and τ = 0.0004 at time step T = 1.
One can see that as h decreases, the condition number grows fast and unboundedly for the unpreconditioned case.
As a consequence the number of iterations and CPU time for the RAS method are significantly lesser than those
for the unpreconditioned case, which show the effectiveness of the RAS method.

Table 5. Condition number, GMRES iterations and CPU time for solving the Problem 1 with τ = 0.0016, δ = 0.1, p = 4 and
θ = 1/2 at T = 1

h without preconditioner RAS preconditioner

Condition number Iteration CPU Time (s) Condition number Iteration CPU Time (s)
1
16 6.0192× 10+00 3 2.2558× 10−01 1.3302× 10+00 6 4.4275× 10−01

1
32 8.2487× 10+01 12 3.8850× 10−01 1.6238× 10+00 7 6.4997× 10+00

1
64 1.3095× 10+03 44 9.2983× 10+00 3.3950× 10+00 7 3.3499× 10+01

1
128 2.0956× 10+04 165 2.6886× 10+02 2.2535× 10+01 8 1.9041× 10+02

In Figure 3, we show the number of iterations to achieve a relative residual error lesser than 10−9 for the restricted
additive Schwarz preconditioner applied with different overlap sizes δ to solve Problem 1. The obtained results
show that the RAS algorithm performs better for bigger δ, since the RAS algorithm converges in less iterations in
this case.
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Figure 3. Problem 1: Convergence history of the GMRES method using RAS preconditioner for different overlap widths δ,
p = 2, h = 1/64, and τ = 0.015

Problem 2

We consider a thin plate occupying the domain Ω = [0, 1]2, the transverse deflection u is governed by equation (1),
we let a(x, y) = 1 + x2 + y2, T = 1, and the applied transverse loading is given by:

f(x, y, t) = (1 + 4π4(1 + x2 + y2)) sinh(t) sin(πx) sin(πy).

The analytic solution is given by
u(x, u, t) = sinh(t) sin(πx) sin(πy).

Figure 4, shows the good agreement of the numerical solution (h = 1/64 at T = 1) obtained by our proposed
scheme with the analytical solution.
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Figure 4. Left: The numerical solution Uh of Problem 2 with h = 1/64 and τ = 0.0016, θ = 1/4 at T = 1. Right: The
analytical solution u of Problem 2 at T = 1

Similar to Problem 1, we let T = 1, then we solve the Problem 2 by the present scheme for different values of
the mesh size h and for θ = 1/8. In this case (0 ≤ θ < 1/4) the time step τ is chosen, in order to fulfill the CFL
restriction. The l2 and l∞ errors and the spatial convergence orders for Problem 2 are reported in Table 6. Again,
with h approaching zero, the numerical solution converges to the analytical solution, and the experimental order of
space convergence is almost 2, which is in accord with the theoretical order.

Table 6. Errors and convergence orders in space for Problem 2 with θ = 1/8 at T = 1

h l∞ − Error Order l2 − Error Order
1
16 7.7739× 10−03 — 3.8869× 10−03 —
1
32 1.9358× 10−03 2.005680 9.6788× 10−04 2.005717
1
64 4.8347× 10−04 2.001457 2.4173× 10−04 2.001449
1

128 1.2084× 10−04 2.000340 6.0418× 10−05 2.000337

Average 2.002492 2.002501

In Table 7, we present the numerical results in solving Problem 2 for different values of the time step τ , with
fixed h = 1/256, and θ = 1/2 at T = 1. As we can see, the present scheme has order two in time.

Table 7. Errors and convergence orders in time for Problem 2 with h = 1/256 and θ = 1/2 at T = 1

τ l∞ − Error Order l2 − Error Order
1
10 5.5315× 10−03 — 2.7660× 10−03 —
1
20 1.4132× 10−03 1.968697 7.0669× 10−04 1.968629
1
40 3.4516× 10−04 2.033649 1.7258× 10−04 2.033829
1
80 6.4388× 10−05 2.422384 3.2193× 10−05 2.422423

Average 2.141576 2.141627

In Table 8, we compare our algorithm (RAS preconditioner) with the Additive Schwarz (AS) preconditioner
studied in [19] and the ILU(0) preconditioner. We take τ = 0.01, tol = 10−12, θ = 1/2 and T = 1. As can be seen
in these results, when h decreases (i.e., when the size of the problem increases) the number of iterations and CPU
time for the RAS method are significantly better compared to those of the Additive Schwarz case and to those of
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ILU(0) case. We note that when solving the Problem 2 for h = 1/512, the ILU(0) method cant reaches the stopping
criterion, which is not the case with the RAS method.

Table 8. GMRES iterations and CPU time for solving the Problem 2 with τ = 0.01 δ = 0.35, p = 2 and θ = 1/2 at T = 1

h RAS preconditioner AS preconditioner ILU(0) preconditioner

Iteration CPU Time (s) Iteration CPU Time (s) Iteration CPU Time (s)
1

192 10 1.0871× 10+02 11 1.1877× 10+02 17 1.0255× 10+02

1
256 10 1.7949× 10+02 12 2.1344× 10+02 22 3.0949× 10+02

1
320 10 3.4932× 10+02 12 4.1794× 10+02 30 7.0410× 10+02

1
384 10 4.7692× 10+02 12 5.7277× 10+02 45 1.6079× 10+03

1
512 10 1.3746× 10+03 12 1.5871× 10+03 −− −−

We present in Figure 5, the number of iterations of GMRES method combined with the the restricted additive
Schwarz preconditioner for different overlap widths δ to solve Problem 2. The obtained results show again that the
RAS method performs better with bigger δ.
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Figure 5. Problem 2: Convergence history of the GMRES method using RAS preconditioner for different overlap widths δ,
p = 2, h = 1/64, and τ = 0.015

7. Concluding remarks

A two-dimensional 4th-order variable coefficient PDE governing the vibrations of a simply supported thin plate
is studied in this paper. We first established some a priori estimates for the weak approximation of the solution of
(1), then we presented a finite difference spatial scheme combined with a θ time scheme to solve our problem.
We studied the stability and convergence using the energy method since Fourier analysis cant easily handle
variable coefficient problems. Numerical analysis and experiments show that the present scheme is unconditionally
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stable and convergent in the l2 norm when 1/4 ≤ θ ≤ 1, and it is conditionally stable and convergent in the
l2−norm under the CFL restriction when 0 ≤ θ < 1/4. The convergence order is two in both temporal and spatial
variables. To precondition the discrete approximations of the problem (1) obtained using our scheme, we used
the restricted additive Schwarz preconditioner for the GMRES method. This parallel preconditioning technique
improves significantly the condition numbers and speed up the solution process when the size of the linear system
increases as shown by the numerical experiments reported in section 6. We are currently working to extend this
technique to solve three-dimensional biharmonic equation and nonlinear 4th-order PDE.
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