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Abstract This paper introduces an application of novel fractal patterns, specifically Julia and Mandelbrot sets, generated by
a modified class of complex rational maps in which the traditional constant term is replaced with a logarithmic component.
By utilizing nonstandard viscosity iterative method with s-convexity, we derive enhanced escape criteria that refine existing
computational algorithms, thereby enabling the precise visualization of intricate fractal structures as Julia and Mandelbrot
sets. Our results demonstrate dynamic transformations in the shape and size of these fractals as key input parameters are
adjusted. We believe that the insights garnered from this research will inspire and motivate researchers and enthusiasts
deeply engaged in the field of fractal geometry.
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1. Introduction

Fractals are infinitely complex mathematical patterns that exhibit self-similarity, meaning their intricate shapes
repeat at different scales. These mesmerizing structures appear throughout nature, from the branching patterns of
trees and river networks to the delicate formations of snowflakes and the spiraling arrangements of fern leaves.
Mathematically, fractals are generated through iterative methods, where a simple equation or set of rules is applied
repeatedly, with each iteration building upon the last to produce increasingly detailed and complex patterns. For
more details, refer to [3, 12, 13, 15]. This process of repeated refinement transforms basic mathematical operations
into stunningly elaborate forms that mirror the organic beauty found in the natural world. The study of fractals,
particularly the visually stunning Julia and Mandelbrot sets, has captivated mathematicians for nearly a century,
tracing back to the pioneering work of French mathematician Gaston Julia in the early 20th century, who first
developed the fundamental concepts behind what we now call Julia sets [5]. This comprehensive approach deepens
our understanding of the fundamental principles that govern natural phenomena through fractal mathematics.
Through its applications, fractal geometry continues to reshape both theoretical research and creative expression,
demonstrating how mathematical concepts can illuminate the beauty and structure of the universe.

The generation of fractals such as the Mandelbrot and Julia sets is fundamentally rooted in fixed-point iterative
methods, with researchers utilizing diverse techniques—including Mann iteration, Picard iteration, and other
advanced schemes (see [2, 10, 17, 18, 19, 16])—to explore their intricate dynamics. These iterative approaches
have proven especially powerful in analyzing the behavior of polynomials, complex trigonometric functions,
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and transcendental functions, revealing how the choice of iteration method can significantly alter a fractal’s
visual properties—shaping its form, color patterns, and structural complexity even when applied to the same
base functions (see [20, 21]). Beyond classical Julia sets, these iterative frameworks provide the mathematical
foundation for generating a wide variety of other fractal types, including intricate biomorphs, iterated function
system fractals, inversion fractals, and root-finding fractals (see [4, 6]), highlighting the extraordinary adaptability
of iterative methods in fractal geometry. This versatility underscores how slight modifications in computational
techniques can yield vastly different yet equally mesmerizing fractal structures.

The study of iterative techniques in fractal generation and analysis has undergone significant theoretical
advancements, particularly through developments in viscosity approximation methods. A pivotal contribution came
in 2000 with Moudafi’s seminal work [11], which established crucial convergence properties of the viscosity
method for semi-nonexpansive mappings, providing a rigorous mathematical framework that has profoundly
shaped iterative approaches to fractal construction. This theoretical breakthrough enabled deeper analysis of
fractal structures and their convergence behavior. Recent work by Nandal et al. [14] and Kumari et al. [7] has
further expanded these concepts by developing generalized viscosity approximation-type iterative methods within
Hilbert spaces, representing both a theoretical advancement and a practical enhancement of iterative techniques.
These methodological innovations have substantially enriched fractal mathematics, yielding more sophisticated
tools for investigating the complex dynamics of fractal generation while simultaneously expanding their potential
applications across mathematical and computational domains.

Building on recent advancements in fractal generation, particularly the pioneering work of Tanveer et al.
[20] and Iqbal et al. [1] who applied generalized viscosity approximation-type iterative methods to generate
the fractals as Mandelbrot and Julia sets, this research extends their methodology to establish escape criteria
for a new class of complex maps. Their innovative approach has demonstrated superior capability in capturing
these fractals’ intricate dynamical behavior, substantially enhancing our ability to visualize and understand their
complex structural properties. Building upon these foundational developments, our current research extends this
methodology by adapting viscosity approximation techniques to establish escape criteria for complex rational maps
U(z) = 	ez

p

+ �
zq + log �‘ and V(z) = 	 cos(zp) + �

zq + log �‘ where p � 2; p; q 2 N;	;� 2 C; � 2 Cnf0g and
‘ 2 R; ‘ � 1: This extension not only broadens the theoretical framework of fractal analysis but also opens new
avenues for exploring the convergence behavior and visual characteristics of fractals generated through complex
logarithmic transformations.

This paper details the application of nonstandard viscosity iterative methods with s-convexity for the generation
of fractals, specifically Julia and Mandelbrot sets. The study is structured into five comprehensive sections,
beginning with the establishment of the necessary mathematical foundation in Section 2, which introduces the
essential definitions, concepts, and preliminary results. Section 3 forms the theoretical core of our work, where we
derive key theorems establishing the escape criterion as a pivotal component for constructing Julia and Mandelbrot
sets via our proposed nonstandard viscosity iterative method with s-convexity for the given rational maps. Section 4
transitions to practical implementation, detailing the computational algorithms and presenting visually compelling
Julia and Mandelbrot sets generated in MATLAB R2024a (version 24:1:0:2537033; 64-bit) on a standard HP
laptop featuring an Intel(R) Core(TM) i7-14700HX (2.10 GHz) processor and 32 GB of RAM, with variations
in parameters to demonstrate the method’s versatility. Finally, Section 5 synthesizes the study’s principal findings,
highlighting its theoretical and computational contributions to fractal geometry.

2. Preliminaries

This section presents the essential definitions and preliminary results that form the basis of our work.

Definition 2.1 (Julia set [5])
For a complex function U : C! C the filled Julia set FU is defined as:

FU = fz 2 C : fjUj(z)jg1p=0 is boundedg:

where U j denotes the jth iterate of U . The boundary of FU is called the Julia set.
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Definition 2.2 (Mandelbrot set [5])
For a complex function U : C! C, the Mandelbrot setM is defined as:

M = f� 2 C : F� is connectedg;

where F� denotes the filled Julia set associated with Equivalently,

M = f� 2 C : jF j�(0) 91 as n!1g:

Definition 2.3 (s-convex combination [16])
For complex numbers z1; z2; z3; � � � ; zn 2 C and s 2 (0; 1]; an s-convex combination is defined as:

�s1z1 + �s2z2 + �s3z3 + � � �+ �snzn:

where �k � 0 and
nP
k=1

�k = 1; for k 2 f1; 2; 3; � � � ; ng:

Let us consider the following complex mappings U ;V;J : C! C as:

U(z) = 	ez
p

+
�

zq
+ log �‘ (2.1)

V(z) = 	 cos(zp) +
�

zq
+ log �‘: (2.2)

where p � 2; p; q 2 N;	;� 2 C; � 2 Cnf0g and ‘ 2 R; ‘ � 1: Moreover, let J (z) = }z + ~ be a complex
contraction mapping with };~ 2 C and j}j < 1:

In the article, let � = log(�‘)
� : Consequently, we can express log(�‘) = ��:

Definition 2.4 ([13])
Let fzjg be an iterative sequence with initial point z0 2 C: This sequence is called a viscosity approximation
method if it satisfies the recurrence relation:

zj+1 = !jJ (zj) + (1� !j)U(zj); j � 0;

where �j 2 (0; 1), J ;U : C! C, and moreover, J is a contraction mapping.

Definition 2.5 ([10])
Let fzjg be an iterative sequence with initial point z0 2 C: This sequence is called a viscosity approximation type
iterative method if it satisfies the coupled recurrence relations:(

zj+1 = !J (zj) + (1� !)#j ;

#j = �zj + (1� �)U(zj);
(2.3)

where !; � 2 (0; 1), U ;V;J : C! C.

The literature presents several extensions of convex combinations, including the s-convex combination. In this
work, we integrate classical convex combinations with s-convex methods within the viscosity approximation orbits.
Specifically, we analyze the orbit behavior of a viscosity approximation process enhanced by s-convexity, applied
to a generalized rational complex mappings U and V under the contraction condition J :(

zj+1 = !sJ (zj) + (1� !)s#j ;

#j = �szj + (1� �)sU(zj);
(2.4)

and (
zj+1 = !sJ (zj) + (1� !)s#j ;

#j = �szj + (1� �)sV(zj);
(2.5)
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where z0 is initial point, U and V are complex-valued mappings, J is a contraction mapping and !; � 2 (0; 1) are
parameters. To generate fractals and escape limitations are the basic key to run the algorithms. Since it is well
known that j cos(zp)j � 1 for some z 2 C, and the Maclaurin expansion for the cosine and exponential functions
are

jez
p

j =
���� 1X
j=0

zjp

j!

���� > ���� 1X
j=1

zjp

j!

���� = jzpj
���� 1X
j=1

zp(j�1)

j!

���� > j&jjzpj (2.6)

where 0 < j&j � 1 except the values of z 2 C for which j&j = 0; and

j cos(zp))j =
���� 1X
j=0

(�1)jz2pj

(2j)!

���� � j�jjzpj; (2.7)

where 0 < j�j � 1 except the values of z 2 C for which j�j = 0 (see the details [?]).

3. Escape criteria for Mandelbrot and Julia sets

The escape criterion serves as a foundational tool in the generation and analysis of fractals, particularly for
Julia sets, Mandelbrot sets, and their variants. In this work, we establish new escape criteria for a class of
complex functions, enabling systematic investigation and comparison of their associated fractal sets. By employing
nonstandard viscosity iterative methods with s-convexity, we explore their dynamical properties and computational
behaviors.

3.1. Escape criteria for U(z) = 	ez
p

+ �
zq + log �‘.

in this subsection, we derived the escape criteria for U(z) = 	ez
p

+ �
zq + log �‘ via (2.4).

Theorem 3.1

Assume that jz0j � maxfj�j; j~j; j�
1

p+q jg >

 
(2+s!j}j+(1�s!)(1�s�)j� j
(1�s�)(1�s!)

�
j	jj&j�1

� ! 1
p�1

; where p � 2; p; q 2 N;	;� 2

C; � 2 Cnf0g and ‘ 2 R; ‘ � 1; and let J (z) = }z + ~ be a complex contraction mapping with };~ 2 C and
j}j < 1: If the sequence fzjg is a viscosity iterative method with s-convexity defined as(

zj+1 = !sJ (zj) + (1� !)s#j ;

#j = �szj + (1� �)sU(zj):
(3.1)

Then, the sequence fzjg1j=0 diverges to infinity, i.e., jzj j ! 1; as j !1:

Proof
From (3.1), we have

j#j j = j�szj + (1� �)sU(zj)j; j � 0:

For j = 0, we have

j#0j = j�sz0 + (1� �)sU(z0)j

=
����sz0 + (1� �)s

�
	ez

p
0 +

�

zq0
+ log �‘

����
=

����sz0 + (1� �)s
�

	ez
p
0 +

�

zq0
+ ��

����:
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Since s; � 2 (0; 1]; so �s � s�; and expanding (1� �)s utilizing binomial theorem up to linear terms of � and using
(2.6), we obtain

j#0j �
���s�z0 + (1� s�)

�
	ez

p
0 +

�

zq0
+ ��

����
� (1� s�)

����	ez
p
0 +

�

zq0
+ ��

����� s�jz0j

� (1� s�)j	ez
p
0 + ��j � (1� s�)

��� �

zq0

���� s�jz0j; s� < 1

� (1� s�)j	jj&jjzp0 j � (1� s�)j� jj�j � (1� s�)
��� �

zq0

���� jz0j

Our assumption jz0j � maxfj�j; j}j; j�j
1

p+q g yields that �j�j � �jz0j and jz0j � j�j
1

p+q , we obtain

j#0j � (1� s�)j	jj&jjzpj � (1� s�)j� jjz0j � (1� s�)
jzp+qj
zq0

� jzj j

� (1� s�)j	jj&jjzp0 j � (1� s�)j� jjz0j � (1� s�)jzp0 j � jz0j
� (1� s�)

�
j	jj&j � 1

�
jzp0 j � (1� s�)j� jjz0j � s�jz0j

� jz0j
�

(1� s�)
�
j	jj&j � 1

�
jzp�1

0 j � (1� s�)j� j � 1
�
;

which implies that

j#0j � jz0j
�

(1� s�)
�
j	jj&j � 1

�
jzp�1

0 j � (1� s�)j� j � 1
�
: (3.2)

Using (3.2), the binomial expansion of (1� !)s up to the first-order terms of !; and the inequality �s � s�; we
arrive at

jz1j = j!sJ (z0) + (1� !)s#0j
� js!(}z0 + ~) + (1� s!)#0j
� (1� s!)j#0j � s!j}z0 + ~j
� (1� s!)j#0j � s!j}jjz0j � s!j~j
� (1� s!)j#0j � s!(1 + j}j)jz0j

� (1� s!)jz0j
�

(1� s�)
�
j	jj&j � 1

�
jzp�1j � (1� s�)j� j � 1

�
� s!(1 + j}j)jz0j

� (1� s!)jz0j
�

(1� s�)
�
j	jj&j � 1

�
jzp�1j � (1� s�)j� j � 1

�
� s!(1 + j}j)jz0j

� jz0j
�

(1� s�)(1� s!)
�
j	jj&j � 1

�
jzp�1j � (1� s!)(1� s�)j� j � (1� s!)

�s!(1 + j}j)
�

� jz0j
�

(1� s�)(1� s!)
�
j	jj&j � 1

�
jzp�1j � (1� s!)(1� s�)j� j � (1 + s!j}j)

�
:

Our assumption jz0j >

 
(2+s!j}j+(1�s!)(1�s�)j� j
(1�s�)(1�s!)

�
j	jj&j�1

� ! 1
p�1

gives

(1� s�)(1� s!)
�
j	jj&j � 1

�
jzp�1j � (1� s!)(1� s�)j� j � (1 + s!j}j) > 1: (3.3)

Thus, there exists a real number � > 0 such that

(1� s�)(1� s!)
�
j	jj&j � 1

�
jzp�1j � (1� s!)(1� s�)j� j � (1 + s!j}j) > 1 + � > 1:
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From (3.3), we obtain

jz1j > (1 + �)jz0j:

In particular jz1j > jz0j: Continuing this procedure, we obtain

jzj j > (1 + �)j jz0j:

Hence, jzj j ! 1; as j !1:

In the proof of Theorem 3.1, we have only utilized the fact that jz0j � maxfj�j; j~j; j�
1

p+q jg and jz0j � 
(2+s!j}j+(1�s!)(1�s�)j� j
(1�s�)(1�s!)

�
j	jj&j�1

� ! 1
p�1

: So, we can refine it and obtain the following corollary.

Corollary 3.1

Let jz0j � max

(
j�j; j~j; j�

1
p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j
(1�s�)(1�s!)

�
j	jj&j�1

� ! 1
p�1
)
; where p � 2; p; q 2 N;	;� 2 C; � 2 Cnf0g

and ‘ 2 R; ‘ � 1: Then lim
j!1

jzj j =1:

3.2. Escape criteria for V(z) = 	 cos(zp) + �
zq + log �‘.

in this subsection, we derived the escape criteria for V(z) = 	 cos(zp) + �
zq + log �‘ via (2.5).

Theorem 3.2

Assume that jz0j � maxfj�j; j~j; j�
1

p+q jg >

 
(2+s!j}j+(1�s!)(1�s�)j� j
(1�s�)(1�s!)

�
j	jj&j�1

� ! 1
p�1

; where p � 2; p; q 2 N;	;� 2

C; � 2 Cnf0g and ‘ 2 R; ‘ � 1; and let J (z) = }z + ~ be a complex contraction mapping with };~ 2 C and
j}j < 1: If the sequence fzjg is a viscosity iterative method with s-convexity defined as(

zj+1 = !sJ (zj) + (1� !)s#j ;

#j = �szj + (1� �)sV(zj):
(3.4)

Then, the sequence fzjg1j=0 diverges to infinity, i.e., jzj j ! 1; as j !1:

Proof
From (3.4), we have

j#j j = j�szj + (1� �)sV(zj)j; j � 0:

For j = 0, we have

j#0j = j�sz0 + (1� �)sU(z0)j

=
����sz0 + (1� �)s

�
	 cos(zp0) +

�

zq0
+ log �‘

����
=

����sz0 + (1� �)s
�

	 cos(zp0) +
�

zq0
+ ��

����:
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Since s; � 2 (0; 1]; so �s � s�; and expanding (1 � �) s utilizing binomial theorem up to linear terms of � and using
(2.7), we obtain

j#0j �
�
�
�s�z 0 + (1 � s�)

�
	 cos(z p

0) +
�
zq

0
+ � �

� �
�
�

� (1 � s�)
�
�
�
�

	 cos(z p
0 ) +

�
zq

0
+ � �

� �
�
� � s�jz 0j

� (1 � s�)j	 cos(z p
0 ) + � �j � (1 � s�)

�
�
�

�
zq

0

�
�
� � s�jz 0j; s� < 1

� (1 � s�)j	jj�jjz p
0 j � (1 � s�)j� jj�j � (1 � s�)

j�j
jzq

0 j
� jz 0j

Our assumption jz0j � maxfj�j; j}j; j�j
1

p+q g yields that �j�j � �jz 0j and jz0j � j�j
1

p+q , we obtain

j#0j � (1 � s�)j	jj�jjz p j � (1 � s�)j� jjz 0j � (1 � s�)
jzp+q j

zq
0

� jz 0j

� (1 � s�)j	jj�jjz p
0 j � (1 � s�)j� jjz 0j � (1 � s�)jz p

0 j � jz 0j

� (1 � s�)
�
j	jj�j � 1

�
jzp

0 j � (1 � s�)j� jjz 0j � jz 0j

� jz 0j
�

(1 � s�)
�
j	jj�j � 1

�
jzp�1

0 j � (1 � s�)j� j � 1
�

;

which implies that

j#0j � jz 0j
�

(1 � s�)
�
j	jj�j � 1

�
jzp�1

0 j � (1 � s�)j� j � 1
�

: (3.5)

Using (3.5), the binomial expansion of (1 � !)s up to the �rst-order terms of !; and the inequality �s � s�; we
arrive at

jz1j = j! sJ (z 0) + (1 � !) s#0j

� js!(}z 0 + ~) + (1 � s!)# 0j

� (1 � s!)j# 0j � s!(1 + j}j)jz 0j

� (1 � s!)jz 0j
�

(1 � s�)
�
j	jj�j � 1

�
jzp�1 j � (1 � s�)j� j � 1

�
� s!(1 + j}j)jz 0j

� jz 0j
�

(1 � s�)(1 � s!)
�
j	jj�j � 1

�
jzp�1 j � (1 � s!)(1 � s�)j� j � (1 � s!)

�s!(1 + j}j)
�

� jz 0j
�

(1 � s�)(1 � s!)
�
j	jj�j � 1

�
jzp�1 j � (1 � s!)(1 � s�)j� j � (1 + s!j}j)

�
:

Our assumption jz0j >

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj�j�1
�

! 1
p�1

gives

(1 � s�)(1 � s!)
�
j	jj�j � 1

�
jzp�1 j � (1 � s!)(1 � s�)j� j � (1 + s!j}j) > 1: (3.6)

Thus, there exists a real number � > 0 such that

(1 � s�)(1 � s!)
�
j	jj�j � 1

�
jzp�1 j � (1 � s!)(1 � s�)j� j � (1 + s!j}j) > 1 + � > 1:

From (3.6), we obtain

jz1j > (1 + �)jz 0j:
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In particular jz1j > jz 0j: Continuing this procedure, we obtain

jzj j > (1 + �) j jz0j:

Hence, jzj j ! 1; as j ! 1:

In the proof of Theorem 3.2, we have only utilized the fact that jz0j � maxfj�j; j~j; j�
1

p+q jg and jz0j �
 

(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj�j�1
�

! 1
p�1

: So, we can re�ne it and obtain the following corollary.

Corollary 3.2

Let jz0j � max

(

j�j; j~j; j�
1

p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj�j�1
�

! 1
p�1

)

; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g

and ` 2 R; ` � 1: Then lim
j!1

jzj j = 1:

4. Application of fractals as Julia and Mandelbrot sets

By applying Corollaries 3.1 and 3.2, we construct Julia and Mandelbrot sets for the functions U(z) = 	ezp
+ �

zq +
log � ` and V(z) = 	 cos(z p) + �

zq + log � ` ; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g and ` 2 R; ` � 1: Using
a viscosity approximation method with s-convexity, we determine escape criteria: if for some if for some j � 0;
the point zj exceeds the radii

R = max

(

j�j; j~j; j�
1

p+q j;

 
(2 + s!j}j + (1 � s!)(1 � s�)j� j

(1 � s�)(1 � s!)
�
j	jj&j � 1

�

! 1
p�1

)

and

R0 = max

(

j�j; j~j; j�
1

p+q j;

 
(2 + s!j}j + (1 � s!)(1 � s�)j� j

(1 � s�)(1 � s!)
�
j	jj�j � 1

�

! 1
p�1

)

;

the orbit escapes to in�nity, excluding z0 from the �lled Julia set. Algorithm 1 or Algorithm 3 implements an
escape-time method to generate Julia sets within a region A � C coloring points based on escape behavior,
while Algorithm 2 or Algorithm 4 implements an escape-time method to generate Mandelbrot sets for U(z)
and V(z) and checks against threshold escape radii R or R0: To avoid in�nite loops, a maximum iteration limit
K is imposed. Utilizing MATLAB R2024a (version 24:1:0:2537033; 64-bit) on a standard HP laptop featuring
an Intel(R) Core(TM) i7-14700HX (2.10 GHz) processor and 32 GB of RAM, we visualize non-classical Julia
and Mandelbrot sets, analyzing their structural variations under different parameters to ef�ciently capture fractal
dynamics while maintaining computational feasibility. Throughout the paper, a maximum number of iterations
K = 70 is consistently applied.

Figure 1. A color map is used in the examples.
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4.1. Julia and Mandelbrot sets generation for U(z) = 	ez
p

+ �
zq + log � ` :

This subsection presents the Julia and Mandelbrot sets generated from the complex functions (2.1) under different
parameter con�gurations via (3.1).

Algorithm 1 Julia set generation for U(z) = 	ezp
+ �

zq + log � `

Input: U(z) = 	e zp
+ �

zq + log � ` ; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g; ` � 1:
A � C-area in which we draw the set; K-maximal number of iterations; !; � 2 (0; 1);
J (z) = }z + ~, where }; ~ 2 C with j}j < 1; colourmap [0::C-1]-color with C colors.
Output: Julia set for area A
for z0 2 A do

� = log(� ` )
�

R = max

(

j�j; j~j; j�
1

p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj&j�1
�

! 1
p�1

)

;

j = 0
while j � K do
zj+1 = ! sJ (z j ) + (1 � !) s#j ;
#j = � szj + (1 � �) sU(zj ); where 0 < !; � < 1
if jz j+1 j � R then break end if
j = j + 1
colour z0 with colourmap [J]

Algorithm 2 Mandelbrot set generation for U(z) = 	ez
p

+ �
zq + log � `

Input: U(z) = 	e zp
+ �

zq + log � ` ; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g; ` � 1:
A � C-area in which we draw the set; K-maximal number of iterations; !; � 2 (0; 1);
J (z) = }z + ~, where }; ~ 2 C with j}j < 1; colourmap [0::C-1]-color with C colors.
Output: Mandelbrot set for area A
for z0 2 A do

� = log(� ` )
�

R = max

(

j�j; j~j; j�
1

p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj&j�1
�

! 1
p�1

)

;

j = 0
z0 = �
while j � K do
zj+1 = ! sJ (z j ) + (1 � !) s#j ;
#j = � szj + (1 � �) sU(zj ); where 0 < !; � < 1 and 0 < s � 1
if jz j+1 j � R then break end if
j = j + 1
colour z0 with colourmap [J]

In this example, we explore two scenarios: one with integer values of ` and another with non-integer value of `.
Using (3.1), we generate Julia sets U(z) = 	ezp

+ �
zq + log � ` under the following parameter choices: p = 2; q = 1

and & = 0:5:

(i) In Fig. 2: Fixed parameters 	 = 0:2; � = 1:1; � = 3i; } = 0:8; ~ = 0:3; ! = 0:1; � = 0:2; s = 0:7, and varied
the value of ` as: (a) 3; (b) 8; (c) 32; (d) 1:2; (e) 6:4; (f ) 18:6:
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(iii) In Fig. 3: Fixed parameters � = 1:1; � = 3i; } = 0:8; ~ = 0:3; ! = 0:15; � = 0:25; s = 0:75; ` = 4, and
varied 	 as: (a) 2:1; (b) 0:21i; (c) 11 + 0:21i:

(iv) In Fig. 4: Fixed parameters 	 = 0:11 + 0:21i; � = 3i; } = 0:8; ~ = 0:3; ! = 0:15; � = 0:25; s = 0:75; ` = 4,
and varied � as: (a) 6; (b) 8:1i; (c) 6 + 8:1i:

(v) In Fig. 5: Fixed parameters � = 6 + 0:21i; 	 = 11 + :11i; } = 0:1; ~ = 0:3; ! = 0:2; � = 0:3; s = 0:85; ` =
4, and varied � as: (a) 0:7; (b) 0:17i; (c) 7 + 0:7i:

(vi) In Fig. 6: Fixed parameters � = 16 + 0:21i; 	 = 1:1 + 11i; � = 0:5 + 0:7i; ~ = 13; ! = 0:2; � = 0:2; s =
0:85; ` = 4, and varied } as: (a) 0:6; (b) 0:1i; (c) 0:8 + 0:1i:

(vii) In Fig. 7: Fixed parameters � = 16 + 0:21i; 	 = 1:1 + 11i; � = 0:5 + 0:7i; } = 0:8 + 0:3i; ! = 0:2; � =
0:2; s = 0:85; ` = 4, and varied ~ as: (a) 0:3; (b) 1:3i; (c) 8 + 3i:

The Julia sets illustrated in Figures 2-7 (a, b, c), generated for a spectrum of values assigned to the parameters
`; 	; �; �; }; ~; reveal the profound and nuanced in�uence these factors exert on the resulting fractal structures. In
Figure 2 (a-f), speci�cally, sub-�gures (a-c) depict the sets when ` is �xed as an integer, while sub-�gures (d-f)
show the sets for non-integer values of `: It is evident that the parameter ` signi�cantly in�uences the shape of the
Julia sets, even slight variations in ` can lead to substantial changes in their structure. Clearly demonstrating that this
parameter is a primary determinant of morphological identity, as even minimal alterations in its value precipitate
signi�cant topological transformations. A consistent axial symmetry along the real axis is observed across all
variations. Furthermore, a secondary trend emerges wherein a gradual increase in ` corresponds to a systematic
reduction in the dimensions of the prominent bulb-like formations, underscoring the parameter's nuanced role in
shaping the fractal geometry. In contrast, Figures 2 (a-f) display axial symmetry along the real axis. Upon closer
inspection, we observe that the size of the bulb-like structures in the sets gradually decreases as the value of `
increases. Additionally, Figures 3–7 (a, b, c) in sub�gures (a), the parameters are set as purely real, in (b) as purely
imaginary, and in (c) as complex values. These variations highlight the signi�cant in�uence of 	; �; �; }; ~ on
the geometry, scale, and coloration of the Julia sets particularly around the edges of the characteristic leaf-like
structures. The image generation time for each iteration is also recorded.

(a) ` = 3 (b) ` = 8 (c) ` = 32

(d) ` = 1:2 (e) ` = 6:4 (f ) ` = 18:5

Figure 2. Julia sets generated via Algorithm 1 for varying values of `, with execution times of (a) 0.74 s, (b) 0.81 s, (c) 0.94
s, (d) 1.07 s, (e) 1.16 s, and (f) 1.32 s.
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(a) 	 = 2:1 (b) 	 = 0:21i (c) 	 = 11 + 0:21i

Figure 3. Julia sets generated for different 	 values using Algorithm 1. The execution times for the images are: (a) 0.84 s,
(b) 0.97 s, and (c) 1.17 s.

(a) � = 6 (b) � = 8:1i (c) � = 6 + 8:1i

Figure 4. Julia sets generated for different � values using Algorithm 1. The execution times for the images are: (a) 0.94 s,
(b) 1.19 s, and (c) 1.38 s.

(a) � = 0:7 (b) � = 0:17i (c) � = 7 + 0:7i

Figure 5. Julia sets generated for different � values using Algorithm 1. The execution times for the images are: (a) 1.09 s, (b)
1.22 s, and (c) 1.43 s.

(a) } = 0:6 (b) } = 0:1i (c) } = 0:8 + 0:1i

Figure 6. Julia sets generated for different } values using Algorithm 1. The execution times for the images are: (a) 1.13 s,
(b) 1.28 s, and (c) 1.47 s.

Stat., Optim. Inf. Comput. Vol. 14, November 2025



2824 AN APPLICATION OF NONSTANDARD VISCOSITY ITERATIVE METHOD IN THE GENERATION OF FRACTALS

(a) ~ = 0:3 (b) ~ = 1:3i (c) ~ = 8 + 3i

Figure 7. Julia sets generated for different ~ values using Algorithm 1. The execution times for the images are: (a) 1.23 s, (b)
1.46 s, and (c) 1.68 s.

In second example, we investigate the in�uence of the parameters p; q; !; � and s to Julia sets for U(z) =
	e zp

+ �
zq + log � ` via (3.1) are generated here with the following inputs: 	 = 0:21; � = 0:11i; � = 0:8; } =

0:1i; ~ = 0:3; ` = 6 and & = 0:5. The execution times for generating these images are also provided in seconds.

(i) In Fig. 8: Fixed parameters ! = 0:09; � = 0:15; s = 0:21, and varied integer value of p and q as:
(a) p = 2; q = 2; (b) p = 4; q = 2; (c) p = 8; q = 2 (d) p = 2; q = 5; (e) p = 6; q = 7; (f ) p = 6; q = 26:

(ii) In Fig. 9: Fixed parameters p = 4; q = 45; s = 0:85, and varied integer value of ! and � as:
(a) ! = 0:17; � = 0:085; (b) ! = 0:75; � = 0:085; (c) ! = 0:075; � = 0:25; (d) ! = 0:075; � =
0:85; (e) ! = 0:25; � = 0:25; (f ) ! = 0:85; � = 0:85:

(iii) In Fig. 10: Fixed parameters p = 4; q = 4; ! = 0:1; � = 0:2, and varied value of s as: (a) s = 0:15; (b) s =
0:55; (c) s = 0:95:

In Figures 8-10, we illustrate the impact of varying the parameters p; q; !; � and s: while keeping all other
parameters �xed. As illustrated in Figure 8 (a-f) for even and odd values of p and q, the sets evolve into circular
shapes with a number of petals determined by p and q; this petal count increases as their values rise. Furthermore,
the number of petals increases as p and q increase. Despite this, the patterns retain their fascinating rosette-like
symmetry. These variations demonstrate that these parameters signi�cantly in�uence the shape, size, and coloration
of the sets, particularly near the edges of a leaf-like structure and rosette-shaped designs. Furthermore, we observe
that as the values of p and q increase, the Julia sets generated become more complex, and the overall shape of the set
undergoes notable changes. The changes in shape are non-uniform across the arms, yet the resulting sets maintain
axial symmetry. Similarly, for parameters ! and � (Figure 9), higher values produce more intricate leaf-shaped
edges and elaborate rosette designs, with the petal count again escalating. While these changes can be non-uniform
across the fractal arms, the resulting sets consistently maintain axial symmetry. Additionally, we observe that as
the values of ! and � increase, the generated Julia sets become more beautiful, with the overall shape of the set
undergoing notable changes.

Furthermore, the in�uence of parameter s is detailed in Figure 10, where higher values are shown to produce
decreasingly intricate leaf-shaped edges and more elaborate rosette designs, with the petal count escalating
accordingly. Although these morphological changes can be non-uniform across the fractal's arms, the resulting sets
consistently preserve their axial symmetry. The escalation in the value of s not only introduces notable alterations
to the overall shape but also enhances the aesthetic complexity, yielding Julia sets of remarkable beauty. The �nal
Julia sets exhibit remarkable complexity, bearing a visual resemblance to traditional Rangoli patterns, rosette-
shaped designs, �oral designs, or delicate glass artwork.

Stat., Optim. Inf. Comput. Vol. 14, November 2025



I. AHMAD AND M. ALNASYAN 2825

(a) p = 2 and q = 2 (b) p = 4 and q = 2 (c) p = 8 and q = 2

(d) p = 2 and q = 5 (e) p = 6 and q = 7 (f) p = 6 and q = 26

Figure 8. Julia sets generated for different p and q values using Algorithm 1. The execution times for the images are: (a) 1.24
s, (b) 1.41 s, (c) 1.54 s, (d) 1.67 s, (e) 1.84 s, and (f) 2.03 s.

(a) ! = 0:17 and � = 0:085 (b) ! = 0:75 and � = 0:085 (c) ! = 0:075 and � = 0:25

(d) ! = 0:075 and � = 0:85 (e) ! = 0:25 and � = 0:25 (f) ! = 0:85 and � = 0:85

Figure 9. Julia sets generated for different ! and � values using Algorithm 1. The execution times for the images are: (a)
1.51 s, (b) 1.76 s, (c) 1.97 s, (d) 2.23 s, (e) 2.41 s, and (f) 2.71 s.
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(a) s = 0:15 (b) s = 0:55 (c) s = 0:95

Figure 10. Julia sets generated for different s values using Algorithm 1. The execution times for the images are: (a) 2.14 s,
(b) 2.37 s, and (c) 2.53 s.

In third example, we investigate the in�uence of the parameters `; 	; �; p; q; !; � and s to Mandelbrot sets for
U(z) = 	e zp

+ �
zq + log � ` via (3.1) are generated here with the following inputs: } = 0:8i; ~ = 0:41; & = 0:25

and K = 70. The image generation time for each iteration is also recorded.

(i) In Fig. 11: Fixed parameters p = 2; q = 2; 	 = 31; � = 0:4; ! = 0:7; � = 0:8; s = 0:71, and varied the value
of ` as: (a) ` = 2; (b) ` = 6; (c) ` = 13:5:

(ii) In Fig. 12: Fixed parameters p = 2; q = 2; ` = 2; � = 0:4; ! = 0:7; � = 0:8; s = 0:71, and varied integer
value of 	 as: (a) 	 = 0:31; (b) 	 = 0:31i; (c) 	 = 0:1 + 0:31i:

(iii) In Fig. 13: Fixed parameters p = 2; q = 2; ` = 2; 	 = 0:31; ! = 0:7; � = 0:8; s = 0:71, and varied integer
value of 	 as: (a) 	 = 0:21; (b) 	 = 0:21i; (c) 	 = 0:3 + 0:21i:

(iv) In Fig. 14: Fixed parameters ` = 2; 	 = 0:31; 	 = 0:2; ! = 0:7; � = 0:8; s = 0:71, and varied integer value
of p and q as: (a) p = 2; q = 2 (b) p = 6; q = 6 (c) p = 6; q = 3:

(v) In Fig. 15: Fixed parameters ` = 2; p = 6; q = 2; 	 = 0:31; 	 = 0:2; s = 0:71, and varied integer value of !
and � as: (a) ! = 0:1; � = 3 (b) ! = 0:5; q = 0:4 (c) ! = 0:8; q = 0:9:

(vi) In Fig. 16: Fixed parameters ` = 2; p = 6; q = 2; 	 = 0:31; 	 = 0:2; ! = 0:7; � = 0:9, and varied integer
value of s as: (a) s = 0:25 (b) s = 0:65 (c) s = 0:95:

In Figures 11-16 (a; b; c), display Mandelbrot sets generated by �xing one parameter either `; 	; �; p; q; !; � or
s while varying the others. In 12-13(a; b; c), 	 and � are assigned purely real values in (a) purely imaginary in (b),
and complex in (c). Furthermore, Figures 11 and 14-16 (a, b, c) reveal that as `; p; q; !; � and s increase, the sets
transform into circular structures, with petal counts determined by p; q and s. These variations highlight the critical
in�uence of `; 	; �; p; q; !; � or s on the shape, size, and coloration of the sets, particularly near the leaf-like edges.

While the shape changes non-uniformly across the arms, the resulting sets maintain axial symmetry. Moreover,
the number of petals grows with increasing parameter values. Although the transformations often proceed non-
uniformly across the fractal's arms, a consistent axial symmetry is preserved throughout. The culminating
Mandelbrot sets display remarkable and striking complexity, their forms bearing a strong visual resemblance to
intricate Rangoli patterns, elaborate �oral motifs, or delicate glass art. The image generation time for each iteration
is also recorded.
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(a) ` = 2 (b) ` = 6 (c) ` = 13:5

Figure 11. Mandelbrot sets generated for different ` values using Algorithm 2. The execution times for the images are: (a)
1.54 s, (b) 1.76 s, and (c) 1.91 s.

(d) 	 = 0:31 (e) 	 = 0:31i (f) 	 = 0:1 + 0:31i

Figure 12. Mandelbrot sets generated for different 	 values using Algorithm 2. The execution times for the images are: (a)
1.61 s, (b) 1.83 s, and (c) 1.96 s.

(d) � = 0:21 (e) � = 0:21i (f) � = 0:3 + 0:21i

Figure 13. Mandelbrot sets generated for different � values using Algorithm 2. The execution times for the images are: (a)
1.68 s, (b) 1.81 s, and (c) 1.98 s.

(a) p = 2 and q = 2 (b) p = 6 and q = 6 (c) p = 6 and q = 3

Figure 14. Mandelbrot sets generated for different p and q values using Algorithm 2. The execution times for the images are:
(a) 1.74 s, (b) 1.94 s, and (c) 2.14 s.
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(d) ! = 0:1 and � = 0:3 (e) ! = 0:5 and � = 0:4 (f) ! = 0:8 and � = 0:9

Figure 15. Mandelbrot sets generated for different ! and � values using Algorithm 2. The execution times for the images
are: (a) 1.83 s, (b) 2.08 s, and (c) 2.27 s.

(a) s = 0:25 (b) s = 0:65 (c) s = 0:95

Figure 16. Mandelbrot sets generated for different s values using Algorithm 2. The execution times for the images are: (a)
2.04 s, (b) 2.26 s, and (c) 2.48 s.

4.2. Julia and Mandelbrot sets generation for V(z) = 	 cos(zp) + �
zq + log � `

This subsection presents the Julia and Mandelbrot sets corresponding to (2.2) for various input values.

Algorithm 3 Julia set generation for V(z) = 	 cos(zp) + �
zq + log � `

Input: V(z) = 	 cos(z p) + �
zq + log � ` ; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g; ` � 1:

A � C-area in which we draw the set; K-maximal number of iterations; !; � 2 (0; 1);
J (z) = }z + ~, where }; ~ 2 C with j}j < 1; colourmap [0::C-1]-color with C colors.
Output: Julia set for area A
for z0 2 A do

� = log(� ` )
�

R0 = max

(

j�j; j~j; j�
1

p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj�j�1
�

! 1
p�1

)

;

j = 0
while j � K do
zj+1 = ! sJ (z j ) + (1 � !) s#j ;
#j = � szj + (1 � �) sU(zj ); where 0 < !; � < 1
if jz j+1 j � R 0 then break end if j = j + 1
colour z0 with colourmap [J]
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Algorithm 4 Mandelbrot set generation for V(z) = 	 cos(zp) + �
zq + log � `

Input: V(z) = 	 cos(z p) + �
zq + log � ` ; where p � 2; p; q 2 N; 	; � 2 C; � 2 Cnf0g; ` � 1:

A � C-area in which we draw the set; K-maximal number of iterations; !; � 2 (0; 1);
J (z) = }z + ~, where }; ~ 2 C with j}j < 1; colourmap [0::C-1]-color with C colors.
Output: Mandelbrot set for area A
for z0 2 A do

� = log(� ` )
� and

R0 = max

(

j�j; j~j; j�
1

p+q j;

 
(2+s!j}j+(1�s!)(1�s�)j� j

(1�s�)(1�s!)
�

j	jj�j�1
�

! 1
p�1

)

;

j = 0
z0 = �
while j � K do
zj+1 = ! sJ (z j ) + (1 � ! s)# j ;
#j = � szj + (1 � �) sU(zj ); where 0 < !; � < 1 and 0 < s � 1
if jz j+1 j � R 0 then break end if j = j + 1
colour z0 with colourmap [J]

In this example, we explore two scenarios: one with integer values of ` and another with non-integer value of `.
Using (3.1), we generate Julia sets V(z) = 	 cos(zp) + �

zq + log � ` under the following parameter choices:

(i) In Fig. 17: Fixed parameters p = 2; q = 1; 	 = 3 + 0:82i; � = 0:11 + 5i; � = 0:3 + 2i; ! = 0:2; � = 0:4;
� = 0:2; } = 0:6; ~ = 1:3; s = 0:71, and varied integer value of ` as: (a) 3; (b) 8; (c) 32; (d) 1:2; (e) 6:4;
(f ) 18:6:

(ii) In Fig. 18: Fixed parameters p = 2; q = 1; ` = 2; � = 0:11 + 5i; � = 0:3 + 2i; } = 0:8; ~ = 0:3; ! =
0:15; � = 0:25; � = 0:2; } = 0:6; ~ = 1:3; s = 0:71; and varied 	 as: (a) 0:11; (b) 0:82i; (c) 0:11 + 0:22i:

(iii) In Fig. 19: Fixed parameters p = 2; q = 1; 	 = 0:21; � = 0:2; } = 0:6; ~ = 1:53; � = 0:2; ! = 0:15; � =
0:5; s = 0:45; ` = 2, and varied � as: (a) 0:1; (b) 0:31i; (c) 0:16 + 0:015i:

(iv) In Fig. 20: Fixed parameters p = 2; q = 1; 	 = 0:16i; � = 0:016 + 0:014i; } = 0:6; ~ = 1:53; � = 0:2; ! =
0:15; � = 0:3; s = 0:85; ` = 2, and varied � as: (a) 0:6; (b) 0:31i; (c) 0:14 + 0:12i:

(v) In Fig. 21: Fixed parameters p = 2; q = 1; � = 0:21; 	 = 0:11; � = 0:4; ~ = 1:53; � = 0:2; ! = 0:2; � =
0:4; s = 0:45; ` = 2, and varied } as: (a) 0:6; (b) 0:6i; (c) 0:6 + 0:4i:

(vi) In Fig. 22: Fixed parameters p = 2; q = 1; � = 0:1; 	 = 0:21; � = 0:5; } = 0:56; � = 0:2; ! = 0:2; � =
0:4; s = 0:71; ` = 2, and varied ~ as: (a) 1:53; (b) 0:003i; (c) 0:3 + 0:2i:

The generation and morphological evolution of Julia sets under a controlled parameter space are systematically
illustrated in Figures 17-22 (a, b, c), which explore the in�uence of the parameters `; 	; �; !; �; }; ~ and s: An
initial, detailed examination in Figure 17 establishes the critical role of parameter sub-�gures ` : (a) - (c) display
integer values `, while (d) - (f) show non-integer cases, this comparison reveals that even minor variations in ` can
induce dramatically different structural patterns, highlighting its sensitivity. Subsequent analysis in Figures 18-22
further dissects the impact of other parameters by employing a consistent tripartite framework: sub-�gure (a) for
purely real values, (b) for purely imaginary values, and (c) for complex values. These variations clearly demonstrate
how 	; �; �; }; and ~ govern the geometric patters, leaf-like formations, where the edge structures exhibit a
consistent and intricate fourfold symmetry. A particularly intriguing outcome of these parametric manipulations is
the emergence of biomorphic forms, with certain fractal con�gurations exhibiting a striking resemblance to like
ants, as evidenced in Figure 19(a), and Figure 20(a). The culmination of this exploration is a series of patterns of
remarkable complexity and aesthetic re�nement, whose intricate forms bear a visual resemblance to a fascinating
spectrum of natural and artistic motifs—from the ant-like shapes to traditional Rangoli art, elaborate �oral designs,
and the delicate, colorful patterns of stained glasswork. For reference, the computational image generation time for
each iterative process was also recorded.
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