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Abstract
Introduction: Understanding the initial dynamics of an epidemic, especially whether it will establish itself or die out, is
critical for public health policy. Deterministic models provide insight into average population behavior but cannot capture
the random chance, or demographic stochasticity, that governs the fate of an outbreak when infectious case numbers are
low. This is particularly relevant for COVID-19, where population heterogeneity due to vaccination significantly influences
transmission. In this paper, we develop and analyze a vaccine-structured epidemic model to quantify the probability of
disease extinction and understand how vaccination status impacts these early, uncertain dynamics.Materials and Methods:
We formulated a deterministic model using a system of eight ordinary differential equations (ODEs) to represent non-
vaccinated and vaccinated populations, incorporating waning immunity. A corresponding Continuous-Time Markov Chain
(CTMC) model was developed to capture stochastic effects. The basic reproduction number, R0, was derived using the
next-generation matrix method. We applied multitype branching process theory to analytically calculate the probability
of disease extinction (P0) and used Gillespie’s Stochastic Simulation Algorithm to run 10,000 CTMC sample paths to
numerically approximate this probability (PA) and the finite time to extinction. The model was grounded using parameters
fitted to COVID-19 data from South Africa during the period from March 5, 2020 to March 21, 2022. Results: The basic
reproduction number was calculated as R0 ≈ 1.4130, indicating the potential for sustained transmission. The extinction
probability derived from the branching process (P0) showed excellent agreement with the simulated approximation (PA).
A key finding is that an infection introduced by a vaccinated individual has a significantly higher chance of extinction
(PA ≈ 0.90− 0.93) compared to one from a non-vaccinated individual (PA ≈ 0.75− 0.78). Furthermore, outbreaks initiated
by an infectious vaccinated person that do go extinct resolve the fastest (T ≈ 35 days), while those from an infectious non-
vaccinated person persist the longest (T ≈ 62 days).Conclusion: This study demonstrates that vaccination provides a dual
benefit in containing new disease introductions: it substantially increases the probability of stochastic fade-out and shortens
the duration of abortive outbreaks. These findings highlight the limitations of relying solely on deterministic thresholds
like R0 and underscore the importance of stochastic models in providing a more nuanced risk assessment for public health
planning, emphasizing that vaccination is a powerful tool for preventing new sparks from becoming major epidemics.
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1. Introduction

In the last months of 2019, a new virus, called the 2019 Coronavirus (COVID-19), emerged in Wuhan, China
[1].The virus began to spread rapidly, resulting in a worldwide pandemic that affected every country and region of
the world. In November 2023, there were 771,820,937 confirmed cases worldwide, resulting in 6,978,175 deaths
[2]. The African region also experienced the wrath of this pandemic, although it occurred later than in other
regions. The first case was reported in Egypt on February 14, 2020, followed by Algeria on February 25, 2020 [3].
In March 2020, COVID-19 entered Southern Africa via South Africa [4]. Botswana, Namibia, and South Africa
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exhibited the highest prevalence rates in Southern Africa. Botswana’s prevalence rate was nearly 5238 cases per
100,000, Namibia’s was 4746 cases per 100,000, and South Africa’s prevalence rate stood at 4212 per 100,000 [5].

COVID-19 arises from a novel identified coronavirus called Severe Acute Respiratory Syndrome Corona Virus
2 (SARS-CoV-2) [1]. This virus is part of the coronavirus family, which comprises Severe Acute Respiratory
Syndrome Coronavirus (SARS-CoV) and Middle East Respiratory Syndrome Coronavirus (MERS-CoV).
However, SARS-CoV-2 exhibits a lower mortality rate [6]. Despite this fact, SARS-CoV-2 caused a more severe
pandemic compared to those caused by SARS-CoV and MERS-CoV. This was primarily due to the high level of
contagiousness of the virus, which enabled its rapid and extensive global spread. The increased transmissibility of
the COVID-19 virus can be attributed to various factors, such as its ability to spread through respiratory droplets
and aerosols, an extended period of infectivity, especially in asymptomatic carriers and the emergence of multiple
variants with greater infectiousness than the original strain [7].

COVID-19, an RNA virus with high mutation rates, led to the emergence of variants like Alpha, Beta, Delta
and Omicron, complicating containment efforts [8, 9]. Countries implemented stringent non-pharmaceutical
interventions, which significantly affected sectors like tourism and travel [10], highlighting the need for
vaccines. Various pharmaceutical companies, such as AstraZeneca, Johnson & Johnson, Pfizer, and Moderna,
were instrumental in the development of vaccines [11]. However, research has indicated that the immunity
provided by these vaccines is not enduring and diminishes over time, typically persisting for approximately six
months [12].The importance of ongoing non-pharmaceutical interventions was highlighted. Consequently, the
mathematical/statistical modeling community played a crucial role as well. Models were created to assess the
effects of both pharmaceutical and non-pharmaceutical interventions, aiding in making informed decisions based
on transmission rates, reproduction numbers, and recovery rates derived from their analyses.

Most infectious disease models use the concept of compartmental modeling frameworks [13]. In this kind of
modeling, a population is divided into compartments such as susceptible individuals, infectious individuals and
recovered individuals [13]. These models can be either deterministic or stochastic. Deterministic models, generally
structured as ordinary differential equations (ODEs), are straightforward, well-suited for well-understood systems,
and effectively average randomness over large populations [14, 15]. However, they lack the ability to incorporate
unpredictable fluctuations (randomness). In contrast, stochastic models cater to the randomness inherent in
probabilistic systems, such as disease outbreaks, using frameworks such as discrete-time or continuous-time
Markov chains (CTMCs) and stochastic differential equations (SDEs) [16, 17]. These models offer the ability
to simulate random fluctuations and heterogeneity in individual responses [18]. In particular, CTMCs prove
advantageous because they handle discrete state spaces and individual variability efficiently, making them suitable
for analyzing dynamics such as those of COVID-19 [18, 19].

1.1. Literature review

In the case of SARS-CoV, deterministic models have been instrumental in understanding disease spread and
control measures, as demonstrated in a study by [20] that analyzed the impact of quarantine strategies. In a
similar study by [21], a deterministic model was used showing how isolation measures, social distancing and
knowledge of diffusion conditions helped contain the pandemic. [22] developed a stochastic Susceptible-Infected-
Recovered-Cross-Immune (SIRC) epidemic model with time delay for COVID-19, incorporating environmental
white noise to enhance the model realism and provide more accurate insights into the disease dynamics. The
analytical and numerical results of the study highlighted the impact of different parameters on the spread of
the virus, emphasizing the importance of considering environmental noise in epidemic models. In a study by
[23], the CTMC model was applied to calculate the probability of the COVID-19 outbreak, to better predict
the disease outbreak and control its spread. The authors used the mathematical model of the 4 compartment
Susceptible-Exposed-Infectious-Removal (SEIR) to estimate the current trend and the upcoming infection status
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of COVID-19 at county levels of Texas.

While these studies provided vital early insights, recent literature has pivoted towards the long-term management
of COVID-19, where waning immunity and vaccination heterogeneity are paramount. Deterministic models alone
often fail to capture the probabilistic risk of resurgence when case numbers are low, a critical factor in post-
peak pandemic phases. For instance, [24] highlighted that the trajectory of COVID-19 in the coming years heavily
depends on the duration of immunity and the impact of vaccination, complex dynamics that simple SIR models may
oversimplify. Furthermore, [25] highlighted that population heterogeneity can significantly alter the herd immunity
threshold, leading to estimates that differ from those derived from homogeneous models. Recent work by [16]
further demonstrated that stochastic models often predict lower peaks and different extinction timelines compared
to their deterministic counterparts, particularly when accounting for heterogeneous transmission rates. This gap in
the literature necessitates a comparative approach using both deterministic and stochastic frameworks, specifically
tailored to vaccine-structured populations with waning immunity, to fully understand the risks of resurgence from
small introduction events.

1.2. Contribution and Research highlights

The primary motivation for this study addresses the limitation of relying solely on deterministic models to predict
early epidemic dynamics. While useful for large-scale average trends, deterministic frameworks cannot accurately
assess the probability of a disease failing to take hold when introduced by only a few infectious individuals. This is
particularly crucial when considering a heterogeneous population where some individuals possess partial, waning
immunity from vaccination. Understanding whether a ‘spark’ from a vaccinated individual is as likely to cause
a major fire as one from a non-vaccinated individual is vital for accurate public health risk assessment in the
current phase of the pandemic. This study aims to bridge this gap by exploring both deterministic and stochastic
compartmental models for COVID-19, explicitly incorporating the heterogeneity introduced by the decline in
vaccine-derived immunity.

1.2.1. Research Highlights The main contributions of this work are:

• the development of a unified vaccine-structured framework designed to track disease progression and waning
immunity across vaccinated and non-vaccinated sub-populations, grounded by parameters fitted to South
African data.

• to conduct a comparative threshold analysis to contrast disease behaviors, specifically extinction versus
outbreak scenarios, between deterministic approaches that use the basic reproduction number (R0) and
stochastic approaches based on the spectral radius of the expectation matrix.

• to quantify the specific probability of extinction for scenarios where the disease is introduced by different
index cases (e.g., a single infected vaccinated individual versus an infected non-vaccinated one), employing
both analytical multi-type branching process theory and numerical Gillespie stochastic simulations.

1.3. Organization

The remaining sections of this paper are structured as follows: initially, the deterministic and stochastic models are
formulated in Section 2. In Section 3 the results from the data fitting, parameter estimation and sensitivity analysis
are discussed. Furthermore, numerical simulations are carried out in the same section. Finally, in Section 4 the
results are discussed and the paper concludes with Section 5.

2. Methods

This section formulates a deterministic model that represents the transmission dynamics of COVID-19 in South
Africa. The model considers the heterogeneity in the population due to vaccination by separating the population into
non-vaccinated and vaccinated subpopulations. These subpopulations are then further divided into compartments
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representing the disease states of individuals. From this framework, a corresponding stochastic model is developed,
which reflects the randomness inherent in disease transmission during the early phase of an epidemic, when
incidence is still low.

2.1. Formulation of the Deterministic Model

The formulation of the model is based on the Kermack-McKendrick epidemic model [26], which introduces a
compartmental division of the population into susceptible, infected (or infectious), and recovered groups, known as
the SIR model. This current study broadens the model to incorporate additional characteristics found in individuals
affected by COVID-19, including those who have received vaccinations. Initially, individuals are categorized into
non-vaccinated and vaccinated groups, indicated by the subscripts n and v respectively. Consequently, the entire
population N(t) can be expressed as N(t) = Nn(t) +Nv(t), where Nn(t) is the total number of non-vaccinated
individuals and Nv(t) represents the total vaccinated count. Within the non-vaccinated group, individuals are
further classified as susceptible (Sn(t)), exposed (En(t)), infectious (In(t)), and recovered (Rn(t)). Similarly,
the vaccinated population is divided into parallel categories, using the subscript v instead of n. Thus, we have the
total numbers of the non-vaccinated and vaccinated populations as follows:

Nn(t) = Sn(t) + En(t) + In(t) +Rn(t) and Nv(t) = Sv(t) + Ev(t) + Iv(t) +Rv(t).

In the above equation, t represents a function that depends on time. However, for convenience, Sn will be used
instead of Sn(t), Sv instead of Sv(t), and so forth from this point forward.
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Figure 1. Schematic Diagram of the Epidemiological Model.

The model is structured to capture the key epidemiological features of COVID-19, accounting for vaccination
status and waning immunity. New individuals are introduced into the population as non-vaccinated susceptibles
(Sn) at a rate κ. These individuals can then be vaccinated, transitioning to the vaccinated susceptible class (Sv)
at a rate ϕ, or they can become infected. Upon infection (at rates λn for Sn and λv for Sv), individuals move
to their respective exposed compartments, En or Ev. These states represent the latency period of COVID-19,
which is well-documented in clinical studies [12]. During this time, individuals are infected but not yet capable
of transmitting the virus. Following the latency period, individuals progress at rates σn and σv to the infectious
compartments, In and Iv. The term ‘infectious’ is explicitly used for these classes to differentiate them from the
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‘exposed’ classes, which are infected but not yet transmitting the virus. After an infectious period, individuals
recover at rates γn and γv, moving to the recovered compartments Rn and Rv. A critical feature of COVID-19
epidemiology is temporary immunity [12]. This is modeled by having recovered individuals return to their
respective susceptible classes, with natural immunity waning at a rate ωrn (Rn → Sn) and hybrid immunity
waning at a rate ωrv (Rv → Sv). Therefore, ‘recovered’ is used rather than ‘removed’ to emphasize that immunity
is not permanent. Finally, all compartments are subject to a natural death rate µ.

In recognition of the therapeutic benefits of vaccination, the rates of disease progression (σ), recovery (γ),
and disease-induced mortality differ between non-vaccinated and vaccinated populations. The model applies
the vaccination rate ϕ to all non-vaccinated compartments (Sn, En, In, and Rn). This structure is a deliberate
simplification intended to capture the operational reality of a mass vaccination campaign operating with imperfect
information, where it is not feasible to screen for prior infection or current asymptomatic status. The Sn → Sv

transition is the primary pathway, representing the vaccination of known-susceptible or healthy-identifying
individuals. The Rn → Rv pathway accounts for the vaccination of recovered individuals, a process supported
by public health policy and the known immunological advantages of vaccinating previously infected persons.
Vaccination post-recovery has been shown to elicit robust ‘hybrid immunity’, leading to stronger and more durable
protection than infection-acquired immunity alone [27]. This pathway is a standard inclusion in many COVID-19
vaccination models [28]. The transitions En → Ev and In → Iv represent the vaccination of individuals who are
in the incubation period (exposed) or are asymptomatically infectious. In a real-world campaign, these individuals
are typically unidentifiable from the susceptible population. During the initial vaccine rollout, official public
health guidance from bodies like the U.S. Advisory Committee on Immunization Practices (ACIP) explicitly
recommended against virological screening for current infection prior to vaccination, as this would create
unnecessary barriers and critically slow the campaign [29]. This modeling structure therefore assumes that these
individuals are vaccinated at the same rate as the general population. The transition to a vaccinated compartment
(e.g., Ev or Iv) is a structural one, reflecting that the individual has received the vaccine. The potential benefits
of vaccination, such as a faster recovery (a higher γv) or reduced mortality (a lower δv), are then captured by the
distinct parameters governing the vaccinated track.

The summary above, combined with the schematic diagram in Figure 1 and the variable and parameter explanations
in Table 1, results in the following system of ordinary differential equations:

dSn(t)

dt
= κ+ ωsvSv + ωrnRn + ωrvRv − (λn + ϕ+ µ)Sn, (1a)

dSv(t)

dt
= ϕSn − (λv + µ+ ωsv)Sv, (1b)

dEn(t)

dt
= λnSn − (σn + µ+ ϕ)En, (1c)

dEv(t)

dt
= λvSv − (σv + µ)Ev + ϕEn, (1d)

dIn(t)

dt
= σnEn − (µ+ γn + δn + ϕ)In, (1e)

dIv(t)

dt
= σvEv − (µ+ γv + δv)Iv + ϕIn, (1f)

dRn(t)

dt
= γnIn − (µ+ ϕ+ ωrn)Rn, (1g)

dRv(t)

dt
= γvIv + ϕRn − (µ+ ωrv)Rv. (1h)

The vaccine-structured model is described by equations (1a)- (1h), with the forces of infection λn and λv, given
by:
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λn =
(βnnIn + βnvIv)

N
and λv =

(βvvIv + βvnIn)

N
.

All parameters are positive and the initial conditions of the system are as follows;

Sn(0) = Sn0
> 0, Sv(0) = Sv0 ≥ 0, En(0) = En0

≥ 0, Ev(0) = Ev0 ≥ 0,

In(0) = In0 ≥ 0, Iv(0) = Iv0 ≥ 0, Rn(0) = Rn0 ≥ 0 and Rv(0) = Rv0 ≥ 0.

To determine the rate of change in the total human population, we take the derivative of N along the systems of
equations (1a)- (1h),

N = Sn + Sv + En + Ev + In + Iv +Rn +Rv,

=⇒ dN

dt
=
dSn

dt
+
dSv

dt
+
dEn

dt
+
dEv

dt
+
dIn
dt

+
dIv
dt

+
dRn

dt
+
dRv

dt
,

=⇒ dN

dt
= (κ+ ωsvSv + ωrnRn + ωrvRv − λnSn − (ϕ+ µ)Sn)

+ (ϕSn − λvSv − (µ+ ωsv)Sv) + (λnSn − (σn + µ+ ϕ)En)

+ (λvSv − (σv + µ)Ev + ϕEn) + (σnEn − (µ+ γn + δn + ϕ)In)

+ (σvEv − (µ+ γv + δv)Iv + ϕIn) + (γnIn − (µ+ ϕ+ ωrn)Rn)

+ (γvIv + ϕRn − (µ+ ωrv)Rv).

Simplifying, the result follows,

dN

dt
= κ− µN − δnIn − δvIv. (2)

Table 1. Variables and Parameters in the vaccine-structured SEIR Model.

Notation Description
Sn Non-vaccinated susceptible individuals.
Sv Vaccinated susceptible individuals.
En Non-vaccinated exposed individuals.
Ev Vaccinated exposed individuals.
In Non-vaccinated infectious individuals.
Iv Vaccinated infectious individuals.
Rn Non-vaccinated recovered individuals.
Rv Vaccinated recovered individuals.
κ Recruitment rate.
σn, σv Progression rate for En and Ev respectively.
βnn, βnv, βvv, βvn Infection rates for Sn and Sv by In and Iv and their interactions.
γn, γv Recovery rates of In and Iv respectively.
µ Natural death rate.
δn, δv Disease induced death rate of In and Iv respectively.
ωsv, ωrn, ωrv Vaccine derived, natural and hybrid immunity waning rates respectively.
ϕ Vaccination rate

2.1.1. Basic Model Properties
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Positivity of Solutions The positivity of solutions refers to the non-negativity of the solutions of the model (1).
This property is crucial for the equation to be epidemiologically meaningful, as it ensures that all state variables
remain non-negative for all time t. Consider the following theorem:

Theorem 2.1
Given the initial conditions Sn(0) = Sn0 > 0, Sv(0) = Sv0 ≥ 0, En(0) = En0 ≥ 0, Ev(0) = Ev0 ≥ 0, In(0) =
In0

≥ 0, Iv(0) = Iv0 ≥ 0, Rn(0) = Rn0
≥ 0 and Rv(0) = Rv0 ≥ 0. The solutions

(Sn(t), Sv(t), En(t), Ev(t), In(t), Iv(t), Rn(t), Rv(t)) of the system 1 are all positive for all t ≥ 0.

Proof
From equation (1a) in the system of equations (1), it is assumed that

dSn

dt
= κ+ ωsvSv + ωrnRn + ωrvRv − (λn + ϕ+ µ)Sn ≥ −(λn + µ+ ϕ)Sn.

Therefore,

dSn

dt
≥ −(λn + µ+ ϕ)Sn. (3)

Integrating (3) by separating the variables gives

Sn(t) ≥ S(0)e−(λn+µ+ϕ)t ≥ 0,∀t. (4)

Using the same method for the remaining differential equations (1b) to (1h), we have, respectively:

Sv(t) ≥ Sv(0)e
−(λv+µ+ωsv)t ≥ 0, (5)

En(t) ≥ En(0)e
−(µ+σn+ϕ)t ≥ 0, (6)

Ev(t) ≥ Ev(0)e
−(µ+σv)t ≥ 0, (7)

In(t) ≥ In(0)e
−(µ+γn+δn+ϕ)t ≥ 0, (8)

Iv(t) ≥ Iv(0)e
−(µ+γv+δv)t ≥ 0, (9)

Rn(t) ≥ Rn(0)e
−(µ+ϕ+ωrn)t ≥ 0, (10)

Rv(t) ≥ Rv(0)e
−(µ+ωrv)t ≥ 0, (11)

(12)

for all t.

Feasibility of the Model (Invariance) The feasibility of the model describes the region in which the solutions of
the system of equations is biologically meaningful.

Theorem 2.2
Suppose equation (2) holds, every solution of the model in the system of equations (1) with initial conditions in
R8

+ approaches and stays in the compact set U as t→ ∞. Then the feasible solution, which is a positively invariant
set of the model, is given by

U = {(Sn, Sv, En, Ev, In, Iv, Rn, Rv) ∈ R8
+ : N(t) ≤ κ

µ
}.
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Proof
From equation (2) we have

dN(t)

dt
= κ− µN(t)− δnIn − δvIv,

thus

dN(t)

dt
≤ κ− µN(t). (13)

Multiplying by the integrating factor and using Birkoff and Rota’s theorem [30] follows

eut
dN(t)

dt
≤ eutκ− µN(t)eut,

=⇒ N(t) ≤ κ

µ
+ Ce−ut.

(14)

Hence, as t→ ∞,

N(t) ≤ κ

µ
,

which implies 0 ≤ N ≤ κ
µ . Then the trajectories of the model (1) are bounded in the region U . This completes the

proof.

2.1.2. Equilibria and Stability Analysis of the Model

Disease Free Equilibrium (DFE) To determine the steady states of model (1), the right-hand side of the system is
set to zero:

κ+ ωsvS
0
v + ωrnR

0
n + ωrvR

0
v − (λn + ϕ+ µ)S0

n = 0,

ϕS0
n − (λv + µ+ ωsv)S

0
v = 0,

λnS
0
n − (σn + µ+ ϕ)E0

n = 0,

λvS
0
v − (σv + µ)E0

v + ϕE0
n = 0,

σnE
0
n − (µ+ γn + δn + ϕ)I0n = 0,

σvE
0
v − (µ+ γv + δv)I

0
v + ϕI0n = 0,

γnI
0
n − (µ+ ϕ+ ωrn)R

0
n = 0,

γvI
0
v + ϕR0

n − (µ+ ωrv)R
0
v = 0.

(15)

Substituting E0
n = E0

v = I0n = I0v = R0
n = R0

v = 0 into Equation (15) gives:

κ+ ωsvS
0
v − (ϕ+ µ)S0

n = 0,

ϕS0
n − (µ+ ωsv)S

0
v = 0,

(16)

hence,

S0
n =

κ(ωsv + µ)

µ(ωsv + ϕ+ µ)
and S0

v =
ϕκ

µ(ωsv + ϕ+ µ)
.

Thus, the disease-free equilibrium (DFE) is given by
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DFE =

(
κ(ωsv + µ)

µ(ωsv + ϕ+ µ)
,

ϕκ

µ(ωsv + ϕ+ µ)
, 0, 0, 0, 0, 0, 0

)
. (17)

Further the initial total population size is N0 = S0
n + S0

v .

Basic Reproduction Number The basic reproduction number, R0, represents the average number of secondary
infections generated by a single infectious individual in a wholly susceptible population. Following the next
generation matrix approach described by [31], R0 is determined for model (1).

Let F and V denote the rate of appearance of new infections and the rate of transfer among compartments,
respectively, evaluated at the disease-free equilibrium Y 0 = (0, 0, 0, 0, S0

n, S
0
v , 0, 0). The Jacobian matrices F and

V , derived from F and V , are used to form the next generation matrix FV −1 (see Appendix A.1). The spectral
radius of this matrix provides the basic reproduction number:

R0 = ρ(FV −1) = 1
2 (g11 + g22) +

1
2

√
g211 + 4g12g21 − 2g11g22 + g222,

where all positive parameters gij (i, j = 1, 2, 3, 4) are defined in Appendix A.1. The first term in the expression
represents within-group transmission among the non-vaccinated and vaccinated populations, while the second term
captures cross-group transmission effects. The detailed derivation of the Jacobian matrices, their components, and
the full expressions for gij are provided in Appendix A.1.

Disease free Equilibrium and Stability The stability analysis of the disease-free equilibrium assists in
understanding the long-term dynamics of a disease. This analysis is dependent on the basic reproduction number,
as explained by the theorem below.

Theorem 2.3
The disease-free equilibrium point X0 is locally asymptotically stable when R0 < 1, while X0 is unstable when
R0 > 1.

Proof
The Jacobian matrix J evaluated at the disease-free equilibrium point X = X0 is

J0 = JX=X0 =

(
M1 M2

M3 M4

)
(18)

with

M1 =

(
JEE JEI

JIE JII

)
,M2 =

(
JES JER

JIS JIR

)

M3 =

(
JSE JSI

JRE JRI

)
,M4 =

(
JSS JSR

JRS JRR

)
where the detailed calculations for each component sub-matrix (e.g., JEE , JEI , . . . , JRR) at the DFE are presented
in Appendix A.2.
Therefore, with Cn = (βnnIn + βnvIv) and Cv = (βvvIv + βvnIn), the matrices M1 and M4 at the DFE
simplify to:

M1 =


−(σn + µ+ ϕ) 0

βnnS
0
n

N0

βnvS
0
n

N0

ϕ −(σv + µ)
βvnS

0
v

N0

βvvS
0
v

N0

σn 0 −(µ+ γn + δn + ϕ) 0
0 σv ϕ −(µ+ γv + δv)


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=


An − ϕ 0 Bnn Bnv

ϕ −Av Bvn Bvv

Cn 0 −Dn − ϕ 0
0 Cv ϕ −Dv


and

M4 =


µ+ ϕ ωsv 0 0

−ϕ µ+ ωsv 0 0
0 0 µ+ ωrn + ϕ 0
0 0 −ϕ µ+ ωrv


The Jacobian Matrix J0 has a characteristic equation that is the product of the characteristic equations of M1 and
M4. Since the eigenvalues ofM4 are negative, the remaining four eigenvalues depend on the characteristic equation
of M1, which is

λ4 +H1λ
3 +H2λ

2 +H3λ+H4 = 0 (19)

where

H1 = (An +Av +Dn +Dv) ,

H2 = (AnAv −BnnCn −BvvCv +AnDn +AvDn +AnDv +AvDv +DnDv) ,

= AnAv +AnDv +AvDn + (AnDn −BnnCn) + (AvDv −BvvCv) +DnDv,

H3 = (−AvBnnCn −AnBvvCv +AnAvDn −BvvCvDn +AnAvDv −BnnCnDv +AnDnDv +AvDnDv) ,

= (An +Dn)(AvDv −BvvCv) + (Av +Dv)(AnDn −BnnCn),

H4 = BnvBvnC1Cv +BnnBvvCnCv −AnBvvCvDn −AvBnnCnDv +AnAvDnDv,

= −AnAvDnDv + (BnnBvv −BnvBvn)CnCv +AvDv(AnDn −BnnCn) +AnDn(AvDv −BvvCv).

(20)

According to Descartes’ rule of signs [32, 33, 34], the number of negative roots for the characteristic equation (19)
is equal to the number of sign changes in its coefficients. Consequently, equation (19) contains four negative roots
if

H1 > 0, H2 > 0, H3 > 0, H4 > 0. (21)

The conclusions presented in (21) remain valid provided that the parameters in (20) meet the following conditions:

(AnDn −BnnCn) > 0, (AvDv −BvvCv) > 0,

−AnAvDnDv + (BnnBvv −BnvBvn)CnCv > 0.
(22)

Endemic Equilibrium and Stability The endemic equilibrium is a state in which a disease is present in the
population; however, the disease does not die out or increase exponentially. This occurs when the reproduction
number is greater than one. Considering model (1), by setting the right-hand side to zero, the endemic equilibrium
satisfies the following equalities:
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κ+ ωsvS
∗
v + ωrnR

∗
n + ωrvR

∗
v − (βnnI

∗
n + βnvI

∗
v )
S∗
n

N∗ − (ϕ+ µ)S∗
n = 0, (23a)

ϕS∗
n − (βvvI

∗
v + βvnI

∗
n)
S∗
v

N∗ − (µ+ ωsv)S
∗
v = 0, (23b)

(βnnI
∗
n + βnvI

∗
v )
S∗
n

N∗ − (σn + µ+ ϕ)E∗
n = 0, (23c)

(βvvI
∗
v + βvnI

∗
n)
S∗
v

N∗ − (σv + µ)E∗
v + ϕE∗

n = 0, (23d)

σnE
∗
n − (µ+ γn + δn + ϕ)I∗n = 0, (23e)

σvE
∗
v − (µ+ γv + δv)I

∗
v + ϕI∗n = 0, (23f)

γnI
∗
n − (µ+ ϕ+ ωrn)R

∗
n = 0, (23g)

γvI
∗
v + ϕR∗

n − (µ+ ωrv)R
∗
v = 0, (23h)

Combining (23a) with (23c) and (23b) with (23d) results in;

κ+ ωsvS
∗
v + ωrnR

∗
n + ωrvR

∗
v − (ϕ+ µ)S∗

n − (σn + µ+ ϕ)E∗
n = 0,

ϕS∗
n − (µ+ ωsv)S

∗
v − (σv + µ)E∗

v + ϕE∗
n = 0.

(24)

The aim is to represent Sn, Sv, In, Iv, Rn andRv as linear functions ofEn andEv. Through algebraic manipulation
(detailed in Appendix A.3), we obtain expressions for the state variables (Eq. 77) and the total population N∗ (Eq.
78).
Together with these expressions, equations (23c) and (23d) can be rewritten as:

fn(E
∗
n, E

∗
v ) = annE

∗2
n + 2(an + anvE

∗
v )E

∗
n + (2avE

∗
v + avvE

∗2
v ) = 0, (25)

fv(E
∗
n, E

∗
v ) = bnnE

∗2
n + 2(bn + bnvE

∗
v )E

∗
n + (2bvE

∗
v + bvvE

∗2
v ) = 0, (26)

with the coefficients (ann, an, . . . , bvv) being complex combinations of the model parameters, as detailed in
Appendix A.3.
The endemic equilibrium point X∗ is located at the intersection of fn(E∗

n, E
∗
v ) = 0 and fv(E∗

n, E
∗
v ) = 0.

Theorem 2.4 (Existence and Uniqueness of the Endemic Equilibrium points.)
If one of the following conditions hold, then model (1) has a unique endemic equilibrium point X∗.

1. ann ̸= 0 and bnn ̸= 0,
2. ann = 0 and bnn ̸= 0,
3. ann ̸= 0 and bnn = 0,
4. ann = bnn = 0.

Proof
Case 1: ann ̸= 0 and bnn ̸= 0
LetE∗

n be considered as a function ofE∗
v . From equation fn(E∗

n, E
∗
v ) = 0, which is annE∗2

n + 2(an + anvE
∗
v )E

∗
n +

(2avE
∗
v + avvE

∗2
v ) = 0, for a unique solution for E∗

n (given E∗
v ), we require the discriminant ∆n of this quadratic

in E∗
n to be zero. Let A = ann, B = 2(an + anvE

∗
v ), and C = (2avE

∗
v + avvE

∗2
v ). The discriminant is ∆n =

B2 − 4AC. Setting ∆n = 0:

(2(an + anvE
∗
v ))

2 − 4ann(2avE
∗
v + avvE

∗2
v ) = 0. (27)

If ∆n = 0, the unique solution for E∗
n is E∗

n = − B
2A :

E∗
n = −2(an + anvE

∗
v )

2ann
= −an + anvE

∗
v

ann
. (28)
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Similarly, from equation fv(E
∗
n, E

∗
v ) = 0, which is bnnE∗2

n + 2(bn + bnvE
∗
v )E

∗
n + (2bvE

∗
v + bvvE

∗2
v ) = 0, for a

unique solution for E∗
n (given E∗

v ), we require its discriminant ∆v to be zero. Let A′ = bnn, B′ = 2(bn + bnvE
∗
v ),

and C ′ = (2bvE
∗
v + bvvE

∗2
v ). Setting ∆v = (B′)2 − 4A′C ′ = 0:

(2(bn + bnvE
∗
v ))

2 − 4bnn(2bvE
∗
v + bvvE

∗2
v ) = 0. (29)

If ∆v = 0, the unique solution for E∗
n is E∗

n = − B′

2A′ :

E∗
n = −2(bn + bnvE

∗
v )

2bnn
= −bn + bnvE

∗
v

bnn
. (30)

Equating the expressions for E∗
n from (28) and (30):

−an + anvE
∗
v

ann
= −bn + bnvE

∗
v

bnn

Thus,

E∗
v =

annbn − bnnan
anvbnn − annbnv

, (31)

provided that the denominator Dab = anvbnn − annbnv ̸= 0. Substituting this E∗
v back into equation (28):

E∗
n = −an + anvE

∗
v

ann
= − 1

ann

(
an + anv

annbn − bnnan
anvbnn − annbnv

)
Thus,

E∗
n =

anbnv − anvbn
anvbnn − annbnv

. (32)

For these unique values of E∗
n and E∗

v to be the endemic equilibrium, they must satisfy the conditions ∆n = 0 and
∆v = 0. Substituting E∗

v from (31) into (27) yields the first condition on the coefficients:

(an + anvE
∗
v )

2 = ann(2avE
∗
v + avvE

∗2
v ).

Noting from (28) that an + anvE
∗
v = −annE∗

n, this condition becomes:

(−annE∗
n)

2 = ann(2avE
∗
v + avvE

∗2
v )

Since ann ̸= 0:
ann(E

∗
n)

2 = 2avE
∗
v + avv(E

∗
v )

2. (33)

Similarly, substituting E∗
v from (31) into (29) yields the second condition. Noting from (30) that bn + bnvE

∗
v =

−bnnE∗
n, this condition becomes:

(−bnnE∗
n)

2 = bnn(2bvE
∗
v + bvvE

∗2
v )

Since bnn ̸= 0:
bnn(E

∗
n)

2 = 2bvE
∗
v + bvv(E

∗
v )

2. (34)

Therefore, for a unique endemic equilibrium (E∗
n, E

∗
v ) given by (32) and (31) to exist under the assumption that E∗

n

is a unique root of both quadratics (for a given E∗
v ), the coefficients aij , bij must satisfy conditions (33) and (34),

where E∗
n and E∗

v are themselves expressions in terms of these coefficients as defined in (32) and (31). Substituting
the expressions for E∗

n and E∗
v into (33) and (34): Let Dab = anvbnn − annbnv. Condition 1 becomes:

ann

(
anbnv − anvbn

Dab

)2

= 2av

(
annbn − bnnan

Dab

)
+ avv

(
annbn − bnnan

Dab

)2

Multiplying by D2
ab (assuming Dab ̸= 0 for E∗

n, E
∗
v to be well-defined):

ann(anbnv − anvbn)
2 = 2av(annbn − bnnan)Dab + avv(annbn − bnnan)

2. (35)
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Condition 2 becomes:

bnn

(
anbnv − anvbn

Dab

)2

= 2bv

(
annbn − bnnan

Dab

)
+ bvv

(
annbn − bnnan

Dab

)2

Multiplying by D2
ab:

bnn(anbnv − anvbn)
2 = 2bv(annbn − bnnan)Dab + bvv(annbn − bnnan)

2. (36)

These two equations, (35) and (36), along with ann ̸= 0, bnn ̸= 0, and Dab ̸= 0, define the conditions for this
specific type of unique endemic equilibrium. Additionally, E∗

n and E∗
v must be positive for epidemiological

relevance.

Case 2: ann = 0 and bnn ̸= 0
With ann = 0, equation (25) simplifies to:

2(an + anvE
∗
v )E

∗
n + (2avE

∗
v + avvE

∗2
v ) = 0. (37)

Equation (26) is bnnE∗2
n + 2(bn + bnvE

∗
v )E

∗
n + (2bvE

∗
v + bvvE

∗2
v ) = 0. For a unique solution for E∗

n from this
quadratic (given E∗

v ), its discriminant ∆v must be zero:

∆v = (2(bn + bnvE
∗
v ))

2 − 4bnn(2bvE
∗
v + bvvE

∗2
v ) = 0. (38)

If ∆v = 0, the unique solution for E∗
n is:

E∗
n = −bn + bnvE

∗
v

bnn
. (39)

We substitute this expression for E∗
n into the simplified equation (37):

2(an + anvE
∗
v )

(
−bn + bnvE

∗
v

bnn

)
+ (2avE

∗
v + avvE

∗2
v ) = 0.

Multiplying by −bnn (noting bnn ̸= 0):

2(an + anvE
∗
v )(bn + bnvE

∗
v )− bnn(2avE

∗
v + avvE

∗2
v ) = 0.

Expanding and rearranging terms yields a quadratic equation in E∗
v :

(2anvbnv − avvbnn)E
∗2
v + 2(anbnv + anvbn − avbnn)E

∗
v + 2anbn = 0. (40)

Let Pv = 2anvbnv − avvbnn, Qv = 2(anbnv + anvbn − avbnn), and Rv = 2anbn. So, equation (40) is PvE
∗2
v +

QvE
∗
v +Rv = 0.

Subcase 2.1: Pv ̸= 0 For a unique solution for E∗
v from PvE

∗2
v +QvE

∗
v +Rv = 0, its discriminant must be zero:

Q2
v − 4PvRv = 0. (41)

If this condition holds, then E∗
v is uniquely given by E∗

v = −Qv/(2Pv). This value of E∗
v must also satisfy the

condition (38). Substituting E∗
v = −Qv/(2Pv) into (38) gives the second condition:(

2

(
bn + bnv

(
− Qv

2Pv

)))2

− 4bnn

(
2bv

(
− Qv

2Pv

)
+ bvv

(
− Qv

2Pv

)2
)

= 0. (42)

The conditions for a unique endemic equilibrium are ann = 0, bnn ̸= 0, Pv ̸= 0, equation (41), and equation (42).
The resulting E∗

v = −Qv/(2Pv) and E∗
n = −(bn + bnvE

∗
v )/bnn must be positive.
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Subcase 2.2: Pv = 0 Equation (40) becomes QvE
∗
v +Rv = 0. If Qv ̸= 0, then E∗

v is uniquely given by E∗
v =

−Rv/Qv. This value of E∗
v must satisfy the condition (38). Substituting E∗

v = −Rv/Qv into (38) gives the
condition: (

2

(
bn + bnv

(
−Rv

Qv

)))2

− 4bnn

(
2bv

(
−Rv

Qv

)
+ bvv

(
−Rv

Qv

)2
)

= 0. (43)

The conditions for a unique endemic equilibrium are ann = 0, bnn ̸= 0, Pv = 0, Qv ̸= 0, and equation (43). The
resulting E∗

v = −Rv/Qv and E∗
n = −(bn + bnvE

∗
v )/bnn must be positive.

Case 3: ann ̸= 0 and bnn = 0
With bnn = 0, equation (26) becomes linear in E∗

n: 2(bn + bnvE
∗
v )E

∗
n + (2bvE

∗
v + bvvE

∗2
v ) = 0. Assuming 2(bn +

bnvE
∗
v ) ̸= 0, E∗

n = − 2bvE
∗
v+bvvE

∗2
v

2(bn+bnvE∗
v )

. Equation (25) is annE∗2
n + 2(an + anvE

∗
v )E

∗
n + (2avE

∗
v + avvE

∗2
v ) = 0. For

a unique E∗
n (given E∗

v ), its discriminant ∆n must be zero:

(2(an + anvE
∗
v ))

2 − 4ann(2avE
∗
v + avvE

∗2
v ) = 0. (44)

If ∆n = 0, then E∗
n = −an+anvE

∗
v

ann
. Equating the two expressions for E∗

n leads to a quadratic in E∗
v : P ′

vE
∗2
v +

Q′
vE

∗
v +R′

v = 0, where P ′
v = annbvv − 2anvbnv, Q′

v = 2(annbv − anbnv − anvbn), and R′
v = −2anbn.

Subcase 3.1: P ′
v ̸= 0 For a unique E∗

v , the discriminant of P ′
vE

∗2
v +Q′

vE
∗
v +R′

v = 0 must be zero:

(Q′
v)

2 − 4P ′
vR

′
v = 0. (45)

Then E∗
v = −Q′

v/(2P
′
v). This E∗

v must satisfy (44):(
2

(
an + anv

(
− Q′

v

2P ′
v

)))2

− 4ann

(
2av

(
− Q′

v

2P ′
v

)
+ avv

(
− Q′

v

2P ′
v

)2
)

= 0. (46)

Conditions for unique positive endemic equilibrium: ann ̸= 0, bnn = 0, P ′
v ̸= 0, (45), (46), and resulting E∗

n, E
∗
v >

0.
Subcase 3.2: P ′

v = 0 Then Q′
vE

∗
v +R′

v = 0. If Q′
v ̸= 0, then E∗

v = −R′
v/Q

′
v. This E∗

v must satisfy (44):(
2

(
an + anv

(
−R

′
v

Q′
v

)))2

− 4ann

(
2av

(
−R

′
v

Q′
v

)
+ avv

(
−R

′
v

Q′
v

)2
)

= 0. (47)

Conditions for unique positive endemic equilibrium: ann ̸= 0, bnn = 0, P ′
v = 0, Q′

v ̸= 0, (47), and resulting
E∗

n, E
∗
v > 0.

Case 4: ann = 0 and bnn = 0
Both equations (25) and (26) become linear in E∗

n:

2(an + anvE
∗
v )E

∗
n + (2avE

∗
v + avvE

∗2
v ) = 0, (48)

2(bn + bnvE
∗
v )E

∗
n + (2bvE

∗
v + bvvE

∗2
v ) = 0. (49)

Assuming denominators 2(an + anvE
∗
v ) and 2(bn + bnvE

∗
v ) are non-zero, we can express E∗

n from both: E∗
n =

− 2avE
∗
v+avvE

∗2
v

2(an+anvE∗
v )

and E∗
n = − 2bvE

∗
v+bvvE

∗2
v

2(bn+bnvE∗
v )

. Equating these and simplifying (assuming E∗
v ̸= 0 to divide by 2E∗

v

in an intermediate step) leads to a quadratic in E∗
v : P ′′

v E
∗2
v +Q′′

vE
∗
v +R′′

v = 0, where P ′′
v = avvbnv − bvvanv,

Q′′
v = 2avbnv + avvbn − 2bvanv − bvvan, and R′′

v = 2(avbn − bvan).
Subcase 4.1: P ′′

v ̸= 0 For a unique E∗
v , the discriminant of P ′′

v E
∗2
v +Q′′

vE
∗
v +R′′

v = 0 must be zero:

(Q′′
v)

2 − 4P ′′
v R

′′
v = 0. (50)
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Then E∗
v = −Q′′

v/(2P
′′
v ). Conditions for unique positive endemic equilibrium: ann = 0, bnn = 0, P ′′

v ̸= 0, equation
(50), and the resulting E∗

v > 0 and E∗
n > 0 (where E∗

n is found by substituting this E∗
v into (48) or (49), ensuring

denominators are non-zero and consistent).
Subcase 4.2: P ′′

v = 0 Then Q′′
vE

∗
v +R′′

v = 0. If Q′′
v ̸= 0, then E∗

v = −R′′
v/Q

′′
v . Conditions for unique positive

endemic equilibrium: ann = 0, bnn = 0, P ′′
v = 0, Q′′

v ̸= 0, and the resulting E∗
v > 0 and E∗

n > 0 (with non-zero
and consistent denominators for E∗

n).

Theorem 2.5 (Local Asymptotic Stability of the Endemic Equilibrium point)
The endemic equilibrium point X∗ is locally asymptotically stable when R1 < 0 and unstable when R0 > 1.

Proof
The Jacobian matrices for the non-vaccinated and vaccinated groups are respectively constructed as follows

Jn =


− CnS

∗
n

(N∗)2 − (σn + µ+ ϕ)
βnnS

∗
n

N∗ − CnS
∗
n

(N∗)2 − CnS
∗
n

(N∗)2 + Cn

N∗ − Cn

(N∗)2

−σn −(µ+ γn + δn + ϕ) 0 0

−CnS
∗
n

N∗ −Bnn

N∗ +
CnS

∗
n

(N∗)2
CnS

∗
n

(N∗)2 − Cn

N∗ − (ϕ+ µ) − Cn

(N∗)2

0 γn 0 −(µ+ ϕv + ωrn)

 , (51)

Jv =


− CvS

∗
v

(N∗)2 − (σv + µ)
βvvS

∗
v

N∗ − CvS
∗
v

(N∗)2 − CvS
∗
v

(N∗)2 + Cv

N∗ − Cv

(N∗)2

−σv ϕ− (µ+ γv + δv) 0 0

−CvS
∗
v

N∗ −Bvv

N∗ +
CvS

∗
v

(N∗)2
CvS

∗
v

(N∗)2 − Cv

N∗ − (µ+ ωsv) − Cv

(N∗)2

0 γv 0 −(µ+ ωrv)

 , (52)

with Cn = (βnnI
∗
n + βnvI

∗
v ) and Cv = (βvvI

∗
v + βvnI

∗
n). Jn and Jv have the same structure so we use M to

denote them as follows

M =


−knn knv knq −knr
kvn −kvv 0 0

−kqn −knv −kqq knr
0 krv 0 −krr

 . (53)

The corresponding characteristic equation of M follows

λ4 +H1λ
3 +H2λ

2 +H3λ+H4 = 0, (54)

with

H1 = knn + kqq + krr + kvv , (55a)

H2 = (knnkvv − knvkvn) + knqkqn + knnkqq + knnkrr + kqqkrr + kqqkvv + krrkvv , (55b)

H3 = kqq(knnkvv − knvkvn) + krr(knnkvv − knvkvn) + knqkqnkrr + knnkqqkrr + knqknvkvn+

knrkrvkvn + knqkqnkvv + kqqkrrkvv ,
(55c)

H4 = kqqkrr(knnkvv − knvkvv) + knrkrv(kqqkvn − kvnknq) + knqknvkrrkvn

+ knqkqnkrrkvv .
(55d)

Based on the Discartes rule of signs [32, 33, 34], the number of negative roots of the characteristic equation (54)
is equal to the number of variations in the change in the coefficient signs, so (54) has 4 negative signs if
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H1 > 0, H2 > 0, H3 > 0, H4 > 0. (56)

The conclusions in (56) hold true if the parameters meet:

(knnkvv − knvkvn) > 0, (kqqkvn − kvnknq) > 0. (57)

To be precise, the characteristic values of the equation system within this model are entirely negative under
constraint (57), thereby indicating that the endemic equilibrium point is locally asymptotically stable.

2.2. Formulation of the Stochastic Model

Deterministic models, such as the system of ordinary differential equations presented in Section 2, describe the
average behavior of a large population [14, 15]. However, the transmission of infectious diseases is an inherently
stochastic process, especially when the number of infected individuals is small, as is the case at the beginning of an
outbreak or when the disease is near elimination. Random events, or demographic stochasticity, related to individual
births, deaths, disease transmission, progression, and recovery can lead to outcomes that differ significantly from
deterministic predictions [16]. For instance, an infection may die out by chance even if the basic reproduction
number (R0) is greater than one, an event not captured by deterministic frameworks [16, 17]. To account for
these random effects, which are crucial for understanding phenomena like disease extinction and the probability of
major outbreaks, a Continuous-Time Markov Chain (CTMC) model based on the assumptions of the deterministic
vaccine-structured model is developed.

2.2.1. CTMC Model Development A CTMC model where time t ∈ [0,∞) is continuous, and the state variables
representing the number of individuals in each compartment are discrete, non-negative integers is formulated.
Let Sn(t), Sv(t), En(t), Ev(t), In(t), Iv(t), Rn(t), Rv(t) denote these discrete-valued random variables for the
non-vaccinated susceptible, vaccinated susceptible, non-vaccinated exposed, vaccinated exposed, non-vaccinated
infectious, vaccinated infectious, non-vaccinated recovered, and vaccinated recovered individuals at time t,
respectively. The total non-vaccinated population is Nn(t) = Sn(t) + En(t) + In(t) +Rn(t), the total vaccinated
population is Nv(t) = Sv(t) + Ev(t) + Iv(t) +Rv(t), and the total population is N(t) = Nn(t) +Nv(t).

Let

Y⃗ (t) = [Sn(t), Sv(t), En(t), Ev(t), In(t), Iv(t), Rn(t), Rv(t)]
T

be the random vector representing the state of the system at time t. The CTMC model is assumed to be time-
homogeneous and to satisfy the Markov property, meaning that the future state of the process depends only on
the current state and not on the past history. Consequently, the time until the next event occurring is exponentially
distributed.
The possible state transitions and their corresponding rates for the CTMC model are defined based on the events
described in the deterministic model. These are summarized in Table 2. Each row in the table describes an event,
the change in the state vector, and the rate at which that event occurs. For a sufficiently small time interval ∆t, the
probability of a particular transition (event j with rate rj) occurring is rj∆t+ o(∆t), and it is assumed that at most
one event can take place during such an infinitesimal interval.
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Table 2. Events, Transitions and Rates of the CTMC Model.

Event Population components at t Population components at t+∆t rj
Recruitment of Sn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn + 1, Sv, En, Ev, In, Iv, Rn, Rv) κ
Infection of Sn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn − 1, Sv, En + 1, Ev, In, Iv, Rn, Rv) λnSn

Vaccination of Sn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn − 1, Sv + 1, En, Ev, In, Iv, Rn, Rv) ϕSn

Natural death of Sn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn − 1, Sv, En, Ev, In, Iv, Rn, Rv) µSn

Waning immunity of Sv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn + 1, Sv − 1, En, Ev, In, Iv, Rn, Rv) ωsvSv

Infection of Sv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv − 1, En, Ev + 1, In, Iv, Rn, Rv) λvSv

Natural Death of Sv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv − 1, En, Ev, In, Iv, Rn, Rv) µSv

Progression of En to In (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En − 1, Ev, In + 1, Iv, Rn, Rv) σnEn

Vaccination of En (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En − 1, Ev + 1, In, Iv, Rn, Rv) ϕEn

Natural death of En (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En − 1, Ev, In, Iv, Rn, Rv) µEn

Progression of Ev to Iv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev − 1, In, Iv + 1, Rn, Rv) σvEv

Natural death of Ev (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev − 1, In, Iv, Rn, Rv) µEv

Recovery of In (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In − 1, Iv, Rn + 1, Rv) γnIn
Natural death of In (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In − 1, Iv, Rn, Rv) µIn
Disease induced death of In (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In − 1, Iv, Rn, Rv) δnIn
Vaccination of In (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In − 1, Iv + 1, Rn, Rv) ϕIn
Recovery of Iv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv − 1, Rn, Rv + 1) γvIv
Natural death of Iv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv − 1, Rn, Rv) µIv
Disease induced death of Iv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv − 1, Rn, Rv) δvIv
Natural immunity waning
of Rn

(Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn + 1, Sv, En, Ev, In, Iv, Rn − 1, Rv) ωrnRn

Vaccination of Rn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv, Rn − 1, Rv + 1) ϕRn

Natural death of Rn (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv, Rn − 1, Rv) µRn

Vaccine-induced immunity
waning of Rv

(Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn + 1, Sv, En, Ev, In, Iv, Rn, Rv − 1) ωrvRv

Natural death of Rv (Sn, Sv, En, Ev, In, Iv, Rn, Rv) (Sn, Sv, En, Ev, In, Iv, Rn, Rv − 1) µRv

The sum of all possible transition rates from state Y⃗ (t) is given by ψ(Y⃗ (t)), where:

ψ(Y⃗ (t)) = κ︸︷︷︸
Recruitment Sn

+λn(t)Sn(t)︸ ︷︷ ︸
Infection of Sn

+ ϕSn(t)︸ ︷︷ ︸
Vaccination of Sn

+ µSn(t)︸ ︷︷ ︸
Death of Sn

+ ωsvSv(t)︸ ︷︷ ︸
Waning Sv

+ λv(t)Sv(t)︸ ︷︷ ︸
Infection of Sv

+ µSv(t)︸ ︷︷ ︸
Death of Sv

+ σnEn(t)︸ ︷︷ ︸
Progression En→In

+ ϕEn(t)︸ ︷︷ ︸
Vaccination of En

+ µEn(t)︸ ︷︷ ︸
Death of En

+ σvEv(t)︸ ︷︷ ︸
Progression Ev→Iv

+ µEv(t)︸ ︷︷ ︸
Death of Ev

+ γnIn(t)︸ ︷︷ ︸
Recovery of In

+ µIn(t)︸ ︷︷ ︸
Death of In

+ δnIn(t)︸ ︷︷ ︸
Disease death In

+ ϕIn(t)︸ ︷︷ ︸
Vaccination of In

+ γvIv(t)︸ ︷︷ ︸
Recovery of Iv

+ µIv(t)︸ ︷︷ ︸
Death of Iv

+ δvIv(t)︸ ︷︷ ︸
Disease death Iv

+ ωrnRn(t)︸ ︷︷ ︸
Waning Rn

+ ϕRn(t)︸ ︷︷ ︸
Vaccination of Rn

+ µRn(t)︸ ︷︷ ︸
Death of Rn

+ ωrvRv(t)︸ ︷︷ ︸
Waning Rv

+ µRv(t)︸ ︷︷ ︸
Death of Rv

where λn(t) =
(βnnIn(t)+βnvIv(t))

N(t) and λv(t) =
(βvvIv(t)+βvnIn(t))

N(t) , with N(t) > 0.
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The CTMC framework allows for the direct simulation of sample paths of the epidemic process using algorithms
such as Gillespie’s Stochastic Simulation Algorithm (SSA). This approach enables the estimation of quantities like
the probability of disease extinction or outbreak, and the expected time to extinction, which are critical for assessing
public health risks and intervention strategies. During the early stages of an epidemic, when the number of infected
individuals is small and the number of susceptibles is large (close to the disease-free equilibrium values S0

n and S0
v ),

the dynamics of the infected classes can be approximated by a multitype branching process. This approximation
will be used in subsection 4.2 to derive an analytical expression for the probability of disease extinction.

2.2.2. Branching Process Approximation The theory of multitype Galton-Watson branching processes boasts a
lengthy history. It has been employed to estimate the dynamics of the CTMC model in proximity to the disease-free
equilibrium (DFE) and the stochastic threshold for a disease outbreak [17, 16]. The stochastic threshold has a direct
link to the basic reproduction number, R0, as defined in the related deterministic model [14]. Specifically, when
R0 < 1, disease extinction is certain, and the branching process is termed subcritical. Conversely, if R0 > 1, the
probability of disease extinction is less than one (though still positive), and this process is identified as supercritical.

The subsequent methodology applies a multitype branching process approximation of the CTMC model at the DFE
(where susceptible populations are S0

n and S0
v , andN0 = S0

n + S0
v ) to estimate the probability of disease extinction.

The infected classes are of particular interest: non-vaccinated exposed (En), vaccinated exposed (Ev), non-
vaccinated infectious (In), and vaccinated infectious (Iv). Let X = (X1, X2, X3, X4) = (En, Ev, In, Iv) represent
a vector of integer random variables denoting the number of individuals in these respective states. Let δij denote
the Kronecker delta. The offspring probability generating function (PGF) for an initial individual of type i, given
Xj = δij (i.e., starting with one individual of type i and zero of other types), is a function fi : [0, 1]

4 → [0, 1],
expressed as:

fi(x1, x2, x3, x4) =

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

∞∑
k4=0

Pi(k1, k2, k3, k4)x
k1
1 x

k2
2 x

k3
3 x

k4
4 (58)

In this context, Pi(k1, k2, k3, k4) represents the probability that an individual of type i generates kj individuals
of type j (for j = 1, 2, 3, 4) over its lifetime before it is removed from its current state. The PGFs for the four
infectious types are defined as follows, based on the possible transitions from each state at the DFE:

f1(x1, x2, x3, x4) =
σnx3 + ϕx2 + µ

σn + ϕ+ µ

f2(x1, x2, x3, x4) =
σvx4 + µ

σv + µ

f3(x1, x2, x3, x4) =

βnnS
0
n

N0 x1x3 +
βvnS

0
v

N0 x2x3 + ϕx4 + δn + γn + µ
βnnS0

n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

f4(x1, x2, x3, x4) =

βnvS
0
n

N0 x1x4 +
βvvS

0
v

N0 x2x4 + δv + γv + µ
βnvS0

n

N0 +
βvvS0

v

N0 + δv + γv + µ

(59)

Here, x1, x2, x3, x4 are dummy variables corresponding to the number of En, Ev, In, Iv offspring, respectively.
For instance, in f1, an En individual can progress to In (producing one x3 offspring) with rate σn, be vaccinated
to become Ev (producing one x2 offspring) with rate ϕ, or be removed (e.g., die) with rate µ (producing
zero offspring of these types). Similar interpretations apply to f2, f3, and f4. Note that when an infectious
individual (In or Iv) successfully infects a susceptible, it produces one new exposed individual (En or Ev) and
the original infectious individual itself is considered to survive that specific interaction event, hence terms like x1x3.

As suggested by the theory of multitype branching processes [35, 36], the fixed points of the offspring PGFs provide
an estimate of the probability of disease extinction. Let (q1, q2, q3, q4) denote the minimal non-negative fixed points
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of the PGFs in [0, 1]4, which satisfy fi(q1, q2, q3, q4) = qi for i = 1, 2, 3, 4. An estimate of the extinction probability,
given an initial state X(0) = (en(0), ev(0), in(0), iv(0)), is:

Pext = lim
t→∞

P (X(t) = 0) = q
en(0)
1 q

ev(0)
2 q

in(0)
3 q

iv(0)
4 . (60)

Thus, the likelihood of a major outbreak is:

Pout = 1− Pext = 1− q
en(0)
1 q

ev(0)
2 q

in(0)
3 q

iv(0)
4 . (61)

The expectation matrix, M = [mji], is a 4× 4 matrix where the element mji signifies the expected number of new
individuals of type j produced by a single infectious individual of type i during its infectious period (or before
transitioning out of its current state). Elements of M are obtained by differentiating fi with respect to xj and then
evaluating all xk variables at 1:

mji =
∂fi(x1, x2, x3, x4)

∂xj

∣∣∣∣
x1=x2=x3=x4=1

.

The expectation matrix M (where rows indicate offspring type and columns indicate parent type, i.e., Mjk =
expected offspring of type j from parent type k) is:

M =


∂f1
∂x1

∂f2
∂x1

∂f3
∂x1

∂f4
∂x1

∂f1
∂x2

∂f2
∂x2

∂f3
∂x2

∂f4
∂x2

∂f1
∂x3

∂f2
∂x3

∂f3
∂x3

∂f4
∂x3

∂f1
∂x4

∂f2
∂x4

∂f3
∂x4

∂f4
∂x4


xk=1

=



0 0

βnnS
0
n

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βnvS
0
n

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ

ϕ

σn + ϕ+ µ
0

βvnS
0
v

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βvvS
0
v

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ

σn
σn + ϕ+ µ

0

βnnS
0
n

N0 +
βvnS

0
v

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ
0

0
σv

σv + µ

ϕ
βnnS0

n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βnvS
0
n

N0 +
βvvS

0
v

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ


(62)

The spectral radius of the expectation matrix, ρ(M ), indicates whether the disease will fade away or persist [14].
A condition where ρ(M ) > 1 implies that qj < 1 for at least one j, offering a non-zero probability for disease
persistence (major outbreak). Conversely, if ρ(M ) ≤ 1, the probability of the disease ultimately becoming extinct
is 1 [37, 14]. The characteristic equation for matrix M is P (λ) = det(M − λI) = 0. For a 4× 4 matrix, this is a
quartic polynomial:

λ4 +Θ3λ
3 +Θ2λ

2 +Θ1λ+Θ0 = 0, (63)

where the coefficients Θk are functions of the elements mji of M . In the CTMC model, the threshold for disease
extinction or persistence is identified by ρ(M ). This threshold in stochastic models mirrors the function of R0 in
deterministic models. According to [14], there is a proven relationship between the stochastic and deterministic
thresholds for disease extinction, specifically ρ(M ) and R0:

R0 < 1 if and only if ρ(M ) < 1

R0 > 1 if and only if ρ(M ) > 1

R0 = 1 if and only if ρ(M ) = 1.

(64)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



A. NDOVIE, C. SHOKO, O.S. EWEMOOJE AND S. RAMASAMY 19

While handling the fourth-order polynomial (63) to find a direct closed-form expression for ρ(M ) presents some
analytical difficulty, this is not necessary. The established relationship in (64) shows that the stochastic threshold
ρ(M ) = 1 is identical to the deterministic threshold R0 = ρ(FV −1) = 1, where R0 is derived using the next-
generation matrix (NGM) method. This R0 provides the required interpretable, analytical threshold. In Appendix
A.4 a full derivation is provided, which demonstrates the formal equivalence F − V = (M − I)W for the model
and explicitly derives the F (new infections) and V (transitions) matrices. Therefore, the threshold for disease
persistence is determined by the analytical expression for R0, while the matrix M is used to numerically solve for
the extinction probabilities (q1, q2, q3, q4) when the threshold is exceeded.

3. Results

Before data fitting, paremeter estimation and sensitivity analysis, it is necessary to perform exploratory data
analysis (EDA) on the COVID-19 data set to be used. The data set used for this study was retrieved from a
repository by [38]. The data set has daily and cumulative data on the number of COVID-19 infected patients,
deaths, and recoveries; however, we focus more on incidence data (infected patient data).

3.1. Data Fitting and Parameter Estimation Using the Deterministic Model

The fundamental characteristics of COVID-19 in South Africa are shown in table 3, where Q1 represents the first
quartile and Q2 is the second quartile. In the COVID-19 data set, data from March 5, 2020 to March 21, 2022 are
presented. The minimum recorded infection of 1 and a maximum of over 3.7 million illustrate the broad range of
values, spanning nearly 3.7 million cases. The first quartile (around 640,000) and third quartile (about 2.87 million)
indicate that half of the data lies between these values, highlighting substantial variability in infection levels across
different time points. The median of approximately 1.53 million suggests that half of the recorded infection counts
fall below this figure, while the mean (around 1.62 million) is slightly higher, reflecting a slight skew toward larger
values. The relatively high standard deviation (about 1.20 million) also confirms that the data are widely dispersed.
A skewness of 0.27 indicates a mild right skew, meaning most infection counts cluster toward the lower end but
with a tail extending toward higher values. Meanwhile, a kurtosis of 1.77 suggests the distribution has moderately
less pronounced tails compared to a normal distribution.

Table 3. Characteristics of South African COVID-19 Data.

Statistics Infected
Minimum 1.00
Maximum 3704785.00
Q1 639901.50
Median 1528414.00
Q3 2871309.00
Mean 1616999.64
Range 3704784.00
Standard Deviation 1203633.35
Skewness 0.27
Kurtosis 1.77

The plot in Figure 2 represents daily new COVID-19 cases in South Africa (spanning March 2020 to March 2022)
and reveals a clear pattern of multiple waves of infection. Each wave rises sharply to a peak and then gradually
declines before the next wave begins. The first noticeable surge occurs from week 24 of 2020 to week 34 of 2020
(June 7, 2020 to August 22, 2020). It was followed by a second, larger wave in week 47 of 2020 to week 5 of
2021 (November 15, 2020 to February 6, 2021). The third wave emerges around week 19 of 2021 to week 37 of
2021 (May 9, 2021 to September 18,2021), showing a similarly sharp increase and subsequent decline. Notably,
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the largest spike appears toward the end of 2021, aligning with the emergence of the Omicron variant [39]. This
was during week 47 of 2021 to week 3 of 2022 (November 21, 2021 to January 22, 2022). Between these peaks,
the number of daily new cases dips significantly, indicating periods of lower transmission. The oscillations suggest
that factors such as public health interventions including vaccination campaigns and viral mutations played a role
in driving infection levels.
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Figure 2. Daily Infection Cases of COVID-19 in South Africa.

To validate the proposed vaccine-structured model,a parameter estimation process was performed by fitting the
deterministic system of differential equations (1) to the daily reported COVID-19 case data from South Africa.
The specific focus was on wave three, spanning from May 9, 2021, to September 18, 2021, as this period coincided
with active vaccination efforts [40]. The estimation process employed the Ordinary Least Squares (OLS) method
to minimize the discrepancy between the observed data and the model’s predicted incidence.
Let Yj denote the observed number of daily new confirmed cases at time point tj for j = 1, 2, . . . ,M , where M
is the total number of data points in the time series. Correspondingly, let Z(tj ,Θ) represent the model-predicted
daily incidence at time tj , which depends on the vector of unknown parameters Θ = (βnn, βnv, βvv, . . . , ϕ). In the
context of the model structure, the theoretical daily incidence is defined as the rate at which individuals transition
from the exposed compartments to the infectious compartments, given by:

Z(t,Θ) = σnEn(t) + σvEv(t). (65)

According to [41] the parameter estimation problem is formulated as an optimization problem designed to find the
optimal parameter set Θ̂ that minimizes the sum of squared errors (SSE) objective function, J(Θ):

J(Θ) =

M∑
j=1

(Yj − Z(tj ,Θ))
2
. (66)

Thus, the optimal parameter estimator is obtained by solving:

Θ̂ = arg min
Θ∈Ω

J(Θ) (67)

where Ω denotes the feasible parameter space defined by the lower and upper bounds listed in Table 4.
The numerical solution to this non-linear least squares optimization problem was implemented using the
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lsqcurvefit function in the MATLAB Optimization Toolbox, which utilizes a trust-region-reflective algorithm
to iteratively converge upon the ‘local minimizer’ subject to the specified boundary constraints.

Table 4. Bounds Imposed on the Parameters in the Optimization Problem.

Parameter Bounds Notes / Source
β 0.19 – 2.14 Derived from R0 ∈ [1.9, 6.5] and γ ∈

[0.10, 0.33]; see [42] for R0 meta-
analysis.

βnn 0.19 – 2.14 As above.
βnv, βvn, βvv βnn×[0.17–0.78] Multiplier = (1 – Vaccine Effi-

cacy(VE) infection); VE against in-
fection range 22 %–83 %. [43]

ωsv 0.0020 – 0.0200 Corresponds to immunity duration
≈50 – 500 days. (1/ω) ; Vaccine-
induced immunity wanes substan-
tially by 3–6 months for infection.
[12]

ωrn 0.0010 – 0.0100 Natural immunity after infection may
last 100 – 1000 days before
significant waning. [44]

ωrv 0.000004 – 0.0050 Hybrid immunity appears more
durable; thus slower waning. [45]

δn 1× 10−6 – 5.5× 10−3 Infection Fatality Rate (IFR)
≈0.53%–0.82% . [46]

δv 1× 10−7 – 5.5× 10−4 Assume vaccinated severe outcome
reduction ≈50–95%.

σn, σv 0.07 – 0.50 Incubation period ≈2–14 days, so
σ = 1/incubation. [12]

γn, γv 0.10 – 0.36 Infectious period ≈3–10 days so γ =
1/infectious period.

ϕ 0 – 0.20 Depends on rollout speed; e.g.
0.01/day ≈1% of susceptibles
vaccinated per day.

Table 5 presents the initial conditions for each compartment during the third wave. The parameter estimation
simulation spans from May 9, 2021 to September 18, 2021. The initial values for the simulation include Sn(0),
calculated by deducting Sv(0) and In(0) from the total population of South Africa. As daily data for In(0) were
not available, the exact value of the smoothed new case variable in the data set is used. The remaining initial
values, namely En(0), Ev(0), Iv(0),Rn(0), andRv(0), are set to zero based on the assumption that non-vaccinated
infectious individuals are beginning to infect the population during the third wave, thus focusing on values relevant
to that specific wave. Using these initial conditions, the data from [38] is fitted.

Table 5. Initial Conditions for COVID-19 Wave 3.

Variable Parameter Estimate Source
Sn(0) 59509694 Sn(0) = N(0)− Sv(0)− In(0)
Sv(0) 382480 [38]
En(0) 0 Assumed
Ev(0) 0 Assumed
In(0) 1710 [38]
Iv(0) 0 Assumed
Rn(0) 0 Assumed
Rv(0) 0 Assumed
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As observed in plot 3, the model (1) fits well with the new daily COVID-19 cases in South Africa.
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Figure 3. South African COVID-19 Wave 3 Model Fit to Data.

In table 6, multiple parameter values are generated throughout the whole curve fitting process based on the data
from the third wave. These parameter values will be used to perform sensitivity analysis.

Table 6. Parameter Values for COVID-19.

Variable Value / Initial Condition Source Units
κ 20 [47] persons/day
µ 0.0161 [47] day−1

βnn 0.96198 Fitted day−1

βnv 0.16159 Fitted day−1

βvv 0.016788 Fitted day−1

βvn 0.026805 Fitted day−1

ωsv 0.010343 Fitted day−1

ωrn 0.0053871 Fitted day−1

ωrv 4.4706e−06 Fitted day−1

σn 0.23195 Fitted day−1

σv 0.062307 Fitted day−1

δn 3.7319e−05 Fitted day−1

δv 4.3188e−07 Fitted day−1

γn 0.35511 Fitted day−1

γv 0.18351 Fitted day−1

ϕ 0.018191 Fitted day−1

Stat., Optim. Inf. Comput. Vol. x, Month 202x



A. NDOVIE, C. SHOKO, O.S. EWEMOOJE AND S. RAMASAMY 23

3.2. Sensitivity Analysis

To assess the robustness of the model predictions and identify the most influential parameters driving the epidemic
dynamics, a global sensitivity analysis was conducted using the Latin Hypercube Sampling (LHS) method coupled
with Partial Rank Correlation Coefficients (PRCC). This approach is particularly effective for non-linear dynamical
systems where the relationship between inputs and outputs is monotonic but not necessarily linear.
The LHS method stratifies the probability distributions of the k input parameters into N equiprobable intervals,
ensuring a comprehensive exploration of the multi-dimensional parameter space. Let Θ = [θ1, θ2, . . . , θk] be the
vector of input parameters. N = 1000 samples were generated, constructing a parameter matrix X of size N × k.
The model system (1) was evaluated for each row of X to produce the corresponding output vector Y .

To quantify the sensitivity, the PRCC was calculated for each parameter, which measures the strength of the linear
relationship between the rank-transformed parameter and the rank-transformed output, while linearly accounting
for the effects of all other parameters. Let Rθi and RY denote the rank-transformed vectors of the i-th parameter
and the output, respectively. Linear regressions ofRθi andRY on the remaining ranked parameters are performed to
obtain the residuals εθi and εY . The PRCC is defined as the Pearson correlation coefficient between these residuals:

PRCC(θi, Y ) =
Cov(εθi , εY )√
Var(εθi)Var(εY )

(68)

A PRCC value close to +1 or −1 indicates a strong positive or negative influence, respectively, while a value near 0
implies negligible impact. The sampling design was executed using the lhsdesign function, and the correlation
coefficients were computed via the partialcorr function in the MATLAB Statistics and Machine Learning
Toolbox. For more information on this method, refer to [48].
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Figure 4. PRCC Analysis for COVID-19 Third Wave.

According to figure 4, the parameters with significant influence on the model are the infection rates between
non-vaccinated individuals βnn, the progression rate for the non-vaccinated individuals σn, the recovery rates of
non-vaccinated individuals γn, and the vaccination rate ϕ. βnn, which is the infection rate between non-vaccinated
individuals, has a high positive PRCC suggesting that an increase in transmission rates among non-vaccinated
individuals is strongly associated with higher infections. The progression rate, σn for the non-vaccinated exposed
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also contributes to higher infections. This is because it contributes to a higher number of infectious individuals.
The recovery rate of the non-vaccinated individuals γn, is inversely proportional to the model output, meaning that
if the non-vaccinated recover quickly, the overall number of new cases will drop. The vaccination rate ϕ, is also
inversely proportional, suggesting that increased vaccination rates will generally reduce infections.

3.3. Numerical Simulations for the Stochastic Model

Numerical illustrations will be used to depict the dynamics of both the deterministic and CTMC epidemic models.
The probability of disease extinction or outbreak is approximated, along with the finite time to extinction. All
the results in this section rely on the parameter values presented in Table 6. For these parameters, the basic
reproduction number R0 = 1.4130, and the extinction threshold for the CTMC model ρ(M) = 1.0880. ρ(M) is
supercritical implying a positive probability of disease persistence in the population.

3.3.1. Probability of Disease Extinction The probability of extinction, P0, is derived from the fixed point of
the multitype branching process, specifically equation (58). P0 is compared to the approximated probability
of disease extinction, PA, obtained from a proportion of 10 000 sample paths of the CTMC model, for which
the total number of infected individuals, that is (En + Ev + In + Iv) equals zero before reaching a minimum
outbreak size. According to table 7, P0 and PA are quite close signifying a good agreement level. The fixed point,
(q1, q2, q3, q4) ∈ (0, 1)4 of the offspring pgfs (59) is (q1, q2, q3, q4) = (0.7736, 0.9204, 0.7464, 0.8998)

Table 7. Probability of ExtinctionP0 calculated from the fixed points of the branching process and numerical approximation
PA based on 10 000 sample paths of the CTMC model.

en ev in iv P0 PA

1 0 0 0 0.7736 0.7819
0 1 0 0 0.9204 0.9260
0 0 1 0 0.7464 0.7486
0 0 0 1 0.8998 0.9055
1 1 1 1 0.4782 0.4979

The results in table 7 show that an infection introduced by a single vaccinated individual, whether exposed (Ev)
or infectious (Iv) has a considerably higher chance of fading out compared to an infection starting from a non-
vaccinated individual, whether exposed (En) or infectious (In). This suggests that while vaccination may not
entirely stop individuals from being infected or infectious, it substantially reduces the likelihood of an infection.
As expected, if one of each individual in the four exposed/infectious categories (En = 1, Ev = 1, In = 1, Iv = 1)
introduces the disease, the probability of extinction becomes very low. This implies that the risk of an outbreak
becomes higher if multiple people in different categories are infected at the onset of the pandemic. These results
underscores that even if vaccines do not have 100% efficacy, they play an important role in containing an epidemic
at the start [49]. In contrast to deterministic models, extinction can occur even if the reproduction number R0 > 0
due to demographic stochasticity that is present in populations. Figure 5 demonstrates disease persistence and
extinction in the CTMC model when R0 = 1.4130. For easy comparison the deterministic and stochastic paths are
drawn on the same graph.
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Figure 5. CTMC (Red and Green lines) vs Deterministic trajectories(Blue Lines) for each compartment in the Vaccine-
Structured Model. Parameter values are as in Table 6 with initial conditions Sn(0) = 735, Sv(0) = 506, En(0) = Ev(0) =
Rn(0) = Rv(0) = 0, In(0) = 2, Iv(0) = 2.

3.3.2. Finite Time to Extinction Stochastic models allow the estimation of finite time to extinction T . This finite
time to extinction also known as expected epidemic duration cannot be estimated by deterministic models, so this
is unique to stochastic models. Table 8 shows a significantly shorter duration when the infection originates from an
infectious vaccinated individual Iv at T ≈ 35.38 days. This is considerably faster than if the infection starts with an
infectious non-vaccinated individual In, where T ≈ 61.61 days. This suggests that while infections in vaccinated
individuals are more likely to go extinct, those that do are also resolved more rapidly. The corresponding histograms
in Figure 6 visually corroborates this, with the distribution for Iv extinctions being more concentrated at earlier
time points.

Table 8. Finite Time to Extinction for the CTMC model when the disease is introduced by a non-vaccinated exposed, a
vaccinated exposed, a non-vaccinated infectious and a vaccinated infectious individual. Parameter values are in table 6 with
R0 = 1.4130 and ρ(M) = 1.0880.

Group(s) introducing the disease PA T days
En 0.7819 56.00
Ev 0.9260 54.16
In 0.7486 61.61
Iv 0.9055 35.38

Considering infections initiated by exposed individuals, an exposed vaccinated individual Ev leads to an extinction
time of T ≈ 54.16 days, while an exposed non-vaccinated individual En results in a marginally longer T = 56.00
days. The higher the probability of extinction aligns with a slightly shorter extinction duration.
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Figure 6. Approximate frequency distribution for the time of extinction for the CTMC model. Histograms are plotted based
on 10 000 sample paths. Parameter values are as in table 6 and initial conditions are specified above each graph.

Collectively, these results highlight that vaccination not only increases the overall chance of disease fade-out from
an initial case but can also dramatically shorten the duration of these outbreaks. This underscores the double
benefit of vaccination in curtailing early epidemic spread. The histograms consistently show that most extinctions,
regardless of initial state, occur relatively early, with a tail of less frequent, longer duration fade-outs.

4. Discussion

4.1. General discussion

In this study, the transmission dynamics of COVID-19 were investigated within a population characterized by
both vaccinated and non-vaccinated individuals. The model was developed and fitted using data from the third
wave of COVID-19 in South Africa, a period marked by active vaccination campaigns. The deterministic analysis
yielded a basic reproduction number of R0 ≈ 1.4130, indicating that, on average, the conditions were sufficient
for a sustained epidemic. However, deterministic thresholds often mask the crucial role of random chance in the
initial phase of an outbreak. This prompted an in-depth exploration of a stochastic analysis through the use of a
Continuous-Time Markov Chain (CTMC) model.

The stochastic analysis focused on quantifying the probability of disease extinction, a critical factor for public
health planning. A multitype branching process was employed to analytically derive the extinction probability
(P0) and these findings were validated against simulations (PA) using Gillespie’s algorithm [14]. The excellent
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agreement between P0 and PA (as seen in Table 7) confirms the robustness of the branching process approximation
for this complex, eight-state system. A central finding of this study is that the initial state of the infection
profoundly influences the likelihood of it fading out. An infection introduced by a vaccinated individual, whether
exposed (Ev, PA ≈ 0.93) or infectious (Iv, PA ≈ 0.91), has a substantially higher chance of going extinct than
an infection originating in a non-vaccinated counterpart (En, PA ≈ 0.78; In, PA ≈ 0.75). This highlights a key
community-level benefit of vaccination: even if breakthrough infections occur, they are significantly more likely
to represent dead-end transmission chains that self-terminate before seeding a wider outbreak.

The findings align with and extend recent literature on vaccine-structured stochastic models. Previous
theoretical work by [28] demonstrated that in heterogeneous populations, the probability of a minor outbreak is
highly sensitive to the sub-group in which the infection is introduced. The results of this study confirm this in the
specific context of COVID-19 vaccination in South Africa, showing quantitatively how the ‘leaky’ nature of these
vaccines, where infection is possible but less likely to transmit, creates a distinct stochastic buffer. Furthermore,
while recent stochastic studies such as [50] have emphasized the role of non-pharmaceutical interventions (like
isolation) in increasing extinction probabilities early in a COVID-19 outbreak, this work complements this
by isolating the specific contribution of vaccine-derived immunity to this stochastic fade-out. Unlike simpler
stochastic models that may aggregate vaccinated and non-vaccinated susceptibles, the stratified approach allows
for a more granular risk assessment of breakthrough introductions.

This study further confirms that stochastic models provide insights unattainable through deterministic methods
alone [16, 14]. While the deterministic model predicted a sustained outbreak for R0 > 1, the stochastic simulations
(Figure 5) revealed a spectrum of possibilities, including both major outbreaks and stochastic fade-out, which more
accurately reflects the uncertainty inherent in real-world epidemics. The analysis of the finite time to extinction
(T ) further elucidated the dual impact of vaccination. Notably, outbreaks initiated by an infectious vaccinated
individual (Iv) that are destined for extinction resolve the fastest (T ≈ 35 days). This suggests that not only are
such transmission chains more likely to break, but they also persist for a shorter duration, limiting the window for
further spread.

4.2. Novel Insights and Practical Implications

Many models have focused on capturing key heterogeneities to guide policy, with age structure being a primary
consideration. For instance, the work by [51] developed a detailed age-structured model for West Africa to
specifically investigate the impact of vaccine prioritization strategies among different age groups. Similarly, [28]
constructed an age-structured model with vaccination to analyze epidemic data from China, focusing on the
stability of equilibria and sensitivity of the reproduction number to various parameters. While these age-structured
models provide critical insights into targeted vaccination campaigns, the model in this work concentrates on a
different, equally vital form of heterogeneity: the stochastic dynamics arising from vaccination status alone. The
model shares some similarities with the work of [52], which also analyzed COVID-19 vaccination in South Africa
(specifically Gauteng province) using a compartmental framework with vaccinated compartments. However,
their model’s primary focus was on exploring optimal control strategies through time-dependent parameters for
non-pharmaceutical interventions. In contrast, our model introduces a more complex internal structure, notably
the feature where vaccination is not just for the susceptible class but can occur in all compartments (En, In, Rn),
moving individuals to their vaccinated counterparts. This novel feature reflects a real-world scenario where
individuals at any stage of the natural infection cycle might receive a vaccine, altering their subsequent disease
trajectory.

While the aforementioned studies provide valuable deterministic and, in some cases, optimal control analyses,
this work is fundamentally centered on the stochastic nature of disease transmission. By formulating a Continuous-
Time Markov Chain (CTMC) model and employing multitype branching process theory, the analysis moves beyond
average-case predictions based on R0. The study analytically and numerically quantifies the probability of disease
extinction (P0), a critical metric for the assessment of public health risk that deterministic models cannot provide.
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It is demonstrated how vaccination status dramatically alters this probability and also influences the finite time to
extinction for abortive outbreaks. This focus on the probabilistic fate of an outbreak, especially how it is shaped
by the interplay between non-vaccinated and vaccinated individuals at the very beginning of a transmission chain,
offers a unique and complementary perspective to the existing literature. The study therefore fills an important gap
by providing a stochastic analysis of a complex vaccine-structured model, yielding insights into the probabilistic,
rather than purely deterministic, impact of vaccination on epidemic containment.

4.3. Limitations

The main limitation of this study is its reliance on data from the third wave of COVID-19 in South Africa,
which may not be readily generalizable to other contexts. The unique socio-economic landscape and public
health infrastructure of South Africa may influence parameters in ways that are specific to the region. Thus, one
immediate next step for this line of research would be to apply the model to data from other countries to assess the
robustness of the findings and improve generalizability. Another limitation is the assumption that model parameters
remain fixed over time. This simplification may not fully capture the reality of an evolving pandemic marked
by dynamic shifts in population behavior, the emergence of new viral variants with different characteristics, and
changes in public health policy. Future studies could enhance the accuracy and adaptability of the model by
incorporating time-varying parameters or non-stationary time series techniques to better reflect these real-world
complexities. The model further presumes equal interaction between vaccinated and non-vaccinated groups and
does not account for age differentiation. This simplification does not accurately represent actual contact patterns,
and the lack of age stratification prevents the development of age-specific vaccination strategies. Adding contact
matrices and age structures would significantly enhance future research.

Furthermore, the model’s comprehensive nature, encompassing eight compartments and four infectious states,
introduces significant analytical complexity. While this provides more detailed insights, it renders analytical
expressions for the basic reproduction number (R0) and endemic equilibria extremely complex and difficult to
interpret intuitively. The reliance on numerical methods to solve for key thresholds, such as the spectral radius of
the expectation matrix, may present a barrier to rapid replication or application by public health bodies without
access to advanced computational tools. To address this limitation, researchers can simplify the model by reducing
the number of classes or excluding certain demographic components, like death rates from specific compartments,
tailored to their research scenarios. Finally, the model adopts a simplified vaccination mechanism where the
rate ϕ is applied uniformly to non-vaccinated susceptible (Sn), exposed (En), infectious (In), and recovered
(Rn) individuals. This uniform structure might overestimate the flow from non-vaccinated compartments into
the vaccinated classes, representing an area where future models could incorporate more targeted vaccination
protocols.

5. Conclusion

This paper developed and analyzed a vaccine-structured stochastic epidemic model to provide a deeper
understanding of COVID-19 transmission dynamics. By comparing analytical results from branching process
theory with large-scale CTMC simulations, we demonstrated that while the deterministic threshold (R0 ≈ 1.4130)
predicted a sustained outbreak, the probability of stochastic extinction for an initial case was high, particularly
when the infection originated in a vaccinated individual. Our findings quantitatively show that vaccination provides
a dual public health benefit: it dramatically increases the probability that a new infection will fade out by chance,
and for those that do, it significantly shortens the time to extinction. This work underscores the critical importance
of stochastic modeling in providing a more refined and realistic risk assessment for infectious disease control,
highlighting that vaccination is a powerful tool for preventing new sparks from igniting into major epidemics.
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A. Appendix

A.1. Derivation of the Basic Reproduction Number

To compute R0, the next generation matrix approach as outlined in [31] was employed. The appearance of new
infective individuals in compartments I and E is written as;

F1×8 =

(
(βnnIn + βnvIv)

Sn

N
, (βvvIv + βvnIn)

Sv

N
, 0, 0, ..., 0

)
.

Define V = V − − V + = (Q1, Q2, Q3, Q4)
T − (P1, P2, P3, P4)

T , where V − represents individuals leaving
compartment I , and V + denotes individuals entering compartment I by any means other than the emergence
of new infective individuals. The components are, respectively,

P1 = ((σn + µ+ ϕ)En, (σv + µ)Ev), P2 = ((µ+ γn + δn + ϕ)In, (µ+ γv + δv)Iv),

P3 = ((ϕ+ µ)Sn, (µ+ ωsv)Sv), P4 = ((µ+ ϕ+ ωrn)Rn, (µ+ ωrv)Rv),

Q1 = (0, ϕEn), Q2 = (σnEn, σvEv + ϕIn),

Q3 = (κ, ϕSn), Q4 = (γnIn, γvIv + ϕRn).

(69)

Let Y = (En, Ev, In, Iv, Sn, Sv, Rn, Rv) represent the variables for i, j = 1, 2, 3, 4 and define Y 0 =
(0, 0, 0, 0, S0

n, S
0
v , 0, 0). According to Lemma 1 in [31], this yields

F =

(
∂Fi

∂Yj
(Y 0)

)
4×4

=


0 0

βnnS
0
n

N0

βnvS
0
n

N0

0 0
βvnS

0
v

N0

βvvS
0
v

N0

0 0 0 0
0 0 0 0

 (70)

and

V =

(
∂Vi

∂Yj
(Y 0)

)
4×4

=


(σn + µ+ ϕ) 0 0 0

−ϕ (σv + µ) 0 0
−σn 0 µ+ γn + δn + ϕ 0

0 −σv −ϕ (µ+ γv + δv)

 (71)

which subsequently results in

FV −1 =


g11 g12 g13 g14
g21 g22 g23 g24
0 0 0 0
0 0 0 0

 , (72)

where
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g11 =
S0
nβnnσn

N0(µ+ ϕ+ σn)(δn + γn + µ+ ϕ)
+

S0
nβnvϕσn

N0(µ+ ϕ+ σn)(δn + γn + µ+ ϕ)(δv + γv + µ)
,

+
S0
nβnvϕσv

N0(µ+ ϕ+ σn)(µ+ σv)(δv + γv + µ)
,

g12 =
S0
nβnvσv

N0(µ+ σv)(δv + γv + µ)
,

g13 =
S0
n

N0

[
βnn

δn + γn + µ+ ϕ
+

βnvϕ

(δn + γn + µ+ ϕ)(δv + γv + µ)

]
,

g14 =
S0
nβnv

N0(δv + γv + µ)
,

g21 =
S0
vβvnσn

N0(µ+ ϕ+ σn)(δn + γn + µ+ ϕ)
+

S0
vβvvϕσn

N0(µ+ ϕ+ σn)(δn + γn + µ+ ϕ)(δv + γv + µ)
,

+
S0
vβvvϕσv

N0(µ+ ϕ+ σn)(µ+ σv)(δv + γv + µ)
,

g22 =
S0
vβvvσv

N0(µ+ σv)(δv + γv + µ)
,

g23 =
S0
v

N0

[
βvn

δn + γn + µ+ ϕ
+

βvvϕ

(δn + γn + µ+ ϕ)(δv + γv + µ)

]
,

g24 =
S0
vβvv

N0(δv + γv + µ).

(73)

The characteristic equation for the matrix FV −1 can be expressed as follows:

λ4 + (−g11 − g22)λ
3 + (−g12g21 + g11g22)λ

2. (74)

Following this, the eigenvalues of (74) appear sequentially as follows:

λ1 = 0,

λ2 = 0,

λ3 =
1

2
g11 +

1

2
g22 −

1

2

√
g211 + 4 g12g21 − 2 g11g22 + g222,

λ4 =
1

2
g11 +

1

2
g22 +

1

2

√
g211 + 4 g12g21 − 2 g11g22 + g222.

(75)

with √
g211 + 4 g12g21 − 2 g11g22 + g222 = (g11 − g22)

2 + 4g12g21 > 0.

In the next generation method approach, the basic reproduction number R0 is determined as the spectral radius of
FV −1, specifically:

R0 = ρ(FV −1),

=
1

2
g11 +

1

2
g22 +

1

2

√
g211 + 4 g12g21 − 2 g11g22 + g222,

(76)

where all positive parameters gij for (i, j = 1, 2, 3, 4) are specified in (73).
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A.2. Jacobian Sub-Matrix Components for DFE Stability

The following are the detailed calculations of the component sub-matrices for the Jacobian matrix J0 evaluated at
the disease-free equilibrium (DFE), as referenced in the proof of Theorem 1.

JEE =

( ∂En

∂En

∂En

∂Ev
∂Ev

∂En

∂Ev

∂Ev

)
=

(
− (βnnIn+βnvIv)S

0
n
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0
n
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0
v
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0
v
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)
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∂In
∂Ev

∂Iv

)
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(N0)2
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0
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0
n
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0
v
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0
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)
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0 σv

)
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( ∂In
∂Sn
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∂Iv
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)
=

(
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0 0

)

JIR =
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∂Rn

∂In
∂Rv

∂Iv
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∂Iv
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)
=

(
0 0
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)

JSE =

( ∂Sn

∂En

∂Sn

∂Ev
∂Sv

∂En

∂Sv
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)
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(
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0
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0
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0
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0
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0
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0
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0
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0
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∂Rv

∂En
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)
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JSS =

( ∂Sn
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∂Sv
∂Sv

∂Sn
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)
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0
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A.3. Endemic Equilibrium Variable Derivations

The state variables at endemic equilibrium can be expressed as linear functions of E∗
n and E∗

v . The derivations
proceed as follows:

S∗
n =

k + ωsvS
∗
v − ωrnR

∗
n − ωrvR

∗
v − (σn + µ+ ϕ)E∗

n

(ϕ+ µ)
:= uno + unnE
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∗
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n
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∗
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n,

R∗
v =

γvϕσnE
∗
n

(µ+ ωrv))(µ+ γv + δv)(µ+ γn + δ + ϕ
+

ϕγnσnE
∗
n

(µ+ ωrv)(µ+ ϕ+ ωrn)(µ+ γn + δn + ϕ)
,

+
γvσvE

∗
v

(µ+ ωrv)(µ+ γv + δv)
:= xvnE

∗
n + xvvE

∗
v .

(77)

The total population size N∗ is given by

N∗ = S∗
n + S∗

v + E∗
n + E∗

v + I∗n + I∗v +R∗
n +R∗

v,

= uno + unnE
∗
n + unvE

∗
v + uvo + uvnE

∗
n + uvvE

∗
v + vnnE

∗
n + vvnE

∗
n + vvvE

∗
v + xnnE

∗
n + xvnE

∗
n + xvvE

∗
v ,

= uno + uvo + unnE
∗
n + uvnE

∗
n + vnnE

∗
n + vvnE

∗
n + xnnE

∗
n + xvnE

∗
n + unvE

∗
v + uvvE

∗
v + vvvE

∗
v + xvvE

∗
v ,

:= wo + wnE
∗
n + wvE

∗
n.

(78)
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Substituting these into (23c) and (23d) yields the coefficients for equations (25) and (26) as follows:

ann = (βnnvnn + βnvvvn)unn − (σn + µ+ ϕ)ωn,

2an = (βnnvnn + βnvvvn)uno − (σn + µ+ ϕ)ωo,

2anv = (βnvvvv)unn − (σn + µ+ ϕ)ωv,

2av = (βnvvvv)uno,

avv = (βnvvvv)unv,

bnn = (βvnvnn + βvvvvnuvn − ϕωn),

2bn = (βvnvnn + βvvvvn)uvo − ϕωo,

2bnv = (βvnvvn + βvvvvn)uuv + βvvvvvuvn − (σv + µ)ωn − ϕωv,

2bv = (βvvvvvuvo − (σv + µ)ωo),

bvv = (βvvvvv − (σv + µ)ωv).

(79)

A.4. Relationship Between the Stochastic and Deterministic Epidemic Threshold

In this Appendix section, the formal mathematical relationship between the stochastic expectation matrix M and
the deterministic next-generation matrices F and V is demonstrated. The equation F − V = (M − I)W enables
the calculation of the basic reproduction number R0 = ρ(FV −1), which is the same as the stochastic threshold
condition ρ(M ) = 1.
The 4× 4 expectation matrix M = [mji] is given by:

M =


m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44


Substituting the parameters from the branching process, this matrix is:

M =



0 0

βnnS
0
n

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βnvS
0
n

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ

ϕ

σn + ϕ+ µ
0

βvnS
0
v

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βvvS
0
v

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ

σn
σn + ϕ+ µ

0

βnnS
0
n

N0 +
βvnS

0
v

N0

βnnS0
n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ
0

0
σv

σv + µ

ϕ
βnnS0

n

N0 +
βvnS0

v

N0 + ϕ+ δn + γn + µ

βnvS
0
n

N0 +
βvvS

0
v

N0

βnvS0
n

N0 +
βvvS0

v

N0 + δv + γv + µ


First, the diagonal matrix W is defined, which contains the total transition rates wi (the denominators from M ) out
of each of the four infected states (En, Ev, In, Iv).

w1 = σn + ϕ+ µ

w2 = σv + µ

w3 =
βnnS

0
n

N0
+
βvnS

0
v

N0
+ ϕ+ δn + γn + µ

w4 =
βnvS

0
n

N0
+
βvvS

0
v

N0
+ δv + γv + µ
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The matrix W is explicitly:

W =


w1 0 0 0
0 w2 0 0
0 0 w3 0
0 0 0 w4


Next, the product (M − I)W is computed, where I is the identity matrix. This product represents the Jacobian of
the infected compartments.

(M − I)W =


(m11 − 1)w1 m12w2 m13w3 m14w4

m21w1 (m22 − 1)w2 m23w3 m24w4

m31w1 m32w2 (m33 − 1)w3 m34w4

m41w1 m42w2 m43w3 (m44 − 1)w4


By substituting the definitions of mji (from M ) and wi, each term can be simplified. For example, the term
(1, 1) is (m11 − 1)w1 = (0− 1)w1 = −w1 = −(σn + ϕ+ µ). The non-diagonal term (1, 3) becomes m13w3 =(

βnnS
0
n/N

0

w3

)
w3 =

βnnS
0
n

N0 . The diagonal term (3, 3) simplifies as follows:

(m33 − 1)w3 =

(
βnnS

0
n

N0 +
βvnS

0
v

N0

w3
− 1

)
w3

=

(
βnnS

0
n

N0
+
βvnS

0
v

N0

)
− w3

=

(
βnnS

0
n

N0
+
βvnS

0
v

N0

)
−
(
βnnS

0
n

N0
+
βvnS

0
v

N0
+ ϕ+ δn + γn + µ

)
= −(ϕ+ δn + γn + µ)

Simplifying all terms in this manner yields the matrix (M − I)W :

(M − I)W =


−(σn + ϕ+ µ) 0

βnnS
0
n

N0

βnvS
0
n

N0

ϕ −(σv + µ)
βvnS

0
v

N0

βvvS
0
v

N0

σn 0 −(ϕ+ δn + γn + µ) 0
0 σv ϕ −(δv + γv + µ)


From the theory of deterministic epidemic models, the Jacobian of the infected compartments evaluated at the
Disease-Free Equilibrium is F − V , where F is the matrix of new infections and V is the matrix of transitions. For
system (1), this matrix is:

F − V =


−(σn + ϕ+ µ) 0

βnnS
0
n

N0

βnvS
0
n

N0

ϕ −(σv + µ)
βvnS

0
v

N0

βvvS
0
v

N0

σn 0 −(ϕ+ δn + γn + µ) 0
0 σv ϕ −(δv + γv + µ)


By inspection, it is clear that (M − I)W = F − V . This confirms the formal equivalence between the stochastic
and deterministic formulations. Additionally, this matrix can be broken down into F , which includes positive off-
diagonal terms that depict new infections, and V , representing the negative of the remaining terms that account for
transitions and removals.

F =


0 0

βnnS
0
n

N0

βnvS
0
n

N0

0 0
βvnS

0
v

N0

βvvS
0
v

N0

0 0 0 0
0 0 0 0


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V =


σn + ϕ+ µ 0 0 0

−ϕ σv + µ 0 0
−σn 0 ϕ+ δn + γn + µ 0
0 −σv −ϕ δv + γv + µ


The condition for a major outbreak in the stochastic model, ρ(M ) > 1, is identical to the condition for an epidemic
in the deterministic model, R0 > 1, where R0 = ρ(FV −1). Therefore, a closed-form analytical solution for the
eigenvalues of M is not required. The epidemic threshold is fully described by the interpretable, analytical
expression for R0 = ρ(FV −1), which can be derived from the matrices F and V above.
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