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Abstract There are many models for which quantile function are available in tractable form, though their distribution
functions are not available in explicit form. Recently researchers have great interest to study the quantile-based Interval
entropy measures. In the present paper, we introduce quantile-based inaccuracy measure for doubly truncated random
variable and study its properties. We also discuss some characterization results of this proposed measure. Further we propose
and study the quantile version of Kullback -Leibler divergence measure for doubly truncated random variable. Finally, We
discuss some results of proposed Kullback -Leibler divergence measure.
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1. Introduction

The measure of uncertainty associated with a probability distribution is known as entropy, which was introduced
by Shannon [26]. In a sample space with corresponding probabilities p1, ps..., P, there are n mutually exclusive
and exhaustive events E1,...E,. The entropy for these events is H(p) = — > ., p; log p;, where p = (p1, ...p,).
Kerridge [8] introduced a generalization of entropy was inaccuracy measure I(p,q) = — Z?:l p; log q; of two
probability distributions where g; is the probability that an experimenter assigned to the event and p; represents the
genuine probability of the ith event, then p = (p1, ps...pn) and ¢ = (¢1, g2...g» ). Nath [23] further expanded this
measure to include continuous random variables. The inaccuracy measure between two random variable X and Y
is

MXJ»[ff@M%g@wa M)

where f(x) is the true probability density function of a random variable and g(z) is an assigned, assumed, or
approximated density function. Data for used objects is frequently reduced in reliability and life testing, making it
unsuitable for measuring inaccuracy (1). Nair and Gupta [21] therefore expanded (1) for the residual inaccuracy for
a pair of random variables. Inaccuracy measures for two past lifetime random variables were presented by Kumar
et al. [15]. Chanchal kundu et al. [17] introduce the interval inaccuracy measure for doubly truncated random
variables (X|t; < X <t5) and (Y|t; <Y < t5) are considered, where G(u) < G(v) and (t1,t2) € D = (u,v) €
R? : F(u) < F(v) are absolutely continuous. Next, in the interval (¢, 2), the interval inaccuracy measure of X
and Y is defined as
/() o)
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For information and results we studied Di Crescenzo et al.[3], Taneja et al. [29], Sunoj et al. [27], Misagh and Yari
[19].
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3046 QUANTILE-BASED STUDY OF INTERVAL INACCURACY MEASURES

Kullback-Leibler divergence is a fundamental concept in information theory, statistics, reliability analysis, and
related domains to quantify the disrimination between two distributions. Kullback and Leibler [10] studied and
proposed Kullback-Leibler divergence between two random variable X and Y as

Ixy = A N <log ; Eg > f(x)da. 3)

In [4] Ebrahimi and Kirmani proposed and studied the residual Kullback-Leibler discrimination. Di Crescenzo and
Longobardi [2] gives Kullback-Leibler distance for two past lifetime. Yari et al. [18] gives the distance between
random lifetime X and Y at the interval (¢, ¢2) is the Kullback-Leibler discrimination measure as

L f(a) Pl
—_ 2)— 1
KLxy(t1,t2) = / Fta) — F(1) log ) dz. 4)

t G(t2)—G(t1)

The distribution function forms the basis for both theoretical studies and practical implementations involving these
information measures, yet they might not be appropriate in circumstances where the distribution is not analytically
tractable. Quantile function-based approaches have been demonstrated to be an effective and comparable substitute
for distribution in the modelling and analysis of statistical data. [S] Gilchrist and Nair et al. [20]. The quantile
function of a random variable X is given as

Q1(u) = F~ (u) =inf(z|F(z) > u), 0<u>1. (5)

Recent attention has been generated by the research of information measures based on quantile function. Sunoj
et al. [6] studied and introduced quantile-based inaccuracy measures, including quantile-based past and residual
inaccuracy. For two non-negative, absolutely continuous random variables X and Y with respective quantile
functions ); and 2 the quantile-based inaccuracy measure is defined as

1
lo(X,¥) = - [ logg(@s (u))du. ©)
0
And the quantile-based past inaccuracy measure and quantile-based residual inaccuracy measure is given as

Q1(p))

f(@i(p)) q(

lo(X,Y,u) / F(Qu(w) 8 G(@ (u) (@ P @
f(@(p)) (1))

To(X,Y:v) / oz L0 0). ®)

Sankaran et al.[25] studied and proposed quantile based Kullback Leibler measure, quantile based residual and
quantile based past Kullback Leibler divergence measure defined as

! f(Q1)(u)
KLxy(Q)= / log (g(Q1(u))) F(Q1(u))dQ1(u), )
KLxy(Q1(u)) = —7/ log((q1(p))g(Q1(p)))dp + log (W)7 (10)

an

KExr @) = = [ 1os((ar()a(@so)ap + 10 (FLLL).

Quantile-based information measures have been studied by many researchers, Baratpour et al. [1], Kumar et al.
[12], Kumar et al. [13], Kittaneh [9], Kayal et al. [7].
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Many researchers have indicated that the quantile-based approach serves as an alternative to the conventional

distribution function approach. In their study, Sankaran et al. [25] developed a quantile-based version of the
Kullback-Leibler divergence and investigated its characteristics, with a particular focus on its application to lifetime
data analysis. Sunoj et al. [6] proposed a quantile version of inaccuracy measure also discuss many properties of
quantile-based inaccuracy measure. However a corresponding study of quantile inaccuracy for doubly truncated
random variable and quantile-based Kullback Leibler divergence measure for doubly truncated random variable
has not been covered in previous research. This motivates the use of quantile-based approaches, particularly for
defining measures like entropy and divergence. Recent research has highlighted the value of quantile-based entropy
measures, but there has been limited exploration of inaccuracy and divergence measures in the context of truncated
data. This paper aims to fill this gap by developing and studying quantile-based inaccuracy and Kullback—Leibler
divergence measures for doubly truncated random variables, offering new tools for statistical inference in such
constrained data environments. More results and applications are refer to Kumar and Dangi [16], Zamani and
Madadi [31], Wang and Kang [30], Tehlan and Kumar [28], Kumar et al.[14].
In the following paper, We outline our approach as follows. In Section 2, we propose and study quantile- based
inaccuracy for doubly truncated random variable and some of its important properties. Some characterization result
also discuss. In Section 3, we study quantile-based Kullback-Leibler divergence for doubly truncated random
variable. While explicit forms of their distribution functions are lacking, many models have quantile functions that
are available in a feasible form also discuss.

2. Quantile-based Interval Inaccuracy

Let X and Y be two random variables with quantile functions @1 (u) and Q2 (u), and distribution functions F' and
G, respectively. For a continuous distribution function F, it holds that F(Q;(u)) = . Differentiating both sides
with respect to u, we get

g1 (u) - f(Q1(u)) =1. 12)

Here, f(Q1(u)) is referred to as the density quantile function, and ¢; (v) = @’ (u) is the quantile density function
corresponding to the quantile function Q; (u). Next, define Q3(u) = Q5 *(Q1(u)), which represents the relative
inverse quantile function between the distributions G and F', the quantile function of F(G~!(-)). Differentiating
Q3(u), we obtain g3(u) = Q5(u) = g(Q1(u)) - ¢1(u) where g is the density function of G, evaluated at Q1 (u). This
setup forms the basis for defining a quantile-based version of the interval inaccuracy measure, which compares the
two distributions using their quantile and density functions.

Definition 2.1
Consider two absolutely continuous, non-negative random variables, X and Y, with QFs @)1 and @, respectively.
Then the quantile-based interval inaccuracy measure is defined as

JUL, U ) = — " f<Q1(u)) ]
Io(X, Y5 ur, uz) /u F(Ql(uQ))—F(Ql(ul))l el

= — /uz [(Q1(w))
w F(Qi(u2)) — F(Q1(u1))

:]0g(Q3(U2) - QS(UI)) -

/ " log a3(t) ., (13)
q1(u)

U2 — UL Sy,

Let T be a non-negative continuous random variable representing the time until an event occurs. Let f(t) be the

probability density function, F'(¢) be the cumulative distribution function £'(t) = 1 — F(t) be the survival function.
The hazard rate at time ¢ is defined as
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This function describes the instantaneous probability of failure at time ¢, given survival up to that point. If the
quantile function () is known, the hazard rate can also be expressed in terms of quantile function as

1

hQ(u)) = PO

where @Q(u) is the quantile function ¢(u) = Q'(u) is the quantile density function. Now we define hazard
quantile and reversed hazard quantile functions at time of interval u; to us of random variable X are defined
as Hi(uy,uz) = [q1(w)(uz —u1)]~" and Hi(uy,uz) = [q1(uw)(u; — uo)]~t. These are equivalent to the hazard
and reverse hazard rate function in terms of the QF. Denote Hs(uy,us) and Hs(uy,us) the hazard quantile and
reversed hazard quantile function corresponding to the quantile function )3 . In parallel to these hazard quantile
function Q3 we defined Hj(u1,us2) = [g3(u)(uz —u1)]~! and Hz(uy,us) = [q3(u)(u; — uz)]~'. The quantile-
based inaccuracy measures (13) has been expressed in terms of hazard quantile and reversed hazard quantile
functions.

1 2 Hy(up,u

Tg(X. Y, 1) = 10g(@a(uz) — Qatun)) — o [ log T au,
1 Y2 Hy(ug, ug)

=1 — — log =———du.

o8(Qaf1z) — Qa(m)) — - [ rog T an

The quantile version of proportional hazard model is Q, (u) = Q4 (1 — (1 — u) #) and the quantile version of reverse
hazard model is Q. (u) = Q, (u?) respectively. The quantile-based inaccuracy measures (13) has been expressed in
terms of proportional hazard rate model (PHRM) , given as follows

Io(X,Y;u1,u2) = 60 —log6 + log[Fg(Ql(ul) — F_'G(Ql(uﬁ)}—&-
O1F(Qu(u2)) og F(Q1 (u2)) — F(Qs (1)) og F(Qs ()]
F(Q1(u1)) — F(Q1(u2))

(Q1(u2)) /“2 F(Q1(u))log Ap(u)du.

1
CF(Qu(w)) - F

The quantile-based inaccuracy measures (13) has been expressed in terms of proportional reverse hazard rate model
(OPRHRM), given as follows

Q1(uz))log F(Q1(u2)) — F(Q1(u1))log F(Q1(u1))]

‘IQ(X,Y§U17'LL2) =0- 10g9 + log[Fe(m) - FG('UJ)] - Q[F( F(Ql(UQ)) — F(Ql(ul))

_ 1
F(Q1(uz)) —

F(Q1(u1)) /u1 f(Q1(u))log ¢ (u)du.

2.1. Properties of Inaccuracy Measures

In general, the measure of interval inaccuracy based on quantiles, as detailed in (12), does not maintain
monotonicity with respect to u1, us. The next theorem presents the upper (lower) bounds for Io(X,Y;uq, us)
based on monotone properties of it. Additionally helpful are bounds in cases when computing the real measure is
challenging.

Theorem 2.1
The quantile-based interval inaccuracy measure for I (X, Y'; ui, ug) is increasing (decreasing) in u; and ug if one
is fixed other is run if and only if

Io(X,Y;u1,u2) > (<) (ug — u1)q3(uy) ~log qs(uq)

Qa(uz) — Qslur) B G ) (@a(uz) — Q)"
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Proof
From (13), we have

1o(X, Y u1,ug) = log(Qs(uz) — @3(u1)) — Uy iu1 / og ngZ; -

This can be rewritte as

(12 1) (X, Y, ) = (12 — ) 0g(Qa(uz) ~ Qa(un)) ~ - [ o qg(“gdu. (14)

Taking the derivative of both sides of (14) with respect to u; the result as

' 1 (u2 — u1)qs(uy) Hy(ug,ug)qs(uy)(uz — up)
I = Io(X,Y; — 1 1
Q(u,u2) (u2 — ul)[ QXY sur, o) Qs(u2) — Q3(u1) + log( Qs(u2) — Q3(u1) b a9
Taking the derivative of both sides of (14) with respect to us the result as
' 1 (u2 — u1)qs(uz) Hy(ug,uz)qs(uz)(uz — up)
= : - 1 1
IQ(U17UQ) (u2 — ul) [IQ(X’Y7U17UQ) QB(UQ) — QS(Ul) + Og( Qg(UQ) — QS(Ul) )}7 ( 6)

where Hq(up,us2) and Ha(uq,us)is hazard quantile function of X. Therefore, given the assumption, the desired
result follows immediately. The reverse result can be obtained by reversing the process and hence is omitted.  [J

We provide the idea of quantile-based interval inaccuracy ratio in this section.

Proposition 2.1

For X and Y it is given by

IQ(X7 Y7 Ui, ’1,62)
H(Q;u1,us2)

where H(Q);u1,uz) is the quntile Shannon interval entropy, IoR(X,Y’; u1, uz) provide dimensional measure of
closeness between X and Y if Q; = Q)2 then IoR(X,Y;ui,u2) = 1. Further analog the quantile-based interval
inaccuracy measure is not symmetric that is Ig R(X, Y;u1, u2) # IgR(X,Y;ug, u1).

Next we find the decomposition of quantile-based inaccuracy in the terms or past quantile inaccuracy, residual
quantile inaccuracy and I (X, Y u1, ug).

IQR(X7Y;U1,U2) = (17)

Proposition 2.2
For arbitrary lifespan of (X, Y") the function I (X,Y") can be expressed as.

Proof
Io(X,Y) = F(Q1(u1)o(X,Y;u1) + [F(Q1(u2)) — F(Q2(u1))Ig(X, Y ur, ug) + F
(Q1(u2)) (X, Y;uz) — [log G(Q1(u1)) + log G(Q1(u2)) 4 log G(Q1(uz)) — G(Q1(u1))].

Four parts make up the quantile inaccuracy measure. i) the random variable’s inaccuracy measure truncated above
uq. i) the inaccuracy measure in the range (uq,us), assuming that the item failed before to uy but subsequent
to u;. iii) the measure of inaccuracy for random variables truncated below us; and iv) the measure of inaccuracy
determines if the item has failed before w1, in between u; and us, or after us. When u; = ug = u then above can
be expressed as

Io(X,Y) = F(Q1(u))Io(X,Y) + F(Q1(u) Iq(X,Y) — log G(Q1(u)) — log G(Q1(w)).

O
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The following section presents the bounds of the quantile-based interval inaccuracy.
On differentiating (13) with respect to u; and u,, we get
0I(X,Y;u1,u2)
8”1

= Hi" (w1, u2)[Ig(X, Y5 ur, uz) + log HY (u1,us)] + HY (ur,us), (18)

and

01o(X, Y5 uy, ug)
5u2

= H2X(U1,’U,2)[IQ(X,Y;U1,UQ) + logHQY(ul,uQ)] + H2}/('U;17u2). (19)

When I(X,Y;u1,uz) is increasing in each of u; and u, while keeping the other fixed, then equation (18) and
(19) together imply that

HY mY
M _ long(ul,uQ) < Io(X,Y;u,up) < M

—log HY . 20
Hi (1, u2) HX (ug,ua) 0 2 (w1, u2) (20)

The follwing preposition provides the bounds for the quantile interval inaccuracy measure. The proof is derived
from (13) and is therefore omitted.

Proposition 2.3
If g(Q(u)) is decreasing in u, then

—log HY (uy,us) < —Ig(X,Y;u1,us) < —log Hy (uy,us). 1)

For increasing ¢g(Q(u)) the above inequalities are reversed.
In the next two theorems, we gives upper and lower bounds for the quantile interval inaccuracy, based

Y
on the monotonic behavior of the quantile generalized failure rate function for Y note that %1‘11’“2) =

! uq ;/ wp,u
Hf/(uhuz)(% + HY (u1,uz)) and %1,212) = —H) (u1,u9) Hy (u1, us)).

Theorem 2.2

For fixed us,

() if HY (u1,us) is decreasing in u; then I (X, Y;uq,uz) > —log HY (u1,us);
(ii) if H{ (uy,us) is increasing in u1, then

- f(@1(w)) G(Q1(ug)) — G(Qu(x))

[Q(X7Y;’LL1’UQ) < _IOgHIY(uhuQ) - /ul F(Ql(UQ)) — F(Q1(U1)) lOg G(Ql(UQ)) — G(Ql(ul))d(Ql(U)>
(22)
Proof
Observe that (13) can be rewritten as
ey — [ (@) log HY (uy, u2)d(@u(w)) [ f(@Qr(u))
totx i) = - [ e~ | ) - Faw

G(Q1(u2)) — G(Q1(w1))

G(Q1 (u2))~G(Q1 ()
For 1 <z, 108 (5, () —G (@1 (w))

hence from (23) we obtain,

<0, and HY (x,uz) <log HY (uy,us) if HY (u1,us) is decreasing in wuy

Io(X, Y5 u1,u2)

Y

_/u2 f(Q1(u)
w F(Q1(u2)) — F(Q1(u1))

) log HY (2, u2)d(Q1(u1))
> —long/(uhUz)-
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(ii) The second section proceeds naturally by utilising the knowledge that log HY (z,us) > log HY (u1,uz).

Let us suppose that, for a fixed uy, we aim to characterize the distributions that achieve the upper and lower
bounds of the quantile-based interval inaccuracy measure, as stated in the preceding theorem. I (X, Y;uq, u2) =
log HY (u1,us) and HY (uy,us) is decreasing in u;. Then by differentiating with respect u; and using (18), we
get a result % = 0, which in turn gives via 52 HY (u1,uz) = (HY (u1,uz))? that HY (uy,up) cannot be
decreasing, constant, or zero. Consequently, the inequality in part (i) of the preceding theorem must be strict. (ii)
Next, we will assume the inequality in the second part of the theorem is established i.e.,

e Y (@) Qi) ~ G(@@)
To(X,Y;u,uz) = —log Hy (w1, uz) / F(Q1(u2) — F(@r(an)) 8 GlQu () — Q1 ()

d(Q1(u))

and H{ (uy,us) is increasing in ;. Differentiating with respect to u; and applying (18), we obtain, H{ (uy,us) +

g@1w)) _ () which gives that HY (u1,uz2) = k(Q(uz2)) which is either a function of uy only or a constant.

9(Q(u1))
While the proof for the next theorem is similar to the previous one, we provide an overview of the proof here
for completeness. U
Theorem 2.3
For fixed uq,

(i) if H) (u1,us) is increasing in ug then Ig(X,Y;u1, u2) > —log HY (u1,us);
(ii) if HY (u1,uz) is decreasing in uy, implies that

Io(X,Y;u1,up) < —log HY (up,us) — /“2 f(Q1(u))

G(Q1(z)) — G(Q1(w1)) d
w F(Qi(u2)) — F(Q1(u1))

G(Ql(UQ)) - G(Ql(ul))

log (Q1(w))-

(24)

Proof
Observe that (13) can be expressed as

2 f(Q1(u)log Hy (u1,2)d(Q
w1 F(Q1(uz2)) — F(Q1(wa

G(Q1(z)) — G(Q1(w1))
5 G ()~ 6@ (m) " O (25)

Io(X, Y up,u9) = —

~—|
~—

The remaining proof follows from (25) by applying the fact that, for z < us, log &gl(fz))))f_%(%fgﬁf))) <0, and

HY (u1,2) <log HY (uy,us) if HY (u1,us) is increasing (decreasing) in uy. By using the aforementioned analogy,
we can demonstrate that the equality in the theorem’s first section will not hold. The equality will apply to the
second section if H/? = k. O

2.2. Characterization Theorem

In this section, we analyze a class of continuous lifetime distributions and establish characterization theorems using
the quantile generalized failure rate function, the quantile geometric vitality function, and the quantile inaccuracy
measure, under the frameworks of the quantile proportional hazard rate model and the quantile proportional reverse
hazard rate model.

The general characterization problem involves determining the conditions under which the quantile interval
inaccuracy measure uniquely determines the underlying distribution function. In what follows, we present and
discuss a corresponding characterization result.

Theorem 2.4

For two absolutely continuous non-negative random variable X and Y, if I(X,Y;u1,us) increasing with us,
(when us is fixed) and decreases with us (when u; is fixed), and if HY (u1,us) = 0HX (u1,uz); for 6 > 0; and
i = 1,2 respectively. Then I (X,Y’; u1, u2) uniquely determines the distribution function.
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Proof
Using (18) and (19), we derive
aimIQ(X, Yiup,ug) = Hf((ul, u2)[Io(X,Y;u1, uz) + log 8 — 6 + log Hlx(ul,uz)] (26)
and,
(%IQ(X, Yiug,ug) = —Hs (uy,uz)[Io(X,Y;ur, uz) +log 6 — 0 + log Hs* (u,us)]. 27)

Then for any fixed u; and arbitrary us, HiX (u;,us) is a positive solution of the equation 7(z,,) = 0, where

0
T](JCuQ) = Luy [IQ (X7 Y7 Uy, u?) +0-0+ 1Og U(Jﬁuz)} - %IQ(Xv Y7 Ui, UQ)' (28)
1

Similarly, for fixed us and arbitrary u;, H* is a positive solution of the equation ¢(y;,) = 0, where

0
C(Yuy) = Yu, [Lo(X, Y5 ur, uz) +logf — Olog yy, | + a—WIQ(XJ/; U1, Ug). (29)
Taking the derivatives of n(x,,,) with respect to z,,, and {(y,, ) with respect to y,,,, we get
on(zy,
g(xx 2) =Io(X,Y;u1,u2) +10g6 — 0 + 1 4 log n(xy,)- 30)
U
and o
g(;/m—IQ(X,Y;ul,U2)+log99+1+10g?7(yu1)- (€]
uy
Further second order derivative are 27%%2) — 1 (and 28Wa) — 1 S0, both of (Zu,) and (( in-
813]2 T Ty Byﬁl T Yy . ’ N Ty, ) an Yoy IN

imized at x,,, = exp[f —log 0 — 1 — Io(X,Y;u1,u2)] = yu, respectively. Here n(0) = —a%llQ(X,Y; Uy, ug) <
0; Since we assume that I(X,Y’;uq, uz) is increasing in u; and also when (z,, — 00), (z,,) — co. Similarly
¢(0) = %IQ(X, Y;uy,u2) <0,and ((yy,) — oo asy,, — oo. Therefore, both the equation n(x,,) = 0, ((zy, =
0 have unique positive solution Hi* (uy,us) and H5* (uy,us), respectively. Thus, the proof is completed by utilizing
the result that the QGFR function uniquely characterizes the distribution function, as demonstrated by Navarro and
Ruiz [24]. O

Example 2.1

Suppose X and Y be follow Pareto II distribution with their quantile function respectively, Qi(u)=
1 -1 P

b(1—w)?r —1);p1 >0,b>0and Q2(u) =b((1 —w)?»r —1);p; >0,b>0.Then Q3(u) =1 — (1 — u)ﬁ and

gs(u) = B2(1 - u)ﬁfl. Then from (13) we have

1o(X, Y u1,ug) = log(Qs(uz) — @3(u1)) — Uy iu1 / og ngg -
s pa 1 1 p2+1
Io(X, Y uy,uz) = log((1 — ug)m — (1 —ug)7t ) — log(—) — ————)((uzlog(1 — ug)

P2 U2 —uUr P1
— Uy + 10g(1 — Ug)) — (’LL1 lOg(l — ’U,l) +up — log(l — ul)))

p1 P1 1 1 p1+1
Io(X, Y ug,up) =log((1 —up)r2 — (1 —ug)rz) —log(—) — ——
al 2,u1) = log(( 1) (1 —ug)r2) g(m) P —

((uglog(1 — ug) — us +log(l — usz)) — (ug log(1 — uy) + uy — log(1l — uq))).
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This clear shows that the quantile-based interval inaccuracy measure is not symmetric (see Figure 1), that is in
general, Io(X,Y;u1, uz) # Io(Y, X;ug,uz).

In figure 1, Plotting the interval inaccuracy measures acquired in example (2.1) with regard to u; is done assuming
ug = 0.8. The plot of I(X,Y;u1,us), Ig(Y, X;us,u1) is shown by the curve line with the bold (thick). From
the figure, we notice that the case considered in example (2.1), inaccuracy measure cross at the point when
u1 = up = 0.8. We can see the measure Ig(X,Y;u;, us) represent the bold line which is not monotonic in the
interval of (0,1) and Io(X,Y;uq,u2) > Io(Y, X; ug, uq) at the interval of (0,0.8) .

12 1 1 1 1 1 1 1 1 T

Quantile- based Interval Inaccuracy

_6 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Quantile function (us)

Figure 1. Quantile- based Interval Inaccuracy vs Quantile function

An example is provided below to illustrate the effectiveness of the quantile-based interval Inaccuracy measure in
equation (13).

Example 2.2
X and Y be two non-negative exponential distribution with their quantile functions respectively Qi(u) =
2

—A%log(l —u) ;A1 >0 and Q2(u) = —ilog(l —u) ;A >0, Then Qz(u) = Q1 (Q1(u)) =1— (1 —u)™
A
and g3 (u) = 22(1 — u)ﬁ — 1. Thus from (13) we get

1

Io(X, Ysun,u) = log (1 - u) ¥ — (1~ )3 ) —log <A2) _ ( ! ) (AZ _ 1) ((uz log(1 — ) — us

>

)\1 U2 — U1 )\1
1 1 1
+log(l —us2)) — (ug log(l —uy) + ug —log(1 —wuq))) +log ( — ) + (log( Yug
MM Uy — U 1—wus

— ug + log(1 — ug) — log( Jur + uy — log(1l — uq)).

1—u1

In figure 2, assuming different value of us, Ay = 2, Ay = 1.2 then the quantile-based interval inaccuracy measures
attained in example (2.2) are mapped according to u;. In figure 3, assuming different value of uy, Ay =2, g = 1.2
then the quantile-based interval inaccuracy measures attained in example (2.2) are mapped according to us.
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200

Quantile-based interval inaccuracy

-200

_400 1 1 1 1 1 1 1 1 1
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Quantile function (uz)

Figure 2. Quantile-based Interval Inaccuracy vs Quantile function
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Figure 3. Quantile- based Interval Inaccuracy vs Quantile function
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Example 2.3
Assume that there are two distribution function with quantile function Q; (u) = c;u™ (1 —u)™*2 ;¢;, Ay > 0 and

Q2(u) = chlz ;co, A3 > 0. Here Q1 (u) and Q2(u) are the quantile function of Davis and Power distribution
respectively Q3(u) = (£)*u*s (1 — u)~*>*s. Then quantile-based interval inaccuracy (13) is given as

C
Io(X, Y u1, uz) = log(( 2)%“93(1 —ug) N — (é)’\S(ul)%(l — 1)) —log(A3) + log ey
1
Ug — U7
1
U2 — U1

1

1—u

U2
[ sl
uy Co u

/“2 log((1 —u) + u(1 — u)~?)du.

Example 2.4
Assumed the QF of Govindarajulu and Inverted reciprocal exponential distribution as Qi (u) = 2u —

u? and Qo(u) = logu,,)\>0 Then Qs(u) and g3(u) can be obtained as Qs(u) :exp(ﬁ), qs(u) =
(%)(exp (5:2-3)). Substituting these values in (13) we obtain

A A
Io(X,Y;u1,u2) = log(exp(—m) - eXP(—m)) —log(2))

1 2 (1—w) A
_ /ul log( Bu— )2 exp(—zu —z )du

U2 — Uy

1
+log2+ — (uglog(1 — ug) — us +log(1l — ug) — ug log(l — up) + w1 — log(1 — uy)).
—u1

Example 2.5
-1
Suppose X and Y be follow Pareto II distribution with quantile function respectively, Q1 (u) = b((1 — u)?r —
_1 P2
1); pr>0,0>0 and Q2(u) =b((1 —u)? —1);p1 >0,b>0. Then Q3(u) =1—(1—-wu)rr and g3(u) =

B2(] — u) 7 1. Then from (13) we get

P2 P2 1 1 +1
Io(X, Yiur,uz) = log[(1 —ur)? — (1 —uz) 7] — log(—) — ——— (2
Uz — U1 b1

+log(1 — ug)) — (u1log(l — uq) + u1 —log(l — uq))).

)((uz log(1 — ug) — ug

Example 2.6

Let X and Y where X follow generalized lambda distribution and Y follow the uniform distribution with
their quantile functions Q1(u) = A1 + 5 (v — (1 —u)*) and Qa(u) = 3= + (A — 5;), where \; > 0; i =
1,2, 3,4, respectively with support (A1 + 3>, A1 = 5;). Simple calculation lead to Q3 = 5(u** — (1 —u)* +1)
and g3(u) = $(Azu**~! 4 Ag(1 — u)*+~1). Then from (13) we get

1

(X, Y1, ) = by; (=) 1) = G = ()Y ) - s

(%) 1 u 1
/ log( Agu? ™+ A (1 —w) 1)) du + / log(~—(Azu™* ™! 4 Ay (1 —u)™ 7).
uy U2 — U7 w1y )\2

Example 2.7

Consider Van- Staden loots and uniform distribution with their quantile function where Qi(u)= A; +
Ao((5522) (ut = 1) — (33)((1 —w)* — 1)) and Q2(u) = u, respectively where \; >0 for i =1,2,3,4. Here
Q3(u) = A + Ao (3522 AS)(UA“ —1) = (3 -wr=1)) and  gs(w) = Aa((L = As)ut ™ + AL — )t
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Then from (13) we obtain

14+ A3 A3 1—-2X3

Io(X, Vi1, uz) = log (A + Ao ((—22) (wh — 1) = (22)((1 = ug)™ — 1)) = (A1 + Aal((—=2)
Ay Ay A4
A 1 2
(w3t = 1) = (£ —w)* =1)))) = / log((1 = Ag)u ™!+ A3(1 —u)™* ™)
A4 U — UL Sy,
1 vz
log((1 — Ag)u ™t — Az(1 —w)*™h).
el AL CEEOTE VI
Example 2.8
Let X and Y two distribution function where X follow Power-Pareto distribution with quantile function then
1 X
Q1(u) = fﬁz, ¢, A >0 and Y have quantile function Qo(u) = au® «, 8 > 0 where Qs(u) = —<2%°  and
(1-u)BaP
L —1
gs(u) = < [3(w)? ' (1—u)F — L(u)? (1 —u)5']. Then from (13) we get
aB
1 2 12 1
cPus crul c? 1
Io(X,Y;u1,u2) = log 2 - L —-log|— |-
(1—-wu2)Pa? (1—up)fa? B Uz — Uy
w2 A -1 1
J e (S - 0F - a-wi g
ur s B
u2 1— by A—1 A
+logc + / 1og( w) 2+u du
Uy —ur Sy, (1—w)
Example 2.9

Let X follows a generalized lambda distribution function and Y follows power distribution where Q;(u) =
1
-+ () (u” — (1 —w)%) and Qa(u) = u®, 61,02 > 0Q3(u) = (5 + (5;)(u” — (1 —u)%))= where g3(u) =

01 02

2 [03(w)% " + 04(1 — w)?~]. From (13) we get

Io(X. Y, us) = log ((j () — (1 u2>04>) i (91 + ()~ (1 - u1>94>) i] .

3. Quantile-based Interval Kullback-Leibler Divergence

As an extension of (4) we propose quantile-based Kullback-Leibler divergence measure for doubly truncated
random variable

v F(@i(w) P Fra)
KLxy(Qsu,u :/ log | QL) PN ) g (w)).  (32)
(@) = R @) - F@i(m) g<G(Q1(5;;§1<gggl(ul))> ()

Assuming both systems X and Y have survived up to time u; and are observed to fail by time ug, K Lx y (Q; u1, u2)
assesses the discrepancy between their failure time in the interval (uq, us).

KLx y(Q;u1,us) satisfies all properties of quantile-based Kullback-Leibler discrimination measure can be rewrite
as,

[ @) @) ) H O
Ky @) == [ Sy oy G - Gy @)~ H@m )
(33)

o C@i) C@m) 1 [ @)
=log Uz — U1 Uz — U1 /ul ! gg(Ql(U))dQ( 4 GY
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Another way of (32) written as

KLxy(Q;u1,u2) = log

Q3(uz)) — Q3(uy) B 1 /u2 log(gs(u))du. (35)

U2 — U3 U2 — UL Sy,

Now in furthers results we observe some decomposition of quantile Kullbcak-Leibler divergence measure in
the terms or quantile-based past Kullbcak-Leibler divergence measure, quantile-based residual Kullbcak-Leibler
divergence measure and K Lx vy (Q; u1, u2).

Proposition 3.1
Let X and Y represent the non-negative lifetime of two systems. For all 0 < u; < ug < oo, the quantile-based
Kullback-Leibler discrimination measure is decomposed as follow:

X,Y(Q) = F(Q1(w1))KLx,y(u1) + F(Q1(u2))KLx y (ug) + (F(Q1(u2) — F(Q1(u1)) K Lx y(Q;u1,us)
+ F(Quwn) log g P 4 2@ () - F(Qi(m)
F(Q1(u1)) — F(Qx(
(

log

Accept the following analysis: There are four components that make up the quantile-based Kullback discrimination
measure between the random lifetimes of systems X and Y': There are four types of discrimination that need to be
made: i) between the past lives of two systems at time u;; i) between the residual lifetime of X and Y that have
both survived up to time wus; iii) between the lifetimes of both systems in the interval (uq,us2); iv) between two
random variables to determine whether the systems have failed at u;, between u; and us, or after u,.

This section investigates the properties of KL x,v (Q; u1, uz) and identifies its similarities with K'Lx y (Q1(u1))
and K Lx y (Q1(uz2)). The interval distance has lower and upper bounds given by the following assertion. First, we
define ordering by likelihood ratio.

Definition 3.1
X is considered larger than Y is likelihood ratio sense (X > Y) if the ratio
combined supports of X and Y.

f(Qw))
9(Q(w))

is increasing in u over the

On differentiating (32) with respect to u; and ug, we get

OKLx y(Q;u1,uz)

= Hf((ul,ug)[logH}/(ul,uQ) — longx(ul,uQ) + 14+ KLxyv(Q;u1,uz)] — Hly(ul,uQ).

aul
(36)
and
OKL SUL, U
Xya(uci L) —H3 (uy, ug)[log Hy (uy,us) —log Hy' (u1,uz) + 1+ K Lx vy (Q;u1,u2)] — Hy (u1,ug).

(37)
When K Lx y(Q;u1, uz) is increasing in each of u; and uy while other fixed then the above together implies,

Hf(ula’@) X Y .

A2 log HiY (ur,uz) — log HY (uy,us) — 1 < KLx v (Q;ur,us)

Hl (Ul,UQ
< Hy (uy,uz)

log HX (u1,us) — 1 — log HY (uy, us).
*HQX(ul,uz)Jrog 5 (u1,u2) og Hy (u1,uz)
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Theorem 3.1
Let X and Y are random variables with common support (0, 1) then,
(1) X > Y implies:

HX(u1 ’U,Q) HX(u1 UQ)
log 2t —"=, <KL : <log 22— =2 38
og HY (ur, ) = x,v (Q;u1,uz) <log HY (a1, 2) (38)
when the g Egigzgg is decreasing in u > 0 then the above inequality are reserved.
(ii) Decreasing ¢g(Q(u)) in u > 0
log ————— < KL Ju, H , <log ——— 39
o8 H1Y(U17U2) N X (@, u2) + Hix (i, z) o H;(Ul,uz) &9
for increasing g(Q(u)) the inequality are reversed.
Proof
Because of increasing () 0, from (32) we have
9(Q1(w))
f(Q1(w))
"2 f(Qi(w) F(Q1(2) — F(Q1 (i) H5 (u1, uz)
KLxy(Q;ui,ug) < / log d(Q1(u)) =log —=—"=.
' e — 9(Q1(w)) Y
w F(Q1(u2)) — F(Q1(u1)) Qi) (@ () Hy (u1,uz)
and
f(Q1(w))
"2 F(Q1(u) F(Q1 (u2)— F(Q1 () H{¥ (us, up)
KLxy(Q;u1,uz) > / log el et ) d(Qh(u) = log ———==
Uy F(Ql(u2>) - F(Ql(ul)) G(Ql(jg()c)gl(Gug)Ql(ul)) Hf(uhuQ)

which gives (38). When ; ((815’733 is decreasing, the proof is similar. Furthermore, for all u; < u < ug decreasing
9(Q1(u)) in w > 0 implies g(Q(uz2)) < g(Q(w)) < g(Q(u1)) then we get:

KLxy(Q;u1,us) < —log HY (u1,u2) — Hx (u1,us),

and
KLxy(Q;u1,us) > —log HY (u1,u2) — Hy (u1,us).

so that (39) holds when g(Q1(u)) is increasing then proof is similar. O

In the following theorem, sufficient condition for K'Lx, y (Q;u1,u2) to be smaller then K Ly, v (Q; u1, usz).

Theorem 3.2
Let X1, Xo and Y be non-negative random variables with probability density function f1, f> and g, respectively. If
Xy >Y,then KLx, v(Q;u1,u2) < KLx, v(Q;u1,uz).

Proof
From (34) we have

KLx, y(Q;u1,u2) — KLx, v (Q;u1,us2)

= K Lx (@i, ua) ¥ / [F1<@1<u2>> “FRGi @) B0 ) — B0 @)

ug

U

. |  hl@uw)
}1 8 gl0rw)

du

“ 1 B 1 o 11@1 (W)
= /ul [Fl(Ql(W)) —Fi(Qi(w))  F2(Qi(u2)) — Fz(Ql(ul))] o 9(Q1(u))

< Q) [ ! . ! } du =0

T o9(@i(uw) Ju, [ F1(@i(u2)) — Fi(Qi(u1))  Fa(Qi(u2)) — F2(Q1(u1))
where the first inequality arises because K Lx, x, (Q;u1,u2) > 0 and the second inequality follows from the fact
that % is increasing in Q1 (u > 0). O
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Proposition 3.2
For a continuous, differentiable and invertible function ¢(.), the expression of quantile based Kullback Leibler
divergence measure (32) is defined as

“ L (QT (M(Q1(u
K L, (x).00v) (@5 11, u2) = ! AT / 10g<du<cz (EQ())))

QTN (M(Q1(u2)) — Q7 Q5 (h(Q1(w))
o (@5 (@) ~ Q7 (@i ()
ap(Qr (MQu(w))dp +log <Q11<h<c21<u2>> - Q11<h<c21<u1>>> ’

where h(.) = ¢71().

Proof
Let f4,(Q1(w)), Fy, (Q1(u)) and gg,(Q2(u)), G, (Q2(u)) denote the probability distribution function and
cumulative distribution function of random variable respectively. By (32),

u f(h(Q1(u))h'(Q1(w))

C f@u)N(@i(u) | FT@i ) F (@i (1))

KLy (@) = [ o8 | Qi ().
61(X),62(v) (Q5 1, u2 . F(h(Qr(u2)) — F(h(Q1 (1)) G I @y ) (Q1(w)

(40)
By quantile function (5) we have F~1(u) = Q1 (u) and therefore
G(h(Q1(w) = G(L(F~(w)) = Q" (A(Q1 (). @1
Similarly we have
F(h(@Q1(w)) = F(h(F~" () = Q1" (h(Q1(w)))- 42)
On differentiating (41) and (42) with respect to u, we get
9(h(Q: (W)W (@u())ar(u) = (@5 (h(@u(w)), @3)
and y
FQUuDIF (@1 ()ar (u) = Z-(Q1 (@1 (w)))- (44)
Substituting (43) and (44) in (40) we get desire result. ]
Example 3.1

If X follows exponential distribution with QF Q(u) = —1 log(1 — u), then X = follows Weibull distribution
with Q(u) = (—+ log(1 —u))=. Let X and Y be two exponential distribution with QF respectively by
Q1(u) = —)\% log(1 —u) and Q2(u) = —% log(1 — u). Then the quantile- based Kullback Leibler divergence
for two Weibull distribution can be obtain from propositon (3.2) by taking ¢;(X) = Xa and ¢o(Y) =Y=.
From these transformation we have ¢~1(Q(u)) = h(Q1(u) = (Q1(u))® which implies that h/(Q1(u))qi(u) =
a((Q1(u))* "1 (u). Consequently, Q3 ' (h(Q1(w))) = 1 — e (@)™ and Q7' (M(Q1(w))) = 1 — e~ M (@s(w)"
and correspondingly

d _ 1 W

%Qzl(h(Ql(u))) = Xaa(Q1(w)* e Q) g, (u),
and J

ZoQr (M(Q1(w)) = Ma(Q1(u)* e M@ g, (u),

Now using in (40) becomes

e A2(Qu(u)* _ =22(Qi(un)” 1
K Ly, (x).60(v)(Q; 1, u) = log <6A1(Q1<u1>>a - 6A1<Q1<w>)a) T e M(@uu)T — e n(@i(ua)®

u2 e~ M (Q1(u1))” N o
(] — e M(Q1(w)
/u log @ity (L — e du.

1
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Example 3.2
For two independent exponential distribution with quantile function Q1 (u) = % and Q(u) = =22

I where
ogu

N by
A1, A2 > 0and Qs3(u) = e log u, g3(u) = %uﬁfl, we get our result from

Qs(u2)) —Qs(w1) 1 /u2

KLxy(Q;u1,uz) = log
U — U U — U

log(gs(u))du.

U1

A 1 A
KLxy(Qiur,uz) = ~log() — ( )(5Z2 — Dfuzlogus — us — uy loguy +ui]

1 Uy — U1’ A

A2 A2
+loglug' — uyt] — log(ug — uq).
and

A1 1 A
KLy x(Q;uz,u1) = *509()\*) —( )(— — Dluzlogus — ug — ugloguy + ui]

2 Uz —ur’ Az

21 21
+log[uy? — uy?] — log(ug — uy).

This explicitly shows that the quantile-based Kullback-Leibler discrimination measure is not symmetric, that is
KLxy(Q;u1,u2) # KLy x(Q;u2,u1).

In figure 4, assuming uy = 0.8, and A\; = 1, Ay = 2 the quantile-based interval Kullback-Leibler divergence
measures obtain in example (3.1) are plotted with respect to u;. Both dark(thin) line represent the graph of
Knyy(Q; Uy, UQ), KLy7x(Q; Us, ul). When u; = us < 0.6 then KLX,y(Q; Ui, UQ) = KLyyx(Q; Uz, Ul).

200 T

100 |

-100

-200

-300

Quantile interval Kullback-Leibler divergence

-400 . : :
0 0.2 0.4 0.6 0.8 1
Quantile function (u)

Figure 4. Plot a Quantile-based Interval Kullback-Leibler Divergence vs Quantile function
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Example 3.3

Let us consider two non-negative exponential distribution with quantile functions where Q1 (u) = —/\% log(1 —
A

u) ;A1 >0 and Q2(u) = —/\%log(l —u) ;A >0, Then Q3(u) = Q5 (Q1(u)) =1—(1— u)f and g¢3(u) =

:\\—‘f(l - u)(i—f) — 1. Thus from (32), we get

1 A
KLxy(Q;u1,uz) = uz — (A—j — 1)(u2log(l — ug) — ug + log(l — ug) — uq log(1 — uq)
Az Az Ao
up —1log(l —uy og — Uy )"t — — Ug)" ) —loglug — uy) — log{—).
+ log(1 )) +log((1 )7 —(1 )*1) — log( ) —1 (/\1)

Example 3.4
Assume that there are two distribution function with quantile function Q; (u) = c;u™ (1 —u)™*2 ;¢1, A2 > 0 and

Q2(u) = CQuTle» ;c2, A3 > 0. Here Q1(u) and Q2 (u) are the quantile function of Davis and Power distribution
respectively. Q3(u) = (£)*u*123(1 — u)~*2% Then from (32) we get

1 U 1 o e B
KLxy(Q;u1,uz) = ST / log A\sdu — — / log(c—;)ki‘u’“(l —u)™
75
11 €)% (1 — up) ™
{—I—} du + log (62) ( 2)” ]
u 1l—u Uy — Up

Example 3.5
Consider the QF of Govindarajulu and Inverted reciprocal exponential distribution as @Qi(u) = 2u —
u? and Qo(u) = 1Ogu,,)\>0 Then Qs(u) and gs(u) can be obtained as Q3(u) = exp(5=z), ¢3(u) =

(0= (exp — (5:2-3)).Then from (32) we obtain

(2u—u?)?
1 2 (1—u) -2
1 d
U — Uy /u1 8 <(2u—u2)2 eXp(2u—u2)) "

— — 2] —log(ug — uy).

KLxy(Q;u1,up) = —log 2\ —

1 -
+ 08 | OXP ZUQ — ’U,22 2’LL1 — U1
Example 3.6
-1
Suppose X and Y be follow Pareto II distribution with quantile function respectively, Q1(u) = b((1 — u)?r —
—1 p
1);p1>0,6>0 and Q2(u) =b((1—u)Pr —1);p1 >0,b>0. Then Qsz(u)=1—-(1— u)f and g¢3(u) =

B2 (] - w)#1 . Then from (32) we get

1
KLxy(Q;u1,uz) = T <Z - 1) (uzlog(1 — uz) — uz +log(1 — uz) — uy log(1 — u1)

b2 22 P2
+up —log(l —uq)) + log((1 —uy)rr — (1 —ug)rr) —log(us — uy) — log P

Example 3.7
Consider Van- Staden loots and uniform distribution with quantile function where Q1 (u) = Ay + Ao (522 ’\3 Y(ur —

1) — (%)((1 —u)M —1)) and Qa(u) = u, respectively where \; >0 for i =1,2,3,4. Here Qg( )=M+
)\2((%)(1/\‘1 -1) - (:\\—Z)((l —u)* —1))and g3(u) = A2 ((1 — A3)ur ™1 + A\3(1 — u)*+~1). Then from (32) we

Stat., Optim. Inf. Comput. Vol. 14, December 2025



3062 QUANTILE-BASED STUDY OF INTERVAL INACCURACY MEASURES

get

1 w2
KLxy(Q;u1,us) = —logAg — p— / log((l—Ag)u)‘“l—I—)\g(l—u)k“_l)du—log(ug —up)
2 — UL Sy,

Hlogl(n + (52002 = 1) = () —u) = 1) - ( + (D) - 1)

Example 3.8

Let X and Y where X follow generalized lambda distribution and Y follow the uniform distribution with
their quantile functions Q1(u) = A1 + 5= (u* — (1 —u)*) and Qa(u) = 3= + (A, — 55 ), where \; > 0; i =
1,2, 3,4, respectively with support (A + 15, A1 — 5-). Simple calculation lead to Q3 = 5(u** — (1 — u)™ +1)
and g3(u) = 2 (Azur* ™ 4+ Ag(1 — u)*~1). From (32) we get

1 vz 1
KLxy(Qiui,uz) = — / log 5 [(Asu™ ™" + Ag(1 = u)™H)]du
U2 — U1 uy 2
(ud = (U= u) 1) = 3 (= (1= u) +1)
+ log
U2 — U
Example 3.9
Let X and Y two distribution function where X follow Power-Pareto distribution with quantile function Q1 (u) =
1 A
fﬁz, ¢,A >0 and Y have quantile function Qo(u) = au®, «a, >0 where Qs(u) = —"%* and g3(u) =
(1—u)P B
1 —1
S [3(w)P 1 —w)F — L(w)? (1 —u)7 ] Then from (32) we get
aB
P 1 vz A A_q -1 1 A 14
KLxy(Q;u1,uz) = —log(—) — / log = (u2)? ™ (1 —u2) 7 — Z(u1)? (1 —u1)? ™ du
aB U2 — UL Sy, B B
5 1.3
chu chu
+ log QL — L —log(ug — u1)

Example 3.10
Let X follows a generalized lambda distribution and Y follows power distribution where Q1 (u) = % + (é) (ufs —

(1 —u)%) and Qa(u) = u®, 601,00 >0 Q3(u) = (% + (é)(u‘g3 —-(1- u)04))§ where g3(u) = %[93 u)?3 1 4
04(1 — u)?4~1]. Then from (32) we get

KLX2-,X1 (Qa u17u2) = -

/"2 log <912 (93(u)03—1 + 60,01 — u)e“_l)) du

Ug — U7 uy

Hlog((- () = (1= ) ) = (5 + ()l = (1= u)*)¥) ~ loglua — ).

In figure 5, assuming the different value of u; and 6 =2, 0;=1, 03=28, 0,=04, «=0.3 in
KLx, x,(Q;u1,us) as obtain in example (3.10).
In figure 6, assuming the different value of wy and 6, =2, 0,=1,03=28,0,=04, =03 in
K Lx, x,(Q;u1,uz) as obtain in example (3.10).
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Quantile interval Kulback-Leibler divergence

_4 1 1 1 1 1 1 1 1 1
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Quantile function (u2)

Figure 5. Quantile-based Interval Kullback-Leibler Divergence vs Quantile function

u 2=0.2
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Quantile interval kulback-leibler divergence
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'
N

Figure 6. Quantile-based Interval Kullback-Leibler Divergence vs Quantile function
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4. Conclusion

In the present paper we highlights the significance of using quantile-based methods in statistical analysis,
particularly for doubly truncated random variables. Since many models have easily expressible quantile functions
but lack explicit distribution forms, the proposed quantile-based inaccuracy measure and Kullback—Leibler
divergence offer practical and flexible tools. These measures not only enhance our understanding of information
loss and divergence in truncated settings but also open up new avenues for research and application where
traditional methods fall short due to intractable distribution functions. The study provides a foundation for
extending quantile-based techniques to more complex data structures and inference problems.
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