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Abstract In this article we define certain conditions on the functionals of multi-objective fractional variational problem
in order that it becomes F-Kuhn Tucker pseudo invex or F-Fritz John pseudo invex. We also define F-KT and F-FJ points.
Further, these problems are characterized such that all F-KT and F-FJ points become efficient solutions for the featured
problem. An example is presented to verify the existence of F-KT point. A Parametric dual is proposed and various duality
results are proved under the assumption of F-KT as well as F-FJ pseudo invexity.
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1. Introduction

The problem of finding a function for which the value of a certain integral over an interval of time , technically
known as the functional, is either the largest or smallest possible subject to certain constraints is termed as
Constrained Variational problem.

The relationship between mathematical programming problem and classic calculus of variations was explored
by Hanson [13]. After that, there has been a significant growth in the study of optimality and duality conditions
for variational /control problems. Several contributions have been made to its development by researchers, see
[4, 5, 6, 1, 18, 17] and the references therein.

Hanson gave the concept of Invexity [12] which was extended to functionals by Mond and Smart [2] . Bhatia
and Kumar [4] used generalized invexity to establish optimality and duality for control problems. Recently Kumar
and Jyoti [15] proposed generalized invexity of higher order for functionals and applied this to study variational
problems. Kumar and Sharma [16] used weak efficiency of higher order to establish relationship between primal
and dual for multi-objective fractional variational problem.

Invexity defined by Hanson [12] is a sufficient condition but not a necessary condition for every Kuhn Tucker
stationary point to be a global minimizer for constrained problems. Martin [7] defined KT-invexity for scalar
minimization problem and characterized these functions in order that all Kuhn Tucker point are global minimizer.
Arana et al. [10] extended these results to a continuous case and introduced L-KT pseudoinvexity for single
objective variational problem. Their results were extended to multi-objective variational problem-‘the problem
of simultaneously optimizing several objective functionals which are conflicting in nature’, by Jimenez [14] and
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they named it as V-KT pseudoinvexity. These problems become all the more important when the objective function
is a ratio of two functionals. Such problems are termed as multi-objective fractional variational problem. The
presence of multi-objective fractional variational problem is felt prominently due to its applications in wide variety
of fields such as management science, economics, engineering problems, industrial process control, production and
inventory and many more. This motivates us to propose the notion of F-KT invexity for such problems.
In this article, we define certain conditions on functionals of multi-objective fractional variational problem in order
that it becomes F-KT pseudo invex or F-FJ pseudo invex. We also define F-KT and F-FJ points. Further, these
problems are characterized such that all F-KT and F-FJ points become efficient solutions for the featured problem.
An example is presented to verify the existence of F-KT point. A Parametric dual is proposed and various duality
results are proved under the assumption of F-KT as well as F-FJ pseudo invexity.

2. Definitions and preliminaries

Let Rn denotes a n-dimensional Euclidean space. Let r, n and p be three positive integers. For a given real interval
I = [a, b], let f i : I ×Rn ×Rn → R, i = 1, 2, . . . , r, ki : I ×Rn ×Rn → R, i = 1, 2, . . . , r and gj : I ×Rn ×
Rn → R, j = 1, 2, . . . , p be continuously differentiable functions with respect to each of their arguments.
Let x : I → Rn be a piecewise smooth state function with its derivative ẋ. For notational convenience x(t) and ẋ(t)
will be written as x and ẋ respectively. Denote the partial derivative of f i, i = 1, 2, . . . , r, with respect to t, x and ẋ
by f i

t , f
i
x, f

i
ẋ respectively. Analogously, we write the partial derivative of ki and gj .

For any x = (x1, x2, ..., xn)
T , y = (y1, y2, ..., yn)

T
, We define

(i) x < y ⇔ xi < yi for all i = 1, 2, ..., n.
(ii) x 5 y ⇔ xi ≤ yi for all i = 1, 2, ..., n.
(iii) x ≤ y ⇔ x 5 y and x ̸= y.

Let Rn
+ be nonnegative orthant of Rn and intRn

+ be positive orthant of Rn. Let X be the space of piecewise
smooth state functions x : I → Rn equipped with the norm ∥x∥ = ∥x∥∞ + ∥Dx∥∞ where the differential
operator D is given by u = Dx ⇔ x(t) = x(a) +

∫ t

a
u(s)ds. Therefore, D = d

dt except at discontinuities.

Now, consider the following multi-objective fractional variational problem (MFVP):

Minimize
(∫ b

a
f1(t, x, ẋ)dt∫ b

a
k1(t, x, ẋ)dt

,

∫ b

a
f2(t, x, ẋ)dt∫ b

a
k2(t, x, ẋ)dt

, . . . ,

∫ b

a
fr(t, x, ẋ)dt∫ b

a
kr(t, x, ẋ)dt

)
subject to

g(t, x, ẋ) = (g1(t, x, ẋ), g2(t, x, ẋ), ..., gp(t, x, ẋ)) 5 0, t ∈ I (1)

x(a) = α, x(b) = β, α, β ∈ Rn. (2)

Assume that
∫ b

a
f i(t, x, ẋ)dt ≥ 0 and

∫ b

a
ki(t, x, ẋ)dt > 0 for all i ∈ {1, 2, ...r} and for all x ∈ X.

Let X0 = {x ∈ X|g(t, x, ẋ) 5 0, t ∈ I, x(a) = α, x(b) = β} be the set of feasible solutions of (MFVP).
Define

Φ(x) =

(∫ b

a
f1(t, x, ẋ)dt∫ b

a
k1(t, x, ẋ)dt

,

∫ b

a
f2(t, x, ẋ)dt∫ b

a
k2(t, x, ẋ)dt

, ...,

∫ b

a
fr(t, x, ẋ)dt∫ b

a
kr(t, x, ẋ)dt

)
.

Arana et al. [9] proposed L-KT pseudoinvexity and L-FJ pseudoinvexity for a scalar variational problem. They
[11] further generalized these concepts to vector variational problems. We take a step forward and propose F-KT
pseudoinvexity and F-FJ pseudoinvexity for a multi-objective fractional variational problem. In the sequel, we give
the definitions of efficient solution, F-Kuhn Tucker point and F-Fritz John point for (MFVP).
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Definition 1
x̄ ∈ X0 is said to be an efficient solution for (MFVP) if there is no x ∈ X0 such that

Φ(x) ≤ Φ(x̄)

i.e. ∫ b

a
f i(t, x, ẋ)dt∫ b

a
ki(t, x, ẋ)dt

≤
∫ b

a
f i(t, x̄, ˙̄x)dt∫ b

a
ki(t, x̄, ˙̄x)dt

, for all i ∈ {1, 2, ..., r}and

∫ b

a
f j(t, x, ẋ)dt∫ b

a
kj(t, x, ẋ)dt

<

∫ b

a
f j(t, x̄, ˙̄x)dt∫ b

a
kj(t, x̄, ˙̄x)dt

, for at least one j ∈ {1, 2, ..., r}.

Definition 2
x̄ ∈ X0 is said to be F-Kuhn Tucker point for (MFVP) if there exist λ̄ ∈ Rr,v̄ ∈ Rr and a piecewise smooth function
y : I −→ Rp such that

r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t)) + y(t)T gx̄(t) =

d

dt

[ r∑
i=1

λ̄i(f i
˙̄x(t)− v̄iki˙̄x(t)) + y(t)T g ˙̄x(t)

]
, t ∈ I, (3)

y(t)T g(t, x̄, ˙̄x)dt = 0, (4)

(λ̄, v̄, y(t)) = 0, λ̄ ̸= 0, ∀ t ∈ I except at discontinuities. (5)

Remark 3

If (λ̄, v̄, y(t)) = 0, (λ̄, y(t)) ̸= 0, (6)

holds instead of (5), then x̄ is said to be F-Fritz John point for (MFVP).

The example given below ensures the existence of F-Kuhn Tucker Points for (MFVP).

Example 4

(P1) : Minimize
(∫ 1

0
{x(t)(x(t)− t(t− 1))}2dt∫ 1

0
{x2(t) + 1}dt

,

∫ 1

0
{ẋ(t)(t2 + 2)}2dt∫ 1

0
{ẋ2(t) + 1}dt

)

subject to

−x(t) + ẋ(t) ≤ 1

x(0) = 0, x(1) = 0.

Then x̄(t) = 0, t ∈ [0, 1] is a F-Kuhn Tucker point for (P1), as there exist λ̄ = ( 12 ,
1
2 ) ∈ R2 ,v̄ = (0, 0) and smooth

function y : I → R,such that y(t) = 0, for t ∈ I . It is easy to verify that (3), (4), and (5) are satisfied.

Definition 5
The problem (MFVP) is said to be F-KT pseudoinvex at x̄ ∈ X0 if given x ∈ X , λ ∈ Rr, v ∈ Rr and a piecewise
smooth function y : I −→ Rp, where (x̄, λ, v, y) satisfies (4) and (5),and there exists a differentiable function
η(t, x, x̄, λ, v, y) : I −→ Rn with η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y) such that
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Φ(x) ≤ Φ(x̄) ⇒

H(η(t, x, x̄, λ, v, y)) =

∫ b

a

{[ r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t)) + y(t)T gx̄(t)

]
η(t, x, x̄, λ, v, y)

+
[ r∑

i=1

λ̄i(f i
˙̄x(t)− v̄iki˙̄x(t)) + y(t)T g ˙̄x(t)

] d

dt
η(t, x, x̄, λ, v, y)

}
dt < 0.

Remark 6
If (x̄, λ, v, y) satisfies (4) and (6) , other conditions being the same as the previous definition then the problem
(MFVP) is said to be F-FJ pseudoinvex at x̄ ∈ X0.

Remark 7
It is easy to prove that if (MFVP) is F-KT pseudoinvex, then (MFVP) is F-FJ pseudoinvex.

The following Lemma [19] is required to prove the optimality conditions in the proceeding section.

Lemma 1
Let x̄ be a normal efficient solution for (MFVP). Then x̄ is a F-Kuhn-Tucker point.

3. Characterization of F-Pseudoinvexity

In this section we characterize the multi-objective fractional variational problem and establish optimality for
(MFVP).

Theorem 8
If all F-Kuhn-Tucker point are efficient solution for (MFVP), then (MFVP) is F-KT pseudoinvex on X0.

Proof
Let us assume that all F-KT points of (MFVP) are efficient solutions of (MFVP). Let x, x̄ ∈ X0, λ, v ∈ Rr and
y : I → Rp be a piecewise smooth function such that (x̄, λ, v, y) satisfies (4) and (5)

Φ(x) ≤ Φ(x̄)

To prove that (MFVP) is F-KT pseudoinvex on X0, we have to show that the existence of some differentiable
function η with η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y) such that H(η(t, x, x̄, λ, v, y)) < 0.
On the contrary, assume that there is no such η(t, x, x̄, λ, y) for which H(η(t, x, x̄, λ, v, y)) < 0.
Then it is trivial that there is no such η(t, x, x̄, λ, y) for which H(η(t, x, x̄, λ, v, y)) > 0.
Therefore H(η(t, x, x̄, λ, v, y)) = 0 for all η(t, x, x̄, λ, v, y) with η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y).
which implies∫ b

a

((

r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t))+y(t)T gx̄(t))η(t, x, x̄, λ, v, y)−

d

dt
(

r∑
i=1

λ̄i(f i
˙̄x(t)− v̄iki˙̄x(t)) + y(t)T g ˙̄x(t))η(t, x, x̄, λ, v, y))dt

+

r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t)) + y(t)T gx̄(t))η(t, x, x̄, λ, v, y)|ba = 0

for all η(t, x, x̄, λ, v, y) with η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y).( By using integration by parts)
By Fundamental theorem of Calculus of Variation, [8] we have

r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t)) + y(t)T gx̄(t) =

d

dt

[ r∑
i=1

λ̄i(f i
˙̄x(t)− v̄iki˙̄x(t)) + y(t)T g ˙̄x(t)

]
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Therefore (x̄, λ, v, y) satisfies (3), (4), (5).
This implies that x̄ is a F-Kuhn Tucker point of (MFVP).
By virtue of the hypothesis, all F-KT points, in particular x̄ is an efficient solution of (MFVP).
This contradicts

Φ(x) ≤ Φ(x̄).

Hence (MFVP) is F-KT pseudoinvex on X0.

Theorem 9
If (MFVP) is F-KT pseudoinvex on X0, then all F-Kuhn Tucker point for (MFVP) are efficient solution for (MFVP).

Proof
Let x̄ ∈ X0 be a F-Kuhn Tucker point then there exist λ̄, v̄ ∈ Rr and piecewise smooth function y : I → Rp such
that (x̄, λ̄, v̄, y) satisfies (3), (4), (5). Let x ∈ X0, since (MFVP) is F-KT pseudoinvex, there exists a differentiable
function η with

η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y) (7)

such that whenever

Φ(x) ≤ Φ(x̄).

⇒ H(η(t, x, x̄, λ, v, y)) < 0.
Integrating by parts and using equations (3) and (7), we get H(η(t, x, x̄, λ, v, y)) = 0, which is a contradiction
Hence there is no x ∈ X0 such that

Φ(x) ≤ Φ(x̄).

It implies that x̄ is an efficient solution for (MFVP).

Theorem 10
All F-Fritz John point for (MFVP) are efficient solution for (MFVP) iff (MFVP) is F-FJ pseudoinvex.

Proof
Proof runs on the same lines as that of above two theorems.

4. Duality

Following the parametric approach of Bector et al.[3], we now present the following Modified dual to (MFVP),
(MFVD) Maximize v̄ = (v̄1, ..., v̄r)
subject to

r∑
i=1

λ̄i(f i
x̄(t)− v̄ikix̄(t)) + y(t)T gx̄(t) =

d

dt

[ r∑
i=1

λ̄i(f i
˙̄x(t)− v̄iki˙̄x(t)) + y(t)T g ˙̄x(t)

]
, t ∈ I, (8)

y(t)T g(t, x̄, ˙̄x)dt = 0, (9)

∫ b

a

(f i(t, x̄, ˙̄x)− v̄iki(t, x̄, ˙̄x)dt ≥ 0, i = 1, 2, ..., r, (10)
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x̄ ∈ X, vi ≥ 0, λ̄ ≥ 0, i = 1, 2, ..., r,

r∑
i=1

λi = 1, y(t) = 0, t ∈ I. (11)

Let Y1 be the set of all feasible solutions of (MFVD)

Theorem 11
(Weak duality) Let x ∈ X0 and (x̄, λ̄, v̄, y) ∈ Y1. If (MFVP) is F-KT pseudoinvex at x̄. Then the following cannot
hold

∫ b

a
f i(t, x, ẋ)dt∫ b

a
ki(t, x, ẋ)dt

≤ v̄i, for all i ∈ {1, 2, ..., r} and (12)

∫ b

a
f j(t, x, ẋ)dt∫ b

a
kj(t, x, ẋ)dt

< v̄j , for at least one j ∈ {1, 2, ..., r}. (13)

Proof
On the contrary, assume that inequalities (12) and (13) holds. It follows from (10) that∫ b

a
f i(t, x, ẋ)dt∫ b

a
ki(t, x, ẋ)dt

≤
∫ b

a
f i(t, x̄, ˙̄x)dt∫ b

a
ki(t, x̄, ˙̄x)dt

for all i ∈ {1, 2, ..., r}and

∫ b

a
f j(t, x, ẋ)dt∫ b

a
kj(t, x, ẋ)dt

<

∫ b

a
f j(t, x̄, ˙̄x)dt∫ b

a
kj(t, x̄, ˙̄x)dt

, for at least one j ∈ {1, 2, ..., r}.

Since (x̄, λ̄, v̄, y) satisfies (9) and (11) and (MFVP) is F-KT pseudoinvex at x̄ , there exists a differentiable
function η with

η(a, x, x̄, λ, v, y) = 0 = η(b, x, x̄, λ, v, y) (14)

such that H(η(t, x, x̄, λ, v, y)) < 0.
Integrating by parts and using equations (8) and (14),we get H(η(t, x, x̄, λ, v, y)) = 0.
But this is a contradiction to the above inequality.
Hence the results follows.

Theorem 12
(Strong duality) Let x̄ be normal efficient solution of (MFVP). There exists λ̄, v̄ ∈ Rr and piecewise smooth
function y : I −→ Rp such that (x̄, λ̄, v̄, y) ∈ Y1. If (MFVP) is F-KT pseudoinvex, then (x̄, λ̄, v̄, y) is an efficient
solution for (MFVD).

Proof
Since x̄ is a normal efficient solution for (MFVP), then by lemma 1, it follows that x̄ is a F-Kuhn Tucker
point. Then there exists λ̄, v̄ ∈ Rr and piecewise smooth function y : I −→ Rp such that (x̄, λ̄, v̄, y) ∈ Y1. Suppose
(x̄, λ̄, v̄, y) ∈ Y1 is not an efficient solution for (MFVP), then there exists (x̂, v̂, λ̂, ŷ) such that

v̄ 6 v̂∫ b

a
f i(t, x̄, ˙̄x)dt∫ b

a
ki(t, x̄, ˙̄x)dt

= v̄i 6 v̂i 6
∫ b

a
f i(t, x̂, ˙̂x)dt∫ b

a
ki(t, x̂, ˙̂x)dt

for all i ∈ {1, 2, ..., r}and
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∫ b

a
f j(t, x̄, ˙̄x)dt∫ b

a
kj(t, x̄, ˙̄x)dt

= v̄j < v̂j 6
∫ b

a
f j(t, x̂, ˙̂x)dt∫ b

a
kj(t, x̂, ˙̂x)dt

for at least one j ∈ {1, 2, ..., r}.

But this is a contradiction to weak duality theorem.
Hence (x̄, λ̄, v̄, y) is an efficient solution for (MFVD).

Theorem 13
(Converse Duality) Let (x̄, λ̄, v̄, y) be an efficient solution for (MFVD). If x̄ ∈ X0 and (MFVP) is F-KT
pseudoinvex. Then x̄ is an efficient solution for (MFVP).

Proof
Suppose x̄ is not an efficient solution for (MFVP), then there exists x̂ ∈ X0 such that

Φ(x̂) ≤ Φ(x̄).

Also (MFVP) is F-KT pseudoinvex at x̄ , there exists a differentiable function η with

η(a, x̂, x̄, λ, v, y) = 0 = η(b, x̂, x̄, λ, v, y) (15)

such that H(η(t, x̂, x̄, λ, v, y)) < 0.
Integrating by parts and using equations (8) and (15),we get
H(η(t, x̂, x̄, λ, v, y)) = 0 which leads a contradiction to the above inequality.
Hence there is no x ∈ X0 such that

Φ(x) ≤ Φ(x̄).

Hence x̄ is an efficient solution for (MFVP).

Remark 14
Similarly weak duality, strong duality and converse duality results are proved on the same lines as of the above
theorem under the assumptions of F-FJ pseudoinvexity.

5. Conclusion

We focus on Multi-objective Fractional Variational Problem in this article. Certain conditions are imposed on the
functionals of (MFVP) in order that it becomes F-Kuhn Tucker pseudo invex or F-Fritz John pseudo invex problem.
F-KT point and F-FJ points are also defined for (MFVP). To authenticates the existence of F-KT point an example
is presented in Section 2 of the paper. The Multi-objective Fractional Variational Problem is characterised such
that ‘the problem is F-KT(F-FJ) pseudo invex if and only if all F-KT(F-FJ) points are efficient solutions of the
problem’. Finally, a parametric dual of (MFVP) is proposed for which weak, strong and converse duality theorems
are established.
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