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1. Introduction

In reliability theory, modeling of lifetime data is very vital and decisive. A number of statistical
distributions such as Pareto, Weibull, Exponential, Rayleigh, Gompertz, etc., are used for modeling
lifetime data. Recently, some of the authors have worked on the reliability theory. For example, Shoaee and
Khorram considered stress-strength reliability of a two-parameter Bathtub-shaped lifetime distribution
[15]. Also, they obtained some statistical inference of reliability parameter for Weibull distribution [16].
Rasethuntsa and Nadar [14] studied stress-strength reliability of a non-identical-component-strengths
system based on upper record values from the family of Kumaraswamy generalized distributions. Recently,
Kohansal [12] derived the reliability estimation in a stress strength model for Burr XII distribution.
Ahmadi and Ghafouri [2] obtained the reliability estimation in a multicomponent stress-strength model
under generalized half-normal distribution. Kohansal and Nadarajah [11] estimated the stress-strength
parameter for a Kumaraswamy distribution. Finally, Kohansal and Shoaee [13] derived Bayesian and
classical estimation of reliability in a multicomponent stress-strength model. But, in many practical
areas, the classical distributions do not provide adequate fit in modeling data, and there is a clear need
to the new flexible distributions.

The probability density function (PDF) and cumulative distribution function (CDF) of the one-
parameter Fréchet r.v. are fX(x, ν) = νx−2e−

ν
x and FX(x, ν) = e−

ν
x for x, ν > 0, respectively, see [1].

Consider the CDF of the one-parameter Weibull distribution with shape parameter δ, given by FY (y) =

1− e−yδ and PDF fY (y) = δyδ−1e−yδ for y, δ > 0. If we set

y =
− log(1− FX(x, ν))

1− FX(x, ν)
,
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then, using the T-X idea for generating families of continuous distributions [3], we can define a CDF of
the new distribution by

F (x) = 1− exp

{
−
(
− log(1− e−

ν
x )

1− e−
ν
x

)δ}
, x, δ, ν > 0.

We call it the new two-parameter Weibull-Fréchet distribution (TNWFD). Thus, TNWFD with the shape
parameter δ and scale parameter ν, respectively, which denoted by TNWF (δ, ν), has PDF and failure
rate function as follows:

fTNWF (x) = δνx−2e−
ν
x (1− e−

ν
x )−δ−1

(
1− log(1− e−

ν
x )
)(

− log(1− e−
ν
x )
)δ−1

× exp

{
−
(
− log(1− e−

ν
x )

1− e−
ν
x

)δ}
,

hTNWF (x) = δνx−2e−
ν
x (1− e−

ν
x )−δ−1

(
1− log(1− e−

ν
x )
)(

− log(1− e−
ν
x )δ−1

)
, x, δ, ν > 0,

respectively. The PDF and failure rate function of TNWFD are given in Figure 1. As we see, the failure
rate function of TNWFD distribution is an increasing, decreasing or unimodal functions for different
values of the parameters. So, if the empirical consideration suggests that the failure rate function of the
prior distribution is bathtub-shaped, it can analyze the real data sets. Also, it is observed that the PDF
of TNWFD distribution is unimodal function.

0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3

3.5

4

 

 

α=3.2, γ=1.2 

α=0.2, γ=1.2

α=0.83, γ=0.4

α=0.07, γ=1.5

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

3

3.5

4

 

 
α=3.2, γ=0.5

α=2.5, γ=1.2 

α=1.2, γ=0.8

α=0.5, γ=0.8

Figure 1. The PDF (right) and failure rate (left) function of TNWFD.

In the stress-strength modeling, the stress-strength parameter R = P (X < Y ) is a measure of component
reliability when it is subjected to random stress X and has strength Y . This measure usually has been
used for analyzing lifetime data with censoring. In the present paper, under Type II progressive censoring,
the stress-strength parameter is estimated, when independent random variables X and Y are from the
TNWF distribution (TNWFD).

2. Study of R: unknown common ν

In this section, under the censoring scheme, assuming X ∼ TNWF (δ, ν) and Y ∼ TNWF (η, ν), we obtain
the point and interval estimates of R = P (X < Y ), from the frequentist and Bayesian viewpoints. In more
details, first, we obtain the maximum likelihood estimation (MLE) of R. Because the MLEs of unknown
parameters and R cannot be earned in the closed forms, we obtain the approximation maximum likelihood
estimation (AMLE) of parameters and R which have the explicit forms. Also, we develop the Bayes
estimates of R, using Lindley’s approximation and MCMC method due to the lack of explicit forms.
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Moreover, different confidence intervals such as asymptotic and HPD intervals of R are provided, in this
section.

2.1. Maximum likelihood estimation
If X ∼ TNWF (δ, ν) and Y ∼ TNWF (η, ν), then

R = P (X < Y ) =

∫ ∞

0

fX(x)(1− FY (x))dx

=

∫ 1

0

δ(1− log u)(− log u)δ−1u−δ−1 exp
(
−
(− log u

u

)δ − (− log u

u

)η)
du

=

∫ ∞

1

δeδ(t−1)t(t− 1)δ−1 exp
(
−
(
(t− 1)et−1

)δ − (
(t− 1)et−1

)η)
dt

=

∫ ∞

0

δzδ−1 exp
(
− zδ − zη

)
dz

=

∫ ∞

0

e−u−u
η
δ du.

First, we have to give the MLEs of δ, η and ν. Let {X1, . . . , Xn} be a Type II progressively censored sample
from TNWF (δ, ν) with censored scheme (r1, r2, ..., rn) and also {Y1, . . . , Ym} be a Type II progressively
censored sample from TNWF (η, ν) with censored scheme (s1, s2, ..., sm). Therefore, the likelihood function
of the unknown parameters is [4]:

L(δ, η, ν) =

{
c1

n∏
i=1

fTNWF (xi)[1− FTNWF (xi)]
ri

}
×
{
c2

m∏
j=1

fTNWF (yj)[1− FTNWF (yj)]
sj

}
,

where

c1 =

n−1∏
j=0

(
N − j −

j∑
i=1

ri

)
, c2 =

m−1∏
j=0

(
M − j −

j∑
i=1

si

)
.

Hence
L(data|δ, η, ν) = c1c2δ

nηmνn+m

×
n∏

i=1

x−2
i e

− ν
xi (1− e

− ν
xi )−δ−1

(
1− log(1− e

− ν
xi )

)(
− log(1− e

− ν
xi )

)δ−1

× exp

{
−

n∑
i=1

(ri + 1)
(− log(1− e

− ν
xi )

1− e
− ν

xi

)δ}

×
m∏
j=1

y−2
j e

− ν
yj (1− e

− ν
yj )−η−1

(
1− log(1− e

− ν
yj )

)(
− log(1− e

− ν
yj )

)η−1

× exp

{
−

m∑
j=1

(sj + 1)
(− log(1− e

− ν
yj )

1− e
− ν

yj

)η}
.

Set
u(x, ν) := log

(
1− log(1− e−

ν
x )
)
,

w(x, ν) := log
(
− log(1− e−

ν
x )
)
,

k(x, ν) := log(1− e−
ν
x ),

z(x, ν) :=
− log(1− e−

ν
x )

1− e−
ν
x

.
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Then, the log-likelihood function is:

ℓ(δ, η, ν) = n log(δ) +m log(η) + (n+m) log(ν)− 2

n∑
i=1

log xi

−
n∑

i=1

ν

xi
+

n∑
i=1

u(xi, ν) + (δ − 1)

n∑
i=1

w(xi, ν)− (δ + 1)

n∑
i=1

k(xi, ν)

−
n∑

i=1

(ri + 1)z(xi, ν)
δ − 2

m∑
j=1

log yj −
m∑
j=1

ν

yj
+

m∑
j=1

u(yj , ν)

+ (η − 1)

m∑
j=1

w(yj , ν)− (η + 1)

m∑
j=1

k(yj , ν)−
m∑
j=1

(sj + 1)z(yj , ν)
η + Constant. (1)

To obtain the MLEs of parameters, i.e., δ̂, η̂ and ν̂, we must solve the three equations:

∂ℓ

∂δ
=

n

δ
+

n∑
i=1

w(xi, ν)−
n∑

i=1

k(xi, ν)−
n∑

i=1

(ri + 1)z(xi, ν)
δ log(z(xi, ν)) = 0,

∂ℓ

∂η
=

m

η
+

m∑
j=1

w(yj , ν)−
m∑
j=1

k(yj , ν)−
m∑
j=1

(sj + 1)z(yj , ν)
η log(z(yj , ν)) = 0,

∂ℓ

∂ν
=

(n+m)

ν
−

n∑
i=1

1

xi
+

n∑
i=1

u(1)
xi,ν + (δ − 1)

n∑
i=1

w(1)
xi,ν − (δ + 1)

n∑
i=1

k(1)xi,ν −
n∑

i=1

(ri + 1)z
(1)
xi,δ,ν

−
m∑
j=1

1

yj
+

m∑
j=1

u(1)
yj ,ν + (η − 1)

m∑
j=1

w(1)
yj ,ν − (η + 1)

m∑
j=1

k(1)yj ,ν −
m∑
j=1

(sj + 1)z(1)yj ,η,ν = 0,

where

u(1)(x, ν) :=
d

dν
u(x, ν) =

{
x
(
e

ν
x − 1

)
(k(x, ν)− 1)

}−1

,

w(1)(x, ν) :=
d

dν
w(x, ν) =

{
x
(
e

ν
x − 1

)
k(x, ν)

}−1

,

k(1)(x, ν) :=
d

dν
k(x, ν) =

{
x
(
e

ν
x − 1

)}−1

,

z(1)(x, δ, ν) :=
d

dν
z(x, ν)δ = δ

(
1− k(x, ν)

)
z(x, ν)δw(1)(x, ν).

It is notable that, a numerical method such as NR algorithm is applied to obtain the roots of the above
three non-linear equations. Now, by using the invariance property,

R̂MLE =

∫ ∞

0

e−u−u
η̂

δ̂ du. (2)

2.2. Approximation maximum likelihood estimation
Since R does not have a closed form, we give the AMLEs of the parameters.
Theorem 1
Suppose that Z1 ∼ Weibull(δ, θ) and Z2 ∼ EV (ζ, ϑ):

FZ1(z) = 1− e−
zδ

θ , z > 0, δ, θ > 0,

FZ2(z) = 1− e−e
z−ζ
ϑ , z ∈ R, ζ ∈ R, ϑ > 0.
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(i) Suppose that Z ∼ TNWF (δ, ν) and PL is the Lambert W function [5]. Then

Z1 = ν−
1
δPL−1

(
− log(1− e

ν
Z )

)
∼ Weibull(δ, 1/ν).

(ii) Suppose that Z1 ∼ Weibull(δ, 1/ν) and also Z2 = log(Z1). Then Z1 ∼ EV (ζ, ϑ), where ζ = − 1
δ log(ν)

and ϑ = 1
δ .

Proof
Assume that Z1 ∼ Weibull(δ, 1/ν). Then

FZ1(z) = 1− e−νzδ

, z > 0, δ, ν > 0.

Let g be an invertible and increasing function. We should find function g such that

FZ(g
−1(z)) = FZ1

(z) ⇒ exp

{
−
(− log

(
1− e

−
(

ν

g−1(z)

))
1− e

−
(

ν

g−1(z)

) )δ
}

= exp{−νzδ}.

Suppose y = g−1(z), z(y) = 1− e−(ν/y) and a = ν
1
δ . Then, we have

log z(y)

z(y)
= −az.

The solution of the above equation is z(y) = exp(−PL(az)). Thus

y = g−1(z) = ν
(
− log(1− exp(−PL(az)))

)−1

.

Hence
g(z) = ν−

1
δPL−1

(
− log(1− e

ν
z )
)

and proof is completed.

Assume

X ′
i = ν−

1
δPL−1

(
− log(1− e

ν
xi )

)
, Ui = log(X ′

i),

Y ′
j = ν−

1
η PL−1

(
− log(1− e

ν
yj )

)
, Vj = log(Y ′

j ).

Applying Theorem 1, Ui ∼ EV (ζ1, ϑ1) and Vj ∼ EV (ζ2, ϑ2), where

ζ1 = −1

δ
log(ν), ζ2 = −1

η
log(ν), ϑ1 =

1

δ
, and ϑ2 =

1

η
.

Therefore, under the observed data {V1, . . . , Vm} and {U1, . . . , Un}, by ignoring the constant value,

ℓ∗(ζ1, ζ2, ϑ1, ϑ2) ∝ −n log(ϑ1) +

n∑
i=1

ti −
n∑

i=1

(ri + 1)eti −m log(ϑ2) +

m∑
j=1

zj −
m∑
j=1

(sj + 1)ezj , (3)

where

ti =
ui − ζ1
ϑ1

, zj =
vj − ζ2
ϑ2

.
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Now by taking derivatives with respect to ζ1, ζ2, ϑ1 and ϑ2 from (3), we obtain the following equations:

∂ℓ∗

∂ζ1
= − 1

ϑ1

(
n−

n∑
i=1

(ri + 1)eti
)

= 0,

∂ℓ∗

∂ζ2
= − 1

ϑ2

(
m−

m∑
j=1

(sj + 1)ezj
)

= 0,

∂ℓ∗

∂ϑ1
= − 1

ϑ1

(
n+

n∑
i=1

ti −
n∑

i=1

(ri + 1)tie
ti

)
= 0,

∂ℓ∗

∂ϑ2
= − 1

ϑ2

(
m+

m∑
j=1

zj −
m∑
j=1

(sj + 1)zje
zj

)
= 0.

To obtain the AMLEs, let

qi = 1−
n∏

t=n−i+1

t+
n∑

k=n−t+1

Rk

t+ 1 +
n∑

k=n−t+1

Rk

, i = 1, . . . , n,

q̄j = 1−
m∏

t=m−j+1

t+
m∑

k=m−t+1

Sk

t+ 1 +
m∑

k=m−t+1

Sk

, j = 1, . . . ,m.

By expanding the functions eti and ezj around the points

ξi = log
(
− log(1− qi)

)
, ξ̄j = log

(
− log(1− q̄j)

)
,

in Taylor series, respectively and considering the first order derivatives,

eti = δi + ηiti, ezj = δ̄j + η̄jzj ,

where

δi = eξi(1− ξi), ηi = eξi , δ̄j = eξ̄j (1− ξ̄j), η̄j = eξ̄j .

Just similar to [8], we derive the AMLEs of ζ1, ζ2, ϑ1 and ϑ2, say ζ̃1, ζ̃2, ϑ̃1 and ϑ̃2, respectively, by

ζ̃1 = A1 − ϑ̃1B1, ζ̃2 = A2 − ϑ̃2B2,

ϑ̃1 =
−D1 +

√
D2

1 + 4C1E1

2C1
, ϑ̃2 =

−D2 +
√

D2
2 + 4C2E2

2C2
,
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where

A1 =

n∑
i=1

(ri + 1)ηiui

n∑
i=1

(ri + 1)ηi

, B1 =

n∑
i=1

δi −
n∑

i=1

ri(1− δi)

n∑
i=1

(ri + 1)ηi

, C1 = n,

A2 =

m∑
j=1

(sj + 1)η̄jvj

m∑
j=1

(sj + 1)η̄j

, B2 =

m∑
j=1

δ̄j −
m∑
j=1

sj(1− δ̄j)

m∑
j=1

(sj + 1)η̄j

, C2 = m,

D1 =

n∑
i=1

δiui −A1B1

( n∑
i=1

(ri + 1)ηi

)
−

n∑
i=1

riui(1− δi),

D2 =

J2∑
j=1

δ̄jvj −A2B2

( m∑
j=1

(sj + 1)η̄j

)
−

m∑
j=1

sjvj(1− δ̄j),

E1 =

n∑
i=1

(ri + 1)ηi(ui −A1)
2,

E2 =

m∑
j=1

(sj + 1)η̄j(vj −A2)
2.

Now,

δ̃ =
1

ϑ̃1

, η̃ =
1

ϑ̃2

, ν̃ = exp

(
− 1

2

( ζ̃1

ϑ̃1

+
ζ̃2

ϑ̃2

))
,

and

R̃ =

∫ ∞

0

e−u−u
η̃

δ̃ du, (4)

where R̃ is the AMLE of R.
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Suppose that λ̂ = (δ̂, η̂, ν̂) and I(λ) = [Iij ] =

[
− ∂2ℓ

∂λi∂λj

]
, i, j = 1, 2, 3 be the the observed Fisher

information matrix. By differentiating twice from (1) with respect to parameters:

I11 =
n

δ2
+

n∑
i=1

(ri + 1)z(xi, ν)
δ log2(z(xi, ν)),

I22 =
m

η2
+

m∑
j=1

(sj + 1)z(yj , ν)
η log2(z(yj , ν)),

I12 = I21 = 0,

I13 =

n∑
i=1

(ri + 1)
(
z(1)(xi, δ, ν) log(z(xi, ν)) + z(1)(xi, ν)z(xi, ν)

δ−1
)
+

n∑
i=1

k(1)(xi, ν)−
n∑

i=1

w(1)(xi, ν),

I23 =

m∑
j=1

(sj + 1)
(
z(1)(yj , η, ν) log(z(yj , ν)) + z(1)(yj , ν)z(yj , ν)

η−1
)
+

m∑
j=1

k(1)(yj , ν)−
m∑
j=1

w(1)(yj , ν),

I33 =
n

ν2
−

n∑
i=1

u(2)(xi, ν)− (δ − 1)

n∑
i=1

w(2)(xi, ν) + (δ + 1)

n∑
i=1

k(2)(xi, ν) +

n∑
i=1

(ri + 1)z(2)(xi, δ, ν)

+
m

ν2
−

m∑
j=1

u(2)(yj , ν)− (η − 1)

m∑
j=1

w(2)(yj , ν) + (η + 1)

m∑
j=1

k(2)(yj , ν) +

m∑
j=1

(sj + 1)z(2)(yj , η, ν),

where

z(1)(x, ν) :=
d

dν
z(x, ν) =

e
ν
x (k(x, ν)− 1)

x
(
e

ν
x − 1

)
2

,

u(2)(x, ν) :=
d2

dν2
u(x, ν) =

(e
ν
x − e

ν
x k(x, ν)− 1)k(1)(x, ν)2

(k(x, ν)− 1)
2 ,

w(2)(x, ν) :=
d2

dν2
w(x, ν) = −(e

ν
x k(x, ν) + 1)w(2)(x, ν)2,

k(2)(x, ν) :=
d2

dν2
k(x, ν) = −e

ν
x k(1)(x, ν)2,

z(2)(x, δ, ν) :=
d2

dν2
z(x, ν)δ = δ

(
δ +

(
δ + e

ν
x

)
k(x, ν)2 −

(
2δ + e

ν
x

)
k(x, ν)− 1

)
w(1)(x, ν)2z(x, ν)δ.

Theorem 2
We have

[(δ̂ − δ), (η̂ − η), (ν̂ − ν)]T
D−→ N3(0, I

−1(δ, η, ν)),

where

I(δ, η, ν) =

 I11 0 I13
I22 I23

I33

 , I−1(δ, η, ν) =
1

|I(δ, η, ν)|

 b11 b12 b13
b22 b23

b33

 ,

in which |I(δ, η, ν)| = I11I22I33 − I11I
2
23 − I213I22,

b11 = I22I33 − I223, b12 = I13I23, b13 = −I13I22,

b22 = I11I33 − I213, b23 = −I11I23, b33 = I11I22.

Proof
It is an immediate consequence of the asymptotic normality of the MLE.
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Theorem 3
If R̂MLE is the MLE of R, then

(R̂MLE −R)
D−→ N(0,W ),

where
W =

1

|I(δ, η, ν)|

[
(
∂R

∂δ
)2b11 + (

∂R

∂η
)2b22 + 2(

∂R

∂δ
)(
∂R

∂η
)b12

]
. (5)

Proof
From Theorem 2 and delta method,

(R̂MLE −R)
D−→ N(0,W ),

where W = bT I−1(δ, η, ν)b, with b = [∂R∂δ ,
∂R
∂η ,

∂R
∂ν ]

T = [∂R∂δ ,
∂R
∂η , 0]T , in which

∂R

∂δ
=

∫ ∞

0

η

δ2
u

η
δ log(u)e−u−u

η
δ du,

∂R

∂η
= −

∫ ∞

0

1

δ
u

η
δ log(u)e−u−u

η
δ du. (6)

Therefore, W can be represented as (5) and proof is completed.

The vector W is estimated by the MLEs of parameters. Then, a 100(1− a)% ACI of R is:

(R̂MLE − z1− a
2

√
Ŵ , R̂MLE + z1− a

2

√
Ŵ ),

where za is 100a-th percentile of standard normal distribution.

2.3. Bayes estimation
Suppose that δ ∼ ν(a1, b1), η ∼ ν(a2, b2) and ν ∼ ν(a3, b3) are independent random variables and the loss
function is the squared error loss function. We have

π(δ, η, ν|data) ∝ L(data|δ, η, ν)π1(δ)π2(η)π3(ν), (7)

where

π1(δ) ∝ δa1−1e−b1δ, δ > 0, a1, b1 > 0,

π2(η) ∝ ηa2−1e−b2η, η > 0, a2, b2 > 0,

π3(ν) ∝ νa3−1e−b3ν , ν > 0, a3, b3 > 0.

Thus, we approximate the Bayes estimates by applying Lindley’s approximation and MCMC method
since they cannot be obtained in the closed form.

2.3.1. Lindley’s approximation When we confront the case of three parameter λ = (λ1, λ2, λ3), Lindley’s
approximation conducts to [6]:

E
(
u(λ)|data

)
= u+ (u1d1 + u2d2 + u3d3 + d4 + d5) +

1

2

(
A(u1ϑ11 + u2ϑ12 + u3ϑ13)

+B(u1ϑ21 + u2ϑ22 + u3ϑ23) + C(u1ϑ31 + u2ϑ32 + u3ϑ33)
)
,
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calculated at λ̂ = (λ̂1, λ̂2, λ̂3), where

di = ρ1ϑi1 + ρ2ϑi2 + ρ3ϑi3, i = 1, 2, 3,

d4 = u12ϑ12 + u13ϑ13 + u23ϑ23,

d5 =
1

2
(u11ϑ11 + u22ϑ22 + u33ϑ33),

A = ℓ111ϑ11 + 2ℓ121ϑ12 + 2ℓ131ϑ13 + 2ℓ231ϑ23 + ℓ221ϑ22 + ℓ331ϑ33,

B = ℓ112ϑ11 + 2ℓ122ϑ12 + 2ℓ132ϑ13 + 2ℓ232ϑ23 + ℓ222ϑ22 + ℓ332ϑ33,

C = ℓ113ϑ11 + 2ℓ123ϑ12 + 2ℓ133ϑ13 + 2ℓ233ϑ23 + ℓ223ϑ22 + ℓ333ϑ33.

In our case, for (λ1, λ2, λ3) ≡ (δ, η, ν) and u = R, we have

ρ1 =
a1 − 1

δ
− b1, ρ2 =

a2 − 1

η
− b2, ρ3 =

a3 − 1

ν
− b3,

ϑij , i, j = 1, 2, 3 are obtained by using ℓij , i, j = 1, 2, 3 and

ℓ111 =
2n

δ3
−

n∑
i=1

(ri + 1)z(xi, ν)
δ log3(z(xi, ν)),

ℓ222 =
2m

η3
−

m∑
j=1

(sj + 1)z(yj , ν)
η log3(z(yj , ν)),

ℓ113 = ℓ131 = ℓ311 = −
n∑

i=1

(ri + 1)
(
z(1)(xi, δ, ν) log

2(z(xi, ν)) + 2z(1)(xi, ν) log(z(xi, ν))z(xi, ν)
δ−1

)
,

ℓ223 = ℓ232 = ℓ322 = −
m∑
j=1

(sj + 1)
(
z(1)(yj , η, ν) log

2(z(yj , ν)) + 2z(1)(yj , ν) log(z(yj , ν))z(yj , ν)
η−1

)
,

ℓ133 = ℓ331 = ℓ313 =

n∑
i=1

w(2)(xi, ν)−
n∑

i=1

k(2)(xi, ν)−
n∑

i=1

(ri + 1)z(2,δ)(xi, δ, ν),

ℓ233 = ℓ332 = ℓ323 =

m∑
j=1

w(2)(yj , ν)−
m∑
j=1

k(2)(yj , ν)−
m∑
j=1

(sj + 1)z(2,η)(yj , η, ν),

ℓ333 =
2n

ν3
+

n∑
i=1

u(3)(xi, ν) + (δ − 1)

n∑
i=1

w(3)(xi, ν)− (δ + 1)

n∑
i=1

k(3)(xi, ν)−
n∑

i=1

(ri + 1)z(3)(xi, δ, ν)

+
2m

ν3
+

m∑
j=1

u(3)(yj , ν) + (η − 1)

m∑
j=1

w(3)(yj , ν)− (η + 1)

m∑
j=1

k(3)(yj , ν)−
m∑
j=1

(sj + 1)z(3)(yj , η, ν),
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where

u(3)(x, ν) :=
d3

dν3
u(x, ν) =

(
−2e

ν
x + e

2ν
x + e

ν
x

(
e

ν
x + 1

)
k(x, ν)2 +

(
e

ν
x − 2e

2ν
x

)
k(x, ν) + 2

)
u(1)(x, ν)3,

w(3)(x, ν) :=
d3

dν3
w(x, ν) =

(
e

ν
x

(
e

ν
x + 1

)
k(x, ν)2 + 3e

ν
x k(x, ν) + 2

)
w(1)(x, ν)3,

k(3)(x, ν) :=
d3

dν3
k(x, ν) = e

ν
x

(
e

ν
x + 1

)
k(1)(x, ν)3,

z(3)(x, δ, ν) :=
d3

dν3
z(x, ν)δ = −δz(x, ν)δ

((
−δ2 + 3δ + 3(δ − 1)

(
δ + e

ν
x

)
k(x, ν)− 2

)
w(1)(x, ν)

−
(
3δ2 + (6δ + 1)e

ν
x + e

2ν
x

)
k(1)(x, ν)2w(1)(x, ν) +

(
δ2 + (3δ + 1)e

ν
x + e

2ν
x

)
k(1)(x, ν)3

)
,

z(2,δ)(x, δ, ν) :=
dz

(2)
x,δ,ν

dδ
= δz(x, ν)δ

((
2δ + δ(δ − 1) log(z(x, ν))− 1

)
w(1)(x, ν)2

+
(
2δ + δ

(
δ + e

ν
x

)
log(z(x, ν)) + e

ν
x

)
k(1)(x, ν)2

−
(
4δ + δ

(
2δ + e

ν
x

)
log(z(x, ν)) + e

ν
x

)
w(1)(x, ν)k(1)(x, ν)

)
,

and other ℓijk = 0. Moreover, for i = 1, 2, 3, u3 = ui3 = 0 and u1, u2 are given in (6). Also,

u11 =

∫ ∞

0

η

δ4
log(u)e−u−u

η
δ

(
ηu

2η
δ log(u)− η log(u)u

η
δ − 2δu

η
δ

)
du,

u12 = u21 = −
∫ ∞

0

1

δ3
log(u)e−u−u

η
δ

(
η log(u)u

2η
δ − η log(u)u

η
δ − δu

η
δ

)
du,

u22 =

∫ ∞

0

1

δ2
log2(u)e−u−u

η
δ

(
u

2η
δ − u

η
δ

)
du.

So,

d4 = u12ϑ12,

d5 =
1

2
(u11ϑ11 + u22ϑ22),

A = ℓ111ϑ11 + 2ℓ131ϑ13 + ℓ331ϑ33,

B = 2ℓ232ϑ23 + ℓ222ϑ22 + ℓ332ϑ33,

C = ℓ113ϑ11 + 2ℓ133ϑ13 + 2ℓ233ϑ23 + ℓ223ϑ22 + ℓ333ϑ33.

Therefore,

R̂Lin = R+ u1d1 + u2d2 + d4 + d5 +
1

2

(
A(u1ϑ11 + u2ϑ12)

+B(u1ϑ21 + u2ϑ22) + C(u1ϑ31 + u2ϑ32)
)
, (8)

where R̂Lin is the Bayes estimate of R. It is notable that all parameters are evaluated at (δ̂, η̂, ν̂).
Using the Lindley’s approximation, it is not possible constructing the HPD credible interval. Thus,

the MCMC method to approximate the Bayes estimate is applied and its HPD credible intervals is
constructed.
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2.3.2. MCMC method After simplifying equation (7), the posterior PDFs of parameters are:

π(δ|ν,data) ∝ δn+a1−1 exp
(
δ
( n∑

i=1

w(xi, ν)−
n∑

i=1

k(xi, ν)− b1
)
−

n∑
i=1

(ri + 1)z(xi, ν)
δ
)
,

π(η|ν,data) ∝ ηn+a2−1 exp
(
η
( m∑
j=1

w(yj , ν)−
m∑
j=1

k(yj , ν)− b2
)
−

m∑
j=1

(sj + 1)z(yj , ν)
η
)
,

π(ν|δ, η,data) ∝ νn+m+a3−1 exp
(
−

n∑
i=1

ν

xi
−

m∑
j=1

ν

yj
− b3ν

)
× exp

( n∑
i=1

u(xi, ν) + (δ − 1)

n∑
i=1

w(xi, ν)− (δ + 1)

n∑
i=1

k(xi, ν)−
n∑

i=1

(ri + 1)z(xi, ν)
δ
)

× exp
( m∑

j=1

u(yj , ν) + (η − 1)

m∑
j=1

w(yj , ν)− (η + 1)

m∑
j=1

k(yj , ν)−
m∑
j=1

(sj + 1)z(yj , ν)
η
)
.

By the above posteriors PDF, we utilize the Metropolis-Hastings method to generate random samples
with normal proposal distribution. Also, the proposed Gibbs sampling algorithm is:

1. Start with the begin value (δ(0), η(0), ν(0)).
2. Set t = 1.
3. Generate ν(t) from π(ν|δ(t−1), η(t−1),data).
4. Generate δ(t) from π(δ|ν(t−1),data).
5. Generate η(t) from π(η|ν(t−1),data).
6. Calculate Rt =

∫∞
0

e−u−u
ηt
δt du.

7. Set t = t+ 1.
8. Repeat steps 3-7, for T times.

Thus

R̂MC =
1

T

T∑
t=1

Rt. (9)

Now, a 100(1− a)% HPD credible interval of R can be given (see [7]).

3. Study of R: known common ν

In this section, assuming the common parameter ν is known, the MLE, asymptotic confidence interval
and Bayes estimate of R, via the Lindely’s approximation and MCMC method, due to the lack of explicit
form, are obtained.

3.1. MLE
Let {X1, . . . , Xn} be a progressively Type II censored sample from TNWF (δ, ν) with censored scheme
(r1, r2, . . . , rn) and also {Y1, . . . , Ym} be a progressively Type II censored sample from TNWF (η, ν) with
censored scheme (s1, s2, . . . , sm). Thus, we must solve the two equations:

∂ℓ

∂δ
=

n

δ
+

n∑
i=1

w(xi, ν)−
n∑

i=1

k(xi, ν)−
n∑

i=1

(ri + 1)z(xi, ν)
δ log(z(xi, ν)) = 0,

∂ℓ

∂η
=

m

η
+

m∑
j=1

w(yj , ν)−
m∑
j=1

k(yj , ν)−
m∑
j=1

(sj + 1)z(yj , ν)
η log(z(yj , ν)) = 0.
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It is notable that, one numerical method such as NR algorithm is applied to obtain the roots of the above
two non-linear equations. After obtaining the MLEs of parameters, by using the invariance property,

R̂MLE =

∫ ∞

0

e−u−u
η̂

δ̂ du. (10)

Thus (R̂MLE −R)
D−→ N(0, C), where C = (∂R∂δ )

2 1
I11

+ (∂R∂η )
2 1
I22

, and ∂R
∂δ and ∂R

∂η are given in (6). Also

(R̂MLE − z1− a
2

√
Ĉ, R̂MLE + z1− a

2

√
Ĉ),

where za is 100a-th percentile of the standard normal distribution.

3.2. Bayes estimation
If δ ∼ ν(a1, b1) and η ∼ ν(a2, b2) are independent random variables, then

π(δ, η|ν,data) ∝ L(ν,data|δ, η)π1(δ)π2(η), (11)

3.2.1. Lindley’s approximation For λ = (λ1, λ2), Lindley’s approximation leads to

u+ (u1p1 + u2p2 + p3) +
1

2

(
P (u1ϑ11 + u2ϑ12) +Q(u1ϑ21 + u2ϑ22)

)
,

calculated at λ̂ = (λ̂1, λ̂2), where

pi = ρ1ϑi1 + ρ2ϑi2, i = 1, 2,

p3 =
1

2
(u11ϑ11 + 2u12ϑ12 + u22ϑ22),

P = ℓ111ϑ11 + 2ℓ121ϑ12 + ℓ221ϑ22,

Q = ℓ112ϑ11 + 2ℓ122ϑ12 + ℓ222ϑ22.

Other expressions can be found in Section 2.3.1. Hence P = ℓ111ϑ11 and Q = ℓ222ϑ22, then, the Bayes
estimator of R is

R̂Lin = R+ u1p1 + u2p2 + p3 +
1

2

(
P (u1ϑ11 + u2ϑ12) +Q(u1ϑ21 + u2ϑ22)

)
. (12)

All parameters are evaluated at (δ̂, η̂).

3.2.2. MCMC When ν is known, follows:

π(δ|ν,data) ∝ δn+a1−1 exp
(
δ
( n∑

i=1

w(xi, ν)−
n∑

i=1

k(xi, ν)− b1
)
−

n∑
i=1

(ri + 1)z(xi, ν)
δ
)
,

π(η|ν,data) ∝ ηn+a2−1 exp
(
η
( m∑
j=1

w(yj , ν)−
m∑
j=1

k(yj , ν)− b2
)
−

m∑
j=1

(sj + 1)z(yj , ν)
η
)
.

We generate a sample by using Gibbs sampling from the above distributions. The algorithm is as follows:

1. Start with the begin value (δ(0), η(0)).
2. Set t = 1.
3. Generate δ(t) from π(δ|ν(t−1),data).
4. Generate η(t) from π(η|ν(t−1),data).
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5. Calculate Rt =
∫∞
0

e−u−u
ηt
δt du.

6. Set t = t+ 1.
7. Repeat steps 3-6, for T times.

From this algorithm,

R̂MC =
1

T

T∑
t=1

Rt. (13)

4. General case

In this section, because the assumptions which we study in Sections 2 and 3 are quite strong, we consider
the statistical inference of R in general case. So, under the progressive censoring scheme, assuming
X ∼ TNWF (δ, ν1) and Y ∼ TNWF (η, ν2), we provide the MLE, AMLE and Bayes estimate of R.

4.1. MLE
Suppose that two independent r.v.s X and Y are from TNWF (δ, ν1) and TNWF (η, ν2) distributions,
respectively. We have

R =

∫ ∞

0

δν1
x2

exp
(
− ν1

x
+ u(x, ν1) + (δ − 1)w(x, ν1)

− (δ + 1)k(x, ν1)− z(x, ν1)
δ − z(x, ν2)

η
)
dx.

Then
L(data|δ, η, ν1, ν2)δnηmνn1 ν

m
2

×
n∏

i=1

x−2
i e

− ν1
xi (1− e

− ν1
xi )−δ−1

(
1− log(1− e

− ν1
xi )

)(
− log(1− e

− ν1
xi )

)δ−1

× exp

{
−

n∑
i=1

(ri + 1)
(− log(1− e

− ν1
xi )

1− e
− ν1

xi

)δ}

×
m∏
j=1

y−2
j e

− ν2
yj (1− e

− ν2
yj )−η−1

(
1− log(1− e

− ν2
yj )

)(
− log(1− e

− ν2
yj )

)η−1

× exp

{
−

m∑
j=1

(sj + 1)
(− log(1− e

− ν2
yj )

1− e
− ν2

yj

)η}
.

Therefore,

ℓ(δ, η, ν1, ν2) = n log(δ) +m log(η) + n log(ν1) +m log(ν2)− 2

n∑
i=1

log xi

−
n∑

i=1

ν1
xi

+

n∑
i=1

u(xi, ν1) + (δ − 1)

n∑
i=1

w(xi, ν1)− (δ + 1)

n∑
i=1

k(xi, ν1)

−
n∑

i=1

(ri + 1)u(xi, ν1)
δ − 2

m∑
j=1

log yj −
m∑
j=1

ν2
yj

+

m∑
j=1

u(yj , ν2)

+ (η − 1)

m∑
j=1

w(yj , ν2)− (η + 1)

m∑
j=1

k(yj , ν2)−
m∑
j=1

(sj + 1)z(yj , ν2)
η + Constant.
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Then, to obtain the MLEs of all parameters, namely, δ̂, η̂, ν̂1 and ν̂2, respectively, we have to solve the
following four equations:

∂ℓ

∂δ
=

n

δ
+

n∑
i=1

w(xi, ν1)−
n∑

i=1

k(xi, ν1)−
n∑

i=1

(ri + 1)z(xi, ν1)
δ log(z(xi, ν1)) = 0,

∂ℓ

∂η
=

m

η
+

m∑
j=1

w(yj , ν2)−
m∑
j=1

k(yj , ν2)−
m∑
j=1

(sj + 1)z(yj , ν2)
η log(z(yj , ν2)) = 0,

∂ℓ

∂ν1
=

n

ν1
−

n∑
i=1

1

xi
+

n∑
i=1

u(1)(xi, ν1) + (δ − 1)

n∑
i=1

w(1)(xi, ν1)

− (δ + 1)

n∑
i=1

k(1)(xi, ν1)−
n∑

i=1

(ri + 1)z(1)(xi, δ, ν1) = 0,

∂ℓ

∂ν2
=

m

ν2
−

m∑
j=1

1

yj
+

m∑
j=1

u(1)(yj , ν2) + (η − 1)

m∑
j=1

w(1)(yj , ν2)

− (η + 1)

m∑
j=1

k(1)(yj , ν2)−
m∑
j=1

(sj + 1)z(1)(yj , η, ν2) = 0,

After estimating the MLEs of all parameters, the MLE of R is

R̂MLE =

∫ ∞

0

δ̂ν̂1
x2

exp
(
− ν̂1

x
+ u(x, ν̂1) + (δ̂ − 1)w(x, ν̂1)

− (δ̂ + 1)k(x, ν̂1)− z(x, ν̂1)
δ̂ − z(x, ν̂2)

η̂
)
dx. (14)

4.2. AMLE
Let {X1, . . . , Xn} and {Y1, . . . , Ym} be two Type II progressive censoring samples from TNWF (δ, ν1) and
TNWF (η, ν2) distributions and

X ′
i = ν

− 1
δ

1 PL−1(− log(1− e
ν1
xi )), Ui = log(X ′

i),

Y ′
j = ν

− 1
η

2 PL−1(− log(1− e
ν2
yj )), Vj = log(Y ′

j ).

Applying Theorem 1, Ui ∼ EV (ζ1, ϑ1) and Vj ∼ EV (ζ2, ϑ2), where

ζ1 = −1

δ
log(ν1), ζ2 = −1

η
log(ν2), ϑ1 =

1

δ
, and ϑ2 =

1

η
.

Again, Like the previous mode,
ζ̃1 = A1 − ϑ̃1B1, ζ̃2 = A2 − ϑ̃2B2,

ϑ̃1 =
−D1 +

√
D2

1 + 4C1E1

2C1
, ϑ̃2 =

−D2 +
√

D2
2 + 4C2E2

2C2
.

Now,

δ̃ =
1

ϑ̃1

, η̃ =
1

ϑ̃2

, ν̃1 = exp
(
− ζ̃1

ϑ̃1

)
, ν̃2 = exp

(
− ζ̃2

ϑ̃2

)
and

R̃ =

∫ ∞

0

δ̃ν̃1
x2

exp
(
− ν̃1

x
+ u(x, ν̃1) + (δ̃ − 1)w(x, ν̃1)

− (δ̃ + 1)k(x, ν̃1)− z(x, ν̃1)
δ̃ − z(x, ν̃2)

η̃
)
dx. (15)
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4.3. Bayes estimation
If δ ∼ ν(a1, b1), η ∼ ν(a2, b2), ν1 ∼ ν(a3, b3) and ν2 ∼ ν(a4, b4) are independent random variables, then

π(δ|ν1,data) ∝ δn+a1−1 exp
(
δ
( n∑

i=1

w(xi, ν1)−
n∑

i=1

k(xi, ν1)− b1
)
−

n∑
i=1

(ri + 1)z(xi, ν1)
δ
)
,

π(η|ν2,data) ∝ ηn+a2−1 exp
(
η
( m∑
j=1

w(yj , ν2)−
m∑
j=1

k(yj , ν2)− b2
)
−

m∑
j=1

(sj + 1)z(yj , ν2)
η
)
,

π(ν1|δ,data) ∝ νn+a3−1
1 exp

(
−

n∑
i=1

ν1
xi

− b3ν1

)
× exp

( n∑
i=1

u(xi, ν1) + (δ − 1)

n∑
i=1

w(xi, ν1)− (δ + 1)

n∑
i=1

k(xi, ν1)−
n∑

i=1

(ri + 1)z(xi, ν1)
δ
)
,

π(ν2|η,data) ∝ νm+a4−1
2 exp

(
−

m∑
j=1

ν2
yj

− b4ν2

)
× exp

( m∑
j=1

u(yj , ν2) + (η − 1)

m∑
j=1

w(yj , ν2)− (η + 1)

m∑
j=1

k(yj , ν2)−
m∑
j=1

(sj + 1)z(yj , ν2)
η
)
.

Now, the proposed Gibbs sampling algorithm is:

1. Start with the begin value (δ(0), η(0), ν1(0), ν2(0)).
2. Set t = 1.
3. Generate ν1(t) from π(ν1|δ(t−1),data).
4. Generate ν2(t) from π(ν2|η(t−1),data).
5. Generate δ(t) from π(δ|ν1(t−1),data).
6. Generate η(t) from π(η|ν2(t−1),data).
7. Calculate

Rt =

∫ ∞

0

δ(t)ν1(t)

x2
exp

(
−

ν1(t)

x
+ u(x, ν1(t)) + (δ(t) − 1)w(x, ν1(t))

− (δ(t) + 1)k(x, ν1(t))− z(x, ν1(t))
δ(t) − z(x, ν2(t))

η(t)

)
dx,

8. Set t = t+ 1.
9. Repeat steps 3-8, for T times.

Thus

R̂MC =
1

T

T∑
t=1

Rt. (16)

5. Simulation study

In the present section, the performance of different methods are compared by Monte Carlo simulations.
The simulations were done with MATLAB R2020b software. We give the MSEs for comparing of point
estimates and compute coverage percentages (C.P) and the average lengths (A.L) for comparing of interval
estimates. The analysis is based 3000 replications and also the nominal level is 0.95. We use the following
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three censoring schemes:

Sch. 1: R1 = . . . = Rn =
N − n

n
,

Sch. 2: R1 = . . . = Rn
2
= 0, Rn

2 +1 = . . . = Rn =
2(N − n)

n
,

Sch. 3: R1 = . . . = Rn−1 = 0, Rn = N − n.

In passing, without loss of generality, we put some values for parameters. When ν is unknown, we
put δ = η = ν = 2. In Bayesian inference, we consider the three priors: Pri. 1: aj = bj = 0, Pri. 2:
aj = 1, bj = 0.1, and Pri. 3: aj = 2, bj = 0.2 (j = 1, 2, 3). We reported the outputs in Table 1. Further,
average confidence/credible lengths and C.Ps for estimates of R when ν is unknown are reported in Table
2.

When ν is known, , we put δ = η = ν = 3. In Bayesian inference, we consider the three priors: Pri. 4:
aj = bj = 0, Pri. 5: aj = 1, bj = 0.1, and Pri. 6: aj = 2, bj = 0.2 (j = 1, 2). We reported the outputs in
Table 3. Further, we reported the ACI and HPD credible intervals in Table 4.

In general case, we put δ = η = ν1 = ν2 = 2. Also, Bayesian inference are given under three priors as:
Pri. 7: aj = bj = 0, Pri. 8: aj = 1, bj = 0.1 and Pri. 9: aj = 2, bj = 0.2 (j = 1, 2, 3, 4). We give the estimates
via MCMC method in Table 5.

We presented the trace plots for three different schemes and parameters for monitoring the convergence
of MCMC method (see Figures 2-4). We can conclude that MCMC method is converged in all cases.

Based on MSEs, the Bayes estimates have the best performance (see Table 1). In Bayesian case, the
informative priors perform better than non-informative ones so that the best performance, based on
MSEs, belong to Pri. 3. Moreover, the MCMC method performs better than Lindley’s approximation.
From Table 2, it is observed that the HPD credible intervals have the better performance than the AICs.
Also, in Bayesian case, the informative priors perform better than non-informative ones so that the best
performance belong to Pri. 3, namely, the HPD credible intervals based on Pri. 3 have the smallest A.Ls
and largest C.Ps.

Based on MSEs, the Bayes estimates have the best performance (see Table 3). In Bayesian case, the
informative priors perform better than non-informative ones so that the best performance, based on
MSEs, belong to Pri. 6. Moreover, the MCMC method performs better than Lindley’s approximation.
From Table 4, it is observed that the HPD credible intervals have the better performance than the AICs.
In Bayesian inference, the informative priors perform better than non-informative ones so that the best
performance belong to Pri. 6, namely, the HPD credible intervals based on Pri. 6 have the smallest A.Ls
and largest C.Ps.

Based on MSEs, the Bayes estimates have the best performance (see Table 5). In Bayesian case, the
informative priors perform better than non-informative ones so that the best performance, based on
MSEs, A.Ls and C.Ps belong to Pri. 9.

In all cases, for fixed N , with increasing n, we see the MSEs of all estimates decrease. Also, the average
confidence lengths decrease and the associated C.Ps increase (see Tables 1-5).
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Figure 2. Trace plots with C.S (3, 3) and (N,n) = (60, 30) (right), (2, 2) and (N,n) = (40, 20) (center) and (1, 1) and
(N,n) = (20, 10) (left): unknown ν.
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Figure 3. Trace plots with C.S (1, 1) and (N,n) = (60, 30) (right), (2, 3) and (N,n) = (60, 20) (center) and (1, 2) and
(N,n) = (40, 10) (left): known ν.
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Figure 4. Trace plots with C.S (1, 3) and (N,n) = (60, 30) (right), (1, 1) with (N,n) = (40, 20) (center) and (2, 3) with
(N,n) = (20, 10) (left): general case.

6. Data analysis

Here, a real data set is analyzed. For this aim, we use the monthly water capacity of the Shasta reservoir
in California, USA, which can be found in http://cdec.water.ca.gov/cgi-progs/queryMonthly?SHA. (see
the previous analysis on this data set in [9], [10]). We contract the excessive drought will not occur if the
average water capacity on months July and August is more than the water capacity on month December
(at one year). Based on our scenario, the months July, August and December from 1987 to 2016 are
considered. Then, X1, . . . , X30 are the capacity of December and Y1, . . . , Y30 are the average capacity of
months July and August from year 1987 till year 2016 and R is the non-occurrence of drought probability.
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We divide all our data by the total capacity of Shasta reservoir, 4552000 acre-foot. This action do not
make any change in our statistical analysis.

First, we separately fit TNWF distribution to the r.v.s X and Y data, and obtain the parameter
estimate values. For r.v. X, δ̂, ν̂, the K-S distance and the corresponding p-value are 2.1276, 0.5264,
0.1890 and 0.2061, respectively. Also, for random variable Y , η̂, ν̂, the K-S distance and the its p-value are
2.3362, 0.5566, 0.1421 and 0.5334, respectively. The above values confirm the suitable fits of the TNWF
distribution to the data. See Figures 5 and 6 for the empirical cumulative distribution functions and
PP-plots.
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Figure 5. Empirical CDF (left) and PP-plot (right) for r.v. X.
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Figure 6. Empirical CDF (left) and PP-plot (right) for r.v. Y .

We consider two schemes for random variables X and Y as Sch. 1: [1∗10, 0∗10] and Sch. 2: [2∗5, 1∗5, 0∗10].
When ν is unknown, with non-informative priors a1 = a2 = a3 = b1 = b2 = b3 = 0 and when ν1 and

ν2 are unknown and different with non-informative priors a1 = a2 = a3 = a4 = b1 = b2 = b3 = b4 = 0, all
estimates and different intervals presented in Table 6. We can see the complete data has the smallest
intervals. Furthermore, Sch. 2 has the largest intervals and the HPD intervals are the best intervals.
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